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Abstract

Sparse ergodic control provides a natural framework for long-run stochastic decision-
making under resource constraints. Existing formulations, however, are typically re-
stricted to control-affine systems with control-independent diffusion. When the diffusion
coefficient depends explicitly on the control input, the associated ergodic Hamilton—Ja-
cobi-Bellman (HJB) equation becomes non-separable through the term tr [a (x,u)V?V], so
classical arguments based on control-affine separability no longer apply directly. In this
work, we study sparse ergodic control of stochastic systems with control-dependent dif-
fusion and nonlinear dynamics within a viscosity-solution and learning-based frame-
work. To address the discontinuous #,-type sparsity penalty, we introduce smooth non-
convex sparsity approximations that preserve differentiability while retaining sparse
threshold behavior. Within a viscosity-solution framework, we analyze the existence and
uniqueness properties of the associated ergodic pair and establish localized approxima-
tion error estimates for the smooth approximation. We further characterize a quasi-thresh-
old sparse structure of the resulting optimal feedback policies in non-affine stochastic sys-
tems with control-dependent noise. On the computational side, we develop a Physics-
Informed Neural Network (PINN)-based solver with adaptive residual-driven sampling
for high-dimensional sparse ergodic HJB equations, together with a distributed mono-

tone-inspired iterative scheme for weakly coupled multi-agent systems. Numerical exper-
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iments on multi-robot swarm navigation and renewable-integrated smart-grid control
demonstrate that the proposed methods produce sparse control policies while preserving
stable long-run performance under stochastic disturbances.
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1. Introduction
1.1. Background

Controlling dynamical systems under uncertainty is a central problem in modern
control theory, with applications ranging from robotics and energy systems to biological
regulation [1-3]. Over the past two decades, sparse control —encompassing control policy
designs with temporally intermittent activities or spatially distributed actuators—has
emerged as an approach for resource-efficient decision-making [4-6]. Based on parsimo-
nious actuation principle, sparse control reduces energy consumption, actuator wear and
tear, and communication overhead, while maintaining stability and performance [7].
These properties are relevant for large-scale, networked, and autonomous systems with
constrained computation and energy resources [8].

The theoretical core of sparse control focuses on control activity penalization, often
quantified by £,-pseudo-norm, which counts the number of nonzero control components
[9]. However, ¢, cost optimization is combinatorial, non-convex and NP-hard which re-
sults in computation intractability for most practical problems. This has motivated re-
search on convex and smooth surrogates, such as #; regularization or exponential
smoothing, which preserve differentiability while approximating the sparsity-inducing
behavior of ;. These relaxations have enabled scalable algorithms and sharp theoretical
guarantees, particularly in finite-horizon and deterministic settings, where equivalence
results between £, and its convex relaxations have been rigorously established.

Despite these advances, the majority of existing sparse optimal control theories pri-
marily focus on transient regulation or terminal cost minimization without considering
systems that operate continuously in time and are subject to stochastic perturbations [10-
12]. For such systems (e.g., ranging from industrial processes to autonomous agents in
uncertain environments), long-term statistical performance rather than transient behavior
is the fundamental concern. The natural theoretical framework for these problems is er-
godic control, where the goal is to minimize long-run average cost over infinite horizons.
Classical ergodic control theory provides existence results for stationary optimal policies
via the Hamilton—Jacobi—Bellman (HJB) equation [13]. However, integrating non-smooth
sparsity penalties into this stochastic infinite-horizon setting introduces two technical dif-
ficulties. First, the resulting HJB equation is fully nonlinear and degenerate elliptic with a
non-differentiable Hamiltonian, so classical smooth-solution techniques do not directly
apply. Second, allowing the diffusion coefficient to depend on the control makes the Ham-
iltonian non-separable through the second-order diffusion term, invalidating standard
control-affine arguments.

1.2. Related Work and Their Limitations

Recent studies have initiated a systematic treatment of sparse ergodic and stochastic
control problems for diffusion processes [14-16]. These works established viscosity-solu-
tion formulations of HJB equations, analyzed the existence of optimal stationary Markov
controls under Lyapunov-type stability conditions, and explored sparse optimality struc-
tures and £,/¢; relations in control-affine settings. However, several limitations remain
that restrict theoretical generality and computational applicability

Control-Independent Noise: Existing formulations typically assume that the diffu-
sion term of the stochastic dynamics is independent of the control input. This simplifica-
tion is convenient for analysis but unrealistic for many systems (e.g., robotic manipulators
with actuator noise, power converters with control-dependent variance, or biochemical
networks) where regulation intensity modulates intrinsic fluctuations. When diffusion de-
pends on the control, the ergodic HJB equation gains additional nonlinear coupling,
where existing existence and uniqueness proofs no longer apply.
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Affine Dynamics and Separable Costs: Theoretical results on sparse structure, includ-
ing bang-off-bang or threshold-type optimal policies, rely heavily on control-affine drift
dynamics and separable, box-constrained cost functions. Real-world systems often exhibit
nonlinear, saturating, or coupled actuation, where standard analytical techniques (e.g.,
convex duality or Pontryagin’s principle) fail to characterize optimal policies.

Computational Intractability in High Dimensions: Most existing numerical schemes
for ergodic control rely on grid-based discretization of the state space, which scales expo-
nentially with dimension and becomes infeasible beyond a few states. This “curse of di-
mensionality” effectively confines sparse ergodic control to low-dimensional models, rais-
ing the issue on how to compute sparse ergodic policies in realistic, high-dimensional sto-
chastic systems.

Limited Multi-Agent Extensions: Sparse control is especially relevant in distributed
or networked systems (such as robot swarms or sensor networks) where selective activa-
tion of communication and control channels can save substantial resources. Yet, current
ergodic formulations do not address inter-agent coupling, nor do they consider robust-
ness to communication delays, packet loss, or adversarial disruptions, which are inevita-
ble in real deployments.

These limitations motivate the present work. When the diffusion coefficient o (x, u)
depends on the control, the ergodic Hamiltonian becomes non-separable through the term
tr [a (x, u)V?V], invalidating control-affine arguments and requiring both a modified vis-
cosity argument and a uniform Foster-Lyapunov bound over all admissible controls. Ad-
dressing these two technical gaps is the focus of Sections 3 and 4.

1.3. Contributions

This paper addresses four fundamental limitations of existing sparse stochastic con-
trol methods, namely the reliance on control-independent diffusion assumptions, restric-
tive affine system structures, limited computational scalability, and the lack of distributed
formulations for multi-agent systems. To overcome these challenges, we develop a unified
theoretical and computational framework for sparse ergodic control with control-depend-
ent diffusion. The main contributions are summarized below, with each contribution di-
rectly corresponding to one of the identified research gaps.

(C1) Well-posedness for non-separable ergodic HJB with control-dependent diffu-
sion (addresses: Control-Independent Noise). When the diffusion coefficient o(x, u) de-
pends on the control, the ergodic Hamiltonian is non-separable through tr [a (x, 1) V2V(x)],
and the control optimization can no longer be decoupled from the diffusion term. Extend-
ing existing sparse ergodic control results [14-16] to this setting requires additional stabil-
ity and comparison-principle conditions, which are formalized in Sections 2 and 3. Under
these conditions, we establish viscosity-solution existence and uniqueness for the associ-
ated ergodic pair (1%, V). The practical consequence is that the framework accommodates
systems where regulation intensity modulates intrinsic stochasticity —such as robotic ac-
tuators with speed-dependent noise and power converters with control-dependent vari-
ance—for which control-independent formulations may fail to accurately capture the in-
teraction between control actions and stochastic variability.

(C2) Quasi-threshold sparse policy structure for non-affine systems (addresses: Af-
fine Dynamics and Separable Costs). Existing characterizations of threshold-type sparse
policies rely on control-affine drift and separable costs. For non-affine systems, these
structural arguments are not directly applicable. We introduce a smooth non-convex sur-
rogate for the £, penalty, prove O (¢) localized approximation error bounds on compact
subsets (Theorem 2), and show that the resulting optimal policies retain a quasi-threshold
structure in which each control component activates only when a state-dependent switch-
ing function exceeds a prescribed activation threshold (Proposition 1). This activation
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structure provides interpretable, component-wise decision rules for individual actuators,
which is relevant in applications where the basis for control decisions must be transparent.

(C3) PINN-based solver scalable to moderate state-space dimensions (addresses:
Computational Intractability in High Dimensions). Grid-based solvers for ergodic HJB
equations scale exponentially with state dimension and become infeasible beyond approx-
imately 4-5 states. We reformulate the sparse ergodic HJB equation as a PINN learning
problem, jointly approximating V(x) and the ergodic constant 4 via residual minimiza-
tion over adaptively sampled collocation points. The adaptive sampling strategy reduces
required training iterations by approximately 30% relative to uniform sampling. The
method is validated on problems up to 7 state dimensions in the main experiments and
on a 15-dimensional synthetic benchmark in Section 5.2.4.

(C4) Distributed monotone scheme for weakly coupled multi-agent systems (ad-
dresses: Limited Multi-Agent Extensions). We design a distributed iterative scheme in
which each agent solves a local sparse ergodic HJB problem using neighbor-exchanged
low-rank coupling coefficients, without central coordination. Under the weak-coupling
condition n}z}x|y” |<y< zCL_lv’ the scheme converges to a p-neighborhood of the central-
ized solution with p = O(¥ Anax(§) + (1 — 6)At) (Proposition 2), making it directly appli-
cable to robot swarms and distributed energy resource networks where central coordina-
tion is infeasible.

The proposed framework is validated on multi-robot swarm navigation and renew-
able-integrated smart-grid scheduling benchmarks, demonstrating that substantial spar-
sity can be achieved without sacrificing control performance across representative engi-
neering applications.

1.4. Organization of the Paper

The remainder of this paper is organized as follows. Section 2 formulates the con-
trolled It6 diffusion model, the sparse ergodic cost, and the assumptions used throughout.
Section 3 develops the theoretical foundations, including the ergodic HJB characterization
and approximation results for the smooth sparsity penalty. Section 4 introduces the com-
putational framework: a PINN-based solver for high-dimensional problems and a distrib-
uted monotone scheme for multi-agent systems. Section 5 presents numerical experiments
on robotic and power-system applications, together with ablations and reproducibility
details. Section 6 discusses limitations and future work, and Section 7 concludes.

2. Problem Formulation and Underlying Concepts
2.1. Notation

For clarity, we first introduce the key mathematical notation used throughout this
paper in Table 1:

Table 1. Notation and Definitions.

Symbol Domain/Type Description
X R™ System state at time ¢
U, UcR™ Control input at time ¢
y U c jR™ Generic control variable used in static optimization ex-
pressions such as infy¢y{-}
ul U, € R™ Control input c‘)f agent i at t.ime t; used in mu}ti—agent
SDE dynamics and multi-agent cost functionals
” U, € R™ Static control variable of agent i in local optimization ex-
pressions
b(x, u) R* x U —> R" Drift function of the controlled stochastic system
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o, u) RY X U — RYT Control-dependent dlfglsmn coefficient matrix, possibly
egenerate
Controlled diffusion matrix defined as a(x,u) =
o(x,u)a(x,u)', possibly degenerate

Second-order differ- Infinitesimal generator of the controlled diffusion pro-

a(x,u) R

Lu

ential operator cess
fox) R"™ — [0, o) Continuous, radially unbounded state cost function
. () U — [0, o) Smooth, non-convex sparsity—promoting penalty func-
ion
do(w) U — [0, o) original ¢, penalty function
A" R Optimal ergodic (long-run average) cost
V) R" — R Relative value function, unique up to an additive con-
stant
U Set of stochastic pro- Set of all admissible progressively measurable control
ad cesses policies

2.2. Stochastic System Model

We consider a continuous, time-homogeneous stochastic system with state evolution
governed by a controlled It6 stochastic differential equation (SDE) on a complete proba-
bility space (Q, F, p), and a natural filtration {F;}; = 0 generated by an n-dimensional
standard Brownian motion W;. The state dynamics are given by:

dX, =b X, uy)dt+ o(X,, u,)dW, 1)

where

X, € R" is the system state at time t; X, = x € R" is a given deterministic initial
state.

u; € U € R™ is the control input at time f, with U a nonempty, compact, and convex
set. A typical case is the box constraint U = 7%, [-u***, u"**].

b: R* xU — Rm"is the drift function, modeling the deterministic evolution of the
system.

o: R*" xU - R™" is the diffusion coefficient matrix, which is now explicitly de-
pendent on the control u,. This captures scenarios where control actions directly influ-
ence the intensity or direction of the system noise, a key generalization from prior work.

The term a (x, u) := o(x, u) o(x,u) defines the controlled diffusion matrix. We allow
for both uniform ellipticity (i.e., a (x, u) £ nl for some 1 >0) and the more challenging
degenerate ellipticity (i.e., a (x, u) Z 0), where the diffusion may not occur in all state
directions.

An admissible control u = {u;}; = 0 is a stochastic process that is progressively
measurable with respect to {F;} and satisfies u, € U for almost every t = 0. We denote
the set of all admissible controls by U,,.

2.3. Sparse Ergodic Cost with Smooth Penalty

The control objective is to minimize a long-run average cost that penalizes both state
deviation and control effort, with a specific emphasis on inducing sparsity in the control
signal. We define the ergodic cost functional as:

Jw) = lim sup 2B [ [ (fo0X) + pe(u))de] @

where:

fo: R* = [0, ) is a continuous, radially unbounded state cost function with at
most polynomial growth. It quantifies the penalty for state deviation from a desired equi-
librium or trajectory.
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¢:: U —[0, =) is a smooth sparsity-promoting penalty function, parameterized by
g >0.
The classical, non-convex £,-penalty is defined as:

do(w) = XL a; 1200 3)
To address its discontinuity, we employ the smooth approximation:
be(u) = iy ai(1— e~1/%) 4)

To visualize the difference between ¢, and ¢; penalties, and the proposed smooth
approximation, we plot these penalty functions in Figure 1. As shown, the £, penalty is
discontinuous at u = 0, while the ¢; penalty is convex but does not promote exact spar-
sity. Our smooth approximation, with different values of ¢, bridges these two extremes,
that is, for small ¢, it provides a pointwise approximation to the ¢, penalty outside an -
neighborhood of zero, and for larger ¢, it provides a smooth surrogate that facilitates gra-
dient-based optimization.

Comparison of Sparsity-Promoting Penalties Zoom near u = 0: Effect of £

o
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Penalty value
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=
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Figure 1. Comparison of Sparsity—Promoting Penalties.

