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Abstract

Polyphase electrical motors exhibit a high degree of symmetry in both their mechanical
configuration and electrical structure, which is reflected in analytical models, including dy-
namic and phasor-based representations. The aim of the present paper is to provide a short
overview of polyphase electric motors, with a special emphasis on 12-phase permanent-
magnet synchronous motors (12-phase PMSMs), from operating principles to application.
While vector space decomposition and generalized Clarke-Park transforms have been
documented for multiphase machines with five, six, and nine phases, the explicit deriva-
tion of these transformation matrices for the 12-phase case (arranged as four three-phase
winding triads) is scattered across specialized sources or omitted altogether. This paper
addresses that gap by deriving, in closed form, the complete set of transformation matri-
ces (practical-to-fundamental, generalized Clarke, and generalized Park) for the 12-phase
PMSM, and by consolidating them with the corresponding time-domain and Park-domain
constitutive equations into a single self-contained tutorial reference. This article focuses
on the analytic modeling of these motors using vector space decomposition (VSD), which
allows for the differentiation of all odd-order harmonics. The Clarke and Park transforms
are also employed, which simplifies the analysis of multiphase systems by reducing the
number of equations to be dealt with and better managing the reference frame compared
to a traditional Cartesian coordinate system. This paper is meant to deliver a short review
of the subject matter focused on mathematical aspects as a contribution of tutorial value.

Keywords: polyphase electrical motors; permanent-magnet synchronous motors; vector
space decomposition; Clarke-Park transform

1. Introduction

The International Energy Agency (IEA) reports that electric motors are now widely
used in various fields, ranging from household appliances to industrial applications. The
IEA predicts that the use of electric motors in these sectors will continue to grow in the
future, driven by the need to reduce carbon emissions and improve energy efficiency [1].
Since a large variety of electrical motors exist, the right choice depends on the application
at hand and the available budget [2]. The vast majority of electrical motors fall into the
categories of direct-current (DC) or alternate-current (AC) motors.

Compared to DC motors, AC motors do not require the use of switching parts (brushes
and rotating collectors), which are the main causes of required maintenance, power loss,
electric arcs, heat generation, and electromagnetic interference. DC motors were initially
deemed more suitable for applications where it was necessary to accurately control speed
[2]. The IEA has also recognized the benefits of AC motors and set standards to encourage
their adoption [1]. These standards promote the use of energy-efficient AC motor systems,
further driving the popularity of AC motors in various industries.

Electronics 2026, 15, 3060

https:/ /doi.org/10.3390/ electronics15143060


https://crossmark.crossref.org/dialog?doi=10.3390/electronics15143060&domain=pdf&date_stamp=2026-07-12
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/electronics
https://www.mdpi.com
https://orcid.org/0000-0001-5964-7464
https://doi.org/10.3390/electronics15143060

Electronics 2026, 15, 3060

2 of 42

Asynchronous AC motors are characterized by an alternating current flowing through
the stator windings to induce a current in the rotor winding, along with two magnetic
fields. These magnetic fields operate at slightly different frequencies, and their interaction
generates a mechanical torque on the rotor. In synchronous AC motors, the magnetic field
permeating the rotor is due to either permanent magnets or to an excitation coil, and has
constant direction in a reference system attached to the rotor. The rotor spins with an
angular frequency synchronized with that of the magnetic field generated by the stator.

In the last two decades, the study and use of electric machines working on the basis
of polyphase alternating currents has seen substantial growth, and this type of machine
has re-emerged as a potential solution for various industrial applications. The use of
three-phase electrical machines continues to be the main choice, but there is a tendency to
reassess polyphase systems for certain applications, especially where the whole system is
built from scratch or in applications where the risk of stator winding breakage is high. In
fact, a noteworthy property of polyphase motors is that they can stay operational even in
the event of one or more three-phase breakdown [3].

In particular, unlike in a three-phase drive, the loss of stator phase does not prevent
the machine from starting and running. Other advantages of multi-phase systems include
increased torque per ampere for the same volume machine, reduced stator copper losses,
and reduced rotor harmonic currents [4]. Criticisms of higher-phase motors is due to
their more complex inverter control scheme and higher cost [5]. The main application
areas of multiphase induction motor drives are ship propulsion, traction (including electric
and hybrid electric vehicles), and the concept of “more-electric” aircraft. Other suitable
applications are locomotive traction, aerospace, and high-power applications [4].

Research specifically targeting 12-phase machines remains comparatively limited.
Existing studies on this configuration have largely concentrated on fault-tolerant control
design, for instance the reconfiguration strategies for open-circuit and inverter-leg faults
discussed in [3], rather than on providing a consolidated and self-contained derivation
of the underlying analytical model. As a result, a reader approaching 12-phase PMSMs
must typically reconstruct the transformation framework by combining generalized n-
phase treatments, as in [6,7], with machine-specific fragments drawn from control-oriented
papers, since no single accessible source walks through the full derivation from the practical
winding configuration to the final dq0 model for this specific phase count. This dispersion
of the mathematical background across sources motivates the tutorial-style treatment
adopted in this paper.

This manuscript aims at presenting a literature review of the analytical modeling
of 12-phase permanent-magnet synchronous motors, aiming to provide both theoretical
insights and potential applications. The topic is timely and relevant considering the growing
interest in multiphase machines due to their enhanced reliability, fault tolerance, reduced
losses, and control flexibility. This paper covers essential concepts such as vector space
decomposition, the generalized Clarke and Park transformations, and modeling in the
Park domain. It attempts to offer a synthesis to help readers understand the fundamental
principles and mathematical tools associated with multiphase motor systems.
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Existing reviews on multiphase machines tend to either address the general n-phase
case at a high level of abstraction or focus on specific low-phase-count configurations
(five- and six-phase machines being the most extensively documented in the literature),
leaving the 12-phase configuration comparatively underrepresented despite its practical
relevance in high-power and fault-critical applications such as ship propulsion and more-
electric aircraft. The specific contribution of this paper is to close this gap by explicitly
deriving the full chain of transformation matrices, from the practical reference frame to the
fundamental Clarke (x80) and Park (dq0) domains, for the 12-phase case arranged as four
three-phase winding triads, as well as by presenting the corresponding time-domain and
Park-domain constitutive equations (voltage, flux linkage, and torque) in a unified and
internally consistent notation. The main contributions of this paper can be summarized
as follows:

* A structured review of the operating principles, advantages, and application domains
of polyphase and permanent-magnet synchronous motors, framed specifically around
their relevance to the 12-phase case (Sections 2—4).

*  An explicit step-by-step derivation of the transformation chain, including practical,
fundamental, Clarke (¢0), and Park (dq0) reference frames, for a 12-phase PMSM
composed of four three-phase winding triads (Section 6).

* A complete time-domain and Park-domain mathematical model of the 12-phase
PMSM, including the stator voltage, flux linkage, and torque equations, consolidated
within a single consistent notation (Section 7).

¢ A discussion of open modeling challenges and directions for future work specific to
12-phase machines (Section 8).

The manuscript is deliberately hybrid, blending critical review content with peda-
gogical clarity to benefit both researchers and engineers. The tutorial-like approach to
complex mathematical tools (VSD, Clarke-Park transforms) is intentional, aligning with
the journal’s emphasis on accessibility without sacrificing scientific rigor. The objective is to
synthesize modeling techniques for 12-phase PMSMs, offering both theoretical insight and
practical background. For this reason, we deliberately prioritize seminal and foundational
works essential to understanding the mathematical framework.

Outline of the short review. Section 2 describes the general characteristics of polyphase
electric machines and their advantages over a three-phase machine. Synchronous
permanent-magnet motors are then reviewed in Section 3 along with their operation
and advantages over asynchronous motors. Section 4 presents a short review of noteworthy
applications of polyphase motors. Section 5 turns specifically to the 12-phase configuration
considered in this paper, summarizing its winding structure, inverter topology, control
strategies, fault modes, and industrial applications, followed by a more detailed mathe-
matical treatment. Section 6 carries on the detailed description of the theoretical concepts
necessary to formulate and manipulate the equations that appear in the polyphase motor
mathematical model. In particular, a technique called vector space decomposition (VSD) is
recalled that allows for the modeling and management of most polyphase electric machines
through the generalized transforms of Clarke and Park. Section 7 then applies this math-
ematical toolkit specifically to the 12-phase PMSM, deriving the complete time-domain
and Park-domain model. Finally, Section 8 concludes the paper and outlines directions for
future work. Figure 1 summarizes the content of the main sections.
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Figure 1. Structure of the paper. Sections 2—4 provide background review material; Section 5 bridges
this background to the specific 12-phase case; Sections 6 and 7 (highlighted) form the tutorial core, first
developing the general mathematical toolkit and then applying it to the specific 12-phase PMSM case.

2. Features and Advantages of Polyphase Electric Motors

An electric machine is called polyphase if the number of phases # of the stator is
larger than three. A motor of this kind is usually obtained by redesigning the stator
frame or simply by rewinding the stator of a three-phase machine to obtain n independent
windings accessible by 21 terminals. In a polyphase electric drive, electromechanical energy
conversion is achieved by using a polyphase machine that is powered by a polyphase
converter through a particular control strategy. The deployed control action must in
particular take into account additional degrees of freedom which are unique to polyphase
systems, allowing for unconventional modes of operation. This manuscript offers a focused
and technically sound review of 12-phase PMSMs supported by rigorous mathematical
modeling, a synthesis of the analytical tools crucial for understanding and controlling
polyphase machines, integration with the literature, and practical relevance to applications
in transportation, aerospace, and industry.

Below are listed a few potential advantages of polyphase electric machines (MPMs)
that can justify their increased complexity.

*  Reduction of phase currents at constant power and voltage [8]. The first advantage of MPMs
is the ability to lower the rated current per phase while maintaining the same voltage
and rated power as a conventional three-phase machine. The active power P in an
n-phase balanced system is expressed as

p= g UT cos(®), )

where U denotes the peak voltage, I denotes the peak current, and cos(®) denotes the
power factor. By maintaining the same values of power supply P and voltage supply
U with an approximately constant power factor, it is immediately apparent that lower
values of supply current I can be obtained by increasing the number of phases n. This
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phenomenon can be advantageous in high-power applications where the voltage U is
kept constant and less powerful converters can be used in terms of maximum output
current, thereby reducing the overall system cost.

Reduction of stator energy loss [8]. The distribution of the magnetomotive force (MMF)
along the air gap, interacting with the temporal harmonics introduced by the sinu-
soidal or non-sinusoidal input voltages at the machine terminals, generates spatial
harmonics that affect the geometric distribution of the magnetic flow, which in turn
influences the mechanical torque. As summarized in [8], an increase in the number
of phases causes a displacement of spatial harmonics (besides the fundamental one)
induced by excitation of the fundamental frequency towards the higher frequencies,
making the MMF smoother and ripple-free. However, the same study showed that
low-order spatial harmonics may be generated for other temporal harmonics in the
excitation depending on the value of n. From the point of view of stator energy
loss, a five-phase machine could theoretically achieve 5.75% less power loss than
its three-phase counterpart. This reduction, however, does not make for a dramatic
improvement, since a hypothetical machine with an infinite number of phases would
bring loss reduction to 8.81%. In general, there is some potential for loss reduction;
however, overall efficiency depends heavily on geometric design (not considered in
this discussion) and control strategy.

Mitigation of torque pulsation [8]. In general terms, torque pulsation arises from the
interaction between field components generated by windings having the same number
of pole pairs p which rotate at different speeds. The pulsation frequency depends
on the difference between these speeds. Torque pulsations of larger magnitude are
those that occur when the 2p-poles main field is involved. The temporal harmonic
components of the excitation that can generate a 2p-poles field are of order

g=2kn+1, wherek=1,2,3,.... (2)

Specifically, the 2kn + 1-order temporal harmonic generates a 2p-pole field that rotates
in the same direction as the main field but 2kn + 1 times faster, whereas the 2kn — 1-
order temporal harmonic generates a 2p-pole field that rotates backwards and 2kn — 1
times faster compared to the main field. In both cases, the pulsation frequency of the
resulting torque in [8] is given by

w=2knuwy, 3)

where wy denotes the pulsation frequency of the fundamental excitation (and hence
of the main magnetic field). A higher number of phases increases the frequency of
the torque pulsation. Equation (2) can be used to determine which harmonics are
potentially troublesome and should be avoided; for example, for a nine-phase machine,
the excitation harmonics to be avoided are of the order 18k + 1 (17a, 19a, 35a, 37a,
and so forth). In fact, the relation in (3) shows that in the presence of such excitation,
torque pulsations 18 and 36 times faster than the main excitation frequency would
appear. These results were obtained by assuming a smooth air gap surface on both the
stator and rotor [8]. The effect of stator and rotor notching is to perturb the harmonic
fields; therefore, it is very difficult to make general statements about the relative merits
of multiphase machines. The relation in (3) indicates that torque pulsations appear at
higher frequencies if polyphase models are chosen.

