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Abstract 

Generating multidimensional rugged landscapes is very important for testing and bench-
marking, considering the increasing number of multi-objective optimization problems 
and the pervasive use of computational systems. The diverse nature of such problems has 
led to a variety of algorithmic solutions, designed to create more scalable and problem-
independent algorithms. This paper introduces a method for constructing a class of dis-
crete multidimensional Thomae-like functions, generalizing the classical Thomae func-
tion. While the original function is continuous at irrational points and discontinuous at 
rational ones, we extend this approach to higher-dimensional discrete spaces. We present 
the properties of three known analytic generalizations and analyze five proposed discrete 
cases according to the relationship between the numbers of input and output values. The 
most important properties of such functions are discussed, including their periodicity, 
number of local maxima, autocorrelation, and output variations under small input 
changes. The last property has significant importance for simulating and testing in various 
application areas. This work unifies and extends existing concepts into a systematic 
method for generating discrete multidimensional functions, opening new directions for 
both theoretical investigations and practical applications of algorithms in engineering. 
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1. Introduction 
At present, the study of complex multi-objective functions plays a central role in the 

development, testing, and benchmarking of state-of-the-art multi-objective optimization 
algorithms. This is amplified by the growing number of optimization problems arising 
from diverse fields. In medical health areas, categories of optimization problems include 
proper dosing in chemotherapy [1] and optimization of waiting time and medical services 
[2]. Other examples include digital twin systems [3,4] for geotechnic research or manage-
ment of parking lots. Additional examples can also be found in engineering fields, includ-
ing energy consumption [5] and construction site management [6]. Such diverse real-
world optimization problems are highly complex, where the constraints of many objec-
tives that are usually conflicting must be considered. 

To address the growth of optimization problems and their corresponding parame-
ters, design variables, and objectives, various multi-objective algorithmic solutions have 
been proposed, including non-dominated sorting-based algorithms such as the Non-
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Dominated Sorting Algorithm II (NSGA-II) [7], Non-Dominated Sorting Algorithm III 
(NSGA-III) [8], swarm-based Hyperplane-Assisted Multi-objective Particle Swarm Opti-
mization (Hyperplane-Assisted MOPSO) [9], and Red Deer Algorithm (RDA) [10]. Each 
algorithm is designed based on particular principles, which offer distinct strengths that 
can guide the search towards the optimal solutions. However, no algorithms are superior 
to others across all problem types, as stated by the No Free Lunch theorem. 

Consequently, there is a need to generate representative landscapes that encapsulate 
features such as multidimensionality, discontinuity, and sensitivity to input perturba-
tions. These characteristics are well represented in real-world optimization problems. In 
particular, rugged multidimensional landscapes are essential to evaluate the robustness 
and resilience of algorithms against contemporary optimization systems. Therefore, gen-
erating benchmark and objective functions that emulate complex real-world optimization 
scenarios is crucial. 

A classic example of such a function is the Thomae function, also known as the pop-
corn or raindrop function. As originally defined in 1875 by Karl Johannes Thomae [11], it 
is a pathological function, discontinuous at every rational number, but continuous at 
every irrational one (Equation (1)). It was built on the foundation of the well-known Di-
richlet function, a nowhere continuous function. Due to its pathological nature, the 
Thomae function has been widely adopted and used in real-world analyses, as an example 
of a function that defies continuity properties. It exhibits high sensitivity to small input 
perturbations, making it ideal for generating challenging landscapes for optimization al-
gorithms. 

The Thomae function has well-known analytic generalization but, considering the 
need for its digital representation in computer systems, a scalable discrete generalization 
scheme is needed. This study proposes a method for generating multidimensional land-
scapes as multivalued functions like the original Thomae function, for which small 
changes in the input can lead to dramatic changes in the output. The proposed method is 
intended to be exploited in future research as an adversarial fitness function for evolu-
tionary algorithms, whose paradigm is based on asymptotic convergence over successive 
generations. At later stages, minor changes in the design variables are likely to result in 
minor changes in the objective space. Therefore, the proposed framework can be further 
used and developed as a benchmark to test the strengths and limitations of multi-objective 
optimization algorithms in the context of various optimization problems. It could also 
constitute an initial step toward constructing a broader set of adversarial benchmarks, 
aimed at demonstrating the limitations of current state-of-the-art algorithms. 