This function possesses several desirable properties:

1.  The smooth penalty function is infinitely smooth (C*) for all u # 0 and is continuous
(C°) at the origin; its left and right derivatives at each u; = 0 exist but differ (+ai/¢), so
it is globally Lipschitz but not €' at the origin. This non-differentiability at zero is a
feature that promotes exact sparsity, consistent with the ¢, structure;

2. Pointwise Convergence: As ¢ | 0, ¢.(u) T ¢(u) pointwise forallu € Uj;

3. Interpretability: The parameter & controls the sharpness of the approximation. For
small ¢, it acts as a hard threshold, while for larger ¢, it provides a smooth, graded

penalty.
The optimal long-run average cost, or the ergodic value, is defined as:
A= ué%fm](u) (5)

where J(11) denotes the long-run average (ergodic) cost induced by the admissible control
u, and Uy, is the set of all admissible progressively measurable control policies.

2.4. Explicit Assumptions for Theoretical Analysis

To ensure the problem’s well posedness and facilitate subsequent analysis, we make
the following assumptions:

Assumption 1 (Dynamics Regularity). The coefficients b (x, u) and o(x, u) satisfy:
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1. Carathéodory and Continuity: For each w € U, b (-, u) and o(-, u) are Borel measurable. For
each x € R™, b (x, ) and o(x, *)are continuous on U;

2. Lipschitz continuity: There exists a constant Ly;, > 0 such that for all x, y € R" and all
u €l:

1bCr,u) = b(y, W + lo(x,u) = oy, W] < Lyplx =yl ©)
3. Linear Growth: There exists a constant Lg >0 such that forallx € R™ andallu € U:
Ib(x,w)| + |oCx,w| < Ly (1+x]) @)

4.  Control Set Properties: U is compact and convex with non-empty interior.

Under these conditions, for any admissible control, the SDE (1) admits a unique
strong solution.

Assumption 2 (Foster-Lyapunov Stability) [17]. There exists a function V € C*(R"), with V
>1, constants ¢y € R, ¢, ¢; >0, ¢ = 0and a compact set K € R"™ such that forall x & K:

sup L* V(x) < ¢g — ¢, V(x) (8)

uev

Here cy € R is allowed to be non-positive, corresponding to stronger dissipativity condi-
tions than the standard Foster—Lyapunov setting. Because the diffusion matrix a (x, u) depends
explicitly on the control variable u, the supremum over admissible controls is well-defined only if
a (x, u) remains uniformly bounded in operator norm on compact subsets of the admissible control
set U. Under Assumption 1 and the compactness of U, this boundedness condition holds uniformly
with respect to admissible controls.

V(x) =1+ c,|x|? forp>0 9)

[VV () |+V2V (x)| < ¢e5(1 + V(x)) (10)

This assumption ensures the stability and tightness of the process, guaranteeing the
existence of invariant measures for stationary Markov controls and finite-time explosion
prevention.

Assumption 3 (Comparison Principle and HJB Regularity) [18]. The Hamiltonian
HE(x,p,X) is continuous in (x,p,X), and the comparison principle holds within the class of con-
tinuous viscosity sub-solutions and super-solutions with polynomial growth under the following
structural conditions: (i) The diffusion matrix a (x, u) o (x, u) o(x,u)" is positive semidefinite for
all admissible states and controls. In the uniformly elliptic case, a (x, u) = nl for some n > 0. For
degenerate diffusion, the coefficient o (x, u) is assumed to satisfy the regularity conditions required
by the viscosity-solution framework, including uniform Lipschitz continuity with respect to the
state variable. (ii) The Hamiltonian satisfies the coercivity condition H®(x,p,0) = wvy|p|—
v, (1 + |x|?) for constants vy > 0and v, = 0. Under these assumptions, standard comparison
results for viscosity solutions of degenerate elliptic H]B equations apply [18—-20], ensuring unique-
ness of A* and uniqueness of V up to an additive constant.

2.5. Sparse Ergodic Control Problem

We can formally state the core problem of this research work.

Problem 1 (Sparse Ergodic Control with Control-Dependent Noise). We seek an admissible
control policy u* € Uyq that achieves (or approximates) the infimum of the ergodic cost:

A ;:ué%lfm](u) (11)
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The existence of such an optimal stationary Markov control is established in Theorem 1, where
the system dynamics satisfy Assumption 1, the stability condition is given by Assumption 2, and
the ergodic H|B structure satisfies Assumption 3. The objective incorporates the smooth sparsity
penalty defined in Section 2.3.

A solution to this problem involves not only characterizing the optimal cost A™ but also de-
riving an optimal feedback control law u*(x) that is sparse, which implies that many of its compo-
nents are zero for large subsets of the state space R™.

In the following section, we will analyze the corresponding ergodic HJB equation for
this problem, prove the existence and uniqueness of its solution, and establish the conver-
gence properties of the smooth approximation ¢, to the true ¢, penalty.

3. Theoretical Analysis

Building upon the generalized problem formulation in the preceding discussion,
here, we establish our framework’s core theoretical foundations. We prove the well-pos-
edness of the sparse ergodic control problem with control-dependent diffusion, analyze
the convergence properties of the smooth sparsity penalty, and characterize the structure
of the optimal control policy.

3.1. Existence and Uniqueness of the Ergodic Pair

The first step in our analysis is to ensure that the generalized problem has a definite
solution. For the controlled diffusion process governed by the stochastic dynamics in (1)
under Assumption 1, together with the sparse ergodic cost functional introduced in Sec-
tion 2.3, we seek an ergodic pair (A, V) satisfying the HJB equation in terms of viscosity:

A+ IELY () + fol) + B @) = 0, x ER (12)

where A is the optimal average cost and V is the relative value function, unique up to an
additive constant. The generator L% is now given by:

L¥P(x) = blx,u) - Vp(x) + %tr (a(x, W)V P(x)), a (x, u) = o(x, u)o(x,u)’ (13)

The introduction of control-dependent diffusion creates two specific technical obsta-
cles absent in existing sparse ergodic control formulations with control-independent dif-
fusion.

(i) Non-separable Hamiltonian. When a(x,u) depends on u, the Hamiltonian

Hoep,X) = inf {bCe) -p -+ 3 trlaCe, wX] + fo() + 6,0} (14)

becomes non-separable because the diffusion term %tr[a(x, u)X] couples the control
variable u with the second-order derivative X = V?V. As a result, classical arguments re-
lying on control-affine separability no longer apply directly.

(ii) Uniform Foster-Lyapunov bound. The vanishing-discount analysis requires the
estimate

sup L*V (x) < ¢p — ¢, V(x) (15)

ueu
to hold uniformly over all admissible controls. Unlike the control-independent set-
ting, the diffusion coefficient o(x,u) now enters the generator directly and must there-
fore be controlled uniformly with respect to u.
Throughout this section, we operate under Assumptions 1-3.

Theorem 1 (Existence and Uniqueness of the Ergodic Pair). With Assumptions 1 (Dynamics
Regularity), 2 (Foster—Lyapunov Stability), and 3 (Comparison Principle and H|B Regularity):
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1. Existence: There exists a constant A* € R and a function V' € C (R™) with at most polyno-
mial growth (ie., |[V(x)| < C 1+ |x|™) for some constants C, m > 0 that is a viscosity
solution of the ergodic H]B equation. The pair (1*,V) is obtained as the limit of the discounted
problem via the vanishing discount approach:

A= E?&aVa (rep), V(x) = EEB(V“ (%) = Vo (xrer)) (16)

where V, is the solution of the discounted H|B equation with discount factor a, and the
convergence is locally uniform.

2. Uniqueness: The optimal average cost A* is unique. The relative value function V is unique
up to an additive constant;

3. Existence of Optimal Control: There exists an optimal stationary Markov control policy u*:
R™ - U that achieves the infimum in Ergodic H]B equation for almost every x with respect
to the invariant measure m* associated with u”.

Proof Sketch. We follow the vanishing discount methodology within the viscosity solu-
tion framework [21], adapted to the present setting with control-dependent diffusion and
smooth sparsity penalties. The key distinction from the control-independent case is that
the diffusion matrix a (x, u) depends explicitly on the control input, making the ergodic
Hamiltonian non-separable in the control and second-order terms.

Step 1 (Discounted Problem). For each discount factor o > 0, consider the dis-
counted HJB equation associated with the controlled diffusion process. Since u - a(x,u)
and u - b(x,u) are continuous on the compact control set U under Assumption 1, the
corresponding Hamiltonian remains continuous in (x,p,X), despite the coupling be-
tween u and the second-order diffusion term tr[a(x, u)X]. Together with the continuity
and growth structure induced by the smoothed Hamiltonian, standard viscosity-solution
arguments support the existence analysis of a continuous solution with polynomial
growth.

Step 2 (Uniform A Priori Estimates). The Foster-Lyapunov condition in Assumption
2 provides uniform bounds on the discounted value functions and their local oscillations.
In particular, the condition

sup L*V (x) < ¢y — ¢, V(x) 17)

ueu

ensures that the required a priori estimates hold uniformly over all admissible con-
trols, which is essential in the control-dependent diffusion setting. Consequently, the fam-
ily of normalized solutions remains locally equibounded and equicontinuous.

Step 3 (Vanishing Discount Limit). Using the half-relaxed limit technique together
with local compactness arguments, we may pass to the limit o | 0 and obtain an ergodic
pair (A, V) satisfying the ergodic H]B equation in the viscosity sense.

Step 4 (Uniqueness). Assumption 3 ensures that the comparison principle holds
within the class of functions with Lyapunov-controlled growth. Consequently, the ergodic
constant A is unique and the relative value function V is unique up to an additive con-
stant.

Step 5 (Optimal Control Existence). Since the Hamiltonian is continuous in u, includ-
ing the diffusion term tr[a(x, u)X], and the control set U is compact, standard measurable
selection results imply the existence of a measurable minimizer. This measurable selector

defines the optimal stationary Markov control policy. O

Remark on the uniform Foster-Lyapunov bound. Because the diffusion matrix
a(x,u) depends on u, the standard argument that the generator bound holds for each
fixed control and then passes to the supremum requires that a(x,u) is uniformly
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bounded in operator norm over U. Under Assumption 1, o(x,u) is continuous on the
compact set U, hence

sup |a (x:u)lop =< Ca(l + |x|2) (18)

ueu

with a constant C, independent of u. Combined with Assumption 2 (which uses

sup L*V (x)), the required uniform bound holds. A complete verification of the half-re-
ueu

laxed limit procedure under the non-separable Hamiltonian is provided in Supplemen-
tary Material S1, where we explicitly show that the coupling between u and V?V does
not break the compactness argument because the second-order term enters linearly in the
Hamiltonian and a(x,u) is continuous in u.

Theorem 1 establishes the well-posedness of the ergodic pair under control-depend-
ent diffusion. Additional technical details of the vanishing-discount argument and con-
stant dependencies C=C (U, V, ¢,, c;) are provided in Supplementary Material S1.

3.2. Convergence of the Smooth Approximation

To handle the discontinuous ¢, penalty in a computationally tractable way, we ap-
proximate it by the smooth family ¢, [22,23] and analyze how the corresponding ergodic
pair (4., V;) converges to the £,-penalized pair (4, Vy) as € —» 0.

Theorem 2 (Convergence of the Smooth Approximation). Under the same assumptions as in
Theorem 1, the following holds:

1. Pointwise Convergence of Value: The optimal average cost converges, A.—Aq, as €|0. Fur-
thermore, for a fixed reference point Xz, the relative value functions converge locally uni-

formly:
V.()—V, () locally uniformly as €0 19)

2. Error Bound: For any compact set K c R™, there exists a constant Cx > 0, depending on K
but independent of €, such that:

IV — VO”L°°(K) <Cg-¢ (20)

This result establishes quantitative consistency between the smoothed and non-smooth for-
mulations, with the approximation error controlled linearly by e. The constant Cy depends on
the compact set K, the size and structure of the control set U, the penalty weights {a;}, and the
parameters of the Lyapunov function (cq, c1), but is independent of ¢.

Proof Sketch.

1. Monotonicity and Stability: The family {¢,} is monotonically decreasing with respect
to & and converges pointwise to ¢, as £|0. Consequently, the corresponding Ham-
iltonians H,(x, p, X) also converge monotonically to H (x, p, X);

2. Viscosity Solution Stability: The stability of viscosity solutions under monotone con-
vergence of Hamiltonians is a classical result. Applying the half-relaxed limit tech-
nique ensures that any cluster point of {(1., V.)} as €—0 is a viscosity solution of the
limiting £, problem;

3. Uniqueness and Full Convergence: By the uniqueness of the ergodic pair for the lim-
iting problem (Theorem 1), the entire family converges, and not just a subsequence;

4.  Error Estimation: The quantitative approximation estimate is motivated by the con-
sistency properties of the exponential smoothing operator and can be analyzed using
viscosity-solution stability arguments together with a doubling-of-variables frame-
work. Specifically, the error bound shows that the approximation error scales linearly
with the smoothing parameter, under the assumptions stated in Section 3.1. This
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analysis confirms that ¢, serves as a computationally tractable surrogate for the £,
penalty, with approximation error of order O (¢) on any compact set K. Detailed der-
ivation is provided in Supplementary Material S2. o

3.3. Sparse Structure in Non-Affine Systems

A key insight from sparse control in affine systems is the “bang-off-bang” nature of
the optimal policy. We now generalize this structural result to a broader class of non-affine
systems. To make the derivation of the threshold scale explicit, we first introduce a local
linearization assumption on the dynamics.

Assumption 4 (Local Linearization and Remainder Control). For each x € R", the functions
b(x,u) and o(x,u) admit the local expansions

b(x,u) = by(x) + B(x)u+r,(x,u), o(x,u)=0,(x)+ S(C)u+r;(x,u) (21)
where 1,(x,u) and r,(x,u) satisfy
[r, (o, w) |[+H7, (e, w)| < Cplul? for |u| < r, withsome r, >0 (22)

where C. > 0 is a local remainder constant. The control domain U € R™ is compact, and the
expansion holds component wise when u is vector-valued.

Remark 1. This local linearization assumption is particularly relevant for sparse control regimes
where optimal controls frequently reside near zero due to the sparsity penalty. For systems requir-
ing large control inputs, global linear approximations or piecewise-linear models may be more ap-
propriate. In our numerical experiments, the learned value functions exhibit smooth behavior near
the origin of the control space, providing indirect support for this assumption. A formal residual
analysis of 1, and 1, is left for future work.

For a given state x, the optimal control u*(x) minimizes the Hamiltonian:
H(x,u) = b(x,u) - VV(x) + itr (a (x, W)VEV () + fo(x) + ¢pe(u) (23)

Even when b and ¢ are not affine in u, the separable structure of ¢.(u) =
Y a;(1 — e~“il/#) imposes a coordinate-wise sparsity-promoting effect.