Improved fault management [3]. An n-phase machine can continue to operate as long
as no more than n — 3 phases have failed. In other words, as long as three phases
are supplied, a rotating magnetic field can be produced, although with reduced
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mechanical power/torque. The amount of power and torque that can be produced
depends on the type of fault as well as on the geometrical and mechanical design
of the machine. For example, a six-phase electrical machine built with a split-phase
configuration (two sets of three-phase windings spatially shifted by 30 electrical
degrees) will have different fault handling possibilities depending on whether or not
the star point is isolated between the two sets of windings [3]. In case of an isolated
star point, the strategy in the event of a phase loss is to remove a complete set of
three-phase windings (including the one containing the failed phase), reducing the
machine rating by 50%. Several possibilities are available with a common star-center
connection, where the shape of the current can be changed to maintain a rotating
magnetic field (although introducing some asymmetry in the currents). Error tolerance
strategies include:

- Maintaining the same current intensity in the remaining phases in the event of a phase
failure, which reduces stator energy loss by a factor of approximately (n —1)/n.

- Increasing the current intensity in the healthy phases by a factor \/n/(n — 1), which
maintains about the same energy loss.

- Increasing the current intensity in the healthy phases by a factor n/(n — 1), which
increases stator energy loss while maintaining the same level of torque [9].

While the discussion above illustrates the theoretical fault margin of polyphase ma-
chines, a more critical assessment must distinguish between the different fault types
that can occur in practice, since each imposes distinct constraints on the machine
and its control system. Open-circuit faults, in which a stator phase or an inverter leg
stops conducting, are the most commonly addressed case in the literature and are
the primary scenario considered in the fault-tolerant control strategies discussed in
Section 4.1 [10-13]. By contrast, short-circuit faults are considerably more severe: an
inter-turn or phase-to-phase short circuit can drive large circulating currents even
when the affected phase is electrically isolated from the healthy ones, and contain-
ing this fault typically requires either a physical disconnection device or a redundant
winding design capable of limiting the short-circuit current by construction rather than
a control-level reconfiguration alone. Inverter-leg faults occupy an intermediate posi-
tion: depending on the converter topology, a failed leg may be reconfigurable at the
switching level, as demonstrated for a five-level cascaded H-bridge converter in [10],
or may require the same corrective action as a full open-circuit phase loss. Therefore,
a rigorous treatment of fault tolerance in a 12-phase PMSM should specify not only
the number of phases that can be lost, as in the n — 3 criterion recalled in this section,
but also which fault type is assumed, since the achievable post-fault performance and
the required protection hardware differ substantially between these cases.
Augmented degrees of freedom. Since only two currents are needed to control average
flux or average torque irrespective of the number of phases, the remaining degrees of
freedom can be exploited for other purposes, including:

- Increased torque density: In conventional three-phase machines, the presence of
space harmonics usually causes only unwanted currents and torque ripple. In
polyphase machines, however, space harmonics can be used to generate average
torque, increasing the torque density of some specific designs [9]. This is usually
achieved by injecting some precise time harmonics into the current in machines
with concentrated windings. This phenomenon is best appreciated in symmetrical
odd-phase machines. A minimum gain of at least 10% over conventional three-
phase motors appears to be achieved with five-phase machines with injection of
the third harmonic into the stator currents [9]. However, this causes the presence
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of harmonics in the air gap flux, increasing the flux density and consequently the
iron losses.

- Improved multimotor driving: Multiple polyphase machines with sinusoidal MMF
distribution can be controlled independently in series with a single electronic
feeder [9]. This result is achieved by appropriate transposition in the connection of
machine phases, so that the components that triggers flux/torque in one machine
appear as currents that do not produce flux/torque in all other machines.

*  Advantages for developers [8,14]. The use of a higher phase number offers an inverter de-
signer the opportunity to make use of standardized power modules of fixed VA rating
without necessarily having to resort to series or parallel stacking. The power may be
delivered to the motor through as many of these standard modules as is necessary to
make up the required total rating. For the motor designer, the advantages of multiple
phases are that the magnetomotive force (MMF) waveform can be improved, the line
voltage can be reduced, and efficiency can be increased.

A breakdown of the advantages and disadvantages of polyphase electrical motors is
presented in Table 1. It should be stressed that the extent to which these advantages materi-
alize in practice is not determined by the phase number alone but jointly by the winding
configuration, inverter topology, and adopted control strategy. The loss reduction figures,
torque ripple mitigation, and fault tolerance margins reported above and summarized in
Table 1 correspond to specific machine designs and operating conditions studied in the
cited literature, and should not be interpreted as guaranteed or invariant properties of
polyphase machines in general.

Table 1. Advantages and disadvantages of polyphase electric motors.

Advantages Disadvantages
Smoother and more efficient torque production with minimal =~ Requires three-phase power supply, which may not be available
torque ripple [9,15]. in all settings [16].
Higher efficiency and power factor compared to single-phase More complex power electronics and control systems (e.g.,
motors [17,18]. inverters, VFDs) [19].

Self-starting capability without auxiliary starting circuits [20].

Higher initial cost due to added components and
infrastructure [16,21].

Greater reliability and lower maintenance, especially for May require more sophisticated protection and monitoring
induction types [17,22]. equipment [19].
Better thermal management and heat dissipation due to More complex winding and design configurations increase
distributed winding [9,22]. manufacturing effort [21].
High power-to-weight ratio, ideal for compact and mobile Sensitivity to unbalanced loads and harmonics if not properly
applications (e.g., electrical vehicles, aircraft) [9,23]. managed [19].
Scalable and modular design facilitates multi-motor Repair and replacement parts may be more specialized or
configurations [9]. costly [21].
Regenerative braking and efficient speed control More demanding in terms of control algorithm complexity,
capabilities [18,23]. especially for PMSMs or BLDCs [19].

In the specific case of the 12-phase PMSM considered in this paper, the general fault
tolerance principle discussed above takes on particular significance. Since the winding is
arranged as four independent three-phase triads spaced 15 electrical degrees apart, the loss
of an entire triad, for instance due to an inverter-leg fault, still leaves three three-phase
sets operational, meaning that in principle the machine can sustain failure of up to nine
of its twelve phases (n — 3, with n = 12) before losing the ability to produce a rotating
magnetic field. This redundancy margin is substantially larger than what is achievable
with five- or six-phase machines, and is one of the main motivations for adopting 12-phase
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PMSMs in safety-critical applications such as more-electric aircraft actuation and ship
propulsion. In practice, however, the fault tolerance that is actually achieved depends
on further factors, including whether the neutral points of the four triads are isolated or
interconnected, the specific nature of the fault (open-circuit or short-circuit, phase-level,
or inverter leg-level), and the reconfiguration strategy applied to the healthy phases, as
discussed for the 12-phase case in [3].

The advantages of increasing the phase number that are discussed above can be
made more concrete by comparing specific phase counts directly. Table 2 reports such
a comparison for n = 3,5,6,9, and 12 phases, distinguishing between quantities that
can be derived directly from the relations already presented in this paper, namely, the
current-reduction relation and the n — 3 fault tolerance criterion, and quantities that are
only reported in the reviewed literature for specific phase counts. This distinction is made
explicit in the table caption, since a systematic quantitative comparison covering efficiency,
torque density, and cost across all five phase counts is not, to the authors” knowledge,
available in a single source in the existing literature; most comparative studies report
detailed performance figures for one or two specific phase counts (most commonly five- or
six-phase machines) rather than providing a comparison spanning the full range considered
here. Where a quantitative figure specific to a given phase count could not be located in the
sources reviewed for this paper, the corresponding table entry is marked as not available
(n/a) rather than being estimated, so as not to overstate the precision of the comparison.
The converter complexity and relative cost rows are included as qualitative trend indicators
only, reflecting the general consensus of the reviewed literature that both quantities increase
with phase count due to the larger number of semiconductor switches, gate drivers, and
current sensors required rather than as measured or simulated figures.

Table 2. Quantitative and qualitative comparison of polyphase machines with n = 3,5,6,9, 12 phases.
Values marked with * are derived directly from Equation (2) or from the n — 3 fault tolerance criterion;
values marked with ¥ are reported in the cited source for the specific phase count indicated, and
are not available in the reviewed literature for the other phase counts; values marked with t are
given as a range because the number of orthogonal harmonic subspaces depends on the winding
configuration (symmetric versus asymmetric/split-phase arrangement), as discussed in Section 6.1;
entries marked “n/a” indicate that no quantitative value specific to that phase count was found in
the sources reviewed in this paper. Qualitative trend columns (converter complexity, relative cost)
reflect the general consensus of the reviewed literature rather than measured figures.

Metric 3-Phase 5-Phase 6-Phase 9-Phase 12-Phase
Relative stator current *

(I, / I3, at constant P, U, cos ) 1.00 0.60 0.50 0.33 0.25
Max. tolerable phase loss *

((n—3)/n, %) 0% 40% 50% 66.7% 75%
Stator loss reduction vs. 3-phase * — 5.75% [8] n/a n/a n/a
Torque density gain (min., with

harmonic current injection) + — >10% [9] n/a n/a n/a
Number of orthogonal harmonic subspaces

(excl. fundamental and zero-seq.) * 0 1 12 341 5
Converter complexity (qualitative) Low Low-Medium Medium Medium-High  High
Relative system cost (qualitative) Low  Low-Medium Medium Medium-High  High

3. Permanent-Magnet Synchronous Motors (PMSMs)

In the past, synchronous motors were considered constant-speed motors with axial
rotation speed (the synchronous speed) dependent on the power supply frequency and
number of pole pairs. For this reason, synchronous motors were considered unsuitable for
variable-speed electric drives, and their application was limited to those areas where speed
and/or position control was not of main concern [9].
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Electrical synchronous machines found wide use as energy generators rather than
as motors. Even today, almost all alternating-current electric generators are synchronous,
and the vast majority of the electrical power engaged in power plants is generated by
synchronous machines [24]. Interest in the permanent-magnet synchronous motor has been
steadily growing in recent years because of its many advantages over other machines of
both of DC and AC type that are conventionally used in drives [9].

Conventional synchronous machines require a continuous power supply to the rotor
field winding, which is provided by a system of brushes and rings. Such rotating contact
structures are the main cause of energy and require continual maintenance. The use of
permanent magnets to replace the field winding, DC power supply, and collector elements
eliminates all such disadvantages. From this observation, the permanent-magnet syn-
chronous motor (PMSM) was born. Also called ‘sinusoidal brushless” motors, PMSMs are
a type of AC synchronous motor that exhibits construction and operating characteristics
quite similar to classical synchronous motors except that the rotor carries no field windings.
Instead, the rotor embodies permanent magnets that are used to create field poles and
generate the rotor static magnetic field. Since there is no need for a DC source supply, these
types of motors are simpler to build and prove to be cost effective.

The structure of a permanent-magnet synchronous motor consists of a rotor in which
the permanent magnets are placed and a stator that accommodates a number of windings
tasked with generating the rotating magnetic field. These windings are powered by si-
nusoidal currents synchronized with the corresponding concatenated fluxes due to the
magnet. At synchronous speed, the rotor magnetic poles concatenate with the rotating
magnetic field generated by the stator.

The electromechanical conversion implemented by the motor follows the principle
of operation of electrodynamic systems, which is based on the interaction between the
current-carrying conductors in the stator and the magnetic fields created by the permanent
magnets in the rotor.

The working principle of a permanent-magnet synchronous motor is similar to that of
a classical synchronous motor. It depends on a stator rotating magnetic field that generates
electromotive force at synchronous speed together with a constant magnetic field of the
rotor. This field is generated by the permanent magnets inside the rotor, which create a
constant magnetic flux. When the stator windings are excited by supplying polyphase AC
power, a rotating magnetic field arises within the air gap.

In this way, a mechanical torque of some amplitude is generated when the rotor field
concatenates with the stator rotating magnetic field, causing the rotor to spin at a constant
(synchronous) speed wm. The operation of starting a synchronous motor is complex because
it has an impulsive torque characteristic centered on the speed wm,. In other words, the
rotor receives driving torque only and exclusively if it is spinning at a speed wn,. When the
motor axis is still, application of the stator supply voltage cannot trigger motion because
the rotor receives zero torque, as shown in Figure 2.

Since permanent-magnet synchronous motors are not automatic-start motors, some
PMSMs incorporate an additional ‘squirrel cage’ rotor that embodies asynchronous behav-
ior, and switch to synchronous mode only once starting has occurred. These are known as
line-start or self-starting PMSMSs. They are used as more efficient replacements for asyn-
chronous motors due to their lack of slip, and must be designed to ensure that synchronous
speed is achieved. In addition, the stator may be endowed with a variable-frequency power
supply; this is electronically controlled, for example via an inverter. Varying the frequency
of the power supplied to the stator windings in a controlled way causes the generation of a
rotating magnetic field that initially spins at low speed, allowing the constant magnetic
field generated by the permanent magnets in the rotor to concatenate with the former. In
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this, way the rotor begins to rotate at the same speed as the rotating field. By increasing the
power supply frequency, the speed of the rotating magnetic field increases, and as a result
the rotor also increases its rotation speed to maintain synchronization.