This work is part of an ongoing PhD thesis entitled “The development of FADSE frame-
work with new evolutionary algorithms for solving modelling, optimization, and simulation multi-
objective optimization problems in various engineering domains”. The Framework for Ad-
vanced Design Space Exploration (FADSE) [12] is an open-source tool that is developed 
and extended during the current thesis, which facilitates the research and testing of evo-
lutionary algorithms. It incorporates classic state-of-the-art algorithms, problems, quality 
indicators and newly introduced methodologies. As a continuation of the current work, 
one of the next objectives for the FADSE is the integration of Thomae-like functions into 
its optimization problem library. This library will be extended to support a flexible and 
straightforward architecture for implementing, analyzing and benchmarking the pro-
posed Thomae-like function. Although the mathematical formulations of these functions 
are independent of their implementation in the FADSE, the framework’s open-source ob-
ject-oriented structure is designed to facilitate extensibility, enabling researchers to easily 
incorporate further proposed families of Thomae-like functions as well as other classes of 
problems. 
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This work started with the following two research questions: “What benchmarks are 
used in multi-objective evolutionary algorithms and frameworks and why?” and “Could Thomae-
like functions be used for testing and evaluating multi-objective evolutionary algorithms and 
frameworks?” Some of the well-known benchmark suites are DTLZ, ZDT [13,14], WFG [15], 
and CEC [16]. The ZDT sets are typically used for two-objective tests, while DTZL is suited 
for multi-objective tests. WFG is considered a more up-to-date benchmark than 
DTLZ/ZDT for multi/many-objective optimizations. These benchmark suites are compu-
tationally simple but exhibit various barriers such as convexity, concavity, discontinuity, 
multiple fronts (testing the capacity of an algorithm to not be stuck in a local optimum), 
and convergence to the global optimum. The CEC suite focuses on metrics for evaluating 
the diversity (spread), scalability, robustness, and convergence of algorithms. These 
benchmarks exhibit only smooth variations in terms of correlation between the input and 
output of the function. Currently, Thomae-like functions are not part of these state-of-the 
art benchmarks. They could be used as adversarial functions for evolutionary algorithms 
to test their resilience against large output variations produced by minor input changes. 
The majority of benchmarks are based on continuity assumptions, while Thomae-like 
functions can test an algorithm’s behavior in response to certain spikes (as shown in later 
sections) in the objective space. Furthermore, gradient-based algorithms face significant 
challenges from a Thomae-like function, as such a function is nowhere differentiable and, 
hence, the gradient cannot be computed. The impact of such a function over a typical Pa-
reto front would be interesting to study. It might result in a fragmented front, consisting 
of isolated points, instead of a smooth curve. Moreover, classical quality indicators such 
as hypervolume may not capture the irregular behavior introduced by such a function, 
making the implementation of updated metrics and indicators necessary. 

The remainder of the paper is structured as follows: Section 2 presents similar related 
work from the literature, while the definition of the Thomae function is presented in Sec-
tion 3. Section 4 highlights the well-known continuous generalizations of the Thomae 
function, Section 5 proposes and discusses five cases of discrete generalizations according 
to the number of input and output values, and Section 6 presents a discussion of five as-
pects; namely, the number of maxima, number and statistics of jumps, autocorrelation, 
numerical integral, and spectrum. The Section 7 concludes the paper by highlighting di-
rections for future work. 

2. Related Work 
The construction of rugged and complex landscapes has been studied in several re-

search domains, including fractal analysis, procedural modeling, and evolutionary com-
puting benchmarking. One approach is based on the Weierstrass function [17], which is 
continuous everywhere but differentiable nowhere. Its properties, including differentia-
bility, have been thoroughly analyzed in [18]. Due to its nature, the Weierstrass function 
has been widely adopted and used in signal processing (irregular signals) and fractal ge-
ometry. Properties such as periodicity and self-similar behavior make this function suita-
ble for studying scalable multidimensional landscapes. However, it is still a continuous 
function, meaning that small perturbations of the input produce bounded variations in 
the output. 