Definition 1 (Generalized Switching Function). For a component i of the control vector, we
define the generalized switching function g;: R™ — R as the partial derivative of the Hamilto-
nian’s drift and diffusion terms with respect to u;, evaluated at the optimal value function. At
points where V is differentiable,

g1 = (W), 3 (e u)str (T2 () 32 (6 ') 24)

At non-differentiable points, this interpretation holds for any super-/sub-gradient p €
J?EVi(x).

Proposition 1 (Quasi-Threshold Structure under Local Linearization). Let ugo)*(x) denote
the i-th component of an optimal stationary Markov policy associated with the smoothed penalty
¢.. Under Assumption 4 and assuming that b(x,u) and o(x,u) are continuously differentiable
with respect to u, the optimal control satisfies the following asymptotic structural properties as
& = 0. The characterization is local in nature and relies on the first-order approximation around
sparse-control regimes.

(i) The optimal control exhibits a soft-thresholding behavior induced by the smooth sparsity
penalty. In particular, there exists a state-dependent threshold scale t;(¢) > 0 such that

gi(x;€) s 1y(e) = ui(x) = 0 (25)
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(ii) For the exponential smoother
(PE(U’) — Z aL (1 — e_luil/S) (26)
i
the effective threshold scale satisfies
ti(e) = O(ai/¢) (27)

This scaling arises from the balance between the switching term g;(x; €) and the gradient of
the smoothed sparsity penalty.
(iii) As € — 0, the resulting soft-thresholding behavior converges to a bang-off-bang type

policy:
ugo)*(x) = Qor ulgo)*(x) € U; \ {0} (28)

This bang-off-bang structure arises from the £y-type sparsity regularization, which sup-
presses controls whose marginal Hamiltonian contribution is below the activation threshold. Under
Assumption 4, the convergence rate toward the limiting sparse policy is at least O (). The deriva-
tion in Supplementary Material S3 proceeds by analyzing the first-order optimality condition of
the smoothed Hamiltonian, deriving an implicit activation relation for each control component,
and identifying the resulting quasi-threshold activation boundary.

Remark 2 (Boundary-constrained optima). Proposition 1 characterizes interior optima. When
|gi(x; €)| exceeds a boundary saturation threshold ' = 0(a;/e + L,u™®), the minimizer
saturates at u; = Fu™**. The full policy therefore takes a three-region form: off (u; = 0), interior,
or bang (u; = uj"™™), consistent with a generalized bang-off-bang structure. Analysis of the
strongly nonlinear regime where Assumption 4 fails globally is left for future work.

Remark 3 (Threshold accuracy under linearization remainder). Under Assumption 4, the
remainder satisfies |r,| + |7;| < C.lu|?. Propagating this through the first-order optimality con-
dition (see Supplementary Material S3) shows that the activation boundary is perturbed by
0(C,1y) relative to t;(€). The overall threshold accuracy is therefore O(e + C,1y), with the
0(g) term dominant in the sparse-control regime where C,1y < a;.

The quasi-threshold structure established by Proposition 1 is depicted in Figure 2,
which illustrates how the smooth sparsity penalty induces a continuous but increasingly
sharp sparse control profile as € decreases. For finite ¢, the resulting feedback law remains
continuous and exhibits smooth threshold-like transitions between inactive and high-ac-
tivation regions. As ¢ — 0, the induced policy asymptotically approaches bang-off-bang-
type switching behavior in the non-affine setting. The figure illustrates: (i) the transition
from soft to hard thresholding as ¢ — 0; (ii) how ¢ controls the threshold sharpness near
the origin; (iii) the state-dependent switching between off and bang regions in a synthetic
1D system; and (iv) the theoretical scaling 7;(¢) ~ a;/e.
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Figure 2. [llustration of the quasi-threshold (generalized bang-off-bang) control structure.

Discussion. This result extends classical threshold-type sparsity principles to non-
affine systems with control-dependent diffusion. In non-affine systems, the “switching
function” g;(x) is not simply a linear function of the co-state but involves more complex
interactions due to the control-dependent drift and diffusion. The added Assumption 4
clarifies when the linearization-based derivation of the threshold O(a;/¢) is valid and pro-
vides explicit smallness conditions for the second-order remainder.

However, the fundamental trade-off remains: a control component is activated (i.e.,
becomes non-zero) only when its marginal benefit, quantified by |g;(x)l, exceeds a certain
threshold that incorporates the sparsity cost a;. In vector-valued control settings, this
quasi-threshold applies componentwise due to the separability of ¢.(u).

Note: The complete derivation can be found in Supplementary Materials S3.

4. Computational Frameworks: Learning and Distributed Algorithms

Section 3 establishes existence and quasi-threshold structure of the optimal sparse
feedback law. Computing this solution directly is impractical for high-dimensional sys-
tems due to the exponential growth of grid-based state discretization and the non-smooth
Hamiltonian. This section addresses these two computational obstacles: Section 4.1 intro-
duces a PINN-based solver with adaptive residual sampling for high-dimensional sparse
ergodic H]B equations, and Section 4.2 develops a distributed monotone iterative scheme
for weakly coupled multi-agent systems.

4.1. PINN for Ergodic H]B

By Theorem 2, solving the smoothed problem with & =0.01 introduces an approxi-
mation error of at most O (1072) in the value function, which is acceptable for our control
objectives. Let Vy(x) denote a deep neural network (DNN) parameterized by weights 0,
which takes the state x as input and outputs a scalar value function [24]. The Hamiltonian
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H is a function of x, V,V, and VZV. These derivatives are computed efficiently using au-
tomatic differentiation.

The ergodic HJB equation and the normalization condition at a reference point x,ef
constitute the physical constraints for our PINN. We define the training loss £(6,1) as a
weighted sum of the PDE residual and the boundary condition:

£6,2) = - 22+ HGE, W (:O), vV GOD] +olle (eed (29)

Here, {xgi) }?’;1 denotes the collocation points sampled from the state domain, w >
0 is a penalty parameter enforcing the normalization condition Vy(x.¢) = 0, and the PDE
residual term is weighted ten times more heavily than the normalization penalty term.
The Hamiltonian is defined by

H (x, p, X) = minyey {b(x,u) p+ %tr (@ (x, u) X) +fo (x) + ¢ (W)} (30)

where p = V/g(x) and X = V?Vy(x). In the PINN implementation, these quantities are
computed via automatic differentiation.
The minimization is performed over both the network parameters 0 and the scalar A:

(6*,4") = arg ng}iln L(8,1) (31)

Normalization and joint optimization stability. The ergodic HJB equation is invariant
under V = V + ¢, making the joint optimization over (8,4) ill-posed without fixing
this degree of freedom. The normalization penalty wVy(x;e)? enforces Vy(xper) = 0, se-
lecting a unique representative and eliminating the degenerate flat direction in the loss
landscape. The scalar A is initialized as A = min ¢ f,(x), a valid lower bound on the
ergodic cost. In practice, 1 converges within the first 10,000 iterations and its standard
deviation across 10 runs is below 0.73% of the mean (Section 5.5.2), confirming stability
of the joint optimization. The weight w = 0.1 (10:1 PDE-to-normalization ratio) was se-
lected by a sweep over {1073,1072,107%,1} and found to be consistently stable across
both experimental settings.

The PINN architecture and training workflow are depicted in Figure 3. The neural
network Vy(x) takes the state x as input and produces the value-function estimate through
a series of hidden and fully connected layers. Automatic differentiation is employed to
compute the necessary gradients VVg(x) and Hessian V?Vy(x) for evaluating the Hamilto-
nian in the PDE residual. The training loss £(6,4) combines the PDE residual with a nor-
malization condition, while adaptive sampling dynamically focuses on computational re-
sources in high-error regions of the state space.
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Physics-Informed Neural Network (PINN) for Ergodic H)B

Neural netwark Vo(x) approximates the value function

State x € 8" Viplx)
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Figure 3. Architecture of the PINN.

4.1.1. Training Pipeline and Adaptive Sampling

We use a fully connected feed-forward network with 7 hidden layers of 128 neurons
each and SiLU activation; batch normalization is not used, and the gradient clipping
(global norm) threshold is 1.0. Training employs Adam (, = 0.9, B, = 0.999) with co-
sine annealing from an initial learning rate (see Table 2 for the range) down to 1 x 107°.
Each iteration uses a mini-batch of 4096 PDE collocation points plus 512 boundary/nor-
malization points, for a total of 200,000 iterations; Early stopping uses a patience of 20,000
iterations. This value was selected empirically during preliminary development and was
kept fixed across all experiments. Validation was performed on a fixed held-out validation
set sampled once at initialization and kept unchanged throughout training. A gradient
penalty of 107°||V, V|3 is added to the loss, and the PDE vs. normalization loss weight
ratio is 10: 1. Lyapunov-weighted sampling draws collocation points with density pro-
portional to the Lyapunov function V(x) (Assumption 2). All experiments ran on
NVIDIA RTX 5000 Ada GPUs (16 GB) with 10 independent runs (random seeds
{101,202, ...,1001}); typical training times are 4-10 h per task. Detailed hyperparameters
are summarized in Table 2.

Table 2. PINN training hyperparameters (used in main experiments).

Hyperparameter Value
Network depth/width 7 x128
Activation function SiLU
Weight init/Bias init Xavier uniform/0
Optimizer Adam (B1=0.9, B2=0.999)
Learning rate (LR) 1x10*to5x10*
Batch size (PDE/boundary) 4096/512 (main experiments); 512-2048 (ablation sweeps)
Training iterations 200,000
Smoothing parameter ¢ 0.01 (main experiments); 5 x 1072 to 5 x 10~3(ablation sweep)
Gradient penalty coefficient 1075
Random seeds (for 10 runs) {101, 202, ..., 1001}
GPU NVIDIA RTX 5000 Ada (16 GB)
Typical runtime 4-10h
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Initial Domain Selection. Collocation points are initially sampled from a bounded
hyper-rectangle (physical constraints expanded by 20%) determined by prior system
knowledge.

We employ a residual-based adaptive sampling strategy during training. The de-
tailed procedure and its motivation are formalized in Algorithm 1 below.

Adaptive Sampling Algorithm: We employ a residual-based adaptive sampling strat-
egy with the following procedure:

Algorithm 1. Adaptive Residual Sampling

Input: Current PINN parameters 0, candidate pool size N_pool = 50,000, batch
size N_batch = 4096, replacement ratio r_s =0.3
Output: Updated collocation batch
1. Generate a large candidate pool {x_i} from the domain using Latin Hypercube Sam-
pling
2. Compute PDE residuals R(x_i) = | A + H(x_i, VV_6(x_i), V*2V_0(x_i))| for all candi-
dates
3. Sort candidates by residual in descending order
4. Select top r_s*N_batch points with highest residuals as “difficult samples”
5. Randomly select (1-r_s)-N_batch points from remaining candidates
6. Combine both sets to form the new training batch
7. Repeat every K = 2000 training iterations

This strategy focuses computational resources on high-error regions. In our experi-
ments, adaptive sampling reduced required training iterations by *30% compared to uni-
form sampling.

4.1.2. Inner Hamiltonian Minimization.

In the non-affine control-dependent diffusion setting, the inner minimization
min,, ¢ y{b(x,u) "p + itr[a(x, w)X] + ¢.(u)} has no closed-form solution. We use a two-

stage procedure: (i) coarse grid search over N, = 20 uniform candidates per control di-
mension, followed by (ii) L-BFGS-B refinement initialized at the coarse minimizer, with
control gradients computed analytically. This inner optimization accounts for approxi-
mately 35-45% of per-iteration wall-clock time, and is reflected in the training times of
Table 2. The L-BFGS-B termination tolerance is set to |V, H| < 107*, contributing an inner-
loop error below 10~* —smaller than the target PDE residual of 0(1072). For control di-
mensions m > 5, a jointly trained control network my(x) would be more practical; this
extension is left for future work.

4.1.3. Adaptive Sampling: Motivation and Efficacy

The PDE residual can vary substantially across the state space, particularly near
boundaries, unstable equilibria, and regions where the optimal control switches abruptly
(as characterized by the quasi-threshold structure in Proposition 1). Uniform sampling
allocates equal computational effort across these regions, potentially oversampling low-
error areas while under-sampling regions with large approximation error. Algorithm 1
addresses this imbalance by preferentially selecting collocation points with larger PDE
residuals, thereby concentrating training in regions where the HJB approximation error is
highest. The ablation study in Section 5.3 shows that this adaptive strategy reduces the
required training iterations by approximately 30% relative to uniform sampling.

https://doi.org/10.3390/electronics15143073


https://doi.org/10.3390/electronics15143073

Electronics 2026, 15, 3073

17 of 37

4.2. Distributed Monotone Iterative Scheme for Multi-Agent Systems

In many modern applications, such as swarm robotics or sensor networks, the overall
system is composed of multiple interacting agents. A centralized solution to the global
HJB equation is often infeasible. We propose a distributed algorithm where each agent
computes a local policy based on information from its neighbors.

In our formulation, inter-robot interactions are represented through relative-position
terms and neighborhood averaging, both of which are globally Lipschitz with agent-inde-
pendent constants. Furthermore, the coupling strength does not grow with the number of
agents because each robot interacts only with its immediate neighbors in the proximity
graph. These properties ensure that the effective coupling coefficients remain within the
admissible range required by Proposition 2, aligning the experimental setting to the theo-
retical assumptions. Pseudocodes for Algorithm 2 is shown below:

Algorithm 2. Distributed Sparse Ergodic Control

Input: Local dynamics bi, local state cost fi0, sparsity penalty ¢_i"¢, neighbor graph G,
tolerance tol > 0, maximum iterations Kmax
Output: Distributed optimal controls u_i"*(x)
Initialize local value-function approximations V(0)i
fork=0,1,2, ..., Kmax do
for each agent i in parallel do
Solve the local HJB Equation (34) using a local PINN to obtain V(k + 1)i
Update u(k + 1)i = argminu € Ui Hi(x, u, V(k + 1)i)
Exchange V(k + 1)i with neighbors j € N(i)
Update the local coupling estimate gi,k+1 using received information
end for
if maxi IV(k + 1)i = V(k)illee < tol then
break
end if
end for

To reduce communication overheads, each agent does not transmit its full value-
function network V@ or high-dimensional gradient fields. Before sending information to
neighbors, the agent projects its locally learned value function onto a predefined low-di-
mensional basis {¢,, (x;)} =1 (With v = 10 in our experiments). Specifically, each agent
computes a low-dimensional coefficient vector:

C(i) = (<V(l)! ¢1(xi)>! .“,(V(i)' ¢r(xi))) (32)

where (-, -) denotes the empirical inner product computed over sampled local states. The
basis functions are constructed from the final hidden-layer feature activations of the local
PINN or from their PCA-reduced representations. Only these r-dimensional coefficient
vectors (rather than full neural-network parameters) are exchanged among neighboring
agents. This low-rank encoding keeps the communication cost per iteration constant (O(r)
scalars), independent of the PINN size, state dimension, or number of agents, while still
preserving sufficient information for accurate consensus and coupling-term estimation.