TJ\

\
[ 4

wmw

Figure 2. Mechanical torque T versus axis rotation speed w in a permanent-magnet synchronous
motor. The torque in this kind of motor exhibits a single spike at a speed wmn.

The rotor, home to the permanent magnets, can be made in different configurations.
The waveform of induction within the air gap is closely related to the shape of the magnets.
The arrangement and type of magnets also affects the level of mechanical power and torque
that can be developed along with the operating characteristics of a PMSM, and strongly
influences the overall cost of the motor. Inexpensive ferrites, AINiCo alloys, or materials
embodying rare earth elements such as samarium cobalt (SmCo) and neodymium iron
boron (NdFeB) can be used as permanent magnets [25].

In particular, neodymium (NdFeB) magnets have been the most commonly used
magnets in PMSMs due to the high value of their coercive field and residual induction,
which make them difficult to demagnetize. However, because of fluctuating prices the use
of ferrite magnets is preferred nowadays, although new machines using these types of
magnets have lower power density and torque density than machines based on neodymium
magnets [25]. Permanent magnets in general (with the exception of AINiCo alloys) present
the problem of brittleness and poor machinability, which limits manufacturers in making
complex shapes and pushes them to fine-tune the arrangement of the magnets rather than
their shape.

In radial flux configurations, the simplest arrangement consists of magnets external
to the rotor surface. Attachment of the magnets to the rotor is usually done by bonding
through special resins; to improve strength, the union between two parts is often completed
with an external carbon fiber ring. Fastening is easier in the case where the magnets are
internal superficial. When magnets are drowned in iron, the problem of fastening does not
arise at all.

Whenever the magnets are placed internally, the mechanical structure of the rotor
appears to be more robust, which makes such designs particularly suitable for high-speed
applications, as the magnets are physically contained within the rotor and hence protected.
On the other hand, in this configuration there is more dispersed flux, which produces
magnetic induction in the lower air gap and consequent increase of losses. To mitigate
such problems, one can resort to the interposition of nonmagnetic separators; however,
this complicates the realization of the rotor, as the laminations are no longer a single piece
with grooves for the magnets but instead consist of several pieces that must be assembled.
Alternatively, a tangential magnetization of the magnets can be used in which facing
homonymous polarities are used to preserve the radiality of the flux while also reinforcing
the induction at the air gap.
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Permanent-magnet synchronous motors are characterized by a higher torque/inertia
ratio and better dynamic response due to the presence of the permanent magnet instead of
a winding in the rotor that increases the density of magnetic flow in the air gap. PMSMs
are also more efficient and easier to cool down, as losses related to rotor currents are greatly
reduced. In addition, their power/weight ratio is higher than that of induction motors, and
no creep rate calculation is required in the control strategy [9].

The disadvantages of these motors include the variation of their properties over time
and temperature changes. For proper operation, PMSMs need high-resolution position
sensors along with a power inverter and a microprocessor for managing all of the necessary
components [8]. Another limitation that this kind of motor incurs is excessive cost for high-
power applications. If the power of the motor is relatively large, the cost of the permanent
magnets increases significantly. Materials for permanent magnets such as samarium cobalt
can be quite rare and expensive [25]. However, while cost is a factor to consider, it but does
not necessarily compromise the feasibility of these motors. At present, the highest-power
high-speed induction machine is a 15 MW and 20,000 RPM machine developed by ABB
[26].

The previously highlighted features make these motors suitable in several applications,
including as actuators in robotics and aerospace, electric vehicles, paper making, packaging,
textiles, ceramics, glass, and woodworking.

The main characteristics of PMSMs can be summarized as follows:

e  High flux density at the air gap

e  High power/weight ratio

*  Wide torque/inertia ratio, which guarantees high acceleration

*  Small torque oscillations even at very low speeds, which allows for considerable
accuracy in positioning

*  Wide range of speed variation

¢  Possibility of operation at high torques, which allows for rapid acceleration and deceleration

*  High efficiency and high power factor
*  Geometrically compact structure.

The development of new technologies and materials for the production of permanent
magnets with excellent magnetic characteristics has greatly contributed to the success of
PMSMs in the field of variable-speed electric drives.

A breakdown of the advantages and disadvantages of permanent-magnet synchronous
motors is presented in Table 3.

Table 3. Advantages and disadvantages of permanent magnet synchronous motors.

Advantages Disadvantages

High efficiency and excellent power density, especially at low speeds [18,21]. Permanent magnets (especially rare-earth types) significantly increase cost [18].

Smooth and precise torque control, suitable for high-performance
applications [18,23].

Risk of demagnetization under high temperature or fault conditions [18].

High torque-to-current ratio, enabling smaller drive inverters [21].

Complex control algorithms (e.g., field-oriented control or sensorless control)
required [18,19].

Low rotor losses and no rotor winding means lower heat generation [18,21]. Sensitive to temperature variation; requires thermal monitoring [18].

Fast dynamic response and excellent position/speed regulation [18,23].

Control requires position or speed feedback (e.g., encoders or resolvers), adding
cost and complexity [18].

Compact design facilitates integration in tight spaces (e.g., EVs, robotics) [21,23]. Magnet sourcing can be affected by geopolitical and supply chain risks [18].
Low acoustic noise and vibration levels [21]. Difficult to repair or rewind due to embedded magnets [18].
Suited for regenerative braking and bidirectional operation [18,23]. Back-EMF generation can pose a risk during faults if not properly managed [18].
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4. Recent Literature Review and Industrial Applications of Polyphase
Electrical Motors

4.1. Recent Literature Review

Liu et al. presented an innovative design approach for multi-phase PMSMs with
fractional-slot windings aimed at mitigating electromagnetic vibrations, a critical concern
in high-performance electrical machines [27]. They introduced a combined analytical
and simulation-based methodology that incorporates stator teeth modulation effects into
the electromagnetic design process. Their results demonstrate that appropriate winding
and slot configurations can significantly reduce vibration-induced acoustic noise without
sacrificing power density or efficiency, making the findings highly relevant for PMSMs
deployed in applications with strict noise and vibration constraints, such as electric vehicles
and aerospace systems.

Gao et al. addressed the control challenges of six-phase PMSMs, with a particular fo-
cus on eliminating position sensors to reduce system complexity and cost [28]. Their paper
proposed an improved sensorless control strategy that enhances rotor position estimation
accuracy under varying load and speed conditions. Utilizing advanced back-EMF estima-
tion techniques and adaptive filtering, they were able to achieve reliable position detection,
enabling efficient and fault-tolerant operation of six-phase PMSMs. The results underline
the advantages of multiphase architectures for critical drive applications, highlighting
improvements in redundancy and system robustness.

The special issue in [29] compiles state-of-the-art research on dual three-phase PMSMs,
covering both advanced machine design and control techniques. The included works
present fault-tolerant control methodologies, enhanced modeling approaches for machines
with high power density, and experimental validations of multi-phase drive systems. The
issue emphasizes the growing industrial relevance of multiphase machines, particularly for
applications in transport electrification and renewable energy where high fault tolerance
and power quality are essential. It also identifies ongoing research challenges, providing a
comprehensive overview of current technological progress in polyphase motor systems.

Sahu et al. investigated the modeling and performance analysis of five-phase surface-
mounted PMSMs designed for electric vehicle traction applications [30]. They developed
a detailed dynamic model incorporating both electrical and mechanical subsystems and
assessed performance indicators such as torque output, efficiency, and response to fault
scenarios. Their findings confirmed that five-phase PMSMs offer superior fault tolerance,
smoother torque production, and improved operational reliability compared to conven-
tional three-phase machines, reinforcing their suitability for high-demand EV applications.

The conference contribution in [31] presents further validation of five-phase PMSMs
for electric vehicle powertrains, emphasizing both design methodology and control aspects.
Through simulation-based performance assessments under various operating conditions
including transient loads and partial faults, this study demonstrates that five-phase ma-
chines exhibit enhanced reliability, fault tolerance, and harmonic performance. These
characteristics make them strong candidates for next-generation EV systems where safety,
efficiency, and robustness are paramount.

Shayeghan et al. [10] presented a robust fault-tolerant control strategy for six-phase
PMSMs using hardware-in-the-loop (HIL) testing and vector space decomposition. Their
method uniquely integrates real-time fault detection, open-circuit fault compensation, and
modified closed-loop control to handle both phase and inverter-leg faults. Implemented
on a five-level cascaded H-bridge converter, the approach dynamically reconfigures faulty
legs into two-level operation, minimizing losses and maintaining performance. Validated
through simulations and HIL experiments, this work advances real-world reliability and
modular redundancy in critical-drive applications.
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While the works reviewed above address five-phase, six-phase, and dual three-phase
architectures, only a small number of studies have dealt specifically with 12-phase PMSMs.
Shao et al. [32] introduced the design rules for a 12-phase flux-switching permanent-magnet
machine intended for direct-drive wind power generation, addressing the specific stator-
slot/rotor-pole combinations required for a symmetrical 12-phase winding layout. This
work was later extended in [33], which compared the electromagnetic performance of the 12-
phase switched-flux topology against surface-mounted PM alternatives and validated the
results with a 10-kW prototype. More recently, Gao et al. [34] addressed a control-oriented
problem specific to the 12-phase, four-triad configuration considered in the present paper.
They dealt with the need to ensure balanced voltage and current output across the four
three-phase winding groups of a 12-phase PMSM propulsion system, a concern that does
not arise in machines with lower phase counts that use a single winding set. Together with
the fault-tolerant control study of Gao et al. [3] discussed in the Introduction, these works
confirm that research on 12-phase PMSMs has so far concentrated on specific design and
control problems (e.g., winding layout for flux-switching topologies, inter-group balancing,
fault reconfiguration) rather than on a consolidated analytical model.

It is worth stressing that findings established for five- or six-phase machines do
not transfer to the 12-phase case without qualification. The vector space decomposition
framework itself generalizes directly, since the number and structure of the orthogonal
subspaces follow systematically from the phase count [7]; however, quantities that depend
on the specific harmonic content or fault margin. such as the loss reduction percentages
reported for five-phase machines in [8] or the fault tolerance ratios discussed for six-
phase machines in [3], are configuration-specific and must be re-derived for the 12-phase,
four-triad winding arrangement considered here. In particular, the four-triad structure
introduces a degree of freedom that is absent in machines with lower phase counts: the
relative loading and balancing of separate three-phase groups, as highlighted in [34], has
no direct counterpart in five- or six-phase topologies with a single winding set.

Mohamed et al. [11] proposed a multi-objective design optimization for asymmetrical
six-phase PMSMs targeting electric vehicle applications. Incorporating single-phase open-
circuit fault scenarios alongside ‘minimum torque and loss” strategies, they used data
clustering of real-world EV drive cycles and FEA tools (ANSYS Maxwell/OptiSlang). Their
design methodology maintained 50 kW performance while proving robust under faults,
and was validated experimentally with a 2-kW prototype. This work advances the field by
integrating fault tolerance during the initial design phase of EV multiphase drives.

Li and colleagues [12] addressed winding open-circuit faults in robotic PMSM systems
using a four-switch, two-phase (FSTP) topology. By synthesizing a constant magnetomotive
force (MMF) control approach, they reconstructed the voltage vector under fault conditions
and designed a fault-tolerant control system that was able to maintain performance with
reduced cost and complexity. Extensive simulations confirmed system stability and safety,
making it suitable for precision industrial applications.

Wu et al. [13] proposed a novel control strategy for five-phase PMSMs using a six-leg
inverter, improving fault tolerance by relaxing zero-neutral-current constraints. Their
maximum torque (MT) and minimum copper loss (MC) control methods enabled operation
even under triple-phase open-circuit faults. They demonstrated through experiments
that this approach can yield higher torque or lower losses under fault conditions while
maintaining machine performance.

The above literature illustrates that control of multiphase PMSMs has progressed
considerably beyond conventional field-oriented control (FOC), yet this progression comes
with a corresponding increase in algorithmic and implementation complexity that partly
offsets the advantages discussed in Section 2. Sensorless FOC schemes such as the back-
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EMF-based rotor position estimation proposed for six-phase PMSMs in [28] remove the cost
and failure point associated with a physical position sensor, but require accurate parame-
ter knowledge and additional filtering stages that are themselves sensitive to parameter
drift. Fault-tolerant extensions of FOC, such as the strategy in [10] based on vector space
decoupling validated through hardware-in-the-loop testing, must also detect the fault,
reconfigure the transformation matrices in real time, and recompute the current references
for the healthy phases, all within a single control cycle. Harmonic current optimization,
which exploits the additional degrees of freedom of the harmonic subspaces discussed in
Section 6.5 to suppress specific current harmonics or to inject deliberate harmonic content
for torque enhancement, requires an accurate characterization of the winding-dependent
harmonic mapping discussed in [35,36], which is not always available with sufficient
precision at the design stage.