There are some well-known fractal-based approaches, such as the Mandelbrot set 
[19], which exhibits a self-similar structure and is used to model natural phenomena. 
Other approaches include fractal interpolation functions, such as that described in [20], 
where the synergy of the Lagrange basis and Fourier transform may also generate oscilla-
tory functions, with applications in various domains, including approximation theory. As 
a consequence of their design, such models preserve continuity and limit the analysis of 
great discontinuities. Another example is the Katsura [21] function, which is a continuous 
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but nowhere differentiable fractal-like function. This function has been adopted in bench-
mark suites such as the COCO/BBOB [22], which has 24 noise-free, real-parameter, single-
objective benchmark functions for testing and analyzing optimization algorithms. 

Another important category of methods is based on noise analyses, particularly Per-
lin noise [23], which was originally designed for computer graphics technology. The 
smooth landscapes generated using this approach have been adopted and used in terrain 
generation, simulation systems, and real-world environment modeling. A focused analy-
sis of this approach has been presented in [24], highlighting its applications and proper-
ties. Besides their complexity, the functions used in noise analyses remain inherently con-
tinuous and smooth. 

Related surveys, such as [25], have reviewed existing benchmarks according to their 
strengths, applicability, and limitations. New benchmark suites are proposed in [26,27], 
introducing 30 so-called multidimensional ‘hard benchmark’ functions for global optimi-
zation. These functions are also intended to challenge optimization algorithms emphasiz-
ing high-dimensionality landscapes. In [28], the authors presented a recent review of 315 
benchmarks and test functions for optimization algorithms and machine learning. More-
over, recent approaches, such as those described in [29,30], use genetic programming prin-
ciples to develop new hard benchmarks, indicating that the existing paradigm of bench-
marking may not be challenging enough for modern state-of-the-art algorithms. 

Standardized sets of test problems and benchmarks, such as the ZDT and DTLZ 
suites in [13,14], are still widely used in multi-objective optimization. The Pareto fronts 
provided in these suites are typically used to compare the convergence, diversity, and 
coverage of various algorithms. Despite this, the existing functions do not capture high 
discrete variations. 

Closer to the present work are other studies focusing on the Thomae function. In [31], 
the authors discussed modifications of the Thomae function’s differentiability, and their 
investigation revealed structural changes that influence its regularity. Classic theoretical 
concerns regarding the integration of highly irregular functions have been discussed in 
[32]. Other works, such as [33–35], have used the properties of Thomae-like functions to 
build complex numeric systems such as the pendulum wave, wherein the analytical solu-
tion is shown to be a subset of the Thomae function. 

Despite the multitude and richness of test functions and benchmarks, most frame-
works remain continuous or exhibit controlled irregularity. Consequently, small changes 
in the input lead to controlled or bounded variations in the output, a property that can be 
exploited by optimization algorithms. Yet, discrete output with great variations produced 
by small input changes are considerably less explored. This work addresses this research 
gap by proposing a framework for generating and testing discrete Thomae-like functions 
and their feasibility as synthetic benchmarks in the FADSE framework. 

3. The Thomae Function 
Also known as the popcorn or raindrop function, the Thomae function is defined as 

𝑓:ℝ → ሾ0,1ሿ, 𝑓ሺ𝑥ሻ = ൞ 1, 𝑥 = 0                                                                            1𝑞 , 𝑥 = 𝑝𝑞 , 𝑤𝑖𝑡ℎ 𝑝 ∈  ℤ∗,𝑞 ∈  ℕ 𝑎𝑛𝑑 𝑐𝑜𝑝𝑟𝑖𝑚𝑒0, 𝑥 ∈  ℝ\ℚ                                                                    (1)

and exhibits the following well-known properties. 

A. Periodicity: It is periodic with a period of 1. 
B. It is discontinuous at every rational number, but continuous at every irrational num-

ber. 

The Lipschitz/Hölder condition is not satisfied: 
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ሺ∀ሻ 𝐶,𝛼 > 0, ሺ∃ሻ𝑥 ∈ ቆ0, ൬1𝐶൰ଵ/ఈቇ ∩ ℝ\ℚ 𝑠𝑜 𝑡ℎ𝑎𝑡 𝐶 ∙ |𝑥 − 0|ఈ <  |𝑓ሺ𝑥ሻ − 𝑓(0)| = 1  
C. As demonstrated in [31], it is continuous but not differentiable at irrationals. Along 

the sequences of irrationals, the difference quotient tends to zero, but suitable se-
quences of rational approximations with bounded denominators prevent the exist-
ence of the derivative. Following its discontinuity at every rational point, the function 
is nowhere differentiable. 