Each agent transmits its coefficient vector to a neighbor only if its change since the last

i(k) _ Ci(klast) >

transmission exceeds a predefined triggering threshold 7., > 0, i.e., | c
Trigr Where ki is the iteration of the last transmission. This event-triggered criterion
ensures reduced communication while maintaining convergence. This pseudocode clari-

fies the communication pattern and the fixed-point nature of the monotone update.
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4.2.1. Problem Decomposition

Consider a system of N agents with coupled dynamics. The state of the entire system
is X = (x1,..., xV), and the control is U = (u?,..., u"). We assume the dynamics and cost
are separable in the following:

b(xt, ut) + g1 (X) _
b(X,U) = : , fo) = EiLi fo (xh) (33)
b, uM) + g (X)
where g'(X) represents the coupling from other agents. The communication topology is
described by a graph G, where agent i can receive information from its neighbors ;.

4.2.2. Local H]B Approximation and Consensus

The global ergodic HJB is intractable. Instead, each agent i maintains a local value
function approximation V!(x") of its component. The key idea is to approximate the cou-
pling term g'(X) using the states and value functions of its neighbors.

We propose the following distributed monotone scheme [25], inspired by Jacobi iter-
ation and consensus algorithms:

1. Initialization: Each agent i initializes its value function estimate V*(©;

2. Local Hamiltonian Evaluation: At iteration k, each agent i computes a local Hamilto-
nian using its current value function and information from its neighbors. For a state
xt, this is:

H ) (x') = min {(bi(xi, ud) + gh) - vphio (xt) + %tr (aiVZVi'(k)(xi))
ulteut

S (34)
+ A0 + phad)

where §“® is an estimate of the coupling term, e.g., §-® = ﬁz jew; Y7 (x7), and
3
xJ are the current states or expected states of neighbors.
3. Value Update with Consensus: Agents update their value function estimates by com-
bining the local HJB solution with a consensus term from their neighbors to ensure

coordination:

. . o . . . § . .
Vz,(k+1)(x1) — (1 _ S)Vl,(k)(xl) — At Hl,(k)(xl) + |M| Z Vlj(k)(xJ) (35)
JEN
Here, At is a pseudo-time step, and 6 € (0, 1) is a consensus weight.
Policy Update: Each agent updates its local policy using its new value function:
ui,(k+1)(xi) = arg min {(bi(xi, ui) + g\i,(k)) . V]’/‘i,(k+1)(xi)
uleyt (36)
1 o . o
+otr (al(xl, u‘)VzV“("“)(x’)) + d)é(u’)}

Since the local state cost fi(x!) doesnot depend on the control variable u!, itis omit-
ted from the policy-update minimization.

4.2.3. Monotonicity and Convergence

The scheme is designed to be monotone and stable under verifiable parameter con-
straints. The monotone-inspired update structure is intended to approximately preserve
the order-consistency properties associated with the underlying PDE. The following prop-
osition summarizes sufficient conditions under which the distributed iteration exhibits
stable approximate convergence behavior under weak inter-agent coupling. The analysis
is based on a local contraction-style argument and is further supported by the numerical
results reported in Section 5.
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Proposition 2 (Sufficient Conditions for Stable Approximate Convergence). Under the as-
sumptions of a connected communication graph G and weak inter-agent coupling, the distributed
monotone iterative scheme exhibits stable approximate convergence toward a p-neighborhood of
the global optimal solution provided that the following sufficient conditions hold:

1. Coupling Strength Bound;
The inter-agent coupling coefficients satisfy

L _ o

rr}igx|y’f| <7, where y < - (37)
with ¢, from the Foster—Lyapunov condition (Assumption 2) and L, being an estimate of
the value-function gradient Lipschitz constant.

2. Parameter Constraints:

The pseudo-time step and consensus weight satisfy:

at<min{=,—2_1 5¢ (0,——) (38)

Ly’ Amax(§) "1+7Ly

where Ly is the Lipschitz constant of the Hamiltonian and A.,q,(G) is the largest eigen-
value of the graph Laplacian. In practice, the Lipschitz constant Ly of the Hamiltonian can
be bounded using the Lipschitz constants of b, o, fo, and ¢, specified in Assumption 1. The
value-function gradient Lipschitz constant Ly can be estimated numerically from the trained
PINN solution Vg via L, = Tng”sz Vo(x)lop, where D is the training domain. Con-

servative choices of At (e.g.,1073) typically satisfy above condition in practice.
3. Convergence Radius;
The convergence neighborhood radius satisfies;

p = 0(¥ Amax(§) + (1 = 6)At), (39)

where Apax(G) denotes the largest eigenvalue of the graph Laplacian. The convergence
neighborhood therefore depends on the communication topology through the spectral proper-
ties of the interaction graph rather than the graph diameter.

Proposition 2 establishes sufficient conditions for the convergence of our distributed
monotone scheme. The practical implementation of this scheme, including the communi-
cation patterns and agent-internal computations, is illustrated in Figure 4. Each agent op-
erates autonomously, maintaining a local PINN approximation of its value function while
exchanging compressed representations with neighboring agents to achieve global coor-
dination. The low-rank projection mechanism ensures that communication overheads re-
main constant (O(r) scalars per iteration) regardless of network size or state dimension,
making the scheme scalable for large multi-agent systems.

Top of Figure 4 (Communication Network): Communication network with 6 agents
in a ring topology; Bottom of Figure 4 (Agentic Structure and Process): Internal structure
and iterative process of a single agent. The scheme reduces communication overheads by
exchanging only low-rank coefficient vectors (r = 10) instead of full value functions. The
iterative process continues until convergence criteria are met.
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Distributed Monotone Scheme with Low-rank Coefficient Exchange

Distributed Communication Network
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Figure 4. Distributed monotone scheme with low-rank coefficient exchange.

Practical Implementation Notes:
While the theoretical bound L, may be challenging for analytical computation, in
practice, we employ the following approaches:

e  Estimate L, empirically from the PINN-computed value-function gradients during
training;

e Treat the conditions as tuning guidelines and verify convergence experimentally
through the monotone decrease in the distributed residual.

In our experiments (Section 5.1), we found that conservative choices of § =0.2-0.3
and Af = 0.1-0.2 typically ensured stable convergence across various network configura-
tions.

The proof, provided in Supplementary Material 54, analyzes the update operator as
a near-contraction under the weak-coupling and step-size conditions of Proposition 2.

5. Numerical Experiments and Applications

The theoretical and computational frameworks developed in the preceding sections
are now validated through comprehensive numerical experiments. This section presents
the efficacy of our proposed methods in two distinct application domains: multi-robot
swarm navigation and smart grid generator scheduling.

5.1. Sparse Coordination in Multi-Robot Swarm Navigation

Although the convergence guarantee of Proposition 2 (Section 4.2.3) requires a weak
inter-agent coupling condition, the swarm-robot system used in our experiments is spe-
cifically designed to satisfy this condition, as detailed in the problem setup below. We
validate our distributed sparse control framework on a multi-robot formation control task
[26,27], as illustrated in Figure 5. The objective is to coordinate a swarm of N autonomous
robots to achieve a target triangular formation while minimizing control effort and com-
munication overheads under stochastic disturbances.
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Figure 5. Multi-robot formation control task used in the experiments.

Left of Figure 5 (Target Formation): Initial configuration and target triangular for-

mation. Robots start from scattered positions and must converge to a predefined triangu-

lar formation; Right of Figure 5 (Formation Control): Formation control process demon-

strates sparse actuation and obstacle avoidance. The distributed controller achieves high

sparsity (85% of control inputs are near zero) while reducing communication load by 70%.

Performance metrics evidence the effectiveness of the proposed approach.

5.1.1. Experimental Setup

Robot Dynamics: Each robot i follows double-integrator dynamics with stochastic
disturbances:

x| _ vt‘] 07 ; [0 0 ] ;
d[vé]—[o e+ [ ubde + | o ()1 AW (40)
Here, x{ and v} are the position and velocity of robot i. To incorporate control-de-

pendent diffusion, the velocity noise intensity is modulated by the control magni-
tude:

av(u‘i) = 00(1 + k|u§|) (41)

with ¢, = 0.1 and k = 0.2, consistent with actuator-noise models reported for
wheeled mobile robots under velocity control [15,17,27]. This yields a control-de-
pendent diffusion matrix

i i ded ded
Uo,l) — ) 2dx2d
G(xt' ut) - <0d><d o-v(ué)ld €ER (42)

where d is the spatial dimension, consistent with the generalized setting of Assump-
tion 1.

Sparse Cost Functional: The ergodic cost for the swarm is defined as:

N N
1 T . . -
J) = lim sup 7 E [ f (an; ~ theseell” + w5 ) ¢;(uz)> dtl (43)
o 0 \i=1 i=1

where x{ denotes the position component of the robot state, and wy >0 is the spar-
sity penalty weight. The first term penalizes deviation from the desired formation,
and the second term, with weight wy, promotes sparsity in the control inputs using
the smooth penalty ¢, defined in Section 2.3.
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Communication Graph: Robots communicate over a time-varying proximity graph
G¢. A robot j is a neighbor of robot i if ||xf — xtJ” <R, where R is set to 1.5 times the
desired inter-agent spacing, following the proximity-graph convention in [27];
Evaluation protocol: Each scenario is executed for 10 independent runs using differ-
ent random seeds and noise realizations. For each run we record: (i) sparsity ratio;
(ii) average formation error; (iii) communication load; and (iv) failure rate. These 10-
run evaluations provide the primary metrics summarized in Table 3 and support sta-
tistical testing (a = 0.05).

In addition, an investigation of robustness under communication imperfections (Ta-

ble 4) employs 100 Monte-Carlo simulations per scenario. The purpose of this evaluation

is to quantify robustness against stochastic disturbances, packet loss, and communication

delays which are separate from the 10-run performance comparison.

Table 3. Quantitative comparison of controller performance (mean +s.d.).

Metric Method Value Statistical Significance
Our Method 84.7% + 2.3% vs. Heuristic: p = 0.004
Sparsity Ratio LOR 0.2% + 0.1%
Heuristic 61.5% + 5.8%
Our Method 1.05 + 0.08 (normalized units) Ve LQR: P= 0.1
Formation Error vs. Heuristic: p <0.01
LQR 0.99 £ 0.05 (normalized units)
Heuristic 1.62 + 0.21 (normalized units)
Communication 70% + 6% reduction (vs. full-state
Load Reduction Our Method sharing basel(ine) p<0.001
Our Method 98%
Stability LOR 100%
Heuristic 65%

Note: The LOR baseline primarily serves as a reference for trajectory stabilization performance ra-

ther than sparsity optimization; a direct sparsity comparison is not its intended purpose.

Table 4. Robustness under Communication Imperfections (Mean + S.D.).

Formation Error In- Sparsity Reduc-

. o o
Scenario Stability Rate (%) crease (%) ton (%)
Baseline (no faults) 98.0 + 15 0.0 0.0
10% Packet Loss 9.2 + 2.1 35 + 1.2 21 £ 08
30% Packet Loss 915 £ 33 87 £ 24 6.3 £ 1.9
50% Packet Loss 85.3 + 4.8 152 £ 3.7 12.8 £ 2.5
1-step Delay 95.8 + 2.0 41 £ 14 28 £ 1.0
2-step Delay 90.7 + 3.1 93 + 26 71 £ 22
5-step Delay 784 + 52 226 + 4.3 18.9 + 3.7
10% Adversarial Nodes 89.2 + 3.8 124 + 3.1 9.7 + 26
20% Adversarial Nodes 726 + 6.1 28.3 + 52 235 + 44

5.1.2. Implementation and Baselines

We implement three control strategies for comparison:

1. Proposed Sparse Control: Uses distributed monotone scheme (Section 4.2) with local

PINNSs specified in Table 2. Local communication uses low-rank coefficient exchange
(10 coefficients);

LOR with #,-Regularization [28]: LQR controller designed on linearized double-in-
tegrator model; ¢, penalty coefficient R = 0.011;
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3. Heuristic Thresholding: Local rule: apply full thrust Fu,,,, if position error norm
exceeds threshold T = 0.3 (with the threshold t = 0.3 selected via grid search to max-
imize performance on a set of representative scenarios).

5.1.3. Swarm Navigation Results

We evaluate the proposed distributed sparse controller against two baselines, that is,
LOR with £,-regularization and a heuristic thresholding controller across 10 independent
runs. Key performance metrics include sparsity ratio, formation error, communication
load reduction, and stability and are summarized in Table 3 (Statistical significance is as-
sessed via paired t-tests). For the communication load metric, the baseline is defined as a
naive full-communication scheme in which each robot broadcasts its full state to all neigh-
bors at every time step. The reported “communication load reduction” refers to the per-
centage decrease in transmitted messages compared to this baseline.

e  Sparsity and Performance: As illustrated in Figure 5, the trajectories and control sig-
nals for a 10-robot swarm demonstrate that our proposed method achieves a sparsity
ratio of about 85%. This is significantly higher than the near-zero sparsity of LOR and
the 61.5% achieved by the heuristic controller. This 84.7% actuation sparsity is
achieved while maintaining formation accuracy with no statistically significant dif-
ference from LQR (6% increase in error, p = 0.12), while remaining significantly better
than the heuristic controller (p < 0.01);

e  Communication Load: We quantify communication efficiency relative to a full-state
sharing baseline, in which each robot broadcasts its state to neighbors at every time
step. Under this baseline, communication load equals the total number of transmitted
state packets per episode. Our event-triggered scheme reduces this load by 70% + 6%,
a statistically significant improvement (p < 0.001);

e  Robustness: In a Monte Carlo simulation with 100 runs under different noise realiza-
tions, our distributed sparse controller-maintained stability in 98% of the cases. This
stability rate (98%) is comparable to LQR (100%) and higher than the heuristic con-
troller (65%), with substantially lower control energy;

e  Robustness under Communication Imperfections: To evaluate the practical resilience
of our distributed algorithm, we conducted additional experiments simulating real-
istic network conditions. We introduced: (i) Packet loss with probabilities {0.1, 0.3,
0.5}, where messages between neighbors are randomly dropped; (ii) Communication
delays of {1, 2, 5} time steps; and (iii) Adversarial scenarios with 10-20% of nodes
exhibiting Byzantine behavior (sending corrupted state information).

