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Abstract

Existing single-ended protection schemes for flexible DC transmission lines are nega-
tively affected by traveling wave (TW) refraction and reflection interference and nonlinear
overfitting under low-resistance faults. To address this, in this study, line-mode voltage
reverse TWs are mathematically analyzed, revealing that internal faults and forward exter-
nal faults exhibit single- and double-exponential attenuation, respectively. An adaptive
constant-value flattening method is proposed to suppress subsequent TW refraction and
reflection. Additionally, a composite fitting strategy utilizing Levenberg–Marquardt (LM)
and Moore–Penrose pseudoinverse (PINV) algorithms is proposed to fit the measured
waveforms, solving the problem of low-resistance overfitting and amplifying residual
differences between internal and external faults. Based on these principles, a novel single-
ended protection scheme is proposed. Simulations verify that this scheme exhibits a high
operating speed and strong robustness against different fault distances, different fault
resistances, and noise.

Keywords: transmission lines; single-ended protection; fitting residuals; reverse TW

1. Introduction
As both the global energy transition and applications of the dual-carbon strategy

advance, flexible DC transmission (also known as high-voltage DC (HVDC) transmission)
based on modular multilevel converters (MMCs) has emerged as a key technology for next-
generation power systems owing to its high control flexibility, excellent performance upon
grid integration, and reliability under high power supplies [1–3]. However, flexible DC
grids exhibit notable low-damping characteristics. Once a fault occurs on a DC transmission
line, the submodule capacitors in the converter station rapidly discharge toward the fault
point, resulting in a sharp increase in fault current. This has led to stringent requirements
for the operating speed and sensitivity of relay protection mechanisms [4].

Existing single-ended protection schemes primarily employ voltage traveling wave
(TW) derivatives and polar wave derivatives as protection schemes. These schemes do
not require communication between the two ends, exhibit a fast operating speed, and thus
have been widely applied in practical projects [5]. However, when these single-ended
TW protection schemes encounter high-resistance faults or remote-end faults, severe at-
tenuation of the fault-generated TWs and interference from the subsequent refracted and
reflected TWs lead to reduced identification sensitivity and protection “dead zones” [6].
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To address these issues, researchers have proposed various additional single-ended
protection schemes.

According to the differences among their fault feature extraction methods, existing
single-ended protection schemes can be classified into three categories: time-domain
methods, frequency-domain methods, and methods based on the overall waveform charac-
teristics. For time-domain methods, protection schemes are constructed based on the time-
domain features extracted after faults occur on DC transmission lines. In references [7,8],
protection criteria were established on the basis of the voltage change rate and the transient
voltage ratio across the current-limiting reactor, improving the tolerance of the scheme to
fault resistance. Moreover, in references [9,10], protection schemes based on the rate of
voltage change in the current-limiting reactor and the arrival time of the first peak were
proposed, which allow for rapid fault identification. However, when the current-limiting
reactor is small, differences in the fault characteristics become insignificant, and the sen-
sitivity is easily affected by line boundary effects. In reference [11], a protection scheme
based on modal quantities was analyzed; in this scheme, the line-mode current-limiting
reactor voltage was used to identify internal and external faults. This scheme is easy
to implement and exhibits a strong anti-noise capability; however, its sensitivity under
high-resistance faults requires improvement. These studies show that existing single-ended
protection schemes based on time-domain characteristics are still affected by the refraction
and reflection of TWs under remote high-resistance faults.

For frequency-domain methods, protection schemes are constructed by using time–
frequency-domain extraction tools to obtain characteristic quantities at specific frequencies.
In references [12,13], the fast Fourier transform (FFT) and short-time Fourier transform
(STFT) were employed, respectively, to extract characteristic quantities at corresponding
frequencies for fault type discrimination. However, both these schemes are highly affected
by the time window and are susceptible to noise interference. In references [14,15], wavelet
transforms were used to extract high-frequency voltage components for fault type dis-
crimination, but their adaptability under weak boundary requires further improvement,
and in references [16,17], protection schemes were constructed using electrical quantities
from multiple characteristic frequency bands. However, the computational principles
of these methods are relatively complex. These studies show that frequency-domain-
based single-ended protection schemes suffer from strong noise interference and high
computational burden.

In contrast, protection schemes based on the overall waveform characteristics mainly
rely on the overall evolution of the fault-generated TWs during propagation. In refer-
ence [18], the fault section was identified by analyzing the polarity characteristics of the
refracted and reflected TWs along the transmission line, demonstrating certain adaptability
under weak boundaries. In reference [19], a protection criterion based on the similarity be-
tween the measured and reference-voltage waveforms was proposed, and in reference [20],
the measured fault-generated TWs were fitted using the reverse TW as the reference wave-
form under internal faults. However, under these conditions, the modulus maxima of the
wavelet transform must be used to determine the arrival times of the initial and subsequent
TWs, and under near-end or far-end faults, the protection scheme is affected by multiple
TW refractions and reflections. In references [21,22], the expression of the reverse TWs
under external faults was used as the reference function to fit fault-generated TWs; however,
these algorithms are prone to overfitting when applied to low-resistance conditions.

Existing methods based on the overall waveform characteristics are affected by TW
refraction and reflection. Moreover, under low-fault-resistance conditions, both internal
and external fault-generated TWs attenuate rapidly, and traditional nonlinear fitting al-
gorithms are prone to overfitting. Even when external faults exhibit double-exponential
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characteristics, traditional algorithms can still obtain small residuals when the fitting is
performed using a single-exponential model. This makes it difficult to distinguish between
internal and external faults under low-resistance conditions, and thus improvements are
needed to increase the reliability of fault identification. To address the overfitting tendency
of traditional nonlinear fitting algorithms, in this paper, a single-ended protection scheme
for flexible DC transmission lines based on the residuals of the composite fit of the fault-
generated reverse TW is proposed. Specifically, protection criteria are proposed based on
the differences in the waveform structure characteristics of the reverse TWs under internal
and external faults. The main contributions of this study are as follows:

(1) Based on the flexible DC grid fault equivalent model, analytical expressions of
reverse TWs under internal and external faults are derived, revealing an essential difference
in theoretical waveform structures: internal faults exhibit single-exponential attenuation
characteristics, whereas forward external faults exhibit double-exponential attenuation
characteristics. This provides a reference for analyzing fault waveform characteristics.

(2) To suppress the adverse effects of refracted and reflected TWs on the waveform
characteristics, an adaptive constant-value flattening method for waveform preprocessing
is proposed. A tolerance band is established based on the extreme points of the initial TW,
effectively preserving its exponential attenuation characteristics while addressing the issue
that the refraction and reflection of the TWs distort the subsequent waveform structure and
thus affect fault detection.

(3) A composite fitting strategy combining the Levenberg–Marquardt (LM) nonlinear
optimization algorithm and the Moore–Penrose pseudoinverse (PINV) linear least-squares
algorithm is proposed. In this strategy, the composite fitting residuals are utilized to
fundamentally overcome the drawback of traditional algorithms in that they are prone
to overfitting under low-resistance faults. In this way, the residual differences between
internal and external faults are emphasized and the reliability of the protection scheme
is increased.

2. Analysis of the Characteristics of Reverse Traveling Waves for
Line-Mode Voltage

Figure 1 shows the topology of a typical four-terminal flexible DC grid, in which
four modular multilevel converter (MMC) stations are interconnected through four DC
transmission lines to form a ring network. To suppress the rising fault current rate, current-
limiting reactors Ldc are installed at both ends of each line; R12–R43 represent the protection
measurement points at both ends of each line. In the following theoretical analysis, line 1
and its left-side protection measurement point R12 are taken as the study objects. An
internal positive-pole-to-ground fault (PGF) f 1 occurs within line 1 and an external fault f 2

occurs on the remote current-limiting reactor side of the line.
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Figure 1. Zhangbei four-terminal flexible DC grid and conventional TW protection scheme.
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The four-terminal flexible DC grid model studied in this paper is built with reference
to the Zhangbei ±500 kV four-terminal flexible DC grid project in China. The conventional
single-ended traveling wave (TW) protection scheme widely used in such projects relies
on voltage derivation, current change, and voltage change criteria. However, it suffers
from insufficient sensitivity under remote faults and high-resistance faults, where the TW
amplitude is severely attenuated and the protection may fail to operate. A new protection
scheme is therefore needed to address these issues.