Model predictive control (MPC) has emerged as a further alternative to classical
FOC for multiphase PMSMs owing to its ability to handle the multiple coupled control
objectives—torque or current tracking, harmonic suppression, and common-mode voltage
minimization—within a single optimization step rather than through cascaded control
loops. Yuan and colleagues [37] proposed a model predictive torque control (MPTC)
strategy for a dual three-phase PMSM that constructs virtual voltage vectors using the
vector space decoupling framework recalled in Section 6.2, allowing the harmonic subspace
currents to be inherently suppressed without the need for a separate weighting term in
the cost function while simultaneously reducing the common-mode voltage. Huang and
colleagues [38] instead proposed a model-free predictive current control scheme for five-
phase PMSM drives, removing the need for an explicit machine model altogether. This
approach improves robustness to parameter uncertainty, though at the cost of relying on
online estimation of the system dynamics. These examples illustrate that for multiphase
PMSMs, the choice of control strategy is not merely a matter of performance but also
a trade-off between computational burden, sensitivity to parameter mismatch, and the
number of tunable weighting factors or cost function terms. This trade-off becomes more
pronounced as the number of phases (and hence the number of harmonic subspaces to be
regulated or suppressed) increases, as is the case for the 12-phase machine considered in
this paper.

4.2. Brief Survey of Industrial Applications

Polyphase electrical motors are central to modern industrial and transportation sys-
tems due to their robustness, high efficiency, and favorable power-to-weight ratio. Their
widespread use spans several domains.

In aerospace engineering, polyphase motors are increasingly being adopted in electri-
fied aircraft propulsion systems, including in more-electric and all-electric aircraft concepts.
These motors provide critical functions including actuation, environmental control, and
even primary propulsion. Their advantages in weight reduction and reliability make them
ideal for high-performance aviation applications [39].

Railway traction has historically been a significant domain for polyphase motor de-
ployment. Modern electric locomotives and multiple units use three-phase induction or
permanent-magnet synchronous motors controlled by power electronics to achieve high
torque, precise speed control, and regenerative braking capabilities. These systems enhance
energy efficiency and reduce maintenance costs [40].

In the automotive sector, polyphase motors serve as the backbone of electric and
hybrid electric propulsion systems. Their high dynamic performance, fault tolerance, and
adaptability to various drive cycles make them ideal for commercial and passenger vehicles.
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Advances in motor design and control strategies continue to improve their performance in
terms of torque density and energy consumption [41,42].

Polyphase motors, especially brushless DC and AC induction types, are widely used
in robotic arms, conveyors, CNC machines, and other automation systems. Their precise
control, compact design, and thermal performance make them indispensable in high-
precision industrial environments [43]. These applications demonstrate the versatility
and essential role of polyphase electrical machines in enabling technological progress
across sectors.

5. Distinctive Features of 12-Phase PMSMs

The previous discussion and literature review concerned polyphase machines in
general, spanning three-, five-, six-, and nine-phase configurations. This section brings the
discussion back to the specific subject of this paper by summarizing the winding structure,
inverter topology, control strategy, fault modes, and characteristic industrial application
domains of 12-phase PMSMs.

5.1. Winding Structure

The 12-phase PMSM considered in this paper is built as four three-phase winding
triads, spatially displaced from one another by 15° electrical degrees. This configuration is
an instance of the asymmetrical, or split-phase, multiphase machine family, with N = 4
sets of m = 3 phases and relative displacement 180/ (Nm) = 15°. This choice is not the
only winding arrangement reported in the literature for 12-phase machines: an alternative
symmetric configuration with equal 30° phase spacing (i.e., a true 12-phase symmetric
system rather than four three-phase triads) is also possible, and different winding topologies
altogether—such as the flux-switching stator design proposed for wind power 12-phase
generators in [32,33]—have been explored for specific applications. The choice of a four-
triad split-phase design, as adopted here, carries the practical advantage of allowing the
machine to be fed by four standard three-phase inverter modules, as discussed below,
rather than requiring a bespoke 12-phase converter.

5.2. Inverter Topology

Because each three-phase triad of the winding can in principle be supplied indepen-
dently, a 12-phase PMSM of this type is typically driven by four separate three-phase
voltage-source inverters (VSIs), or equivalently by a single inverter structure organized into
four three-phase legs sharing a common or split DC bus. This modular approach directly
reflects the “advantages for developers”: it permits the use of standardized three-phase
power modules rather than a bespoke 12-phase converter, though at the cost of a more
complex overall control and modulation scheme, since the switching states of four cou-
pled inverters must be coordinated to regulate both the fundamental a—f3 subspace and
the harmonic subspaces. Multilevel converter topologies, such as the five-level cascaded
H-bridge structure used for a six-phase PMSM in [10], represent an alternative used in
related multiphase drives to improve fault reconfiguration flexibility, and could in principle
be extended to the 12-phase, four-triad case, although this extension is not, to the authors’
knowledge, documented in the literature specifically for 12-phase machines.

5.3. Control Strategies

The control of the 12-phase PMSM inherits the general landscape of multiphase con-
trol strategies (field-oriented control, sensorless estimation, fault-tolerant reconfiguration,
model predictive control, and harmonic current optimization), applied specifically to the
six orthogonal subspaces—one fundamental and five harmonic/zero-sequence—arising
from the generalized Clarke transform. The control complexity associated with regulating
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or suppressing five non-fundamental subspaces, rather than the single harmonic subspace
present in a six-phase machine or the two present in a nine-phase machine, is one of the
main practical costs of adopting the 12-phase configuration, and is a central motivation
for the model predictive approaches discussed herein, which handle multiple subspace
objectives within a single optimization step.

5.4. Fault Modes

The fault tolerance discussion and the critical assessment conducted earlier apply
directly to the 12-phase case: with four independent three-phase triads, the n — 3 phase-loss
criterion permits the loss of up to nine of the twelve phases (that is, up to three full triads)
while retaining the ability to produce a rotating magnetic field, a substantially larger fault
margin than is achievable with five- or six-phase machines. However, this theoretical
margin does not by itself guarantee post-fault operability, since it depends on the fault type
(open-circuit, short-circuit, or inverter-leg fault), the neutral-point configuration of each
triad, and the thermal and vibrational consequences of the required current reconfiguration.

5.5. Industrial Applications

While polyphase motors in general show up in several industrial applications, 12-
phase machines specifically have been studied primarily in two application domains. The
first is high-power and high-reliability propulsion, exemplified by the fault-tolerant 12-
phase PMSM control strategy for ship propulsion studied in [3] and the balancing control
strategy for a 12-phase marine propulsion system in [34], where the large fault margin
and modular inverter structure discussed above are directly relevant to the reliability
requirements of marine and more-electric aircraft drives. The second is direct-drive wind
power generation, where the 12-phase flux-switching PM machine of [32,33] exploits the
high phase count to reduce the per-phase current rating and improve fault tolerance in
a gearless high-torque generator design. These two application domains illustrate that
the specific motivations for adopting a 12-phase configuration as opposed to a lower
phase count tend to be tied to applications where both high reliability and modular power
electronics are simultaneously required.

6. Mathematical Instruments to Aid Modeling of Polyphase Motors

In this section, we will follow the most important steps described in [6], where a
general methodology for the modeling and control of these motors was proposed, with a
focus on permanent-magnet synchronous motors. There are two main types of polyphase
machines, namely, symmetric and asymmetric.

To approach the analytical modeling and control of most polyphase machines, one
of the most important steps involves the transformations between stationary and rotating
reference systems. We recall the technique of vector space decomposition (VSD), which is
applicable to symmetric and asymmetric machines endowed with an arbitrary number n
of phases.

In summary, the present section invokes VSD to achieve differentiation of all odd-
order harmonics. The Clarke and Park transforms are also employed, simplifying the
analysis of multiphase systems by reducing the number of equations that must be dealt
with. Through the Clarke-Park transforms, a three-phase machine may be represented
by a plane (spanned by the axes &, § in the Clarke representation and d, g in the Park
representation) plus an axis representing the homopolar component. This technique may
be conveniently generalized to deal with multiphase electrical systems.
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6.1. Symmetric and Asymmetric Phasor Systems in Polyphase Motors

A first instrument to aid the mathematical description of a polyphase machine is
a system of phasors. Phasors are vector representations of sinusoidal waveforms, and
provide a simple and efficient way to analyze and manipulate sinusoidal signals. Phasors
are typically represented as complex numbers, where the magnitude of the complex number
corresponds to the amplitude of the waveform and the argument quantifies the phase shift
of the waveform.

In symmetric MPMs, the phases are equally distributed on the circumference of the
stator, with the phase-shift angle equal to 360/ 7 electrical degrees. This type of machine is
an extension of the conventional symmetric three-phase machine, as shown in Figure 3.

—Xe Xp

—Xp  Xe
(a) Three-phase. (b) Five-phase.

Figure 3. Phasors of generic quantities of symmetric multiphase systems.

The arrows represent the direction of the positive magnetomotive force produced by
one phase of the machine, while the dashed lines indicate the direction of the negative
magnetomotive force in the same phase. Note that in the case of a symmetric system with
an even number of phases, each phase shares the magnetic axis with another phase, and
the magnetomotive force of one phase is added to or subtracted from the force produced
by another phase in the opposite direction.

Figure 4 shows an example of a six-phase symmetrical MPM. It is evident that such a
machine is not topologically different from its three-phase counterpart, since the production
of positive magnetomotive force sequences in the six-phase symmetric machine can be
equally achieved in the three-phase machine with positive and negative magnetomotive
force sequences.

xC Xb

xd‘ ‘xd

Xe Xf

Figure 4. Phasors of a six-phase symmetric polyphase system.
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Let us denote by N the number of sets of phases, by m the number of phases that
a set is composed of, and by n the total number of phases (n = Nm). In asymmetrical
asynchronous polyphase machines (also known as ‘split-phase’ or ‘multiple-star’ machines),
anumber N of identical m-phase sets are geometrically distributed along the stator with a
relative displacement of 180/ (Nm) electrical degrees between the sets. The most common
case of asynchronous polyphase machine is one in which N identical three-phase sets are
combined (m = 3).

Figure 5 shows an example of a six-phase MPM made of two three-phase triads offset
from one another by 30 electrical degrees (also referred to as “YY30').

X2

Figure 5. Phasors of a six-phase asymmetric or ‘split-phase’ MPM (N =2, m = 3).

Unlike symmetrical MPMs, only asymmetrical MPMs with m = 3 offer the advantage
that they can be powered by three-phase converters.

6.2. Vector Space Decomposition

Through the Clarke-Park transforms, a three-phase machine may be represented by
a plane (spanned by the axes «, § in the Clarke representation and d, 4 in the Park repre-
sentation) plus an axis representing the homopolar component. By means of a generalized
Clarke-Park transformation, represented by a matrix with a rank equal to the number 7 of
phases, vector space decomposition allows for a larger number of planes and the possibility
of an axis representing the homopolar component in the case where 7 is an odd integer.
The technique was originally introduced for a dual three-phase induction machine in [44],
and was later generalized to machines with an arbitrary number of phases in [7].

According to vector space decoupling theory, such planes are orthogonal to each other.
The corresponding vector/phasor spaces are labeled with the first odd harmonics up to
the number of phases n. For example, in a machine with six phases, the first vector space
corresponds to the fundamental harmonics, the third vector space to the third harmonics,
and the fifth vector space to the fifth harmonics. Higher-order harmonics are also arranged
in the subspaces according to a logic that depends on the arrangement of the windings
within the machine.

Electromechanical conversion takes place in the vector space of the fundamental
harmonics, which can then be controlled as in a three-phase machine. Concerning the
higher-order vector spaces, it may be useful to control them in a closed chain with null
references in order to limit the amplitude of non-fundamental harmonics, or alternatively to
use such higher-order spaces as additional degrees of freedom to activate specific features
of a polyphase machine. These features include:

e  Fault management in a three-phase backhoe (fault-tolerant control [3]).
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*  Suppression of specific harmonics [35].
* Improvement of the average torque produced by a machine [9].
As opposed to the conventional ‘a0” and ‘dq0’ reference systems used in three-

phase machines, VSD requires an intermediate reference system, termed the ‘fundamental
winding configuration’. The transformation steps involved in VSD are as follows:

Xabe—s123 X123—ap0 XuB0—dq0 4
Xabe X123 Xupo Xdq0 (4)

where x denotes a vector of machine-related current or voltage variables and abc, 123, 80,
and dq0 respectively denote the practical, fundamental, stator, and rotor reference frames.
A schematic of the transformation chain is displayed in Figure 6.

Practical frame | Taco123 | Fundamental frame| Tis-ep0 | Clarke domain | Tepo-aq0(8) | Park domain
Xgbe X123 Xap0 Xdq0

stationary, stationary, stationary, rotating,
real windings equal phase shift orthogonal planes rotor-synchronous

Figure 6. Chain of reference-frame transformations used in vector space decomposition, from the
practical stator winding frame to the rotating Park domain.

In the following sections, we shall examine these intermediate transformation
steps in detail.

6.3. Fundamental Configuration of Stator Windings

The fundamental winding reference frame (or fundamental winding configuration)
was introduced so that Clarke’s generalized transformation could be applied without any
concern about the topology of the machine phases [7]. This transformation applies to the
‘practical configuration’ (also referred to as the real or natural configuration), which denotes
the schematic representation of the phases. The fundamental configuration of the windings
denotes a reference system in which the phases are spaced 180/ electrical degrees apart.