Table 4 summarizes the performance degradation under these challenging condi-
tions. Our method maintains stability and acceptable performance even with 30% packet
loss or 2-step delays, demonstrating remarkable robustness. The performance gradually
degrades under more severe conditions, with stability preserved in 85% of cases even with
50% packet loss.

For adversarial scenarios, we implemented a simple trust-based weighting mecha-
nism where each agent computes a confidence score for neighbors based on state predic-
tion consistency. Agents with consistently inconsistent information have their consensus
weight reduced. This mitigation improved stability rates from 72.6% to 86.3% in the 20%
adversarial nodes scenario, demonstrating the potential for enhanced security in practical
deployments. These results are consistent with the quasi-threshold structure of Proposi-
tion 1, where sparsity arises from threshold-based switching rather than continuous mod-
ulation.

5.1.4. Convergence of the Distributed Monotone Scheme
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To empirically verify Proposition 2, we examine the convergence behavior of the dis-
tributed algorithm (Algorithm 2) on the 10-robot swarm task. Figure 6 plots two quantities
against iteration k: (i) the maximum change in local value functions

A= max]| — 7| (44)
and (ii) the consensus error
— & _ )
By = max|[V7 = | (45)

Under weak coupling (¥ = 0.05), both A, and Ej decay exponentially and reach a
small neighborhood after about ~150 iterations. Under stronger coupling (¥ = 0.2), both
quantities converge to a larger residual, qualitatively consistent with the spectral depend-
ence p = O(¥ Anax(G) + (1 — 6)At) from Proposition 2. The consensus weight o = 0.25
and pseudo-time step At = 0.1 satisfy the sufficient conditions (37) and (38).

These results support the theoretical claim that the distributed monotone scheme
converges to a p-neighborhood of the global optimum, with the residual level controlled
by the coupling strength.

(a) Local value function change (b) Consensus error
10—1,
<L — 7=0.05 (weak) N — §=0.05 (weak)
N "*-\..‘_ ==+ y¥=0.2 (strong) \ ""-.._H- -=- y=0.2 (strong)
&S s ~~e
| 10724 < ———
7 g 10774 =
E 10—3, E-:
I n
& W
10734
10741 : i ; : ; : : ; ; ‘ ; ! . . ! ‘ ‘
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Iteration k Iteration k

Figure 6. Convergence of the distributed monotone scheme. (a): maximum change A, in local
value functions; (b): consensus error Ej. Blue curves: weak coupling (Y =0.05); red dashed curves:

strong coupling (y =0.2).

5.2. Optimal Generator Scheduling in Smart Grids

The second application for our research addresses the economic dispatch problem in
a smart grid with renewable integration [29]. The goal is to schedule the power output of
conventional generators to meet a time-varying stochastic load demand at minimum cost,
where the “sparsity” corresponds to the decision to switch a generator on or off. The smart
grid system considered in this study is depicted in Figure 7. It consists of conventional
generators, renewable energy sources (wind and solar), distributed loads, and a central-
ized energy storage unit, all interconnected through power transmission lines. A central
sparse controller, implemented using our proposed PINN framework, coordinates the
generated power resources to meet the stochastic load demand while minimizing long-
term operational costs.
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Renewable-Integrated Smart Grid System Schematic
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Figure 7. Schematic design of the renewable-integrated smart grid system architecture.

5.2.1. Problem Formulation as a Sparse Ergodic Control Problem

System State: The state X, = (L., P}, ..., P/, R;) includes the stochastic load demand
L, the controllable power outputs P} of M conventional generators (i = 1, ..., M),
and the aggregate renewable generation R, (e.g., from wind, solar), which is an ex-
ogenous stochastic process;

Controlled Dynamics: The dynamics for power generator i are modeled as: Third
bullet.

dpl = (uf —ypl)dt + o;(pf, ulb)dWy (46)

where u! is the setpoint command. The control-dependent diffusion o; captures
the increased volatility during power generator startup/shutdown. The control set is
U =I",[0,Bia], where ul = 0 corresponds to the generator being completely
turned off, while any positive value u! € (0, B%,,] presentsan’on’ state with contin-
uous power output. The sparsity-promoting penalty ¢.(u) (with & small) approxi-
mates the ¢, cost, which penalizes any nonzero control. Therefore, the optimal pol-
icy will drive u! to exactly zero for most time steps, effectively implementing a dis-
crete on/off switching behavior without explicitly modeling binary variables. This
interpretation is consistent with the bang-off-bang structure derived in Proposition
1, where the control is either inactive (uf = 0) or active (|u{| > 0). The linear term
Bi |u§| in below further accounts for fuel cost when the generator is on.
Sparsity-Promoting Cost: The cost function is:

https://doi.org/10.3390/electronics15143073


https://doi.org/10.3390/electronics15143073

Electronics 2026, 15, 3073 26 of 37

M

1 T o .

J) = lir;l supT[E If (c(Lt, P) + Z(d);(ué) + ﬁi|u§|)) dtl (47)
s 0 i=1

where ¢L(w) = a;(1— e I/¥) denotes the smooth approximation of the #,-type

startup cost. Here, ¢ (*) is the cost of power imbalance and generation, and the f;

term is a linear power generation cost (£;-type).

5.2.2. PINN-Based Solver and Traditional Benchmarks

We employ the PINN solver from Section 4.1 to approximate the high-dimensional
value function V(X). Due to the curse of dimensionality (state dimension > 10), traditional
grid-based solvers are infeasible.

We compare our PINN-Sparse policy against two benchmarks:

1. Economic Model Predictive Control (MPC) [30]: A standard MPC with a 24 h look-
ahead, using a mixed-integer solver for the startup decisions;

¢  Horizon and Discretization: The MPC uses a 24-step (hourly) prediction hori-
zon, with control decisions discretized hourly. Power generator start-ups are
modeled as binary variables within the mixed-integer programming formula-
tion;

e CostFunction: The stage cost is formulated as x'Qx +u'Ru, where the weighting
matrices Q and R are tuned on historical data. The weighting matrices are set to
Q=diag(qq, ..., qn), with gq; =10and q; =1for alli>2, and R = 0.1, following
the tuning convention in [30] and further validated on a held-out subset of his-
torical load profiles;

e  Solver and Implementation: The optimization problem is solved using a com-
mercial mixed-integer solver. For open-source alternatives, the Bonmin solver is
used for mixed-integer nonlinear relaxations. A warm-start strategy from the
previous horizon’s solution is employed to accelerate convergence

e  Prediction Model: The MPC uses a deterministic forecast of load and renewable
power generation. Forecast errors are modeled using Gaussian noise with stand-
ard deviation 0fyyecqse = 0.05.

2. Myopic Policy: A simple, rule-based policy that commits a power generator only
when the net load (load minus renewables) exceeds its minimum power threshold.

PINN-based Policy Implementation: The PINN is trained following the methodology
and hyperparameters detailed in Section 4.1 and Table 2. To recover the optimal control
from the learned value function V?(X), a pointwise minimization of the Hamiltonian is
performed. This non-convex optimization is solved using a hybrid approach: a coarse
global grid search is first applied, followed by local refinement using the L-BFGS-B limited
memory algorithm to ensure accuracy and handle the non-convexity effectively.

5.2.3. Smart Grid Results

The performance of the proposed PINN-Sparse policy is quantitatively evaluated
against the benchmarks over a simulated year, with results aggregated across 10 inde-
pendent training runs and stochastic demand realizations. The key annualized metrics,
reported as mean + standard deviation, are summarized in Table 5.
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Table 5. Annualized Performance Metrics for a 5-Generator System (Mean + S.D.).

Total Cost  Statistical Signifi- Number of Statistical Signifi- Offline Train- Online Time

Poli
oney (M$) cance Startups cance ing per Step
Myopic 1052+3.1 580 + 32 - <ls
Economic MPC 965420 5 PINN-Sparsep=" o5 Vs PINN-Sparse: p < - ~1800 + 120s
0.02 0.01
PINN-
NN-Sparse gy 5413 315+ 18 1623h  ~52:06s

(Ours)

Note: The MPC’s online solving time (~30 min per step) is acceptable for an hourly dispatch cycle,
while the PINN policy (~5 s) offers additional flexibility for shorter scheduling intervals.

Cost and Sparsity: The PINN-Sparse policy achieves a mean annual cost of $92.8 +
1.3 M, which is significantly lower than both the Economic MPC ($96.5 + 2.0 M, p=0.02)
and the Myopic policy ($105.2 + 3.1 M, p <0.001). This corresponds to a mean cost reduc-
tion of 3.8% % 0.8% compared to MPC and 11.8% =+ 1.4% compared to the Myopic pol-
icy. Furthermore, our policy induces substantially sparser actuation, evidenced by a 25%
reduction in power generator startups (315 + 18 vs.420 £ 25 for MPC, p <0.01), directly
translating to lower maintenance costs and reduced degradation due to wear-and-tear.

Bang-Off-Bang Structure: The cost reduction and fewer startups are associated with
a fundamentally different actuation pattern. Figure 8 provides an illustrative comparison
of the characteristic actuation patterns induced by the PINN-Sparse framework and Eco-
nomic MPC. Unlike the continuously varying adjustments produced by Economic MPC,
the sparse control policy exhibits a near bang—off-bang sparse switching profile: the gen-
erator operates either near maximum output (1 p.u.) or remains shut down (0 p.u.), with
very few intermediate operating levels. This characteristic binary pattern is consistent
with the quasi-threshold sparse structure predicted by Proposition 1, suggesting that spar-
sity regularization within the ergodic control framework is compatible with threshold-
based switching behavior.

Computational Efficiency and Handling Uncertainty: It is important to distinguish
between offline training and online execution costs. The PINN-Sparse policy requires a
one-time offline training cost (1.6-2.3 h per task), but once trained, it enables fast online
decision-making (~5.2 + 0.6 s per step). Economic MPC solves a mixed-integer optimiza-
tion problem at each decision step, requiring approximately 1800 + 120 s per update. For
hourly dispatch settings, this computation time remains operationally feasible; however,
the lower online latency of the PINN policy may provide additional flexibility for shorter
scheduling intervals or more frequent re-optimization. Moreover, because the PINN pol-
icy is trained using the ergodic HJB formulation, it incorporates long-run statistics of sto-
chastic demand and renewable generation. The resulting policy achieves lower opera-
tional cost and fewer generator startups than the deterministic MPC baseline under the
experimental settings considered in Table 5.
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Figure 8. [llustrative comparison of actuation patterns under sparse and continuous control policies.
The top panel shows the characteristic bang—off-bang switching profile of the PINN-Sparse frame-
work, while the bottom panel shows the continuously varying profile of Economic MPC. The ob-
served near-binary switching pattern is qualitatively consistent with the quasi-threshold sparse

structure suggested by Proposition 1.

These results indicate that the ergodic HJB formulation, solved via the PINN-based
approach, yields policies that reduce annual cost by 3.8% and startup frequency by 25%
relative to economic MPC, with online computation reduced from ~1800 s to ~5.2 s per
step.

5.2.4. High-Dimensional Stress Test

To partially validate the scalability claim, we construct a 15-dimensional synthetic
benchmark: dX, = —0.5X,dt + u.dt + (0.11 + 0.2 diag(u,))dW,, with f,(x) = lIx|?, u, €
[—1,1]*%, and & = 0.01. The linear-quadratic structure admits a semi-analytical reference
solution (quadratic V from a modified algebraic Riccati equation), enabling direct error
assessment. The PINN solver trained per Section 4.1 achieves a relative error in A" of
2.41% + 0.38% and a PDE residual of 8.7 x 1073 (both within acceptable bounds), with
training time 9.3 + 1.1 h, compared to 2.1 + 0.2 h at 7 dimensions. The increasing error
with dimension is consistent with known spectral bias limitations of PINNs. These results
support the approximate 20-dimension practical limit stated in Section 1.3; rigorous error
bounds for general nonlinear systems at higher dimensions remain an open problem.

5.3. Ablations and Sensitivity Analyses

To rigorously demonstrate the robustness of our framework and isolate the individ-
ual contributions of its key components, we conducted the following ablation studies.

(A) Effect of smoothing parameter ¢

The PINN architecture and training hyperparameters are constant while the smooth-
ing parameter is systematically varied with ¢ € {0.05, 0.02, 0.01, 0.005}. For each value,
we performed 10 independent training runs with different random seeds and obtain the
resulting sparsity ratio and final PDE residual. The results are summarized in Table 6, and
they indicate a clear trade-off controlled by «.
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Table 6. Effect of the smoothing parameter & on performance (Mean + S.D.).

€ Sparsity (%) Relative Average Cost PDE Residual (Mean)
0.05 62.1 + 45 1.00 (baseline) 32 x 103
0.02 749 + 3.1 0.94 2.7 x 10
0.01 847 + 23 0.89 24 x 10
0.005 924 + 1.2 0.88 35 x 10

As ¢ decreases, the smooth penalty closely approximates the true [, norm, leading
to a sharp increase in the sparsity ratio. However, for extremely small values (e.g., ¢ =
0.005), the optimization landscape becomes ill-conditioned, causing a slight rebound in
the PDE residual. Based on these results, we recommend ¢ =0.01 as it provides an excel-
lent trade-off, achieving high sparsity (84.7%) while maintaining a low solution error. The
ablation over ¢ in Table 6 is consistent with the O (¢) error bound of Theorem 2: smaller
€ yields sparsity closer to f,-optimal at the cost of harder optimization.

(B) Ablation on Adaptive Sampling Strategy

Protocol: We compared the adaptive residual-based sampling strategy described in
Section 4.1 against a uniform Latin Hypercube sampling baseline. All other hyperparam-
eters and the network architecture were kept identical across 10 runs for each sampling
method.

Metrics and Findings: The adaptive sampling strategy reduced the number of re-
quired training iterations by approximately 30% to reach the same PDE residual thresh-
old. Furthermore, it yielded better generalization, with a final held-out validation residual
that was on average 15% lower than that achieved with uniform sampling. This confirms
the efficacy of adaptive computational resources focus on high-error regions of the state
space.

(C) Network Capacity Ablation

Protocol: We evaluated the impact of network capacity by testing feed-forward ar-
chitectures with varying number of neurons {64, 128, 256} per layer for a fixed depth of 7
hidden layers. Each configuration was trained and evaluated on the smart grid scheduling
task.

Results and Interpretation: The results showed clear improvements in both the PDE
residual and policy performance when increasing the number of neurons per layer from
64 to 128. However, further increasing it to 256 yielded only marginal gains while signifi-
cantly increasing the computational cost per iteration. This demonstrates diminishing re-
turns beyond a certain threshold. Consequently, we selected 128 neurons per layer as our
efficient baseline for all main experiments, providing a strong balance between expres-
siveness and computational efficiency.