2.1. Fault Equivalent Model of the Flexible DC Grid

To eliminate the interference of pole-to-pole coupling in the analysis of the fault-
generated TWs, the phase-mode transformation is adopted to decouple the voltage and
current quantities in the phase domain into mutually independent line-mode and zero-
mode components. The transformation matrix is expressed as follows:

(
u0

u1

)
= 1√

2

(
1 1
1 −1

)(
up

un

)
(

i0
i1

)
= 1√

2

(
1 1
1 −1

)(
ip
in

) (1)

where up and un denote the positive and negative pole voltages, respectively; ip and
in denote the positive and negative pole currents, respectively; u0 and u1 represent the
decoupled zero-mode and line-mode voltage components, respectively; and i0 and i1
represent the decoupled zero-mode and line-mode current components, respectively.

During the propagation of transient TWs along the line, the zero-mode component
is significantly affected by the ground’s frequency-dependent parameters, resulting in
severe attenuation and waveform distortion. In contrast, the line-mode component propa-
gates between the two pole conductors and is less affected by frequency and dispersion
effects; thus, it exhibits a stable wave velocity and low waveform distortion. Therefore,
in this study, we primarily focus on the line-mode component for extracting the fault
waveform characteristics.

During the initial TW stage after a fault occurs, the MMC station can be represented
by an RLC series model [23]. The MMC generally consists of three phases and six bridge
arms, where each bridge arm comprises N submodules connected in series with a bridge
arm reactor Larm. Based on the principle of equivalent capacitor energy storage, the single-
phase equivalent capacitance Ceq can be expressed as 2Csm/N. Accordingly, the MMC
can be equivalently represented as a second-order RLC series circuit, with its equivalent
parameters defined as follows:

RMMC = Req/3 = 2Rarm/3
LMMC = Leq/3 = 2Larm/3
CMMC = 3Ceq = 6Csm/N

(2)

where Req, Leq, and Ceq denote the single-phase equivalent resistance, equivalent induc-
tance, and equivalent capacitance of the MMC, respectively. The corresponding equivalent
circuit is shown in Figure 2.

Moreover, the DC transmission line is modeled using the frequency-dependent Berg-
eron model, in which the propagation function is employed to describe the delay, attenua-
tion, and distortion processes of the TWs along the line. Based on the general frequency-
domain solution for TW propagation along the line established in the existing reference, the
boundary conditions at both ends of the line (x = 0 and x = L) are substituted to solve for
the unknown coefficients. After mathematical rearrangement, the fundamental equations
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of the Bergeron model incorporating the distributed parameter characteristics of the DC
line can be obtained as follows [23]:{

Bn1(s) = e−γ1l · (2Um1(s)− Bm1(s))
Bm1(s) = e−γ1l · (2Un1(s)− Bn1(s))

(3)

where Um1(t) and Un1(t) denote the line-mode voltages at terminal M and N of the line,
respectively; Im1(t) and In1(t) denote the line-mode currents at terminal M and N, respec-
tively; Zc1 is the line-mode wave impedance; γ1 represents the line-mode propagation
constant of the DC line; and τ is the traveling wave propagation time along the line. Bm1(t)
and Bn1(t) are the Bergeron equivalent current sources, the physical meaning of which is
the equivalent current injected into the local terminal at the present instant, influenced by
the historical traveling waves generated by the earlier voltage and current at the opposite
terminal τ. Based on Equation (3), a line-mode Bergeron equivalent circuit model of the
transmission line can be established, as shown in Figure 3.

RMMC

LMMC

CMMC

2Rarm 2Rarm 2Rarm

2Larm 2Larm 2Larm

Ceq Ceq Ceq

Figure 2. Equivalent circuit diagram of the MMC.

Im1(s)

Um1(s)

Z1

Bm1(s)

In1(s)

Un1(s)

Z1

Bn1(s)

Figure 3. Line-mode Bergeron model of the DC line.

Based on the above simplified equivalent models of the MMC station and DC transmis-
sion line, the equivalent line-mode component model of the flexible DC grid can be derived,
as shown in Figure 4. The equivalent voltage sources Bt12–Bf14 in the figure reflect the
attenuation characteristics of the TWs during their propagation along the DC transmission
line. On the basis of Figure 4, the time-domain expressions and characteristics of the reverse
TWs of the line-mode voltage under internal and external faults on the DC transmission
line can be analyzed in detail.
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Figure 4. Equivalent line-mode component model of the flexible DC grid.

2.2. Analysis of the Reverse Traveling Waves of the Line-Mode Fault Voltage Under Internal Faults

For internal faults, it is assumed that a PGF occurs at a distance of x away from
protection measurement point R12, with a fault resistance of Rf. The fault point divides
line 1 into two sections. According to the fault superposition principle, this fault can be
equivalently represented by an additional voltage source. Before the TW of the initial
fault reaches the remote converter station and is reflected, the Bergeron equivalent voltage
sources of the adjacent lines are zero. By combining the characteristics of the initial fault TW
with those of the equivalent circuit model, an equivalent circuit of the additional line-mode
fault component for internal fault f 1 can be obtained, as shown in Figure 5.

sLdc

sLeq

Req

1/sCeq

Bt12

sLdc

Bf12

R12

Bf21

If1

Zc1

Zc1

Zc1 Zc1

Δuf1/s

Figure 5. Equivalent circuit diagram of fault f 1 at R12.

At this time, the line-mode voltage fault component ∆uf1 at the fault point can be
expressed as follows:

∆uf1 =
−
√

2UfZc1

Zc1 + Zc0 + 4Rf
(4)

where Zc1 and Zc0 are the line-mode and zero-mode surge impedances of the transmission
line, respectively, and Uf is the steady-state DC voltage before the fault occurs.

For a uniform transmission line, the reverse TW of the line-mode voltage can be
obtained from the voltage and current at the measurement point as follows:

uF =
(u1 − Zc1i1)

2
(5)

Considering the attenuation and dispersion characteristics of the transmission line, the
reverse TW of the line-mode fault voltage for an internal fault at the protection measurement
point can be expressed in the complex frequency domain as follows:

UF_in(s) =
∆uf1(1 − ka1x)

s(1 + sτa1x)
e−sT (6)
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where e−sT is the pure time delay (with T = x/v) generated by a TW propagating at velocity
v over a distance x along the line; ka1 is the line-mode attenuation coefficient per unit length
of the DC transmission line; and τa1 is the line-mode dispersion time constant per unit
length of the DC transmission line.

By performing an inverse Laplace transform on both sides of Equation (4), an analytical
expression of the reverse TW of the fault voltage for an internal fault in the time domain
can be obtained as follows:

uF_in(t) = ∆uf1(ka1x − 1)e−
t

τa1x + ∆uf1(1 − ka1x) (7)

For convenience in the characteristic analysis, this expression is simplified into the following
standard algebraic form:

uF_in(t) = A1e−
t

τa1x + B1 (8)

The coefficients of the constant terms are as follows:

A1 = ∆uf1(ka1x − 1)
B1 = ∆uf1(1 − ka1x)

(9)

The above derivation reveals that when an internal fault occurs and the subsequent
refracted and reflected waves are neglected, the time-domain expression of the reverse TW
of the line-mode fault voltage consists of a single-exponential attenuation function and
a constant term, with the specific waveform shown in Figure 6. The fault resistance Rf

exists only in ∆uf1, indicating that it only affects the amplitude of the single-exponential
waveform and does not alter the structural characteristics of its attenuation trajectory.