D. The set of non-zero producing inputs/spikes (ℚ) is countably infinite and dense. Since 
each spike is a local maximum, the set of local extrema is also countably infinite and 
dense, conveying ruggedness in a topological sense. 

E. It can arbitrarily generate low non-zero values within any given interval, due to the 
dense nature of the rationals: (∀)𝑥଴ ∈  ℝ, (∀)𝛿 > 0, (∀)𝜀 > 0, (∃)𝜉 ∈ (𝑥଴, 𝑥଴ + 𝛿) ∩ ℚ, 𝑠𝑜 𝑡ℎ𝑎𝑡 𝑓(𝜉) < 𝜀 

F. Within any interval, the function can be shifted so that the autocorrelation integral 
can be computed and drops to 0: (∀)𝛿 > 0, (∃)𝜉 ∈ ℝ\ℚ, 0 < 𝜉 < 𝛿, 𝑠𝑜 𝑡ℎ𝑎𝑡:  (∀) 𝑥 ∈ ℝ\ℚ => 𝑓(𝑥) = 0 =>  𝑓(𝑥) ∙ 𝑓(𝑥 +  𝜉) = 0  (∀) 𝑥 ∈ ℚ, (∀) 𝜉 ∈ ℝ\ℚ => 𝑥 +  𝜉 ∈ ℝ\ℚ => 𝑓(𝑥 +  𝜉) = 0 => 𝑓(𝑥) ∙ 𝑓(𝑥 +  𝜉) = 0 

න𝑓(𝑥) ∙ 𝑓(𝑥 + 𝜉)𝑑𝑥 = න0𝑑𝑥 = 0 

4. Known Analytic Generalizations 
4.1. Generalizations of Type 𝑓:ℝ → ℝ 

The Thomae function is itself known as a modified Dirichlet function, obtained by 
changing the unitary values at rational positions. The first obvious generalization is thus 
replacing those values with other decreasing functions, as shown in Equation (2). Another 
generalization would be to replace ℚ with another dense countable set, such as a set of 
algebraic numbers 𝔸, as represented in Equation (3). To preserve continuity over ℝ\𝔸, 𝑔(𝑥)  would also need to have certain limit properties not mentioned in Equation (3). 
When extending the notion of a function to the special distributions used in signal pro-
cessing, the generalization could include Dirac distributions 𝛿(𝑥), as shown in Equation 
(4). 𝑓(𝑥) = ൜𝑔(𝑞), 𝑥 ∈ ℚ 0, 𝑥 ∈ ℝ\ℚ  𝑤ℎ𝑒𝑟𝑒 lim௤→ஶ𝑔(𝑞) = 0 

(2)

𝑓(𝑥) = ൜𝑔(𝑥), 𝑥 ∈  𝔸 0, 𝑥 ∈ ℝ\𝔸  (3)

𝑓(𝑥) = ෍ 𝑔(𝑥଴) ∙ 𝛿(𝑥 − 𝑥଴)௫బ∈𝔸  (4)

4.2. Generalizations of Type 𝑓:ℝ௡ → ℝ  
Considering functions with multiple input values and one output value, any aggre-

gation of the inputs can be conceivably used for transformation into a 1D function. The 
examples in Equations (5)–(7) show the use of least common multiple (lcm) on the denom-
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inators of the rational inputs and the use of common aggregation techniques such as the 
sum and product of inputs. 𝑓(𝑥ଵ, … , 𝑥௡) = ቐ1𝑞 , 𝑥௞ = 𝑝௞𝑞௞ ∈  ℚ 𝑎𝑛𝑑 𝑞 = lcm(𝑞ଵ, … , 𝑞௡)0,                                                          𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                         (5)

𝑓(𝑥ଵ, … , 𝑥௡) = ቐ1𝑞 , ෍𝑥௞௞ = 𝑝𝑞 ∈  ℚ 0,                   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  (6)

𝑓(𝑥ଵ, … , 𝑥௡) = ቐ1𝑞 , ෑ𝑥௞௞ = 𝑝𝑞 ∈  ℚ0,                   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  (7)

4.3. Generalizations of Type 𝑓:ℝ → ℝ௠  
To generate multiple relatively independent outputs from one input, the input would 

need to be split into 𝑚 virtual inputs, each applied to a Thomae-like function 𝑓:ℝ → ℝ. 
For the case of 𝑚 = 2, the simplest method is to expand the input value into its binary 

representaion, separating the odd and even digits (including decimals). For the general 
case, the binary digits are separated according to their position 𝑚𝑜𝑑𝑢𝑙𝑜 𝑚. 