(D) Necessity of Control-Dependent Diffusion Modeling

To quantify the contribution of explicitly modeling o (x, 1), we compare the full

1

model against a reduced model with control-independent diffusion & (x) := o

[ y 0 (x,u)du (approximated by averaging over a uniform grid on U), trained under other-

wise identical conditions. Results across 10 runs are summarized in Table 7.

Table 7. Control-dependent vs. control-independent diffusion (mean + s.d., 10 runs).

Metric Control-Dependent Control-Independent p-Value
Swarm: Sparsity Ratio (%) 84.7+23 79.2+3.8 0.003
Swarm: Formation Error 1.05 £+ 0.08 1.194+0.14 0.01
Grid: Annual Cost (M$) 928+1.3 951+21 0.01
Grid: Startups 315+ 18 358 + 29 <0.01
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The full model outperforms the reduced model across all metrics. The sparsity gap
arises because ignoring control-dependent noise causes the solver to underestimate noise
amplification at high control magnitudes, resulting in a less aggressive threshold-based
suppression. These results confirm the necessity of the control-dependent diffusion mod-
eling.

These ablation studies collectively validate the design choices in our computational
framework. The sensitivity analysis of ¢ confirms the critical role of the smoothing pa-
rameter in balancing sparsity and numerical stability, while the other experiments under-
score the importance of the adaptive sampling strategy and a sufficiently expressive net-
work architecture for achieving accurate and efficient solutions.

5.4. Findings Depicted by Figures, Residuals and Convergence Curves

This section presents three diagnostic analyses of the PINN solver’s convergence be-
havior and approximation quality across 10 independent runs.

Figure 9 illustrates the training dynamics of our PINN solver across 10 independent
runs with different random seeds. The semi-log plot tracks the PDE residual against train-
ing iterations, demonstrating robust convergence behavior with consistently low variance
across seeds. The residual exhibits an initial rapid decrease followed by stable conver-
gence, typically reaching values below 1072 within 20,000 iterations. This consistent pat-
tern across all random seeds confirms the reliability of our training methodology and the
stability of the PINN-based value function approximation.

Figure 10 presents a residual heatmap projected onto a representative 2D slice of the
high-dimensional state space for the smart grid scheduling problem. The visualization
reveals systematic patterns in approximation quality, with elevated residuals primarily
concentrated near state-space boundaries and in regions exhibiting strong non-linearities
in the value function. These identified high-error regions correspond to operational ex-
tremes where power generator commitment decisions undergo rapid transitions. These
high-residual regions are candidates for further refinement via state-dependent adaptive
sampling.

Figure 11 provides a comprehensive comparison of sparsity ratio distributions across
all evaluated methods across both application domains. The boxplot visualization, sup-
ported by the statistical summary in Table 8, demonstrates that our proposed method
consistently achieves substantially higher sparsity ratios while maintaining the perfor-
mance advantages established in previous sections. Aggregating results from both the
swarm-robot and smart-grid experiments, our method achieves a mean sparsity ratio of
84.93% % 2.27% across 30 independent runs. In comparison, the heuristic and LQR base-
lines are evaluated on the swarm-robot tasks only (20 runs each), while the MPC baseline
is evaluated on the smart-grid tasks only (10 runs). The tight distribution observed for our
method (interquartile range: 83.27% to 86.16%) further underscores the robustness and
consistency of the learned sparse control policies.

Table 8. Statistical Summary of Sparsity Ratios Across Methods (%).

Method Count Mean Std Min 25% 50% 75% Max
Our Method 30 84933 2267 81.174 83.272 84.618 86.163 90.546

Heuristic 20 60.859 7.831 41571 56.578 61.101 65.596 75.556
LQR 20 0.201  0.122 0 0.112 0.203 0299 0434
MPC 10 36.337 8992  19.799 29247 37.821 42.661 51.691
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The visualization corresponds to a two-dimensional slice of the state space, obtained
by fixing all other state variables at their nominal values.
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While the primary performance metrics in Sections 5.1 and 5.2 are each based on 10
independent runs per experimental setting, Table 8 aggregates sparsity statistics across
both application domains to provide a broader characterization of sparsity behavior. Spe-
cifically, the swarm-robot experiments contribute 20 runs for the methods evaluated in
that domain (Our Method, Heuristic, and LQR), while the smart-grid experiments con-
tribute 10 runs for the methods evaluated in that domain (Our Method and MPC). Conse-
quently, the total number of runs differs across methods depending on their applicable
experimental settings.

The three analyses confirm: (i) consistent convergence to PDE residual below 1072
within 20,000 iterations across all seeds; (ii) residual concentration near state-space bound-
aries, consistent with the quasi-threshold switching predicted by Proposition 1; and (iii)
sparsity ratio of 84.93% =+ 2.27% across 30 runs, with IQR 83.27-86.16%.

5.5. Discussion and Comparative Analysis
5.5.1. Interpretation of Experimental Results

The experimental results across multi-robot navigation and smart-grid scheduling
are summarized in Tables 3-5. This section discusses their implications for the theoretical
results of Sections 3 and 4.

1.  Quasi-Threshold Structure Across Domains. The quasi-threshold and bang-off-bang
actuation patterns observed in both applications are consistent with Proposition 1,
which predicts that sparsity arises from a switching condition on the generalized
switching function g;(x) rather than from application-specific tuning. In the swarm
experiments, this manifests as temporally intermittent actuation bursts; in the smart-
grid experiments, as consolidated generator startup decisions. The fact that both ex-
hibit near-binary on/off profiles with similar sparsity levels (~85% and 36% respec-

https://doi.org/10.3390/electronics15143073


https://doi.org/10.3390/electronics15143073

Electronics 2026, 15, 3073

33 of 37

tively) is in quantitative agreement with the theoretical threshold scaling 7;(¢) =
O(a;/¢e) derived in Proposition 1(ii);

2. Computational Cost vs. Operational Performance. The PINN-based approach incurs
a one-time offline training cost (1.6-2.3 h) but achieves 3.8% lower annual operational
cost and 25% fewer generator startups than economic MPC, while reducing online
decision time from ~1800 s to ~5.2 s per step (~340x speedup). The LOR baseline is
computationally lighter but produces near-zero sparsity (0.2%), confirming that er-
godic cost minimization under sparsity penalty induces qualitatively different poli-
cies from L2-regularized control;

3. Limitations and Boundary Conditions. The diagnostic analyses in Section 5.4 also re-
veal limitations in our approach. The residual heatmap indicates that approximation
quality degrades in under-sampled regions of the state space, highlighting a depend-
ency on the sampling strategy. Furthermore, while our distributed algorithm proved
robust in our autonomous robots swarm experiments, its performance in systems
with severe communication delays or packet loss remains an open question. These
observations naturally lead to recommended future work outlined in Section 6;

4.  Sparsity-Performance Trade-off in Multi-Agent Systems. The distributed scheme
achieves approximately 85% actuation sparsity together with a substantial reduction
in communication load while maintaining formation accuracy close to that of the
LOR baseline under the stated weak-coupling conditions. These observations are
consistent with the quasi-threshold sparse structure analyzed in Proposition 1 and
with the perturbation-based convergence interpretation discussed in Proposition 2.

Taken together, the results provide empirical support for the quasi-threshold sparse
structure established in Proposition 1 and for the localized approximation behavior pre-
dicted by Theorem 2. Across both robotic and smart-grid settings, the observed sparsity—
performance trade-off is consistent with the theoretical analysis developed for the control-
dependent diffusion setting.

5.5.2. Self-Consistency of the PINN Solver

For the high-dimensional ergodic HJB equations considered in Sections 5.1 and 5.2
(state dimensions up to 7 in the smart-grid example and up to 4 per robot in the distrib-
uted swarm), a grid-based reference solution is computationally infeasible. To further as-
sess the reliability of the PINN-based solver, we examine its stability across the 10 inde-
pendent training runs (random seeds as listed in Table 2).

Repeatability of 1*: The standard deviation of the estimated optimal average cost A
across the 10 runs is 0.73% + 0.12% of the mean value in both applications, indicating that
the training process does not produce widely varying solutions.

Stability of Vy: On a held-out validation set of 10* states (sampled from the domain
but not used during training), the pointwise standard deviation of the normalized value
functions Vy(x) is 1.8% = 0.3% of the mean value in regions where the invariant measure
is significant.

Consistency of the extracted control: At each validation state, the control u*(x) ob-
tained by minimizing the Hamiltonian using the learned Vj varies across runs by 0.015 *
0.004 (in Euclidean norm) whenever the mean optimal control magnitude exceeds 0.05.

Residual on test set: The PDE residual (28) evaluated on the test set remains 2.6 x
107* + 0.4 x 1072 in all runs, comparable to the training residual, showing no severe
overfitting.

These self-consistency results suggest that the PINN solver produces reproducible
and stable approximations for the problems studied. A rigorous convergence proof for
PINNSs applied to ergodic HJB equations with control-dependent diffusion remains an
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open direction; here we rely on empirical consistency to support the validity of the com-
puted policies.

6. Limitations and Future Research Directions

While this paper establishes well-posedness of the sparse ergodic HJB equation un-
der control-dependent diffusion, localized O (¢) approximation error bounds, and a quasi-
threshold sparse policy characterization for non-affine systems, several limitations and
open questions remain. A primary limitation lies in the inherent trade-off introduced by
our smooth approximation framework. The use of functions like the exponential smoother
ensures differentiability and facilitates gradient-based optimization, but it inevitably blurs
the exact sparsity structure of the true ¢, penalty. Although we provided theoretical er-
ror bounds, in practice, the choice of the smoothing parameter & can be critical. Too large
a value may fail to induce sufficient sparsity, while too small a value could lead to ill-
conditioned numerical scenarios. Furthermore, while the smooth sparsity approximation
¢, provides a differentiable surrogate for the £, penalty, the resulting optimization
problem remains nonconvex. Consequently, the computed solution may correspond to a
local stationary point rather than a globally optimal solution of the original £,-penalized
ergodic control problem. Establishing conditions under which the smooth relaxation re-
covers globally optimal sparse solutions remains an open problem and is left for future
investigation.

Our theoretical guarantees rely on Assumptions 1-4. In particular, Assumption 2 re-
quires a known Foster-Lyapunov function, which is a standard condition in ergodic con-
trol theory but is generally non-constructive, restricting applicability to systems where
such a function can be explicitly identified. Computationally, the PINN solver scales more
favorably than grid-based methods but becomes less reliable beyond approximately 20
state dimensions, due to spectral bias, optimizer sensitivity, and difficulty in approximat-
ing the Hamiltonian minimizer over large domains. While our distributed algorithm
demonstrates robustness to moderate communication imperfections (Section 5.1.3), its
performance under severe network partitions or sophisticated adversarial attacks requires
further investigation. The current trust-based mitigation provides basic protection but
may be insufficient against coordinated attacks.

These limitations suggest four directions for future work. First, state-dependent or
dynamically adjusted e could sharpen sparsity approximation near convergence without
the ill-conditioning that arises at fixed small €. Second, learned Lyapunov functions inte-
grated directly into PINN training could reduce reliance on an a priori Foster—Lyapunov
function, making the stability verification more constructive. Third, hybrid methods com-
bining the smooth policy gradient with mixed-integer programming for discrete on/off
decisions could close the gap between O (&) approximation and exact 10 sparsity. Fourth,
extending the distributed monotone scheme to handle secure consensus under adversarial
communication would address the robustness gap identified in Section 5.1.3.

7. Conclusions

This paper analyzed sparse ergodic control of stochastic systems with control-de-
pendent diffusion over an infinite horizon. The central technical difficulty is that allowing
the diffusion coefficient to depend on the control makes the ergodic Hamiltonian non-
separable through the second-order diffusion term tr [a (x,u)V?V], so standard control-
affine arguments no longer apply directly. Under modified Foster-Lyapunov stability and
comparison-principle assumptions, we established the existence and uniqueness of the
ergodic pair within a viscosity-solution framework. Furthermore, we analyzed smooth
non-convex approximations of the £, sparsity penalty and proved localized approxima-
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tion error bounds for the corresponding ergodic value functions. The analysis also char-
acterized a quasi-threshold sparse structure of optimal stationary policies in non-affine
stochastic systems.

To improve the computational tractability of high-dimensional ergodic H]JB equa-
tions, we developed two numerical approaches. The PINN-based solver offers a practical
alternative to grid-based methods for problems of moderate dimension, with numerical
validation provided up to 15 state dimensions and an estimated practical limit of approx-
imately 20 dimensions on current GPU hardware. For multi-agent systems, the distributed
monotone-inspired algorithm supports coordinated sparse control in weakly coupled set-
tings while preserving the sparsity-promoting properties derived in the theoretical anal-
ysis. Numerical experiments in autonomous multi-robot swarm navigation and renewa-
ble-integrated smart-grid scheduling empirically demonstrated improvements in spar-
sity, communication efficiency, and operational cost. The results further showed that com-
petitive long-run control performance can be maintained with substantially reduced con-
trol actuation.

In summary, this work extends sparse ergodic control theory to stochastic systems
with control-dependent diffusion and non-affine dynamics by combining viscosity-solu-
tion analysis, smooth sparsity approximation, and learning-based computation. The the-
oretical results establish well-posedness of the associated ergodic H]JB equation together
with localized O (g) approximation bounds and quasi-threshold sparse policy structures.
The PINN-based solver and distributed monotone-inspired scheme further provide scal-
able numerical approximations for higher-dimensional and weakly coupled multi-agent
settings. Future work will investigate adaptive smoothing strategies, stronger conver-
gence guarantees for the distributed monotone scheme under adversarial communication,
and extension to systems where the Foster-Lyapunov function must be learned jointly
with the value function.

Supplementary Materials: The following supporting information can be downloaded at:
https://www.mdpi.com/article/10.3390/electronics15143073/s1, Supplementary Material S1: Proof
Outline of Theorem 1; S2: Proof Sketch of Theorem 2; S3: Proof Sketch of Proposition 1; S4: Proof of

Proposition 2

Author Contributions: Conceptualization, Z.X. and J.L.; methodology, Z.X.; software, J.L.; valida-
tion, M.C.A. and ].L.; formal analysis, Z.L.; investigation, J.L.; resources, Z.X.; data curation, Z.X,;
writing —original draft preparation, Z.X.; writing —review and editing, J.L.; visualization, K.W.N,;
supervision, A.-L.K.; project administration, Z.X.; funding acquisition, Z.X. All authors have read

and agreed to the published version of the manuscript.