Regardless of whether the machine is symmetrical or asymmetrical, it always consists
of a sequence of 1 phases with the same phase shift between them, as illustrated in Figure 7
and Figure 8, where practical and fundamental winding configurations are shown for a
five-phase symmetrical machine and a six-phase asymmetrical machine, respectively.

The stator current vector is shown in Figure 7 is derived by applying the generalized
Clarke transformation to the m-phase stator currents. The resulting « and § components
allow for visualization of the current space vector in a two-dimensional stationary reference
frame, simplifying the analysis of torque generation and field orientation. The length of i
relates to the current amplitude, while its angular position reflects the electrical rotor angle
under steady-state operation.

Figure 8 illustrates the spatial relationship between the stator voltage vector us and
stator current vector i within the a reference frame. The angle between these vectors
indicates the phase difference, which is directly related to the power factor of the machine.
During properly controlled PMSM operation, the current vector is oriented to optimize
torque production, while its alignment relative to the rotor flux linkage defines whether the
operational mode is torque-maximizing or efficiency-optimized.

By x,p., we refer to the general vector describing any machine variable in the practical
reference system, regardless of the number of phases. For a five-phase symmetric MPM
it takes the form x,;,. = [x; X}, x¢ X4 x¢] |, while for a six-phase asymmetric MPM it reads
Xope = [Xa1 Xp1 Xe1 Xa2 Xpo Xc2] |, with the conventional use of the first three-phase triplet
followed by the second three-phase triplet. Similarly, by x153 we refer to the fundamental
reference system, regardless of the number of phases. The conversion from the practical
configuration to the fundamental configuration is accomplished by a matrix.

https:/ /doi.org/10.3390/ electronics15143060


https://doi.org/10.3390/electronics15143060

Electronics 2026, 15, 3060

20 of 42

—X3 —X4

(a) Pratical reference frame. (b) Fundamental reference frame.

Figure 7. Phasors of the reference frames of a symmetrical five-phase machine, showing the spatial
representation of the stator current vector is in the stationary a8 reference frame. The orthogonal axes
correspond to the « and B components obtained via generalized Clarke transformation. The vector is
represents the instantaneous stator current space vector, while its projection on each axis indicates the
respective current components. This representation facilitates the interpretation of torque production
and harmonic content in polyphase PMSMs.

X4
X5 X3

X2

(a) Pratical reference frame. (b) Fundamental reference frame.

Figure 8. Phasors of the reference frames of an asymmetric six-phase machine, showing voltage and
current space vectors in the af plane during steady-state operation. The stator voltage vector us
(solid arrow) and stator current vector is (dashed arrow) are shown with respect to the « and 8 axes.
The angle between us and i corresponds to the power factor angle, while the vector orientations
illustrate the field alignment under field-oriented control (FOC).

The modeling of multiphase machines begins with the classical phase-domain voltage
equations derived from Faraday’s law, accounting for resistive voltage drops and stator
winding inductance effects. For an m-phase system, the instantaneous stator phase voltage
equations are expressed as follows:

dy,(t)

us(t) = Reis(t) + —ar ®)
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where ug € R™ is the stator phase voltage vector, iy € R™ is the stator phase current vector,
R; is the per-phase stator resistance (assumed identical across phases for symmetrical
configurations), and @, € R" is the stator flux linkage vector.

Expanding the flux linkage term, we account for contributions from both stator self-
inductance and rotor permanent magnets:

l/’s(t) - LsiS(t) + l/’m(t) (6)

where L is the stator self-inductance matrix and 1, represents the rotor-originating flux
linkage vector as perceived in the stator phases. Substituting (6) into (5) and differentiating
yields the expanded form of the stator voltage equation.

To facilitate control and analysis, the stator phase quantities are projected into orthog-
onal subspaces via the generalized Clarke transformation, extending the classical approach
to m-phase systems. The transformation is expressed as

Xacﬁo(t) = Tcxs(t); (7)

where x; € R™ represents any stator phase quantity (current, voltage, or flux linkage) and
Xp0 contains the transformed components (the « and g orthogonal axes, a zero-sequence
term, and additional harmonic subspace terms depending on the machine configuration).
The matrix T, € R™*™ is orthogonal and defined to preserve power invariance.

The original phase quantities can be reconstructed from the orthogonal subspaces
using the inverse Clarke transformation:

xs(t) = Tc_lxzx,BO(t)- 8)

Due to the orthogonal properties of T, the inverse is straightforward to compute, ensuring
consistency and completeness in the transformation framework.

The transformation matrix T,p._.123, which has dimension n x n and entries that
depend on whether a machine is symmetrical or asymmetrical, can be determined by
comparing Figure 7a,b or Figure 8a,b. For a five-phase symmetric MPM, we obtain

x123 = Tape—s123 Xapc, thatis,

X1 1 00 O 0 Xz
X2 0 0 0 —1 0 Xp (9)
x31 =10 1 0 O 0 X¢
X4 0 0 O 0 -1 X4
X5 0 01 O 0 Xe

Analogously, for a six-phase asymmetric MPM we get

x123 = Tape—s123 Xape, thatis,

X1 1 0 0 0 0 0 Xa1
X2 0 0 0 10 0 Xp1
x30 {00 =1 00 0]|]|xg (10)
xal (00 0 0 0 —1f|xnl
X5 01 0 0 0 0] |xpm
x| (00 0 01 0]|x2]
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For every kind of polyphase machine, irrespective of the value of the machine-specific
parameters 11, N, or m, the transformation matrix T 5._,123 is orthogonal [7], which means
that the following property holds:

_ 71 _ 7T
T123—mbc - Tubcﬁug - Tabc~>123' (11)

6.4. Generalized Clarke Transform

The development of the generalized Clarke transform follows the main steps of the
Clarke transform from the method of symmetrical components [45], in which the most
relevant modification is made. After some calculations and considerations described
in [7,46], Edith Clarke derived the generalized Clarke transformation:

2

_ 71 _ T ke

T123apo = Tppo 103 = ” T po-s123, With:
I 1 0 1 0 1 U Vo
cos o sin 6 cos 30 sin 30 cos 50 ... —1/2

cos 20 sin 26 cos 60 sin 60 cos 100 ... 1/2 (12)
T _ cos 30 sin 36 cos 90 sin 90 cos 156 .. —=1/2
xp0—123 =

cos(n—2) sin(n—2)5 cos(n—6)5 sin(n—6)5 cos(n—10)8 ... —-1/2
cos(n—1)6 sin(n—1)6 cos(n—3)§ sin(n—3)6 cos(n—5)5 ... 1/2 |

where 6 = 180/n and the last column is present only when the number of phases 7 is odd.

Before proceeding, it is worth clarifying the physical meaning of the entries in (12)
and the role of the normalization factor 2/n. Each row of Tjg0,123 corresponds to one
phase of the fundamental configuration, and its entries are the projections of that phase’s
magnetomotive force onto a set of rotating unit vectors associated with the fundamental and
each odd harmonic order, exactly as derived explicitly for the 12-phase case in Section 7.2
through the identity in (24). In other words, the generalized Clarke transform is not
an abstract algebraic device; it is the same projection operation used in (25) and (26) to
combine the individual phase contributions into a single rotating space vector, applied here
in reverse to decompose an arbitrary phase-domain quantity into its harmonic components.

The factor 2/n multiplying T123-,4p0 in (12) is a normalization choice, not a derived
necessity, and different conventions appear in the literature. The convention adopted here
is the power-invariant form, in which the same transformation matrix is applied to both
the voltage and current vectors; the total instantaneous power is preserved between the
practical and transformed representations, that is,

ug is = U poiapo- (13)

This property follows directly from the orthogonality relation (11): writing 1,50 = Tc s and
iaﬁo = T, is with T, orthogonal (that is, TCT T. = I), one obtains u;rﬁoi,xﬁo = usT TCT T.is = usTis,
which confirms (13). This is the reason the 2/# factor must accompany the transpose in the
definition of T, in (12), as without it T.' T, would be a scaled identity rather than the identity
itself, and (13) would fail to hold. An alternative amplitude-invariant convention exists in
which the transformation instead preserves the peak amplitude of a sinusoidal phase
quantity rather than the instantaneous power; this convention requires a compensating
factor of 2/n on the torque expression instead, and is not the one adopted in this paper.
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Thus, the transformation matrices leading directly from the practical reference system
to the a0 reference system, and vice versa, are as follows:

Tope—apo = T123ap0 Tabe—123 (14)

Topo—ave = T123-sabc Tupo—123-

In conclusion, to convert a machine-related vector expressed in stationary reference system
abc to the stator reference system « 0, it is necessary to implement the transformation

Xap0 = Tabc—mﬁo Xapc- (15)
Notice that in the three-phase case the relation (14) simplifies to

5 1 -1/2 -1/2
Tahc—m/SO = 5 0 \/5/2 _\@/2 ’ (16)
1/2 1/2 1/2

which coincides with Clarke’s conventional transformation.

6.5. Harmonic Mapping

Applying the transformation (15) to the general phasor vector x4, yields a vector x,p0,
which may be broken down as follows:

x‘m
Xa3

x‘B3
Xup0 = . (17)

the entries of which are real-valued. In particular, the terms x,; and xg; represent the
coordinates of the k-th geometric plane, which is orthogonal to the other planes, as shown
in [7]. We shall also refer to these orthogonal planes as vector subspaces, per VSD theory.
The union of such orthogonal planes forms the a0 reference system.

Figure 9 illustrates this decomposition for the specific case of the 12-phase PMSM
considered in this paper. The twelve stator phase variables are mapped by the generalized
Clarke transform onto six mutually orthogonal subspaces: the fundamental a—f plane,
three harmonic planes (x1-y1, x2—2, x3—v3), and four zero-sequence axes (01 through o4).
Only the fundamental plane participates directly in electromechanical energy conversion,
as will be confirmed by the torque expression derived in Section 7.5; the harmonic planes
carry non-fundamental spatial harmonic content that does not contribute to average torque
under ideal sinusoidal conditions but that can instead be regulated (typically driven to zero
in closed-loop control) or deliberately exploited for fault-tolerant control and harmonic
current injection, as discussed in Section 6.2. This subspace structure is what allows a
12-phase machine to be controlled at the fundamental level using the same two-current
strategy (i; and i;) familiar from three-phase machines while retaining ten additional
degrees of freedom in the harmonic and zero-sequence subspaces.

The last component x( is present only in systems with an odd number 7 of phases, and
represents an axis orthogonal to each planes; this is what we are accustomed to calling the
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zero-sequence component. In systems with an even number of phases, the phasor vector
x,po does not contain an explicit form of the zero-sequence component, but it is possible
for the machine configuration to transform one of the harmonics into a zero-sequence
component. For example, in the aforementioned YY30 machine, when the two neutral
points of the three-phase triplets are isolated, the third harmonic cannot produce currents;
therefore, the phasors x,3 and xp3 act as a zero-sequence component. For this reason, the
MPM literature on six-phase machines commonly uses a different nomenclature for the
x,p0 components; in this case, the ayfy orthogonal plane is replaced by af, 00—, and xy
orthogonal planes.

a—p plane
(fundamental,
electromechanical
energy conversion)

x1—-Yy1 plane
(harmonic)
01,02,03,0
12 stator 1,592,734
(zero-sequence
phases
axes)
Xo—Y2 plane
(harmonic)
Generalized
Clarke transform
Tabuanﬁo

x3—Yy3 plane

(harmonic)

Figure 9. Vector space decomposition of a 12-phase PMSM: the stator variables are mapped by
the generalized Clarke transform onto six mutually orthogonal subspaces. Only the fundamen-
tal a—B plane contributes to electromechanical torque; the remaining planes carry harmonic or
zero-sequence content.

The reason for using the nomenclature ay 3y is that the first k even-numbered harmonic
axes up to n are mapped in the subspace ayBx. Incidentally, these are not the only harmonics
mapped in the subspace; for example, in the three-phase case, all other harmonics except
for the homopolar components are mapped in the only available a3 plane. How the higher-
order harmonics are mapped onto the planes depends on many factors, including the
configuration of the winding (symmetrical or asymmetrical) and the configuration of the
neutral point (a single neutral point or several isolated neutral points). In addition, some
harmonics are mapped as a direct sequence and others as an indirect sequence. In [35,36], a
graphical method is presented for determining the mapping of higher-order harmonics for
different symmetrical and asymmetrical winding arrangements.

6.6. Generalized Park Transform

The generalized Park transform for polyphase machines is a natural extension of its
standard three-phase version, where the machine-related phasor components expressed in
the ‘abc’ stationary reference system are recast into a rotating ‘dq0’ reference system.
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In order to determine the generalized Park transformation matrix, it is convenient to
introduce the Clarke-to-Park transformation matrix

cosf  sinf 0
Tuposdqo = |—sin® cos® 0 |, (18)
0 0 I, »

where 6 denotes the electric rotor angle and I,,_, denotes an identity matrix of dimension
n—2.