More visually appealing is the use of space-filling curves, such as the Hilbert curve 
represented in two and three dimensions in Figure 1. Considering the path of length 1, the 𝑚 virtual values would be the coordinates of the input in the higher-dimensional space. 
While also a binary operation in disguise, the use of space-filling curves has the advantage 
of preserving locality in the sense that close input values generate closely positioned vec-
tors of 𝑚 values. 

  
(a) (b) 

Figure 1. Examples of Hilbert curves: (a) 2D and (b) 3D. 

5. Discrete Thomae-like Functions 
The need for digital versions of Thomae-like functions (discrete in both the definition 

and value domains) arises from the pervasiveness of computers in science and engineer-
ing. While not all properties can be preserved due to the inherent limitations of discrete 
functions, the most important properties will be present in the versions discussed in this 
section, including periodicity, an absolute maximum and many local maxima in each pe-
riod, large jumps at many coordinates, a general baseline of low values (not quite 0 since 
computers do not operate with true irrationals), and a sharply decreasing autocorrelation. 
The irregular behavior of Thomae-like functions resembles that of certain optimization 
problems, such as power distribution in electric networks. In electric networks, a minor 
perturbation—such as a perturbation to a single electric line due to a fallen tree—could 
massively damage the functionality of the rest of the network, as other lines risk being 
overloaded. If the critical capacity limit is exceeded by only 1%, the consequences could 
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be catastrophic, and the system’s state may rapidly change from stable to large-scale 
blackout. 

For conciseness, the names and definitions of the variables in the discrete functions 
are presented below: 𝑥௞, 𝑘 = 1. .𝑛, input values, 𝑛, number of inputs 𝑜௞, 𝑘 = 1. .𝑚, output values, 𝑚, number of outputs 𝑆௞, 𝑘 = 1. .𝑚, additive bias/seed 𝑀௞, 𝑘 = 1. .𝑚, multiplicative bias, the average number of global maxima per unit in-
terval 𝑄௞, 𝑘 = 1. .𝑚, maximum allowed denominator 

The proposed family of discrete functions 𝑓ௗ(𝑥) without additive or multiplicative 
bias (𝑆 = 0,𝑀 = 1 ), as described in Equation (8), approximate the continuous Thomae 
function 𝑓௖(𝑥) in the sense that, when restricting the definition domain to the rational 
numbers, the discrete functions converge uniformly to the Thomae function when the 
maximum allowed denominator 𝑄 tends to infinity: 𝑓௖:ℚ → ℚ,𝑓௖(𝑥) = 1𝑞 , 𝑓𝑜𝑟 𝑥 = 𝑝𝑞,  

𝑓ௗ:ℚ → ℚ,𝑓ௗ(𝑥) = 1𝑞 ,𝑤ℎ𝑒𝑟𝑒 𝑞 = 𝑖𝑛𝑑𝑒𝑥 ൬ min௞ୀଵ..ொ|𝑘 ∙ 𝑥 − ሾ𝑘 ∙ 𝑥ሿ| ൰ (8)

𝑡ℎ𝑒𝑛 limொ→ஶ𝑓ௗ(𝑥) = 𝑓௖(𝑥) 

The proposed discrete construction is closely related to bounded-denominator Dio-
phantine approximation since, as shown in Equation (9), each sample is associated with a 
nearby rational whose denominator determines the assigned amplitude. Moreover, alt-
hough Farey sequences are not explicitly used, the bounded-denominator rational candi-
dates may coincide with the fractions appearing in a Farey sequence of order Q. 

After transitioning to the discrete version of the function, some of the properties pre-
sented in Section 3 are altered: 

A. Periodicity: For suitable values of Fs, its periodicity remains unchanged, with a pe-
riod of 1. For irrational values of Fs, the function becomes pseudo-periodic, because 
an irrational value will not preserve the exact same period in a rigorous mathematical 
sense. Nevertheless, the periodic behavior of the function remains unchanged, within 
certain approximation. 