Funding: This research was funded by National Natural Science Foundation of China (NSFC) grant
number 12061048

Data Availability Statement: The datasets used during the current study are available from the

corresponding author upon reasonable request.

Conflicts of Interest: The authors declare no conflicts of interest.

1. Chen, Z; Qian, Z,; Jin, C.; Yang, T. Research progress on control algorithms for grain combine harvesters. Appl. Sci. 2025, 15,
9176. https://doi.org/10.3390/app15169176.

2. Tang, K.H.; Ghanem, M.C.; Gasiorowski, P.; Vassilev, V.; Ouazzane, K. Synchronisation, optimisation and adaptation of ma-

chine learning techniques for computer vision in cyber-physical systems: A comprehensive analysis. IET Cyber-Phys. Syst. Theory
Appl. 2025, 10, €70031. https://doi.org/10.1049/cps2.70031.

https://doi.org/10.3390/electronics15143073


https://doi.org/10.3390/electronics15143073

Electronics 2026, 15, 3073 36 of 37

10.

11.

12.

13.

14.

15.

16.

17.

18.
19.

20.

21.

22.

23.

24.

25.

26.

27.

Zeng, Y.; Liao, B.; Li, Z.; Hua, C; Li, S. A comprehensive review of recent advances on intelligence algorithms and information
engineering applications. IEEE Access 2024, 12, 135886-135912. https://doi.org/10.1109/ACCESS.2024.3461756.

Ballotta, L.; Joseph, G.; Thete, L.R. Pointwise-sparse actuator scheduling for linear systems with controllability guarantee. IEEE
Control Syst. Lett. 2024, 8, 2361-2366. https://doi.org/10.1109/LCSYS.2024.3475886.

Ding, D.; Han, Q.L.; Wang, Z; Ge, X. A survey on model-based distributed control and filtering for industrial cyber-physical
systems. IEEE Trans. Ind. Inform. 2019, 15, 2483-2499. https://doi.org/10.1109/TI1.2019.2905295.

Joseph, G. Sparse actuator control of discrete-time linear dynamical systems. Found. Trends Syst. Control 2024, 11, 186-284.
https://doi.org/10.1561/2600000033.

Fan, Y.; Pei, Z.; Wang, C.; Li, M,; Tang, Z; Liu, Q. A review of quadruped robots: Structure, control, and autonomous motion.
Adv. Intell. Syst. 2024, 6, 2300783. https://doi.org/10.1002/aisy.202300783.

Zhu, L.; Ma, W.; Mei, W.; Zeng, Y.; Wu, Q.; Ning, B.; Zhang, R. A tutorial on movable antennas for wireless networks. IEEE
Commun. Surv. Tutor. 2025, 28, 3002-3054. https://doi.org/10.1109/COMST.2025.3546373.

Goémez, A.; He, Z.; Pang, ].-S. Linear-step solvability of some folded concave and singly-parametric sparse optimization prob-
lems. Math. Program. 2023, 198, 1339-1380. https://doi.org/10.1007/s10107-021-01766-4.

Hu, J.; Shan, Y.; Cheng, K.W; Islam, S. Overview of power converter control in microgrids —Challenges, advances, and future
trends. IEEE Trans. Power Electron. 2022, 37, 9907-9922. https://doi.org/10.1109/TPEL.2022.3159828.

Kim, J.S.; Kim, Y.J. Sparse data-driven modeling and optimal DC voltage control of MTDC system. IEEE Trans. Sustain. Energy
2025, 16, 2344-2357. https://doi.org/10.1109/TSTE.2025.3551302.

Piramoon, S.; Ayoubi, M.A.; Bashash, S. Modeling and vibration suppression of rotating machines using the sparse identifica-
tion of nonlinear dynamics and terminal sliding mode control. IEEE Access 2024, 12, 119272-119291. https://doi.org/10.1109/AC-
CESS.2024.3449913.

Weston, J.; Toli¢, D.; Palunko, I. Application of Hamilton-Jacobi-Bellman equation/Pontryagin’s principle for constrained opti-
mal control. J. Optim. Theory Appl. 2024, 200, 437-462. https://doi.org/10.1007/s10957-023-02364-4.

Hexner, G. Sum of squares polynomial approximate dynamic programming for the ergodic problem. IEEE Trans. Autom. Control
2025, 70, 6253-6259. https://doi.org/10.1109/TAC.2025.3559462.

Ito, K.; Ikeda, T.; Kashima, K. Sparse optimal stochastic control. Automatica 2021, 125, 109438. https://doi.org/10.1016/j.automat-
ica.2020.109438.

Kouhkouh, H. A viscous ergodic problem with unbounded and measurable ingredients, part 1: HJB equation. SIAM ]. Control
Optim. 2024, 62, 415-440. https://doi.org/10.1137/22M1478069.

Meyn, S.P.; Tweedie, R.L. Stability of markovian processes iii: Foster-lyapunov criteria for continuous-time processes. Adv.
Appl. Probab. 1993, 25, 518-548. https://doi.org/10.2307/1427522.

Yong, J.; Zhou, X.Y. Stochastic Controls: Hamiltonian Systems and HJB Equations; Springer: New York, NY, USA, 1999.

Barles, G.; Souganidis, P.E. Convergence of approximation schemes for fully nonlinear second order equations. Asymptot. Anal.
1991, 4, 271-283. https://doi.org/10.3233/ASY-1991-4305.

Fleming, W.H.; Soner, H.M. Viscosity solutions. In Controlled Markov Processes and Viscosity Solutions; Springer: New York, NY,
USA, 2006; pp. 57-117.

Prieto-Rumeau, T.; Hernandez-Lerma, O. The vanishing discount approach to constrained continuous-time controlled Markov
chains. Syst. Control Lett. 2010, 59, 504-509. https://doi.org/10.1016/j.sysconle.2010.06.012.

Combettes, P.L.; Pesquet, J.-C. Proximal splitting methods in signal processing. In Fixed-Point Algorithms for Inverse Problems in
Science and Engineering; Springer: New York, NY, USA, 2011; pp. 185-212.

Rakotomamonyjy, A.; Flamary, R.; Gasso, G.; Canu, S. £p—{q penalty for sparse linear and sparse multiple kernel multitask learn-
ing. IEEE Trans. Neural Netw. 2011, 22, 1307-1320. https://doi.org/10.1109/TNN.2011.2157521.

Huang, B.; Wang, J. Applications of physics-informed neural networks in power systems— A review. IEEE Trans. Power Syst.
2023, 38, 572-588. https://doi.org/10.1109/TPWRS.2022.3162473.

Kannan, A.; Shanbhag, U.V. Distributed computation of equilibria in monotone Nash games via iterative regularization tech-
niques. SIAM J. Optim. 2012, 22, 1177-1205. https://doi.org/10.1137/110825352.

Michael, N.; Zavlanos, M.M.; Kumar, V.; Pappas, G.J. Distributed multi-robot task assignment and formation control. In Pro-
ceedings of the 2008 IEEE International Conference on Robotics and Automation, Pasadena, CA, USA, 19-23 May 2008.
Olfati-Saber, R. Flocking for multi-agent dynamic systems: Algorithms and theory. IEEE Trans. Autom. Control 2006, 51, 401-
420. https://doi.org/10.1109/TAC.2005.864190.

https://doi.org/10.3390/electronics15143073


https://doi.org/10.3390/electronics15143073

Electronics 2026, 15, 3073 37 of 37

28.

29.

30.

Matni, N.; Chandrasekaran, V. Regularization for design. IEEE Trans. Autom. Control 2016, 61, 3991-4006.
https://doi.org/10.1109/TAC.2016.2517570.

Phuangpornpitak, N.; Tia, S. Opportunities and challenges of integrating renewable energy in smart grid system. Energy Proce-
dia 2013, 34, 282-290. https://doi.org/10.1016/j.egypro.2013.06.756.

Ellis, M.; Durand, H.; Christofides, P.D. A tutorial review of economic model predictive control methods. . Process Control 2014,
24, 1156-1178. https://doi.org/10.1016/j.jprocont.2014.03.010.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual au-

thor(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/electronics15143073


https://doi.org/10.3390/electronics15143073


  tr    [ a    ( x ,   u )  ∇ 2 V ]


   ℓ 0


   ℓ 0


   ℓ 0


   ℓ 1


   ℓ 0


   ℓ 0


   ℓ 0 /  ℓ 1


  tr    [ a    ( x ,   u )  ∇ 2 V ]


  𝜎


    𝜆 ∗


   ℓ 0


  𝜀


  𝜆


   max  i ,   j  |   𝛾  i j | ≤  γ - <     c 1  2   L  V


  𝜌 = O


    𝛾 -    Λ max ( 𝒢 ) + ( 1 − 𝛿 ) ∆ t


    X  t


   ℝ  n


    u  t


  U


   ℝ  m


  U


   ℝ  m


   inf  u ∈ U  { ∙ }


    u  t  i


    U  i


   ℝ    m  i


    u  i


    U  i


   ℝ    m  i


   ℝ  n


  ×


  U


   ℝ  n


   ℝ  n


  ×


  U


   ℝ  n × n


  a  ( x ,   u )


   ℝ  n × n


  a  ( x ,   u )


  𝜎  ( x ,   u )   𝜎  ( x ,   u ) ⊺


   ℒ  u


    f 0  ( x )


   ℝ  n


  ∞


    𝜙  𝜀  ( u )


  ∞


    𝜙 0 ( u )


  ∞


   ℓ 0


    𝜆 ∗


  ℝ


   ℝ  n


  ℝ


    𝒰  a d


  Ω


  ℱ


  𝕡


     {  ℱ  t }  t ≥ 0


    W  t


  d   X  t


    X  t


    u  t


  𝜎


    X  t


    u  t


    W  t


    X  t ∈  ℝ  n


    X 0 = x ∈  ℝ  n


    u  t ∈ U ⊂  ℝ  m


   Π  i = 1  m


    u  i  m a x


    u  i  m a x


   ℝ  n


  × U


  →    ℝ  n


  𝜎


   ℝ  n


  × U


  →    ℝ  n × n


    u  t


  ∶ =


  𝜎


    𝜎  ( x ,   u ) ⊺


  ≿   𝜂 I


  𝜂


  ≿   0


  u =    {   u  t }  t ≥ 0


    { ℱ  t }


    u  t ∈ U


  ≥


    𝒰  a d


  ∶ =


    lim ⁡ sup  T → ∞    1  T   𝔼  x  [   ∫ 0  T   (   f 0  (   X  t ) +   𝜙  𝜀  (   u  t ) ) d t ]


    f 0


   ℝ  n


  →


  ∞ )


    𝜙  𝜀


  U


  →


  ∞ )


  𝜀


   ℓ 0


    𝜙 0  ( u )


    ∑  i = 1  m    a  i   𝟏  {   u  i ≠ 0 }


    𝜙  𝜀


    ∑  i = 1  m    a  i


  −     e  −  |   u  i | / 𝜀


   ℓ 0


   ℓ 1


   ℓ 0


   ℓ 1


   ℓ 0


    C ∞


    C 0


  ±


  𝜀


    C 1


   ℓ 0


  𝜀


  ↓


    𝜙  𝜀


  ↑


  𝜙


  ∈


  𝜀


  𝜀


  𝜀


    𝜆 ∗ ∶ =


     inf  u ∈   𝒰  a d ⁡  J ( u )  


    𝒰  a d


  𝜎


  u ∈ U


  ∙


  𝜎


  ∙


  x ∈  ℝ  n


  ∙


  𝜎


  ∙


    L  L i p


  ∈  ℝ  n


    ∈


   | b  ( x ,   u ) − b ( y ,   u ) |


   | 𝜎  ( x ,   u ) − 𝜎 ( y ,   u ) | ≤


    L  L i p  | x − y |


    L  g


  ∈


   ℝ  n


  ∈


   | b  ( x ,   u ) |


   | 𝜎  ( x ,   u ) | ≤   L  g


   | x |


  𝒱 ∈   C 2


   ℝ  n


  𝒱


    c 0 ∈ ℝ


    c 1


    c 2


    c 3


  ≥


  ⊂


   ℝ  n


  ∉


     sup  u ∈ U ⁡   ℒ  u   𝒱  ( x ) ≤   c 0 −   c 1 𝒱  ( x )


    c 0 ∈


  ℝ


  𝒱  ( x ) ≥ 1 +     c 2    | x |  p


   | ∇ 𝒱  ( x ) |


   |  ∇ 2 𝒱  ( x ) | ≤   c 3 ( 1 + 𝒱  ( x ) )


    H  𝜀  ( x , p , X )


   ( x , p , X )


    ( x ,   u ) ⊤


  𝜂


  𝜂 >   0


    H  𝜀  ( x , p , 0 )


  ≥


    v 1  | p | −   v 2  ( 1 +    | x |  q )


    v 1


  >


    v 2


  ≥ 0


    𝜆 ∗


    u ∗


  ∈


    U  a d


    𝜆 ∗   ∶ =    inf  u ∈   𝒰  a d ⁡  J  ( u )


    𝜆 ∗


    u ∗


   ℝ  n


    𝜙  𝜀


   ℓ 0


     inf  u ∈ U ⁡   {  ℒ  u V  ( x ) +   f 0  ( x ) +   𝜙  𝜀  ( u ) } = 0


  x ∈  ℝ  n


   ℒ  u


   ℒ  u 𝜓  ( x ) = b  ( x , u ) ∙ ∇ 𝜓  ( x ) +  1 2


   ∇ 2 𝜓  ( x )


    𝜎


    𝜎 ( x ,   u ) ⊺


  𝒂  ( x , u )


  u


    H  𝜀  ( x , p , X ) =    inf  u ∈ U ⁡   { b  ( x , u ) ⋅ p +  1 2 t r  [ a  ( x , u ) X ] +   f 0  ( x ) +   𝜙  𝜀  ( u ) }


   1 2 t r  [ a  ( x , u ) X ]


  u


  X =  ∇ 2 V


     sup  u ∈ U ⁡   ℒ  𝓊 𝒱  ( x ) ≤   c 0 −   c 1 𝒱  ( x )


  σ  ( x , u )


  u


    𝜆 ∗


  ∈ ℝ


  ∈


   ℝ  n


   | V  ( x ) |


  ≤


     ( 1 +    | x |  m )


    𝜆 ∗


    𝜆 ∗ =  lim  𝛼 ↓ 0 𝛼   V  𝛼  (   x ref ) ,   V  ( x ) =  lim  𝛼 ↓ 0  (   V  𝛼  ( x ) −   V  𝛼  (   x ref ) )


    V  𝛼


  𝛼


    𝜆 ∗


    u ∗


   ℝ  n → U


    𝜋 ∗


    u ∗


  α >   0


  u ↦ a  ( x , u )


  u ↦ b  ( x , u )