0 0.1 0.2 0.3 0.4 0.5 0.6

-150

-100

-50

0

TW
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ge
 (k

V
)

Time (ms)

Measured waveform
Theoretically derived waveform

Figure 6. Comparison of the measured and theoretically derived waveforms under internal faults.

The small deviation between the measured and theoretically derived waveforms
arises from approximating the frequency-dependent line model as a first-order inertial
system governed by the per-unit-length attenuation coefficient and dispersion time con-
stant. Although this approximation introduces minor errors, it adequately captures the
frequency-dependent propagation characteristics of the transmission line and yields a
tractable analytical expression for the fault reverse TW.

2.3. Analysis of the Reverse Traveling Waves of the Line-Mode Voltage Under External Faults

In the case of the external fault model, its main difference from the internal fault
model is that the initial transient TW generated by fault point f 2 is inherently limited by the
current-limiting reactor Ldc before propagating through DC line 1 and reaching protection
measurement point R12. Before the ensuing refracted and reflected waves arrive, the
Bergeron equivalent voltage source of the adjacent lines is zero. Considering the equivalent
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impedance of the current-limiting reactor and its boundary constraint effect, an equivalent
circuit of the fault-induced additional line-mode component at measurement point R12
under external fault f 2 can be established, as shown in Figure 7.

sLeq

Req

1/sCeq

Bt12

sLd c
sLeq

Req

1/sCeq

Bf12

R12
If1

Z c1

Zc1

Δuf1/s sLdc

sLdcsLdc

Zc1 Zc1

u’f1

Figure 7. Equivalent circuit diagram of fault f 2 at R12.

Considering the boundary condition introduced by the equivalent impedance sLdc of
the current-limiting reactor, the complex frequency-domain expression of the line-mode
voltage reverse TW under external faults at the protection measurement point becomes:

UF_out(s) =
∆uf1(1 − ka1L)Zc1

s(1 + sτa1L)(Zc1 + sLdc)
e−sT (10)

where L is the total length of the DC transmission line.
To obtain a time-domain expression, Equation (10) can be decomposed considering

algebraic theory and the partial fraction expansion method, and after applying the inverse
Laplace transform, a time-domain analytical expression for external faults is obtained:

uF_out(t) = A2e−
t

τa1 L + B2e−
Zc1t
Ldc + C2 (11)

The coefficients of the constant terms are given as follows:

A2 = LZc1τa1∆uf1(1−ka1L)
Ldc−LZc1τa1

B2 = Ldc∆uf1(ka1L−1)
Ldc−LZc1τa1

C2 = ∆uf1(1 − ka1L)

(12)

The above derivation reveals that introducing the boundary current-limiting reactor
Ldc introduces an additional pole in the denominator of the frequency-domain expression,
resulting in a time-domain transformation. Under external faults, the expression of the
reverse TW of the line-mode voltage at the measurement point contains the superposition
of two exponential attenuation terms and a constant term. The detailed waveform is shown
in Figure 8. The first exponential term is governed by line dispersion τa1 and the second is
governed by the time constant Ldc/Zc1 of the current-limiting reactor.
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Figure 8. Comparison of the simulated and theoretically derived waveforms under external faults.
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2.4. Difference in Waveform Characteristics Under Internal and External Faults

A comparison of the mathematical analyses in Sections 2.2 and 2.3 reveals the essential
differences in the time-domain expressions of the reverse TWs of the line-mode voltage
under internal and external faults. In terms of the waveform structure, the internal fault
waveform exhibits single-exponential attenuation characteristics, and its time-domain
analytical expression consists of a constant term and a single-exponential attenuation term
controlled by line dispersion. For forward external faults, the time-domain analytical
expression is the superposition of two exponential attenuation terms and a constant term,
exhibiting double-exponential attenuation characteristics. Under the influence of fault
resistance, the single-exponential attenuation trajectory of internal faults exhibits a certain
degree of stability. The theoretical derivation reveals that fault resistance only appears
in the coefficient term of the additional voltage source, indicating that the magnitude of
the fault resistance only proportionally affects the initial amplitude of the voltage TW and
does not alter its single-exponential attenuation characteristics. For external faults, the
double-exponential attenuation characteristics are jointly governed by the dispersion time
constant of the DC line and the time constant of the current-limiting reactor. This difference
in analytical waveform structure under the two types of faults provides a foundation for the
subsequent extraction of their attenuation parameters and calculating the fitting residuals.

3. Reverse Traveling Wave Fitting Residuals of the Line-Mode Voltage
To determine the characteristic differences between internal and external faults, the

Levenberg–Marquardt (LM) nonlinear optimization and Moore–Penrose pseudoinverse
(PINV) algorithms are employed to fit the analytical expression of the reverse TW of
line-mode voltage. The sum of the squared residuals between the fitted and measured
waveforms is also computed, and the magnitude of this sum is considered to reflect the
differences between internal and external faults.

3.1. Preprocessing of Fault-Induced Reverse Traveling Waves

When a fault occurs at the near or far end of a DC line, the electrical distance between
the fault point and the line boundary (e.g., current-limiting reactors and converter stations)
is extremely short. According to the TW propagation equation, when transient fault-
generated TWs propagate along the line to nodes where the wave impedance changes
abruptly, continuous TW refractions and reflections occur. To clarify this physical process,
a schematic diagram illustrating the TW propagation paths in the studied system topology
is shown in Figure 9.

fR12 R21

Uf1

α1Uf1

Uf1

(αfα1)2Uf1

βfα2Uf1

αfα1Uf1

α2Uf1

Figure 9. Schematic diagram of TW refraction and reflection.
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In Figure 9, α1 and α2 represent the reflection coefficients at the line boundaries,
αf represents the reflection coefficient at the fault point, and β represents the refraction
coefficient at the fault point.

These effects obscure the single- and double-exponential characteristics of the reverse
TWs of the fault. If data are directly input into the numerical fitting model, a large model
mismatch error will occur, and thus the protection algorithm will not be operated correctly.
For an external fault at the bus, the initial TW reaches the measurement point in 0.66 ms
(200 km/300 km/ms), while the first reflected TW returns after 1.33 ms. Since the data
window of the proposed scheme is only 1 ms, the waveform captured under external faults
only contains the initial TW and no subsequent refractions or reflections. For internal
faults near line terminals, however, reflected TWs arrive within 1 ms, hence the need for
adaptive preprocessing [24].

The adaptive constant-value flattening method dynamically determines the natural
attenuation region of the initial TW, and this region is used as a reference to identify whether
subsequent waveform distortion is caused by reflection and refraction. Let the intercepted
1 ms discrete reverse TW sequence be uF(n), n ∈ [1, N], where N is the total number of
sampling points. Since the leading edge of the initial reverse TW is extremely steep, the
algorithm first identifies the first amplitude extremum uext = max{|uF(n)|} within a very
short window Tsearch (0.2 ms in this study) after the fault occurs. Tsearch must be set such
that the first true extremum is reached before the search ends, but before any reflected TWs
arrive at the measurement point. For the 150 mH, 200 km system studied, 0.2 ms satisfies
both constraints under all simulated conditions. Once the extremum is locked within this
window, any subsequent abrupt change in waveform triggers the constant-value flattening.
Using this extremum as a reference, a dynamic extremum tolerance band is adaptively
established to define the typical fluctuation region of the initial TW without reflection
interference. The upper Uup and lower Udown bounds of the band are defined as follows:{

Uup = uext + κ|uext|+ ε

Udown = uext − κ|uext| − ε
(13)

where κ is the dynamic tolerance coefficient (0.05 in this study), which is used to accommo-
date waveform broadening under different fault distances, and ε is a fixed noise margin,
which is used to increase robustness against measurement noise.

After the tolerance band is established, the algorithm monitors the amplitude attenua-
tion trajectory of the subsequent waveform in real time. Once the waveform amplitude
exceeds the band (i.e., |uF(n)| > Uup or |uF(n)| < Udown), the sampling point is identified
as a sudden-change point nm, caused by the refraction and reflection of the TW.