B. The continuity is inherently lost during discretization. 
C. Differentiability is inherently lost during discretization. 
D. For rational Fs, all inputs produce non-zero outputs. A detailed analysis is outlined 

in Section 6. 
E. The output values are constrained by the maximum denominator Q. 
F. Like the analytic Thomae function, the autocorrelation drops quickly, especially no-

ticeable for higher 𝐹௦. A detailed analysis is presented in Section 6. 

Table 1 presents a summary of the properties’ status after the discretization process. 

Table 1. Status of Thomae properties after discretization. 𝐒𝐭𝐚𝐭𝐮𝐬 
Prop. Discrete Version 

Periodicity preserved * 
Continuity lost 

Differentiability lost 
No. of maxima affected 
Autocorrelation affected 
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* For suitable sampling frequency Fs. 

Sections 5.1-5.5 discuss all possible cases according to the relationship between the 
number of inputs and the number of outputs. 

5.1. Base Case 𝑛 = 𝑚 = 1  
The base case for the proposed discrete Thomae-like functions attempts to compute 

the closest fractional approximation of the input with a denominator lower than or equal 
to 𝑄ଵ. The output can be computed as shown in Equation (9): 𝑞 = 𝑖𝑛𝑑𝑒𝑥 ቆ min௞ୀଵ..ொభ ቤ𝑘 ∙ (𝑥ଵ − 𝑆ଵ) − ሾ𝑘 ∙ 𝑀ଵ ∙ (𝑥ଵ − 𝑆ଵ)ሿ𝑀ଵ ቤ ቇ , 𝑜ଵ = 1𝑞  (9)

where ሾ∎ሿ represents rounding to the closest integer. If there are multiple denominators 
with the same minimum value, the one corresponding to the minimum index value is 
selected. It should be noted that selecting the smallest, largest, or first denominator will 
produce different landscapes. Figure 2 shows the output of the function with default pa-
rameters 𝑆ଵ = 0, 𝑀ଵ = 1, and 𝑄ଵ = 10ଷ when the input is varied from 0 to 1 with a step 
of 10ିହ, as well as a zoom around 𝑥ଵ = 0.5. The effects of the parameters could be sum-
marized as follows: 

• The maximum denominator 𝑄ଵ  affects the output values. Larger 𝑄ଵ  values allow 
for lower output values, being closer to the analytic Thomae function. 

• The average number of global maxima per unit interval 𝑀ଵ controls periodicity by 
stretching or shrinking the base function. 𝑀ଵ  needs not be an integer, but it may 
change the functions’ outputs beyond stretching and shrinking. 

The seed 𝑆ଵ introduces an additive bias, shifting the periodic global maximum by 
the same amount. Seeds equal to multiples of one period would have no effect, while neg-
ative seeds or seeds larger than one period could be reduced to positive values that are 
lower than the period without adverse effects. Similarly to 𝑀ଵ, non-integer values of 𝑆ଵ 
may produce slight differences in the output, but this will not cause a major change to the 
desire core (behavior) of such families of functions. For suitable values for 𝑀ଵ and 𝑆ଵ (𝑀ଵ 
= 3, 𝑆ଵ = 0.5), the interpretation of stretching and shifting with preservation of the number 
of maxima is mathematically valid. 

  
(a) (b) 

Figure 2. Discrete Thomae-like function (m = n = 1) for various input value intervals: (a) [0, 1] and 
(b) [0.498, 0.502]. 

Figure 3 shows the effects of multiplicative and additive bias. 
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(a) (b) 

Figure 3. Discrete Thomae-like function (m = n = 1) for various bias parameters: (a) 𝑆ଵ = 0 and 𝑀ଵ =3; (b) 𝑆ଵ = 0.2 and 𝑀ଵ = 1. 