The transformation matrices for mapping the practical reference system to the dq0
reference system and vice versa are given by

Tabc—)qu = Toc‘BO—nqu Tabc—)ucﬁO/ (19)

quOHabc = TaﬁO%abc quOHaﬁOr

where the matrix T 504p0 is the inverse of Tyg0400-
In conclusion, to recast a phasor vector from the ‘abc” stationary reference system to
the ‘dq0’ rotating reference system, the following transformation is implemented:

Xdq0 = Tabc%dqo Xabc- (20)

6.7. Comparison of the Domains Utilized in the Representation of Polyphase Systems

As underlined in the previous sections, the four common domains in polyphase
systems analysis are the ‘abc” natural three-phase system (physical domain); the 123’
system, which is similar to ‘abc” and sometimes used for generalized system analysis; the
‘0 B0’ system, that is, the Clarke domain (stationary orthogonal frame); and the ‘dq0’ system,
that is, the Park domain, which is associated with a rotating orthogonal frame. Table 4

shows a comparison of these reference systems.

Table 4. Comparison of polyphase representations: abc, 123, a0, and dq0, domains.

Aspect / Representation abc 123 « 0 dq0

Frame Physical, stationary Generalized, stationary Stationary orthogonal Rotating orthogonal

3 sinusoidal time-varying Generalized 3-phase 2 orthogonal AC + 2 DC-like signals +

Component Types .
signals components zero-sequence zero-sequence
Main Use Real-wor'l d mea.surements, Symmetrical comp onent Harmonics, fault detection Control (FOC, DTC)
simulation analysis
Zero-Sequence Present if imbalance exists ~ Present if imbalance exists Explicitly extracted Explicitly extracted
Mathematical Complexity Low (no transform) Low Medium (Clarke High (requ.lres angle
transform) tracking)

Sometimes used in

Ideal for vector control

Control Utility Not ideal (signals are AC) analysis Input to Park transform (quasi-DC signals)
Reference Frame No No No Yes (depends on rotor or
Dependency stator reference)
Transformation Required None None Clarke transform Clarke + Park transforms

Physical Interpretation

Real motor quantities

Generalization of abc

Real/imaginary parts of
space vector

Flux-aligned axes for
decoupled torque/flux
control

7. Mathematical Model of a 12-Phase PMSM

The aim of the present section is to analyze two kinds of mathematical models of 12-

phase MPM machines. One model is written in the time domain and the other is expressed

in the Park transform domain.
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7.1. Preliminaries

Before introducing the core modeling equations, it is essential to establish the mathe-
matical background and notational framework employed throughout the formulation. We
consider a general m-phase stator winding configuration, where the instantaneous phase
currents iy, iy, . . ., iy are collectively represented by the current vector is € R". The corre-
sponding phase voltages us and flux linkages ¢ are defined analogously. For analytical
convenience, the transformation of these quantities into orthogonal subspaces is achieved
via the generalized Clarke transformation, extending the classical three-phase approach
to m-phase systems. The transformation matrix T, maps is onto its 0 components and
additional subspaces associated with higher-order harmonics, as described previously with
regard to Equation (15).

The angular position 8, represents the electrical rotor angle, which is related to the
mechanical angle 8, through the pole pair number p such that 8. = pm. The electromagnetic
torque expression (34) is derived from the interaction between the current vector is and the
flux linkage tp, with the partial derivative reflecting the dependence of the flux linkage on the
rotor position. This formulation leverages the orthogonality and spatial alignment provided
by T..

The mathematical model derived in this section relies on a set of simplifying assump-
tions common to standard PMSM modeling practice. First, the stator self- and mutual-
inductance terms are assumed to be such that the inductance matrix is diagonal, that is,
magnetic coupling between distinct phases (both within the same three-phase triad and
across different triads) is neglected. This assumption is reasonable for machines with a high
degree of winding symmetry and physical separation between triads, but may not hold pre-
cisely for compact winding arrangements or heavily skewed slots, where inter-phase and
inter-triad mutual inductances can be non-negligible. Second, the model assumes a linear
magnetic circuit, meaning that magnetic saturation of the stator and rotor iron is neglected;
the inductances are treated as constant current-independent parameters. Third, the stator
resistance and permanent-magnet flux linkage amplitude are assumed to be constant and
identical across phases, i.e., independent of temperature, frequency, and manufacturing
tolerances. Fourth, the stator windings are assumed to be perfectly sinusoidally distributed
so that only the principal spatial harmonic content is present, with no additional slotting or
cogging effects.

These assumptions are standard in the derivation of an idealized control-oriented
PMSM model, and are consistent with the level of the tutorial treatment adopted throughout
this paper. However, they imply that the resulting dq0 model, in particular the diagonal
structure of the inductance matrix that appear in the model, should be understood as a first-
order approximation. Neglecting inter-phase mutual inductance and magnetic saturation
can lead to discrepancies between the predicted and actual torque and flux behavior,
particularly at high current levels or under fault conditions where the distribution of the
current across the four triads becomes asymmetric. A more accurate representation would
require augmenting the inductance matrix with off-diagonal mutual inductance terms,
possibly obtained from finite-element analysis, and introducing current- or flux-dependent
inductance functions to capture saturation effects; such extensions are left for future work,
as noted in the Conclusions section.

The expression for the stator flux linkage vector . in Equation (33) reflects the
superposition of flux contributions from both stator currents and the rotor permanent
magnets. Similarly, Equation (35) expresses the rotor-generated flux linkage in terms of the
amplitude ¥, and a spatial coefficient vector v, itself a function of rotor electrical position
fe. These relations assume sinusoidally distributed stator windings and ideal machine
symmetry unless otherwise specified.
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Equation (28) establishes the condition for maximum magnetic field alignment, ensur-
ing synchronous operation under steady-state conditions. This assumption underpins the
subsequent spatial vector representation and time-domain model derivations, including
the constitutive relations (32) to (40). The consistent use of matrix notation and clear trans-
formation steps ensures mathematical transparency across the stationary, fundamental, and
rotating reference frames.

Abbreviations summarizes the notation used within the manuscript for the benefit of
the readers.

7.2. Total Magnetomotive Force

The magnetomotive force generated by an electric winding is given by [6]
F = Nyl, (21)

where N,, denotes the number of turns in the winding and I denotes the intensity of the
electric current flowing through the coil.

The mechanical torque produced by the motor, as described in Equation (21), is a
result of the interaction between the magnetomotive force generated by the stator winding
currents and the static magnetic field surrounding the permanent magnet in the rotor.

Given the geometric sinusoidal distribution of the stator winding, in the case of four
three-phase triads spaced 15° apart and p = 1 of polar pairs, we obtain the following
effective number of turns:

Nj1 = 0.5Ny, cos ¢, Np; = 0.5N,, cos(¢ —120°), N = 0.5Ny, cos(¢ + 120°),

N = 0.5Ny, cos(¢ — 15°), Ny = 0.5Ny cos(¢ — 135°), N = 0.5N,, cos(¢ + 105°),

(22)

Ng3 = 0.5Ny, cos(¢ —30°), N3 = 0.5Nyy cos(¢ — 150°), Nez = 0.5N;y cos(¢ + 90°),
Nys = 0.5Ny, cos(¢ —45°), Npg = 0.5Nyy cos(¢ — 165°), Neg = 0.5N;, cos(¢ + 75°),

where ¢ denotes the space winding angle, that is, ¢ = wmnt, while the motor winding
currents take the following expressions:

igg1 = Icosb, iy = Icos(0 —120°), iy = Icos(6 + 120°),

igp = Icos(0 —15°), iy, = I cos( — 135°), ip = I cos(f + 105°),
ig3 = Icos(0 — 30°), iz = I cos(6 — 150°), i3 = I cos(f + 90°),
igq = Icos(0 —45°), ipy = Icos(0 —165°), iy = [cos(0 + 75°),

(23)

where 6 denotes the electric rotor angle and I denotes the common amplitude of the
winding currents.

Furthermore, the rotor angle 6 takes the expression wet, where we denotes the electric
angular frequency. Using the trigonometric identity

cos(x) cos(y) = %(cos(x —y) — cos(x +y)), (24)
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we can calculate the total magnetomotive force due to the stator of a 12-phase PMSM,
which is then expressed as follows:

F = Naiia1 + Nprip1 + Netier + Noziaz + Nigipp + Neoie
+ Nasiaz + Nigipz + Nesics + Nasios + Npaips + Nesica
= 2 Nwlig1 cos @ + iy cos(¢ — 120°) + g cos(¢ + 120°) + iz cos(p — 15°)
+ iy cos(@ — 135°) +icp cos(@ + 105°) + i3 cos(¢ — 30°) + iy3 cos(¢p — 150°)
+ iz cos(¢ +90°) + ipq cos(@ — 45°) + ipg cos(¢p — 165°) +ig cos(p +75°)]  (25)
= INw[(a1 + iy + iy 120 el gyl 4 g pe 1105
+ 300 4350 e gyt iy fige ) e Ie
¥ (i + e 2 i o120 1 e 15 g e /15 4 o105 | o pmiB0°

+ip3e 10 i el 4 igge T 4ipye 157 i g™ )el?).
Plugging the relations in (23) into the expression in (25) yields
F = 6Nylcos(6 — @) = 3Ny I(elfe™1% 4 ¢71%i9). (26)

Denoting as L, the width of the air gap between the stator structure and the rotor, it is
possible to express the intensity of the magnetic field generated by the stator windings as

follows:
F 6Nyl

T L. L

From the relation in (27), it is immediately apparent that the maximum value of magnetic

H

cos(f — ¢). (27)

field H occurs when 6 = ¢, and that this happens as long as
Wm = We. (28)

This finding implies that the angular frequency of the magnetic field is equal to the electric
angular frequency of the current flowing within the windings.

The relationship in (28) is true when the number of stator pole pairs is 1; otherwise, as
shown in [6],

Wm = %we/ (29)

where p again denotes the number of pole pairs.

In a PMSM, the number of stator and rotor poles must be the same. The mechanical
angular velocity of the rotor under stationary conditions is equal to the angular velocity of
the magnetic field produced by the stator currents.

7.3. Spatial Vector Representation

Figure 10 illustrates the spatial-geometrical distribution of the stator windings in
a 12-phase permanent-magnet synchronous motor composed of four three-phase triads
spaced 15° apart. Since the distribution of the stator windings is sinusoidal, it is possible to
represent the phases in space in the form of space vectors. Taking into account the phase
shift between the sinusoidal distributions of the windings, we can represent each phase
quantity on three vectors shifted by 120 degrees, forming a three-phase triplet, as shown in
Figure 11.
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Figure 10. Distribution of stator windings of a 12-phase PMSM.

Figure 11. Vector representation of a three-phase backhoe.

It is possible to consider the modulus of each phase vector changing in time with
electric frequency we. For example, taking (26), we can evaluate the total magnetomotive
force in the correspondence of t = 0 and ¢ = 0:

Fp=0t=0 = 6Ny I. (30)

The same result can be obtained by starting from the expression in (23) and instantiating
t=0:
igg = Icos(0) =1, iy = I cos(—120°) = —0.51, i,y = I cos(120°) = —0.5],

I/

igy = Icos(—15°) = 0.96591, iy, = I cos(—135°) = —0.70711, i.; = I cos(105°) = —0.25881,
)
)

a (31)
—30°) = 0.86601, i3 = I cos(—150°) = —0.86601, i.3 = I cos(90°) = 0,

(
(
ig3 = I cos(
(—45°) = 0.70711, ipy = I cos(—165°) = —0.96591, iy = [ cos(75°) = 0.25881.

izq = I cos
Considering the phasors L1 = iy, Iy1 = iye 12, Iy = i, Iy = ipe /%, Iy =
ippe 1, Iy = i0e'®", I3 = igze P, Iy = ipge /00, I3 = i3el®, Ly = igge /¥,
Ips = ipse 71%° Ty = i4e/”™ and summing their projection along an axis shifted from the A-
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axis by ¢ (which coincides with the A-axis when ¢ = 0), we get I, = I,; — 0.5I;; — 0.51;1 +
0.96591,; — 0.70711,, — 0.258815 + 0.86601,3 — 0.8660Iy3 + 0.3 + 0707114 — 0.96591,4 +
0.2588I.4 = 6I. Thus Fy=0t=0 = Nwlp = 6Ny I, which is the same result obtained in (30).