To completely isolate reflection and refraction interference, maintain the continuity of
the voltage waveform, and preserve the fixed sampling length N required in the subsequent
fitting algorithm, an adaptive constant-value flattening step is performed. Specifically, the
stable instantaneous value uF(nm − ∆n) before the abrupt change is used to forcibly replace
all distorted samples in the interval (nm, N]. The corrected waveform sequence umod(n) is
given in Equation (12):

umod(n) =

{
uF(n), 1 ≤ n ≤ nm

uF(nm), nm < n ≤ N
(14)

As shown in Figure 10, this adaptive correction strategy effectively removes inter-
ference from waveform reflection and perfectly preserves the exponential attenuation
characteristics of the initial TW front.
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Figure 10. Comparison of the results before and after adaptive constant-value flattening.

The tolerance band formed by κ and ε also provides inherent noise immunity. As
shown in Figure 11, under 30 dB Gaussian white noise, high-frequency disturbances remain
within the tolerance band and do not trigger false flattening, so the normal attenuation of
the initial TW is preserved.
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Figure 11. Comparison of the results before and after adaptive constant-value flattening for a metallic
fault at 100 km under 30 dB noise.

For near-end faults, reflected TWs from the remote bus arrive within the data window
and distort the waveform. As shown in Figure 12, when the arriving reflected TW causes
the waveform to exceed the tolerance band, the algorithm immediately triggers constant-
value flattening, isolating all subsequent reflection interference outside the fitting window
while preserving the initial TW’s attenuation trend.
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Figure 12. Comparison of the results before and after adaptive constant-value flattening for a metallic
fault at 20 km.
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The fault resistance Rf exists only in the multiplicative coefficient term of the waveform
expression and mainly affects the amplitude of the TW waveform; it does not alter the
time constant (attenuation rate) or the overall trend in the exponential term. To enable the
subsequent composite fitting algorithm to compare only the structural characteristics of the
waveform, the corrected waveform umod(n) must be normalized.

First, the steady-state mean DC offset uoffset before the fault transient is calculated
and the maximum absolute value of the waveform within the data window is extracted
as follows:

Umax = max
n∈[1,N]

|umod(n)− uoffset| (15)

Using this value as the reference, the waveform is mapped to the normalized interval
of [−1, 0]:

unorm(n) =
umod(n)− uoffset

Umax
(16)

As shown in Figure 13, after normalization, the differences caused by the amplitude
of the fault waveforms under different fault resistances within the same region can be
eliminated, thereby increasing the robustness of the subsequent fitting-residual criterion to
the fault resistance.

(a) Adaptive modification before normalization (b) Normalized consistency across fault resistances
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Figure 13. Comparison of the results before and after normalization.

3.2. Definition and Calculation of the Fitting Residuals for Fault Reverse Traveling Waves

To quantitatively extract the differences in the structural characteristics of the wave-
forms of internal and external fault-generated TWs, fitted waveforms are subtracted from
the measured values to obtain the sum of the squared residuals, which reflects the degree
of deviation in the physical characteristics of the waveforms.

Let the measured discrete-voltage reverse TW sequence after adaptive flattening and
normalization be denoted as ynorm(ti), where i ∈ [1, n] and n is the total number of sampling
points within the 1 ms data window. If a specific theoretical model f (ti, x) is adopted as
the standard waveform, the objective of the nonlinear fitting process is to find an optimal
parameter set x such that the sum of the squared errors (SSE) between the measured
waveform and the fitted waveform is minimized. The objective function can be defined
as follows:

minSSE(x) = min
n

∑
i=1

(ynorm(ti)− f (ti, x))2 (17)

where SSE(x) is the calculated sum of the squared residuals; f (ti, x) is the theoretical
standard function to be fitted (e.g., a single- or double-exponential function); and x is the
parameter matrix to be determined.
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3.3. Principle of the LM Algorithm and Analysis of Its Limitations Under
Low-Resistance Conditions

Nonlinear fitting algorithms can adaptively approximate measured waveforms. Let
the standard fitting function be f (ti, x). For a fault reverse TW model containing exponential
attenuation terms, parameter estimation is essentially a nonlinear least-squares optimiza-
tion problem. The objective function is defined as minimizing the sum of the squared
errors S(x):

S(x) =
n

∑
i=1

[yi − f (ti, x)]2 = εT(x)ε(x) (18)

where yi is the normalized measured sequence; f (ti, x) is the standard nonlinear fitting
function; x is the parameter vector to be estimated; and ε(x) is the residual vector.

The LM algorithm is a nonlinear optimization algorithm that combines global search
capability with fast local convergence. During the iterative optimization process, the
algorithm performs a first-order Taylor expansion of the nonlinear function at the current
parameter x and introduces a damping factor µ to control the iteration step size ∆x. The
main parameter update is formulated as shown in Equation (17):[

JT J + µI
]
∆x = −JTε(x) (19)

where J is the Jacobian partial derivative matrix of function f with respect to parameter x
and I is the identity matrix.

When the iteration point is far from the optimal solution, the damping factor µ is
relatively large and the matrix can be approximated as µI, yielding an updated step size
of ∆x ≈ −J′ε(x)/µ. In this case, the algorithm functions as a gradient descent method,
ensuring that the search proceeds stably along the descending direction while avoiding
entrapment in local minima. When the iteration point approaches the optimal solution,
µ tends toward 0, yielding an updated step size of ∆x = −(JTJ)−1JTε(x). At this stage,
the algorithm seamlessly switches to the Gauss-Newton method, and the second-order
derivative approximation is used to achieve fast convergence.

This iterative process continues until the predefined convergence criterion is met. For
the proposed algorithm, the termination conditions are specified as follows: the iteration
stops when the relative change in the objective function tolerance is less than 10−6 or the
maximum number of iterations (50) is reached. The output parameter set x at this stage
represents the optimal fitting result.

Considering the LM algorithm’s insensitivity to initial values and strong robustness, it
is employed as an offline calibration tool. Through nonlinear full-parameter optimization
based on the fault data, the inherent attenuation constants λ characterizing different fault
types—namely the double-exponential attenuation parameter λdouble for external faults
and the typical single-exponential attenuation parameter λsingle for internal faults—can be
accurately extracted at different distances.

According to the theoretical foundation presented in Section 2, external faults in-
herently exhibit double-exponential attenuation characteristics; thus, fitting them with a
single-exponential model should theoretically result in a very large sum of squared residu-
als. However, extensive electromagnetic transient simulations reveal that when faults with
relatively small fault resistance values (such as metallic short circuits and low-resistance
grounding faults) occur in the system, the fault reverse TWs attenuate sharply and exhibit
extremely smooth waveforms. Under such conditions, the LM algorithm exhibits excellent
nonlinear optimization capability. As shown in Figure 14, when a single-exponential model
is used to fit an external metallic fault, the resulting fitting residual SSE is extremely small.
This indicates that under low-resistance faults, if a single-exponential model is used to
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fit the double-exponential waveform of an external fault, the sharply attenuating and
monotonically decreasing characteristics of the fault reverse TW result in a relatively good
fit for the single-exponential model, yielding an extremely small SSE. Consequently, the
sums of the squared fitting residuals for internal and external faults are extremely similar
under low-resistance conditions, severely threatening the reliability of the single-ended
protection criterion.
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Figure 14. Simulated and fitted waveforms for an external metallic fault.