  U


   ( x , p , X )


  u


  tr  [ a  ( x , u ) X ]


     sup  u ∈ U ⁡   ℒ  𝓊 𝒱  ( x ) ≤   c 0 −   c 1 𝒱  ( x )


  α ↓ 0


   ( λ ,   V )


  λ


  V


  u


  tr  [ a  ( x , u ) X ]


  a  ( x , u )


  u


  a  ( x , u )


  σ  ( x , u )


     sup  u ∈ U ⁡  | a  ( x , u )  |  op ≤   C  a  ( 1 +    | x | 2 )


    C  a


  u


     sup  u ∈ U ⁡   ℒ  𝓊 𝒱  ( x )


  u


   ∇ 2 V


  a  ( x , u )


    u


  𝒱


    c 0


    c 1


   ℓ 0


    𝜙  𝜀


    𝜆  𝜀


    V  𝜀


   ℓ 0


    𝜆 0


    V 0


  𝜀 → 0


    𝜆 0


  𝜀


    x  r e f


    V  𝜀 ( ∙ )


    V 0 ( ∙ )


  𝜀


  K ⊂   R  n


    C  K > 0


  K


  𝜀


     ‖   V  𝜀 −   V 0 ‖    L ∞  ( K ) ≤   C  K ⋅ 𝜀


  𝜀


    C  K


  K


  U


  {   a  i }


   (   c 0 ,   c 1 )


  𝜀


    𝜙  𝜀


  𝜀


    𝜙 0   a s   𝜀


    H  𝜀


    𝜆  𝜀


    V  𝜀


  𝜀


   ℓ 0


    𝜙  𝜀


   ℓ 0


  x ∈  ℝ  n


  b  ( x , u )


  𝜎  ( x , u )


  b  ( x , u ) =   b 0  ( x ) + B ( x )


    r  b  ( x , u )


  𝜎  ( x , u )


    𝜎 0  ( x )


  S ( x )


    r  𝜎  ( x , u )


    r  b  ( x , u )


    r  𝜎  ( x , u )


   |   r  b  ( x , u ) |


   |   r  𝜎  ( x , u ) | ≤


    C  r    | u | 2


   | u | ≤   r 0


    r 0


    C  r


  >


  U ⊂  ℝ  m


    r  b


    r  𝜎


    u ∗ ( x )


  ℋ  ( x , u ) = b  ( x , u ) ∙ ∇ V  ( x ) +  1 2


   ∇ 2 V  ( x )


    f 0  ( x ) +   𝜙  𝜖  ( u )


    𝜙  𝜖  ( u )


    ∑  i    a  i ( 1 −   e  −  |   u  i | / 𝜀 )


    g  i :


   ℝ  n → ℝ


    u  i


    g  i =  〈 ∇ V  ( x ) ,     𝜕 b  𝜕   u  i ( x ,   u ∗ ) 〉


   1 2


   ∇ 2 V  ( x )   𝜕 a  𝜕   u  i ( x ,   u ∗ ) )


  ∈   J  2 , ±


    u  i   ( 0 ) ∗  ( x )


  i


    𝜙  𝜀


  b  ( x , u )


  𝜎  ( x , u )


  u


  𝜀 → 0


    𝜏  i


    g  i ( x ; 𝜀 ) ≲     𝜏  i


  ⇒


    u  i ∗  ( x ) ≈ 0


    𝜙  𝜀 ( u )   =     ∑  i    a  i  ( 1 −   e  −  |   u  i | / 𝜀 )


    𝜏  i ( 𝜀 ) = O (   a  i / 𝜀 )


    g  i ( x ; 𝜀 )


  𝜀


    u  i  ( 0 ) ∗  ( x ) =   0   or     u  i  ( 0 ) ∗  ( x )   ∈     U  i   ∖    { 0 }


   ℓ 0


   |   g  i  ( x ;   𝜀 ) |  


    𝜏  i sat = O  (   a  i / 𝜀 +   L  b   u  i max )


    u  i ∗ = ±   u  i max


    u  i ∗ = 0


    u  i ∗ =   u  i max


   |   r  b | +  |   r  𝜎 | ≤   C  r    | u | 2


  O  (   C  r   r 0 )


    𝜏  i  ( 𝜀 )


  O  ( 𝜀 +   C  r   r 0 )


  O  ( 𝜀 )


    C  r   r 0 ≪   a  i


    𝜏  i


  ~


    a  i / 𝜀


    g  i  ( x )


    a  i /


   |   g  i  ( x ) |


    a  i


    𝜙  𝜀 ( u )


  𝜀


   10  − 2


    V θ


   ∇ x


   ∇  x 2


    x ref


  ℒ ( 𝜃 , 𝜆 )


  ℒ ( 𝜃 , 𝜆 ) =  1    N  c   ∑  i = 1    N  c     [ 𝜆 + H (   x  c   ( i ) , ∇   V  𝜃  (   x  c   ( i ) ) ,  ∇ 2   V  𝜃  (   x  c   ( i ) ) ) ] 2


  𝜔    [   V  𝜃 (   x ref ) ] 2


  {   x  c   ( i )  }  i = 1    N  c


  ω >   0


    V θ  (   x  ref ) = 0


   min  u ∈ U


  b  ( x , u ) ∙ p +  1 2


    f 0  ( x ) +   𝜙  𝜀 ( u )


  p = ∇   V θ  ( x )


  X =  ∇ 2   V θ  ( x )


  (   𝜃 ∗ ,     𝜆 ∗ ) = arg    min  𝜃 ,   𝜆 ⁡  ℒ ( 𝜃 , 𝜆 )


  V   ↦   V   +   c


   ( 𝜃 , 𝜆 )


 


    


 


    𝜆   ( 0 ) = mi  n  x ∈ 𝒟   f 0  ( x )


  𝜆


  0 . 73 %


  𝜔


  {  10  − 3 ,  10  − 2 ,  10  − 1 , 1 }


    V  𝜃


  ∇   V  𝜃


   ∇ 2   V  𝜃


  ℒ ( 𝜃 , 𝜆 )


  1 . 0


   β 1 = 0 . 9


   β 2 = 0 . 999


  1 ×  10  − 5


   10  − 5    ‖  ∇  x   V  𝜃 ‖ 2 2


  10 : 1


  𝒱  ( x )


  { 101 ,   202 ,   … ,   1001 }


  4


  10


    ×  10  − 2


    ×  10  − 3


   10  − 5


  ∙


  mi  n  u   ∈   U { b  ( x , u ) ∙ p +  1 2 tr  [ a  ( x , u ) X ] +   𝜙  𝜀  ( u ) }


    N  u = 20


   |  ∇  u H | <  10  − 4


   10  − 4 −


  O  (  10  − 2 )


  m   >   5


    𝜋 ∅  ( x )


      V ^  ( i )


       {   𝜙  m (   x  i ) }  m = 1  r


    c  ( i ) =  (  〈     V ^  ( i ) ,     𝜙 1 (   x  i ) 〉 ,   … ,  〈     V ^  ( i ) ,     𝜙  r (   x  i ) 〉 )


  ∙


  ∙


    𝜏  t r i g   >   0


   ‖   c  i  ( k ) −   c  i  (   k last ) ‖ >     𝜏  t r i g


    k last


    x 1


    x  N


    u 1


    u  N


  b ( X ,   U )


   (      b 1  (   x 1 ,     u 1 ) +   g 1 ( X )   ⋮     b  N  (   x  N ,     u  N ) +   g  N ( X ) )


    f 0  ( X ) =   ∑  i = 1  N    f 0  i (   x  i )


    g  i


  𝒢


    𝒩  i


      V ^  i (   x  i )


    g  i


      V ^  i , ( 0 )


    x  i


    H  i , ( k ) (   x  i ) =    min    u  i ∈   U  i ⁡   {  (   b  i  (   x  i ,     u  i ) +     g ^  i ,  ( k ) ) ∙ ∇     V ^  i ,  ( k )  (   x  i ) +  1 2 tr  (   a  i  ∇ 2     V ^  i ,  ( k )  (   x  i ) ) +   f 0  i  (   x  i ) +   𝜙  𝜀  i (   u  i ) }


      g ^  i ,  ( k )


      g ^  i ,  ( k )


   1   |   𝒩  i |   ∑  j ∈   𝒩  i    𝛾  i j (   x  j )


    x  j


      V ^  i ,  ( k + 1 )  (   x  i ) =  ( 1 − 𝛿 )     V ^  i ,  ( k )  (   x  i ) − ∆ t ∙   H  i ,  ( k )  (   x  i ) +  δ   |   𝒩  i |   ∑  j ∈   𝒩  i      V ^  j ,  ( k ) (   x  j )


  ∆ t


  ∈


    u  i ,  ( k + 1 )  (   x  i ) =   arg   min    u  i ∈   U  i  {  (   b  i  (   x  i ,     u  i ) +     g ^  i ,  ( k ) ) ∙ ∇     V ^  i ,  ( k + 1 )  (   x  i ) +    1 2 tr  (   a  i  (   x  i ,     u  i )  ∇ 2     V ^  i ,  ( k + 1 )  (   x  i ) ) + 𝜙  𝜀  i (   u  i ) }


    f 0  i  (   x  i )


    u  i


  𝒢


  𝜌


   max  i ,   j  |   𝛾  i j | ≤   𝛾 -


    𝛾 -   <       c 1  2   L  V


    c 1


    L  V


  ∆ t ≤ min  {  1    L  H ,   2 𝛿   Λ max ( 𝒢 ) }


  𝛿 ∈    ( 0 ,  1  1   +       𝛾 - L  V )


    L  H


    𝛬  m a x ( 𝒢 )


    L  H


  𝜎


    f 0


    𝜙  𝜀


    L  V


    V  𝜃


    L  V


  ≈


    m a x  x ∈ 𝒟    ‖   𝛻  x 2   V  𝜃 ( x ) ‖  o p


  D


  ∆ t


   ( e . g . ,    10  − 3 )


  𝜌 = O


    𝛾 -    Λ max ( 𝒢 ) + ( 1 − 𝛿 ) ∆ t


    𝛬  m a x ( 𝒢 )


  O


      L ^  V


        L ^  V


  𝛿


  d  [      x  t  i     v  t  i ] =  [      v  t  i   0 ] d t +  [    0   I ]   u  t  i d t +    [    0  0   0    𝜎  v  (   u  t  i ) I ] d W  t  i


    x  t  i


    v  t  i


  i


    𝜎  v  (   u  t  i ) =     𝜎 0  ( 1 + k  |   u  t  i | )


    𝜎 0


  k


  σ  (   x  t  i ,   u  t  i ) =  (     0  d × d   0  d × d    0  d × d   σ  v  (   u  t  i )   I  d ) ∈  ℝ  2 d × 2 d


  d


  J  ( u ) =     lim   sup  T → ∞  1  T 𝔼  [   ∫ 0  T   (   ∑  i = 1  N     ‖   x  t  i −   x desire  i ‖ 2 +   w  s   ∑  i = 1  N    𝜙  𝜀  i (   u  t  i ) ) dt ]


    x  t  i


    w  s


    w  s


    𝜙  𝜀


    𝒢  t


   ‖   x  t  i −   x  t  j ‖  


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  ±


   ℓ 2


   ℓ 2


  ±   u  m a x


   ℓ 2


  k


   ∆  k =    max  i ⁡     ‖     V ^  i  ( k + 1 ) −     V ^  i  ( k ) ‖ ∞


    E  k =    max  i ,   j ∈ 𝒩 ⁡     ‖     V ^  i  ( k ) −     V ^  j  ( k ) ‖ ∞


    𝛾 - = 0 . 05


   ∆  k


    E  k


    𝛾 - = 0 . 2


  𝜌 = O


    𝛾 -    Λ max ( 𝒢 ) + ( 1 − 𝛿 ) ∆ t


  δ =   0 . 25


  ∆ t   =   0 . 1


  ρ


   ∆  k


    E  k


   γ -


    𝛾 -


    X  t


    L  t ,     P  t 1 ,   … ,     P  t  M ,   R  t


    L  t


    P  t  i


    R  t


  d   p  t  i =   ( u  t  i − 𝛾   p  t  i ) d t +   𝜎  i


    p  t  i ,   u  t  i


    W  t  i


    u  t  i


    𝜎  i


  U =   ∏  i = 1  M  [ 0 ,     P max  i ]


    u  t  i


  =


    u  t  i ∈  ( 0 ,   P  m a x  i ]


   ϕ ε  ( u )


  ε


   ℓ 0


    u  t  i


    u  t  i = 0


   |   u  t  i | > 0


    𝛽  i  |   u  t  i |


  J  ( u ) =     lim   sup  T → ∞  1  T 𝔼  [   ∫ 0  T   ( c  (   L  t ,     P  t ) +   ∑  i = 1  M   (   𝜙  𝜀  i  (   u  t  i ) +   𝛽  i  |   u  t  i | ) ) dt ]


    𝜙  𝜀  i  ( u ) =   a  i  ( 1 −   e  −  | u | / ε )


   ℓ 0


  ∙


    𝛽  i


   ℓ 1


    x ⊺


      u ⊺


    q 1


    q  n


    q 1


    q  i


    𝜎  f o r e c a s t


  =


    V  𝜃 ( X )


  ±


  ±


  ±


  ±


  ±


  ±


  ±


  d   X  t = − 0 . 5   X  t d t +   u  t d t +  ( 0 . 1 I + 0 . 2   diag  (   u  t ) ) d   W  t


    f 0  ( x ) =    ‖ x ‖ 2


    u  t ∈    [ − 1 ,   1 ] 15


  𝜀


    𝜆 ∗


  ±


    ×  10  − 3


  ±


  ±


  𝜀


  ∈


  𝜀


  ±


  ×


  ±


  ×


  ±


  ×


  ±


  ×


  𝜀


    l 0


  𝜀


  𝜀


  𝜀


  𝜀


  𝜀


   ℓ 0


    𝜎 -


   1   | U |


    ∫  U  𝜎 ( x ,   u )


    ±  


    ±  


    ±  


    ±  


    ±  


    ±  


    ±  


    ±  


  𝜀


   10  − 2


    ±  


   10  − 2


    g  i


    𝜏  i ( 𝜀 ) = O (   a  i / 𝜀 )


    𝜆 ∗


    𝜆 ∗


    V  𝜃


   10 4


    V θ  ( x )


    u ∗  ( x )


    V  𝜃


   10  − 3


   10  − 3


  𝜀


   ℓ 0


  𝜀


   ϕ ε


   ℓ 0


   ℓ 0


  tr    [ a    ( x ,   u )  ∇ 2 V ]


   ℓ 0


  ε