Thus, the modulus of each vector phase changes simultaneously with the pulsation
We

7.4. Constitutive Equations in the Time Domain

The stator voltage vector us equation in the time domain is expressed as

) d
us = Rgis + alPs, (32)

where Rs denotes the resistance matrix and @, denotes the magnetic flux vector. The
magnetic induction flux equation reads

II’S - Lsis + ¢mr (33)

where the constant Ls denotes the inductance matrix and the variable ¢, represents the
vector of the concatenated flux generated by the permanent magnet. The torque intensity is
expressed as

9 .
Ce = Nw@(lsﬂl’s)r (34)

where the variable 0, denotes the rotor angular displacement. The rotor magnetic flux is
expressed as

lpm = ‘{jm’)/sf (35)

where the scalar ¥, represents the amplitude of the concatenated flow and the variable -,
denotes the vector of coefficients of the concatenated flux.
The parameter matrices take the following expressions:

Ls = diag(La1, L1, Le1, Laz, Ly, Lea, Las, L, Les, Laa, Lipa, Lea), (36)
R = diag(Ra1, Rp1, Re1, Raz, Rpz, Rea, Raz, Ry, Res, Raas Rpa, Rea), (37)
s = [cos O cos(6 —120°) cos(6 + 120°) cos(6 —15°) cos(f — 135°)

cos(6 +105°) cos(6 —30°) cos(6 —150°) cos(6 +90°)

cos(6 — 45°) cos(6 — 165°) cos(6 +75°)] . (38)

The stator winding currents and magnetic flux vector, on the other hand, may be written as

is = [ia1 Ip1 ic1 ia2 T 12 103 1p3 13 Iga Tpa fca] = Ls7yq, (39)

¥ = [Ya1 Vo1 Va1 Pa2 Yoo Pe2 Ya3 P13 Pe3 Pt Poa Pea] | = ¥y, (40)

where 6 again denotes the electric rotor angle, Is denotes the intensity of the stator winding
currents and ¥ denotes the magnetic flux vector.

7.5. Mathematical Model in the Park Domain

As a first step into the compilation of a mathematical model of a 12-phase PMSM, the
practical reference frame and fundamental reference frame need to be laid out. These are
shown in Figure 12 and Figure 13, respectively.
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Figure 12. Practical reference frame “abc’ of a 12-phase PMSM in which the phases are arranged as
four three-phase triads.

The transformation matrix T . _,1o3 for converting one reference system into another
is obtained by comparing Figure 13 to Figure 12. The whole transformation reads

x123 = Tape—3123 Xape, Namely

(x7] [t 0 0 0o 0 00 0 00 O]/ [xnl
X2 00 0 10 0 00 0 00 0f]|xy
X3 00 0 00 0 10 0 00 O0f]|xqg
X4 00 0 00 0 0O 0 10 O0f]|x2
X5 00 -1 00 0 00 0 00 0f]|x
x| |00 0 00 -1 00 0 00 O0]][x2 (41)
x27] |00 0 00 0 0O0 —1 0 0 0]/ |xs3]|
Xg 00 0 00 0 00 0 00 —1{]|xps
X9 01 0 00 0 00 0 00 O0]]|xs
X10 00 0 01 0 00 0 00 O0f]|xua
X1 00 0 00 0 01 0 00 0f/|xp
x2] |00 0 00 0 00 0 0 1 0] |xq

The transformation matrix from the fundamental ‘123’ reference frame to the ‘a 50’
reference frame is broken down as follows:

Tupo—s123 = [T’ T”} (42)
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where the sub-matrices T" and T” take the following expressions:
1 0 1 0 1 0 )
cos & sin § cos 30 sin 34 cos 59 sin 59
cos 20 sin 26 cos 65 sin 64 cos 100 sin 106
cos 30 sin 36 cos 95 sin 94 cos 159 sin 156
cos 46 sin 49 cos 125 sin 120 cos 200 sin 200
T — cos 58 sin 56 cos 156 sin 156 cos 256 sin 256
cos 66 sin 6 cos 185 sin 189 cos 300 sin 300 !
cos(n—5)6 sin(n—5)8 cos(n—15)8 sin(n—15)6 cos(n—25)8 sin (n—25)6
cos(n—4)6 sin(n—4)d cos(n—12)8 sin(n—12)6 cos(n—20)5 sin(n—20)5
cos(n—3)6 sin(n—3)6 cos(n—9)6 sin(n—9)d cos(n—15)5 sin(n—15)6
cos(n—2)6 sin(n—2) cos(n—6)6 sin(n—6)58 cos(n—10) sin(n—10)s
cos(n—1)6 sin(n—1)6 cos(n—3)d sin(n—3)6 cos(n—>5)0 sin(n—5)d | 13
1 0 1 0 1 0 7 @
cos 76 sin 76 cos 99 sin 95 cos 115 sin 114
cos 140 sin 140 cos 185 sin 189 cos 226 sin 226
cos 210 sin 210 cos 275 sin 270 cos 330 sin 330
cos 286 sin 280 cos 360 sin 360 cos 440 sin 440
T — cos 356 sin 350 cos 456 sin 450 cos 556 sin 550
cos 426 sin 420 cos 549 sin 549 cos 660 sin 660
cos(n—35)8 sin(n—35)6 cos(n—45)5 sin(n—45)6 cos(n—>55)8 sin(n—55)8
cos(n—28)5 sin(n—28)8 cos(n—36)6 sin(n—236)6 cos(n—44)5 sin(n—44)6
cos(n—21)8 sin(n—21)d cos(n—27)6 sin(n—27)6 cos(n—233)6 sin(n—233)6
cos(n—14)5 sin(n—14)6 cos(n—18)6 sin(n—18)6 «cos(n—22)6 sin(n—22)6
Lcos(n—7)6 sin(n—7)0 cos(n—9)6 sin(n—9)d cos(n—11)6 sin(n—11)J |

where § = 180/n and n = 12, i.e., the number of phases. Number-wise, the complete

transformation matrix reads T123up0 =

1 0966  0.866
0 0259 0.5
1 0707 0
0 0707 1
1 0259 —0.866
110 0966 0.5
6|1 —0259 —0.866
0 0966  —05
1 —0.707 0
0 0707 1
1 —0966 0.866
0 0259 —05

0.707 0.5 0.259
0.707 0.866 0.966
—-0.707 -1 —-0.707

0.707

0 -0.707

-0.707 0.5 0.966
-0.707 —-0.866  0.259

0.707 0.5 —0.966
—0.707  0.866 0.259

0.707 -1 0.707

0.707 0 —0.707
—0.707 0.5 —0.259

0.707  —0.866  0.966

0 —0.259
1 0.966
0 0.707
-1 -0.707
0 —0.966
1 0.259
0 0.966
-1 0259
0 —0.707
1 -0.707
0 0.259
-1 0.966

-05 —0.707
0.866 0.707
1 0.707
0 0.707
-0.5 0.707
—-0.866 —0.707
-05 —-0.707
0.866  —0.707
1 —0.707
0 0.707
—-0.5 0.707
—-0.866  0.707

—0.866 —0.966]
0.5 0.259

0 -0.707
1 0.707

0.866  —0.259
0.5 0.966
0.866 0.259
—-0.5 0.966
0 0.707
-1 0.707
—0.866  0.966

—-0.5 0.259 |

(44)
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Figure 13. Fundamental reference frame 123’ of a 12-phase PMSM in which the phases are arranged

as four three-phase triads.

We are now in a position to calculate the generalized Clarke transformation matrix for

a 12—phase PMSM, which reads Tabcaa‘BO = T1234)a/50 Tabc—>123 =

-0.5
—0.866
1
0
-0.5
0.866
-0.5
—0.866
1
0
—0.5
0.866

0.966
0.259
0.707
0.707
0.259
0.966
—0.259
0.966
-0.707
0.707
—0.966
0.259

-0.707
0.707
0.707
0.707
0.707

—-0.707

-0.707

-0.707

-0.707
0.707
0.707
0.707

—0.259
—0.966
0.707
0.707
—0.966
—0.259
0.966
—0.259
-0.707
0.707
0.259
—0.966

0.866
0.5
0
1
—0.866
0.5
—0.866
-0.5
0
-1
0.866
—0.5

—0.866
0.5
0
1
0.866
0.5
0.866
-0.5
0
-1
—0.866
—0.5

0

-1

0
1
0

-1

0
1
0

-1

0
1

0.707
0.707
-0.707
0.707
-0.707
—0.707
0.707
-0.707
0.707
0.707
—0.707
0.707

—0.966
0.259
—0.707
0.707
—0.259
0.966
0.259
0.966
0.707
0.707
0.966
0.259

0.259 T
—0.966
—0.707

0.707

0.966
—0.259

—0.966|°

—0.259
0.707
0.707

—0.259

—0.966 ]

(45)

It is convenient to recast the matrix Ty 4p0 in @ way that corresponds to a different or-

der of the transformed components, namely, pseudo-phases [« 8 x1 Y1 X2 Y2 X3 Y3 01 02 03 04] "

Pseudo-phases are complex components introduced in the transition from the Clarke trans-

form to the Park transform, which greatly simplify the calculation of the transformed

quantities while retaining the same information as the starting components [17]. The new

matrix representation of the frame-to-frame transformation reads

—0.5
—0.866
-0.5
0.866
—0.5
—0.866
-0.5
0.866
1

0
1
0

0.966
0.259
0.259
0.966
—0.259
0.966
—0.966
0.259
0.707
0.707
-0.707
0.707

-0.707
0.707
0.707

—0.707

—0.707

—0.707
0.707
0.707
0.707
0.707

-0.707
0.707

—0.259
—0.966
—0.966
—0.259
0.966
—0.259
0.259
—0.966
0.707
0.707
-0.707
0.707

0.866
0.5
—0.866
0.5
—0.866
-0.5
0.866
—-0.5
0
1
0
-1

—0.866
0.5
0.866
0.5
0.866
-05
—0.866
—-0.5

0

-1

0

-1

0.707
0.707
-0.707
—0.707
0.707
—0.707
—0.707
0.707
—0.707
0.707
0.707
0.707

—0.966
0.259
—-0.259
0.966
0.259
0.966
0.966
0.259
—0.707
0.707
0.707
0.707

0.259
—0.966

0.966
—0.259
—0.966
—0.259

—0.259|"

—0.966
—0.707
0.707
0.707
0.707 |

(46)
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The transformation matrix that allows us to transition from the generalized Clarke
transform to the generalized Park transform is

cosf sinf O

Typo—dqo = | —sint cos6 0 |, (47)
0 0 I

where 6 denotes the rotor electric angle.
The generalized Park transformation matrix is expressed as

Tubc%dqo = TaﬁOﬁqu Tabc%zxﬁo = % [T/ T”} ’ (48)

where T’ and T" read

[ cos® cos(f —120°) cos(6 +120°) cos(6 —15°) cos(6 —135°) cos(6 +105°) 7]
—sin® —sin(0—120°) —sin(6+120°) —sin(0—15°) —sin(f—135°) —sin(0 +105°)
1 -0.5 -0.5 0.259 0.707 —0.966
0 —0.866 0.866 0.966 —-0.707 —0.259
1 —-0.5 —0.5 —0.259 —0.707 0.966
T/ _ 0 0.866 —0.866 0.966 —0.707 —0.259
- 1 -0.5 —-0.5 —0.966 0.707 0.259 4
0 —0.866 0.866 0.259 0.707 —0.966
1 1 1 0.707 0.707 0.707
0 0 0 0.707 0.707 0.707
1 1 1 —0.707 —0.707 —0.707
L O 0 0 0.707 0.707 0.707 _
(49)
M cos(6 —30°) cos(6 — 150°) cos(6 +90°) cos( —45°) cos(f — 165°) cos(6+75°) 7
—sin(f —30°) —sin(f —150°) —sin(6+90°) —sin(6—45°) —sin(6 —165°) —sin(6 +75°)
—0.866 0.866 0 —0.707 —0.259 0.966
0.5 0.5 -1 —0.707 0.966 —0.259
—0.866 0.866 0 0.707 0.259 —0.966
T// _ —05 —0.5 1 —0.707 0.966 —0.259
- 0.866 —0.866 0 —0.707 0.966 —0.259
—-0.5 —-0.5 1 0.707 0.259 —0.966
0 0 0 —0.707 —0.707 —0.707
1 1 1 0.707 0.707 0.707
0 0 0 0.707 0.707 0.707
L -1 -1 -1 0.707 0.707 0.707

Applying the generalized Park transform, the fundamental equations for modeling a 12-
phase PMSM are expressed in the actual ‘dq0” rotating reference frame from the stationary
‘abc’ reference frame by the following transformation:

Xdg0 = Tabcﬁqu Xabc- (50)

Before presenting the individual constitutive equations of the dq0 model, it is useful
to visualize how they fit together into a single coherent electromechanical model. Figure 14
shows the signal-flow structure linking the stator voltages, flux linkage, electromagnetic
torque, and mechanical dynamics of the 12-phase PMSM.

Stator voltage Flux linkage Electromagnetic Mechanical
Vg0, Equation (51) Paqor Equation (52) torque C,, Equation (53) dynamics, Equation (60)

load torque C,

0, = pn Rotor speed

Wi

Figure 14. Schematic representation of the 12-phase PMSM electromechanical model: stator voltages
determine the flux linkage, which produces electromagnetic torque; torque drives the mechanical
dynamics, and the resulting rotor position then feeds back into the voltage equations through the
rotating reference frame.
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Starting from the stator voltage in Equation (51), the flux linkage ¥, is obtained
through the constitutive relation in (52), which combines the contribution of the stator
currents with the flux from the permanent magnet. The electromagnetic torque C, is then
computed from the fundamental-plane currents and flux linkage components through
Equation (53) and drives the mechanical dynamics of Equation (60), which in turn deter-
mines the rotor speed w;, and, through the pole pair relation 6, = p 6,;, the electrical rotor
angle 6, used in the Park transformation (47). This closes the loop, as the rotor position
obtained from the mechanical model feeds back into the reference-frame transformation
that produced the voltage equation in the first place.