3.4. Composite Fitting Strategy Based on the LM and PINV Algorithms

To overcome the problem of the inability to distinguish internal and external faults
under low-resistance faults and accurately amplify the differences in the waveform char-
acteristics of internal and external faults, a composite fitting strategy that combines the
LM and PINV algorithms is proposed, as shown in Figure 15. In this strategy, the LM
algorithm is used to extract the fixed characteristic exponential parameters, and the PINV
algorithm is subsequently employed for online matching. The LM algorithm is a nonlinear
dynamic iterative optimization method, and its variables include the exponential param-
eter (attenuation frequency λ), which determines the waveform structure. Meanwhile,
the PINV algorithm is a direct linear algebraic solution method. In the exponential fitting
model, if the nonlinear attenuation frequency parameter λ is known and fixed, the original
model can be reduced to a purely linear combination model with respect to the amplitude
coefficients. In this case, the PINV algorithm can be directly applied to obtain a solution,
thereby avoiding the divergence and overfitting problems that may arise from nonlinear
iterative optimization.

LM algorithm optional fitting

Extract characteristic 
attenuation frequency

Fix the exponential 
parameters λ Construct the design matrix X

Solve amplitude 
coefficient vector β

Calculate fitting residual SSE

Offline 
Calibration

Online 
Matching

Input fault transient 
simulation data

Capture measured backward 
traveling wave sequence Y

Figure 15. Flowchart of the composite LM–PINV fitting strategy.
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Fault reverse TW simulation data under different fault locations and fault resistances
were extracted and the LM algorithm was used to perform unconstrained fitting of the
internal and external fault waveforms using the single- and double-exponential models,
respectively. The statistical results show that despite the varying operating conditions, the
attenuation frequency λ is consistently within a specific numerical range. On the basis of
this statistical regularity, representative fixed characteristic exponential parameters (namely,
the single- and double- exponential fixed parameters for internal and external faults (λsingle

and λdouble1 and λdouble2), respectively) are determined within the corresponding numerical
range by considering both the concentrated parameter distribution and the coverage of the
fault-distance boundaries. Specifically, for internal faults, a finite set of single-exponential
fixed parameters capable of being adapted to the far- and near-end boundaries are selected;
for external faults, a combination of double-exponential fixed parameters located at the
center of the stable concentrated distribution are selected and fixed in the single- and
double-exponential models.

At this stage, the fitting function can be uniformly expressed as an overdetermined
system of linear equations:

Y = Xβ (20)

where Y is the measured normalized waveform column vector containing N sampling
points, X is the design matrix composed of the time series t and the fixed attenuation
parameter λ, and β is the linear amplitude coefficient vector to be solved.

Using the double-exponential model as an example, the fixed attenuation parameters
λdouble1 and λdouble2 are used to construct the known design matrix Xdouble:

Xdouble =


e−λdouble1t1 e−λdouble2t1 1
e−λdouble1t2

...

e−λdouble2t2

...

1
...

e−λdouble1tN e−λdouble2tN 1

 (21)

Let the normalized column vector of the online measured waveform be Y. The pseu-
doinverse matrix X+ is used to directly and uniquely solve for the linear amplitude coeffi-
cient vector β:

β = (XTX)
−1

XTY = X+Y (22)

Then, the fitted waveform Ydouble can be generated as follows:

Ydouble = Xdoubleβdouble (23)

Subsequently, the SSE under the constraint of the fixed-parameter combination of the
double-exponential model is calculated as follows:

SSEdouble = ∥Y − Ydouble∥2
2 (24)

The SSEsingle value for the single-exponential model can be calculated similarly. As
shown in Figure 16, the selected attenuation frequency λ has a certain influence on the
final fitting residual SSE. The results of extensive simulations demonstrate that even under
extreme conditions with low fault resistance, this mechanism can still reliably discriminate
between the SSEs of the two exponential models.
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(a) Effect of fixed parameter on fitted waveforms (b) Sensitivity of normalized SSE to fixed parameter

Figure 16. Influence of the fixed attenuation parameter λ.

The proposed scheme comprises offline and online stages. In the offline stage, λsingle

and λdouble are determined via LM fitting and loaded into the relay before operation,
consuming no online time. In the online stage, the PINV algorithm is applied. At 50 kHz, the
1 ms window contains 50 points (N = 50). Since λ and t are fixed offline, the pseudoinverse
matrices are precomputed as constants. Only three matrix–vector multiplications are
needed online, requiring less than 100 µs. As a single-ended method with no inter-station
communication, the total operating time is approximately 1.1 ms.

4. Principle of Single-Ended Protection Schemes Based on the Composite
Fitting Residuals of the Fault Reverse Traveling Wave
4.1. Start-Up Criteria

During normal operation, the pole voltage may exhibit small fluctuations due to
load changes or system regulation. To avoid frequent false triggering under steady-state
disturbances while maintaining sufficient sensitivity for high-resistance grounding faults,
the instantaneous variation in the pole voltage is used to create the start-up criterion
as follows:

|dU(i)| > 0.08Uref (25)

where Uref is the rated DC voltage of the flexible DC system and dU(i) is the instanta-
neous variation in the pole voltage detected at the protection installation location. When
the variation in the voltage drop exceeds the preset threshold, the protection program
is triggered.

4.2. Criterion for Internal and External Fault Identification

After data preprocessing is completed, the main aim of the protection scheme is to
accurately distinguish whether the fault on the DC line is internal or external. As described
in Section 3, the composite LM–PINV fitting algorithm is used to amplify the residual
differences between internal and external faults. Its main logic consists of two steps: offline
extraction of fixed characteristic exponential parameters and online matching.

In the offline parameter extraction stage, the LM algorithm is used to perform un-
constrained fitting on the fault reverse TWs simulated under different fault resistances
(0–800 Ω) and fault distances (0–200 km). The statistical results show that for internal
faults, owing to the influence of the fault distance, the attenuation parameter of the single-
exponential model exhibits a wide distribution range. Specifically, the larger the fault
distance, the more severe the attenuation and the smaller the optimal parameter, with
this value approaching 30,000. In contrast, the smaller the fault distance, the steeper the
waveform and the larger the optimal parameter, with this value approaching 100,000. For
external faults, owing to the smoothing effect of the current-limiting reactor at the line
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boundary, the parameters of the double-exponential attenuation model are highly concen-
trated within specific ranges, and the optimal double-exponential attenuation parameters
λdouble1 and λdouble2 remain stable around 900 and 2000, respectively.

In the online matching stage, if only a single fixed attenuation parameter is used to
constrain the fitting, deviations in the actual faults increase the fitting residuals of the
internal faults, thereby reducing the distinguishability between internal and external faults.
To ensure the sensitivity of the identification results across the entire line and the full
range of fault resistances, the following parameter combinations are selected based on
the parameter ranges obtained from the offline step to construct a parameter combination
design matrix.

For the double-exponential model, the parameters λdouble1 = 5000 and λdouble2 = 2500
are fixed to construct the double-exponential design matrix Xdouble, and SSEdouble is cal-
culated. When the convergence tolerance is strictly set to 10−6, the optimal parameters
concentrate around λdouble1 = 900 and λdouble2 = 2000; however, this combination poses a
risk of overfitting. To improve robustness, the tolerance was relaxed to 10−4, under which
the algorithm converges to λdouble1 = 5000 and λdouble2 = 2500. This combination still leads
to the accurate characterization of external fault waveforms while reducing overfitting risk.

For the single-exponential model, to cover faults at different distances, two sets
of independent parameters, λsingle1 = 30,000 (for long-distance far-end faults) and
λsingle2 = 60,000 (for short-distance near-end faults, extended to 65,000 under high-resistance
conditions), are selected. Accordingly, two single-exponential design matrices, Xsingle1 and
Xsingle2, are constructed, and their respective residuals SSEsingle1 and SSEsingle2 are calcu-
lated using the PINV algorithm.

For any internal fault, its waveform is expected to closely match at least one of the two
single-exponential parameter settings (SSEsingle1 and SSEsingle2). Therefore, the smaller of
the two is taken as the final representative value of the single-exponential fitting residual:

SSEsingle = min(SSEsingle1, SSEsingle2) (26)

The residual ratio discrimination coefficient Kdist is constructed as follows based on
the strong matching mechanism of the composite fitting algorithm:

Kdist =
SSEsingle

SSEdouble
(27)

Finally, a discrimination threshold is defined on the basis of the above findings. When
the criterion in Equation (28) is satisfied, the fault is identified as an internal fault of the
DC line:

Kdist ≤ εset (28)

where εset is the reliable operating threshold used in this study.

4.3. Fault Pole Selection Criterion

After identifying an internal fault, the fault pole must be determined to enable single-
pole tripping or bipolar blocking. According to phase-mode transformation, the zero-mode
voltage u0 equals the sum of the positive- and negative-pole voltages. Under a positive
PGF, the positive-pole voltage drops while the negative-pole remains stable, causing the
zero-mode voltage to exhibit negative polarity. Under a negative PGF, the opposite occurs,
producing positive polarity. Under a pole-to-pole fault (PPF) or simultaneous bipolar
grounding fault, both pole voltages decrease symmetrically, and the zero-mode voltage
ideally cancels out to nearly zero.
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Therefore, the algebraic sum of the discrete zero-mode voltage samples within the
data window is extracted to construct the fault pole-selection criterion:

N
∑

i=1
u0(i) < −Pset, positive-PGF

N
∑

i=1
u0(i) > Pset, negative-PGF

−Pset ≤
N
∑

i=1
u0(i) ≤ Pset, PPF

(29)

where N is the number of sampling points in the data window and Pset is the reliability
threshold. To avoid erroneous pole selection due to unbalanced zero-mode voltage un-
der external disturbances or PPFs, Pset is determined based on the maximum possible
unbalanced zero-mode voltage in the system.

The overall protection procedure is shown in Figure 17.

( ) 0.08 refdU i U>

dist setK ε≤

Acquire pole voltages and 
extract line-mode component

Start

Adaptive flattening 
and normalization

Invoke double-
exponential combination

Calculate residual Calculate residual

Calculate residual ratio 
discrimination coefficient Kdist

Identify as internal fault

Calculate algebraic sum 
of ground-mode voltages

Identify as 
external fault

0
1

( )
N

set
i

u i P
=

< −

Positive-pole-to-
ground fault

Negative-pole-
to-ground fault

Pole-to-pole 
fault

End

Yes

Yes

No

No

Invoke single-
exponential combination

0
1

( )
N

set
i

u i P
=

> 0
1

( )
N

set set
i

P u i P
=

− ≤ ≤

Figure 17. Flowchart of the proposed protection scheme.

5. Simulation Verification
PSCAD/EMTDC is widely recognized as the mainstream electromagnetic transient

simulation tool in both industry and academia, and can accurately reproduce the electro-
magnetic transient evolution process of flexible DC transmission systems under various
operating conditions. Regarding the flexible DC line fault protection method investigated
in this study, this software fully accounts for the frequency-dependent parameters of trans-
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mission lines, precisely characterizing the attenuation, refraction, and reflection behavior
during TW propagation. Furthermore, it supports detailed modeling of MMC stations and
their associated control loops, accurately reflecting the dynamic response of various system
electrical parameters throughout the fault transient process.

To verify the adaptability of the proposed protection scheme, a ±400 kV symmetrical
four-terminal flexible DC grid was built in PSCAD/EMTDC, and its topology is shown in
Figure 1. The system parameters of the simulation model are listed in Table 1. The J. Marti
frequency-dependent parameter model was adopted for the DC transmission lines, the
sampling frequency was set to 50 kHz, and the data window length was 1 ms.

Table 1. System parameters of the simulation model.

Parameter Value

MMC rated capacity/MVA 800
AC system voltage/kV 380

Transformer rated voltage/kV 380/220
Number of bridge arm submodules 400

Bridge arm reactance/mH 25
Submodule capacitance/mF 50
Current-limiting reactor/mH 150

Line length/km 200

5.1. Setting Principles for Protection Thresholds
5.1.1. Setting Principle for the Discrimination Threshold εSet

Kdist is defined as the ratio of the single-exponential fitting residual to the double-
exponential fitting residual. For an internal fault, the voltage reverse TW follows a single-
exponential decay, and the single-exponential model fits this well, yielding a small SSEsingle

and a large SSEdouble. Thus, Kdist approaches 0. For an external fault, the voltage reverse
TW follows a double-exponential decay, and the single-exponential model fits this poorly,
yielding a large SSEsingle and a small SSEdouble. Thus, Kdist is substantially greater than 1.
This difference in fitting capability between the two models is therefore exploited in the
criterion to discriminate fault types.

The threshold must account for both extreme scenarios. To ensure reliable identifica-
tion of external faults, εset must be smaller than the minimum Kdist of external faults under
the most adverse conditions:

εset ≈
1

Krel
· min(Kdist_external) (30)

where min(Kdist_external) denotes the lowest Kdist of external faults under all adverse con-
ditions and Krel is the reliability coefficient. External-fault simulation cases spanned
fault resistances of 0–100 Ω and fault locations of 0–200 km, and extensive simulations
yielded min(Kdist_external) = 3.157. A reliability coefficient of Krel = 6 is adopted, and after
rounding, εset ≈ 0.5.

To prevent maloperation under internal faults, εset must also be verified against the
most adverse internal faults. Internal-fault simulation cases spanned 0–800 Ω and 0–200 km,
yielding max(Kdist_internal) = 0.173. The sensitivity margin is Ksen = εset/max(Kdist_internal) >> 2,
far exceeding the required protection sensitivity. The maximum discriminant value under
internal faults thus remains substantially smaller than εset. The selected threshold ensures a
sufficient discrimination margin between the most severe internal and external faults.
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5.1.2. Setting Principle for the Pole-Selection Threshold Pset

The pole selection criterion is based on the polarity characteristics of the zero-mode
voltage. For a positive PGF, the positive pole voltage drops rapidly and the zero-mode
voltage exhibits a pronounced negative mutation, while for a negative PGF, the negative
pole drops and the zero-mode voltage exhibits a pronounced positive mutation. For a
PPF, both poles drop nearly symmetrically, and the zero-mode voltage should theoretically
be zero.

In practice, however, due to line parameter asymmetry, measurement errors, and
noise, the integrated zero-mode voltage exhibits residual fluctuations rather than being
strictly zero within 1 ms after a PPF. Therefore, Pset must be set to reliably endure the
maximum zero-mode voltage integral that may appear under internal PPF conditions.
PPFs were simulated across fault locations of 0–200 km and fault resistances of 0–800 Ω,
with 30 dB Gaussian white noise. The maximum absolute integral within the 1 ms window
is statistically evaluated, as shown in Figure 18.

Figure 18. Variations in the absolute sum of zero-mode voltage under different fault resistances
and distances.

Introducing a reliability coefficient Krel = 1.5, the threshold is set to Pset = 78.6:

Pset= Krel

N

∑
i=1

u0(i) (31)

Using this value, Pset effectively covers the range of the zero-mode voltage fluctuations
under PPF conditions, ensuring reliable pole selection and avoiding misjudgment between
single-pole grounding faults and bipolar short-circuit faults.

5.2. Analysis of the Effectiveness of the Proposed Protection Scheme

The test results show that the proposed protection scheme operates normally under
an 800 Ω internal fault and a 100 Ω external fault. The results of testing the proposed
protection scheme under various faults are presented in Table 2. Fault locations include the
near end of the line (20 km, 50 km, 100 km, and 150 km), the far end of the line (190 km),
and the outlet of the remote converter station and the internal fault resistances are set to
0 Ω, 400 Ω, and 800 Ω, while the external fault resistances are set to 0 Ω, 10 Ω, and 100 Ω.
Two fault types, PGF and PPF, are considered.
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Table 2. Test results of the proposed protection scheme.