This closed-loop structure highlights two properties of the model that are easy to lose
sight of amid the individual equations. First, only the fundamental-plane quantities (i ,
ig, Y4, Pg) participate in the torque expression in (53); the harmonic and zero-sequence
subspaces introduced in Section 6.5 do not appear in Figure 14 at all, since they do not
enter the electromechanical energy conversion path under the idealized assumptions
of Section 7.1. Second, the coupling between the electrical and mechanical subsystems
occurs exclusively through the rotor angle 6, and electromagnetic torque C,, which is the
same structural coupling found in the classical three-phase PMSM model; the additional
complexity of the 12-phase case is confined to the reference-frame transformation itself, not
to the structure of the electromechanical loop.

On the basis of the current and flux vectors, the equation for the stator voltages in the
Park domain ‘dq0’ reads as follows:

U4 g _lpq Pa
Vg i Ya ¥q
(%) i1 0 P21
U2 iz 0 P22
U3 i3 0 ¥z3
Uz4 . izq 0 d z4
o | = dlag(RLRsf' -, Rs) s + g o |9mt g izs (51)
6 12 times ir 0 6
Uo1 iol 0 7-/701
Vo2 io2 0 Po2
Vo3 io3 0 Po3
_004_ _io4_ L 0 i _11[704_

where R; denotes the resistance of the stator windings (considered equal for each phase)
and wn, again denotes the rotational speed of the rotor. We recall as a side note that the
equality in (29) shows that the angular velocity with the rotation of the stator magnetic
field is related to the stator voltages.
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Analogously, the magnetic induction flux equation expressed in the Park domain ‘dq0’

reads o L o
Ya iq Pm
g Iq 0
lpzl izl 0
llJzz izZ 0
7«/]23 iz3 0
V24| _ diag(Ly, Le, Lo Lo Lo) || + | |, (52)
Pz5 ——— |15 0
1/726 10 times iz6 0
I11101 iol 0
4’02 Z'oz 0
lpofi ioS 0
| o4 | lioa] | O]

where L; denotes the stator inductance along the d-axis, L; denotes the stator inductance
in the g-axis, and L denotes the stator inductance in the zero-axis.

As shown in [3], the mechanical torque generated by the 12-phase PMSM takes
the expression

Ce = 6(%) (ig(igLg + $m) — igigLy)- (53)

We note that the magnitude of the generated torque depends exclusively on the quantities
present in the first vector space of the frame ‘dq0’, that is, the fundamental one.

For completeness, we present here a brief derivation of the above equation. Consider-
ing that L; and L; denote the stator inductances along the d and q axes, respectively, and
that i, is the flux generated by the permanent magnet, simplification yields

Co = 6(g)lpmiq. (54)

This simplified form arises under the assumption of steady-state operation with negligible
dynamic current terms and considering i; = 0, which corresponds to the typical ‘maximum
torque per ampere’ condition. Additionally, the active power of a 12-phase PMSM may be
evaluated through the relation

P, = Ce we. (55)

Substituting the expression for Ce leads to
p .
P,=6 (§> PmiqWe. (56)

The relation in (53) is written in a form that includes the generalized multi-harmonic
subspaces, recognizing that torque and power contributions in a 12-phase PMSM may also
arise from higher-order components. Thus, the total power expression aggregates subspace
contributions:
P, =Yl wl (57)
k

where Cék) and wék) represent the torque and corresponding angular speed in the k™

harmonic or orthogonal subspace, consistent with decoupled modeling principles.

Figure 15 presents the equivalent electrical circuit for the dg-subspace of the 12-phase
PMSM, expressed in the synchronous reference frame. This model captures the essential
electromagnetic interactions that govern torque production, including the stator resis-
tance R;, d-axis and g-axis inductances L; and Lg, and induced voltages linked to the
permanent magnet flux m. The circuit illustrates how voltage equations in the dg-frame
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translate into a physically intuitive form suitable for control system design. Figure 16
extends this modeling approach to the additional harmonic subspaces arising from the
generalized Clarke-Park transformation. Each subspace is modeled as an independent RL
circuit, reflecting its decoupled electrical dynamics. This representation facilitates analy-
sis of harmonic interactions, fault tolerance, and advanced control strategies specific to
multiphase machines.

R, Ly

ig

o

I+
NwmLqgig

Figure 15. Equivalent circuit of a stator phase in the ‘d’ axis, showing the electrical equivalent circuit
to represent stator phase currents for the 12-phase PMSM under nominal operating conditions.

Rs L,

lg

Vq N(Umqjm

o

I+
Nmedid

Figure 16. Equivalent circuit of a stator phase in the ‘q’ axis, showing the electrical equivalent circuit
to represent stator phase currents for the 12-phase PMSM under nominal operating conditions.

From the equivalent circuits of stator phases in the ‘d” axis and ‘q” axis shown in
the Figures 15 and 16, it is possible to derive the equations for the voltages v; and vy,
respectively:

. . d.

U4 = Rsld — %CUqulq + Ldald/ (58)
. ) d.

Uy = Rslq + gwm(Ldld + Ebm) + anlq- (59)

Notice that the terms gmeqiq and %wm( Lyjiz + Pm) represent the contribution of the back
electromotive force (EMF) proportional to the motor RPM. Increasing the motor RPM
wm causes the back EMF to increase as well. As a consequence, to generate the same
torque at higher speed while keeping the current i; constant, the applied voltage v; must
also increase.

For the mechanical domain, the following equation links the active torque Ce to the
load C; and the motor axis rotation speed:

d
Ce—Cg—me:]awm (60)
where B denotes the viscous friction coefficient and | denotes the rotor inertia coefficient.

This equation reflects the balance between the produced electromagnetic torque, mechanical
resistances (external load and friction), and inertial response of the rotating system.
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Rearranging Equation (60) highlights the direct influence of the electromagnetic torque

and mechanical losses on rotor acceleration:

dw 1

Ttm = 7(ce — Cy — Bwm). (61)
The derivation assumes that the rotor behaves as a rigid body, the friction model is linear
and dominated by viscous effects (additional Coulomb or hysteresis losses are neglected
for simplicity), and the load torque C; is an external disturbance, possibly time-varying,
applied at the rotor shaft.

7.6. Relevance of the Mathematical Model

The mathematical model of the motor, typically expressed in terms of differential
equations derived from the laws of electromagnetism, electrotechnics, and mechanical
dynamics, plays a central role in operational stages such as torque control, speed regulation,
and fault detection. This model enables precise simulation, real-time control design (e.g.,
via field-oriented control or model predictive control), and performance optimization,
thereby enhancing the accuracy, efficiency, and reliability of motor operation.

This model is fundamental to implementing field-oriented control (FOC), which
decouples the torque- and flux-producing components of the stator current. As a result,
engineers can optimize torque production, minimize losses, and achieve high-performance
real-time control, which is critical in applications such as electric vehicles and robotics.

8. Conclusions

This paper has aimed to present, in the form of a technical tutorial, a mathematical
model of a polyphase electric motor, in particular a permanent-magnet synchronous motor
with 12 phases. More specifically, the aim of the paper is to gather and present in a coher-
ent way the theoretical background necessary to develop both the control technique and
an accurate model of the motor, which is done through the vector space decomposition
technique and the generalized transforms of Clarke and Park. From the mathematical
development presented in Section 7, three main conclusions can be drawn. First, for a
12-phase PMSM arranged as four three-phase winding triads, the generalized Clarke trans-
form decouples the machine variables into six orthogonal two-dimensional subspaces plus
additional zero-sequence components, of which only the fundamental (d-q) subspace con-
tributes to net electromechanical torque, as shown explicitly in Equation (53); the remaining
subspaces carry harmonic content that can instead be exploited for fault-tolerant control
or harmonic suppression. Second, the explicit transformation matrices derived for the
practical-to-fundamental, Clarke, and Park domains (Equations (41)—(49)) confirm that
the same generalized methodology used for machines with lower phase counts can be
extended consistently to the 12-phase case without requiring ad hoc modifications. Third,
the resulting dq0 model (Equations (51)—(59)) preserves the same structural form as the
classical three-phase PMSM model, meaning that standard field-oriented control strategies
can in principle be applied directly to the fundamental subspace of a 12-phase machine.
This paper provides a focused technical review of mathematical modeling approaches
for 12-phase permanent-magnet synchronous motors (PMSMs), emphasizing their an-
alytical foundations, practical motivations, and potential advantages in high-reliability
applications.

In summary, we present a comprehensive overview of modeling techniques essential
for analyzing 12-phase PMSMs, with particular attention to:

*  Vector space decomposition: This method generalizes the Clarke-Park transforms
to polyphase systems, enabling the decoupling of fundamental and harmonic com-
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ponents across orthogonal subspaces. VSD is especially effective for simplifying
the complex dynamics of multiphase machines while preserving control over fault
tolerance and harmonic suppression.

Generalized Clarke and Park transforms: These tools allow for transforming ma-
chine variables from stationary to rotating reference frames, thereby reducing system
complexity and facilitating advanced control strategies such as field-oriented control
(FOC) and fault-tolerant control.

Spatial vector and time-domain representations: We discuss how spatial phasor
diagrams and time-domain formulations provide complementary perspectives on
electromechanical interactions, torque production, and flux behavior, forming the
basis for both analytical and numerical modeling of polyphase machines.

Altogether, these mathematical tools create a robust framework for understanding

and managing the behavior of 12-phase PMSMs, which inherently offer improved fault

tolerance, reduced torque ripple, and enhanced efficiency compared to conventional three-
phase machines. Despite the advantages of 12-phase PMSMs and the mathematical maturity

of the presented modeling tools, several open challenges remain:

Complexity of high-order harmonic interactions: While VSD helps to isolate har-
monic components, accurately modeling and controlling higher-order effects requires
further refinement of analytical techniques, especially under transient conditions or
fault scenarios.

Parameter sensitivity and uncertainty: The performance of PMSMs is highly depen-
dent on precise knowledge of machine parameters (e.g., inductance values, magnet
properties), which can vary due to manufacturing tolerances, temperature changes,
or aging effects. Modeling approaches must account for these uncertainties to ensure
robust control.

Integration with real-time control systems: Translating complex mathematical models
into real-time control algorithms remains a significant challenge, particularly for
embedded systems with computational constraints. The trade-off between model
fidelity and computational efficiency requires careful optimization.

Model validation across diverse configurations: Although the focus here is on 12-
phase machines, real-world applications often involve asymmetrical configurations,
varying winding topologies, and different converter technologies, all of which compli-
cate universal model applicability.

To advance the analytical modeling and practical deployment of 12-phase PMSMs, the

following research directions are recommended:

1.

Experimental validation and benchmarking: There is a need for systematic exper-
imental studies that validate the predictions of analytical models under realistic
operating conditions, including dynamic loads, fault scenarios, and environmental
variations.

Extension to non-standard polyphase systems: Expanding modeling techniques to
cover asymmetrical, hybrid, or reconfigurable multiphase systems would enhance
their applicability across a broader range of industrial, automotive, and aerospace
applications.

Integration with advanced control strategies: Future work should explore how
modern control approaches such as model predictive control, adaptive algorithms, and
machine learning techniques can leverage the rich mathematical structure provided
by VSD and generalized transformations in order to provide improved performance
and fault tolerance.
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4.  Standardization and design guidelines: Developing standardized modeling frame-
works, parameter identification procedures, and design tools would facilitate the
wider adoption of 12-phase PMSMs, especially in sectors such as electric vehicles,
renewable energy systems, and high-reliability aerospace applications.

A further open topic that could be explored in future work is the effect of PWM supply
on multiphase machines, especially in cases where stator current ripple and rotor losses are
concerned. In addition, controlling a 12-phase electrical motor is a challenging task; this
fundamental topic will be covered in a subsequent review paper currently in preparation.

In conclusion, 12-phase PMSMs represent a promising technology for next-generation
electric drives. While significant progress has been made in their mathematical modeling,
continued research is required to overcome remaining challenges and translate theoretical
advancements into reliable and high-performance real-world solutions.
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The following abbreviations are used in this manuscript:

Symbol  Description

n Number of stator phases

p Number of pole pairs

Om Rotor mechanical angle

Oe Rotor electrical angle, e = p Om

Wm Rotor mechanical angular velocity

We Rotor electrical angular velocity

ig Stator phase current vector [R"]

Us Stator phase voltage vector [R™]

P, Stator flux linkage vector [R"]

inpo Current vector in orthogonal subspaces (Clarke-transformed)
Uy 50 Voltage vector in orthogonal subspaces

Pupo Flux linkage in orthogonal subspaces

Ym Amplitude of rotor permanent magnet flux linkage
s Spatial coefficient vector for rotor flux linkage

Ry Stator phase resistance

Ce Electromagnetic torque
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