Fault Type Fault
Location/km

Fault
Resistance/Ω SSEsingle SSEdouble Kdist

Identification
Result

f 1 Internal
PGF 1 20

0 0.079582 0.685845 0.11603496 Internal fault
400 0.011049 0.598719 0.0184544 Internal fault
800 0.010692 0.59703 0.01790865 Internal fault

f 1 Internal
PGF *

50
0 0.017323 0.61357 0.02823313 Internal fault

400 0.012464 0.599354 0.02079572 Internal fault
800 0.012141 0.59615 0.02036568 Internal fault

f 1 Internal
PGF

100
0 0.096485 0.59706 0.16160017 Internal fault

400 0.082581 0.57051 0.14474943 Internal fault
800 0.086613 0.557163 0.15545361 Internal fault

f 1 Internal
PGF

150
0 0.064654 0.583663 0.11077283 Internal fault

400 0.052687 0.548348 0.09608314 Internal fault
800 0.050714 0.536479 0.09453119 Internal fault

f 1 Internal
PGF

190
0 0.029463 0.465858 0.06324459 Internal fault

400 0.056018 0.572841 0.09778979 Internal fault
800 0.054753 0.568966 0.09623246 Internal fault

f 1 Internal
PPF 2 20

0 0.011068 0.596938 0.01854129 Internal fault
400 0.010372 0.595093 0.01742921 Internal fault
800 0.010321 0.594521 0.01736019 Internal fault

f 1 Internal
PPF

50
0 0.012119 0.5891 0.02057206 Internal fault

400 0.009978 0.58146 0.01716025 Internal fault
800 0.009925 0.579249 0.01713425 Internal fault

f 1 Internal
PPF

100
0 0.055142 0.564141 0.09774507 Internal fault

400 0.049712 0.553309 0.08984491 Internal fault
800 0.047695 0.547559 0.08710477 Internal fault

f 1 Internal
PPF

150
0 0.060809 0.536485 0.11334706 Internal fault

400 0.049553 0.531357 0.09325745 Internal fault
800 0.049053 0.527897 0.09292154 Internal fault

f 1 Internal
PPF

190
0 0.042414 0.534172 0.07940139 Internal fault

400 0.05642 0.575348 0.09806239 Internal fault
800 0.055683 0.57383 0.09703745 Internal fault

f 2 External
PGF

Inverter
station outlet

0 3.009672 0.002257 1333.483385 External fault
10 2.8286 0.011327 249.7219034 External fault

100 1.281443 0.054543 23.4941789 External fault

f 2 External
PPF

Inverter
station outlet

0 3.05226 0.002317 1317.33276 External fault
10 2.974353 0.006346 468.69729 External fault

100 1.721546 0.083911 20.5163328 External fault
1 f 1 Internal PGF: internal positive-pole-to-ground at fault location f 1, as illustrated in Figure 1. 2 f 1 Internal
PPF: internal pole-to-pole fault at fault location f 1.

As shown in Table 2, the protection measurement point M operates correctly under
different fault locations, types, and resistances. Figure 19 shows the correlations between
the residual ratio discriminant coefficient Kdist and the fault location and fault resistance
under different faults. As shown in Figure 19a,b, for internal faults at different locations
and with various resistances, the Kdist curves remain relatively stable and exhibit consis-
tently low values, which are far below the operating threshold, thereby preserving the
large sensitivity margin. Furthermore, as shown in Figure 19c, for external faults with
different resistances, the Kdist values are significantly higher than the operating threshold
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under low-resistance faults, thereby increasing the operating margin and robustness of the
protection scheme.

(a) Internal fault Kdist vs. fault location (b) Internal fault: Kdist vs. fault resistant (c) External fault: Kdist vs. fault resistant

Figure 19. Fitting results under different fault locations and fault resistances.

5.3. Analysis of the Performance of the Proposed Protection Scheme
5.3.1. Noise Interference

Noise is present in actual signals and may affect the fault identification results by
altering the overall waveform characteristics. However, the adaptive flattening method
adopted in this study can effectively suppress noise interference, thereby increasing the
robustness of the proposed protection scheme to noise. Gaussian white noise with a
signal-to-noise ratio (SNR) of 20 dB was added to the measured signals to evaluate the
performance of the proposed protection scheme under noisy conditions. The test results
show that the proposed method can still accurately identify faults under these noise
conditions (Figure 20), indicating that it possesses strong anti-noise interference capability.

Figure 20. Test results with added noise.

5.3.2. Current-Limiting Reactor

The main difference between internal and external faults lies in the effect of the current-
limiting reactor on fault-generated TWs. To verify the adaptability of the proposed method
under different reactor values, tests were conducted with a reactance of 50 mH. The results
in Table 3 show that the reactor only has a slight influence on internal fault identification,
whereas for external faults, the protection performance improves with increasing reactance.
Overall, the proposed method still performs well for DC systems with weak boundary
characteristics, such as a 50 mH current-limiting reactor.

Table 3. Test results under a 50 mH current-limiting reactor.

Fault Type Fault
Location/km

Fault
Resistance/Ω SSEsingle SSEdouble Kdist

Identification
Result

f 1 Internal
PGF 1 20

0 0.011691 0.594176 0.01967599 Internal fault
400 0.010934 0.598439 0.01827087 Internal fault
800 0.019163 0.614522 0.03118359 Internal fault
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Table 3. Cont.

Fault Type Fault
Location/km

Fault
Resistance/Ω SSEsingle SSEdouble Kdist

Identification
Result

f 1 Internal
PGF *

100
0 0.096236 0.599086 0.16063804 Internal fault

400 0.062165 0.561066 0.11079802 Internal fault
800 0.053575 0.540854 0.09905631 Internal fault

f 1 Internal
PGF

190
0 0.032548 0.401188 0.08112905 Internal fault

400 0.056088 0.576055 0.0973657 Internal fault
800 0.055669 0.575627 0.0967102 Internal fault

f 2 External
PGF

Inverter
station outlet

0 1.544939 0.012184 126.80064 External fault
10 1.182503 0.013274 89.0841495 External fault

100 2.10993 0.104147 20.2591529 External fault
1 f 1 Internal PGF: internal positive-pole-to-ground at fault location f 1, as illustrated in Figure 1.

5.3.3. Transmission Line Length

The transmission line length affects the attenuation and waveform characteristics of
transient TWs. As the line length increases, dispersion and dielectric loss become more
significant, resulting in a slower leading edge and a reduced initial TW amplitude. To
verify the adaptability of the proposed scheme to long-distance lines, simulations were
conducted after increasing the line length from 200 km to 400 km; other parameters were
unchanged. Table 4 presents the calculated Kdist values for a 400 km line. These results
show that the difference in fitting residuals between internal and external faults remains
highly significant, and the proposed protection scheme reliably identifies various faults
with sufficient operating margins.

Table 4. Test results for a line length of 400 km.

Fault Type Fault
Location/km

Fault
Resistance/Ω SSEsingle SSEdouble Kdist

Identification
Result

f 1 Internal
PGF 1 20

0 0.114755 0.7066 0.16240447 Internal fault
400 0.260909 0.678083 0.38477443 Internal fault
800 0.215577 0.570485 0.37788373 Internal fault

f 1 Internal
PGF *

100
0 0.107047 0.702198 0.15244561 Internal fault

400 0.19202 0.643018 0.29862306 Internal fault
800 0.112165 0.523751 0.21415711 Internal fault

f 1 Internal
PGF

190
0 0.116149 0.717025 0.16198738 Internal fault

400 0.174467 0.621014 0.28093892 Internal fault
800 0.109107 0.517991 0.21063493 Internal fault

f 2 External
PGF

Inverter
station outlet

0 2.356879 0.000927 2542.48004 External fault
10 2.112685 0.007637 276.638078 External fault

100 0.825501 0.039943 20.6669754 External fault
1 f 1 Internal PGF: internal positive-pole-to-ground at fault location f 1, as illustrated in Figure 1.

5.3.4. Two-Terminal Symmetrical Bipolar MMC-HVDC Transmission System

To verify the adaptability and robustness of the proposed single-ended protection
scheme across different HVDC system topologies, extensive additional simulation tests
were performed for a two-terminal symmetrical bipolar MMC-HVDC transmission system.
The corresponding test results are shown in Table 5 and demonstrate that the proposed
single-ended protection scheme maintains high reliability in the two-terminal system across
various fault resistances and distances. The discriminant coefficient Kdist exhibits a clear
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distinction between internal and external faults, demonstrating that the proposed scheme
is adaptable to different HVDC system topologies.

Table 5. Test results for a two-terminal system under identical parameters.

Fault Type Fault
Location/km

Fault
Resistance/Ω SSEsingle SSEdouble Kdist

Identification
Result

f 1 Internal
PGF 1 20

0 0.007596 0.571847 0.013283273 Internal fault
400 0.007028 0.55634 0.012632563 Internal fault
800 0.009113 0.576378 0.015810805 Internal fault

f 1 Internal
PGF *

100
0 0.201646 0.531891 0.37911151 Internal fault

400 0.196432 0.569019 0.345211671 Internal fault
800 0.192932 0.621851 0.310254386 Internal fault

f 1 Internal
PGF

190
0 0.129771 0.364806 0.355726057 Internal fault

400 0.112405 0.273734 0.410635873 Internal fault
800 0.135676 0.274934 0.493485709 Internal fault

f 2 External
PGF

Inverter
station outlet

0 1.98835 0.016631 119.5568517 External fault
10 1.658293 0.001534 1081.025424 External fault

100 0.175172 0.03653 4.795291541 External fault
1 f 1 Internal PGF: internal positive-pole-to-ground at fault location f 1, as illustrated in Figure 1.

5.4. Comparison with Existing Protection Schemes

To demonstrate the superiority of the proposed scheme, it was compared with existing
protection schemes.

5.4.1. Comparison with a Voltage Derivative-Based Protection Scheme

In reference [25], voltage derivative-based protection was utilized as the primary pro-
tection scheme for HVDC transmission lines. Through this scheme, the voltage derivative
is extracted by calculating the derivative of the measured voltage at the relay location, and
the protection threshold is determined based on the characteristic quantity extracted under
the most severe external fault conditions. Its operating criterion is defined as follows:

du/dt < εth = Krel · duex/dt (32)

where εth represents the setting threshold of the voltage derivative; duex/dt is the maximum
absolute voltage derivative under external faults; and Krel denotes the reliability coefficient,
which is set to 1.4. Figure 21 illustrates the maximum voltage derivative across different
fault resistances and fault distances.

Figure 21. Maximum voltage derivative under different fault resistances and distances.
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As shown in Figure 21, the voltage derivative protection method only reliably identi-
fies internal faults when the fault resistance is between 0 and 600 Ω. When a fault exceeding
600 Ω occurs at the far end, this method fails. The main reason is that the high-frequency
components of the initial voltage TW attenuate due to the combined effects of line dis-
tributed capacitance and fault resistance during propagation, significantly smoothing the
TW front and reducing the voltage derivative amplitude.

In contrast, our proposed scheme effectively reduces the impact of fault resistance on
the characteristic quantity amplitude through the first step of normalization. Moreover,
rather than relying on a single numerical threshold at a specific instant, our method uses
the evolutionary pattern of the fault waveform across the entire time window for fault
discrimination. Therefore, it reliably distinguishes internal and external faults even under
a fault resistance of 800 Ω.

5.4.2. Comparison with an Exponential Coefficient-Based Single-Ended Protection Scheme

The scheme in reference [20] uses a standard fitting function as the reference and
applies the LM algorithm to perform exponential fitting on the fault voltage waveform,
thereby extracting the propagation exponential coefficient of the line-mode fault voltage
TW. The protection threshold is set based on the maximum exponential coefficient extracted
under external faults:

Idex > Krel Idex_external (33)

where Idex_external is the maximum absolute exponential coefficient under external faults
and Krel is the reliability coefficient, set to 1.2. The scheme was tested across different fault
resistances and fault distances under the same sampling frequency and system conditions,
as shown in Figure 22.

Figure 22. Maximum absolute exponential coefficient under different fault resistances and distances.

As shown in Figure 22, this method extracts large exponential coefficients and operates
reliably under near-end and metallic faults. However, as the fault distance increases and
fault resistance is introduced, its performance degrades, failing for 100 Ω and 200 Ω faults
at 10 km and 50 km. The primary cause of this is that for near-end faults, refracted and
reflected TWs enter the sampling window alongside the initial TW. When the LM algorithm
is applied for exponential fitting, these TWs disrupt the exponential decay pattern, leading
to a degraded fitting accuracy or even fitting failure.

In contrast, the proposed scheme introduces an adaptive correction mechanism that
promptly identifies and suppresses the effects of subsequent TW refractions and reflections.
This mechanism restores its intrinsic decay characteristics while preserving the features
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of the initial reverse fault TW, thereby avoiding interference from TW refractions and
reflections and ensuring accurate fault feature extraction.

5.4.3. Comparison with an Exponential Fitting Residual-Based Protection Scheme

The scheme in reference [21] uses the fitting residuals obtained from the analytical
time-domain expression of the external fault reverse voltage TW as the fault characteristic
quantity, and a protection criterion is proposed to discriminate internal and external faults.
Figure 23 shows the 1 ms measured waveforms under two typical conditions alongside
their corresponding double-exponential model fitting curves.

Figure 23. Comparison of fitting performance under internal and external faults.

As shown in Figure 23, the double-exponential model achieves a high fitting accuracy
for both fault types, with the fitted curves closely matching the original waveforms. Notably,
the fitting residuals for a 190 km internal far-end fault and a 100 Ω external fault are very
similar, indicating insufficient discrimination.

When this scheme uses the LM algorithm to optimize parameters for external fault
waveforms, the sole objective is to minimize the fitting residual. When the convergence tol-
erance is set too strict, the LM algorithm tends to overfit the measured waveform, yielding
a parameter set with an extremely high fitting accuracy for external faults. Although this
parameter set effectively reduces the fitting error for external faults, it inherently weakens
the model’s capacity to characterize the features distinguishing different fault types. Conse-
quently, when an internal far-end fault waveform resembles an external fault waveform
due to long-distance propagation, the double-exponential model likewise yields a small
fitting residual, causing the residual values of internal and external faults to approach
each other.

In contrast, in the LM-PINV composite fitting strategy proposed in this paper, the
characteristic exponential parameters are extracted and fixed offline, while the PINV
algorithm is used for online matching calculation. This effectively overcomes the nonlinear
overfitting problem under low-resistance faults and significantly improves the reliability of
discriminating between internal and external faults.

6. Conclusions
In this study, fault reverse TWs are analyzed to address the problems of fitting al-

gorithms in single-ended protection schemes for flexible DC transmission lines, namely
that they are prone to overfitting under low-fault-resistance conditions and suffer from
reduced reliability owing to the interference of refracted and reflected TWs. Accord-
ingly, a single-ended protection scheme based on composite fitting residuals is proposed
and validated.
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(1) Analytical expressions for the reverse TWs of line-mode voltages under internal
and external faults are derived, revealing essential differences in their waveform struc-
tural characteristics: internal faults exhibit single-exponential attenuation characteristics,
whereas forward external faults exhibit double-exponential attenuation characteristics.

(2) An adaptive traveling wave flattening and normalization preprocessing method
is proposed to eliminate the effects of TW refraction and reflection and fault resistance.
On this basis, a composite LM–PINV fitting strategy is utilized to calculate fitting residu-
als through online matching with offline-extracted characteristic parameters to establish
protection criteria.

(3) Extensive simulation tests demonstrate that the proposed method effectively iden-
tifies various internal and external faults at a sampling frequency of 50 kHz. It successfully
eliminates protection dead zones at the near and far ends of the line, reliably protecting
the entire transmission line with high sensitivity even under a fault resistance of 800 Ω.
Moreover, the protection operates correctly under 30 dB Gaussian white noise interference
conditions, demonstrating strong robustness and excellent protection performance.
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