5.2. Iterated Case 𝑛 = 𝑚 = 1  
In the base case, a lot of values around any maximum would generate the same out-

put, which is a limitation introduced by 𝑄. A more refined version could compute the 
output as in Equation (10): 𝑞ଵ = 𝑖𝑛𝑑𝑒𝑥 ቆ min௞ୀଵ..ொభ ቤ𝑘 ∙ (𝑥ଵ − 𝑆ଵ) − ሾ𝑘 ∙ 𝑀ଵ ∙ (𝑥ଵ − 𝑆ଵ)ሿ𝑀ଵ ቤ ቇ, 𝑞ଶ = 𝑖𝑛𝑑𝑒𝑥 ൬ min௞ୀଵ..ொభ ቚ𝑘 ∙ 𝑄ଵ ∙ (𝑥ଵ − 𝑆ଵ) − ሾ௞∙ொభ∙ெభ∙(௫భିௌభ)ሿெభ ቚ ൰, 𝑜ଵ = 2𝑞ଵ + 𝑞ଶ 

(10)

By multiplying with 𝑄ଵ, the computation evaluates the “next” decimals of the input. 
This procedure could be extended to any number of iterations, but even two iterations are 
sufficient to ensure that the input is extremely precise for generating the local maxima. 
Figure 4 shows the output of the function with two iterations, where the input varies from 
0 to 1 with a step of 10ିହ, as well as a zoom around 𝑥ଵ = 0.5, for the default parameters. 
Similar real-word optimization problems can be observed in fields such as meteorology, 
where extremely small errors can lead to significantly different forecasts. For example, a 
measurement error of only 10−4 might lead to a totally different weather prediction for the 
next 7 days. This research area is typically described using non-linear systems of differen-
tial equations. This could also be considered equivalent to a large variation in the fitness 
of an individual after slightly mutating a gene using a genetic algorithm. 

  
(a) (b) 

Figure 4. Refined Thomae-like function (m = n = 1) for various input value intervals: (a) [0, 1] and 
(b) [0.498, 0.502]. 
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Although not producing exactly the same output values, the refined case with 𝑖 it-
erations could be assimilated to the base case with a higher maximum allowed denomi-
nator; that is, 𝑄௜௧௘௥௔௧௘ௗ = 𝑄௕௔௦௘௜ , especially for 𝑄 values expressed as powers of 10. 

To simplify the explanation for the following cases, the procedure of generating one 
output 𝑜௞ from one input 𝑥௞ will be denoted as 𝐻௞, as shown in Equation (11). The index 
distinction of 𝐻௞  is necessary to allow for different parameters along different dimen-
sions. 𝑜௞ = 𝐻௞(𝑥௞) (11)

5.3. Extended Case 𝑛 = 𝑚 > 1  
In this case, each input generates an output with Equation (11) independently of the 

other inputs. However, the parameters for each output dimension may differ (e.g., 𝑆௞ ്𝑆௟ ,𝑀௞ ് 𝑀௟ ,𝑄௞ ് 𝑄௟ ,), so that two identical values 𝑥௞ and 𝑥௟ may generate different out-
puts along different dimensions due to these different parameters. Figure 5 shows all pos-
sible output combinations for a discrete Thomae-like function with parameters 𝑚 =2,𝑄ଵ = 𝑄ଶ = 10ଶ. The precise input values needed to reach any point in the output space 
are determined by the bias parameters 𝑆 and 𝑀. 

 

Figure 5. Values of the Thomae-like function (m = n = 2) in the output space. 

More generally, the inputs 𝑥௞ can be combined into virtual inputs 𝑗௞ via linear or 
non-linear methods, as described in Section 5.4, before computing the outputs. 

5.4. Asymmetric Case 𝑛 > 𝑚  
If there are more inputs than outputs, the inputs must be combined to create a num-

ber of virtual inputs 𝑗ଵ … 𝑗௠ that matches the number of outputs, followed by the genera-
tion of the outputs from the virtual inputs, similarly to Equation (11). Linear combinations 
can be described in a matrix form, with the use of an 𝑚 ൈ 𝑛 matrix of coefficients 𝐺: 

൥ 𝑗ଵ⋮𝑗௠൩ = 𝐺௠ൈ௡ ൥𝑥ଵ⋮𝑥௡൩ , 𝑜௞ = 𝐻௞(𝑗௞) 

Table 2 shows several examples of the matrices and explicit linear combinations of 
inputs into virtual inputs. Matrices that allow any input 𝑥௜ to influence only one output 𝑗௞, such as those of sequential or cyclic partitioning, would essentially split the multidi-
mensional optimization problem into 𝑚 trivial one-dimensional problems. 
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Table 2. Examples of linear combinations of 7 inputs {𝑥௜} into 3 virtual inputs {𝑗௞}. 

Matrix of Coefficients 𝑮 Explicit Linear Combinations 
Balanced sequential partitioning 𝐺 = ൥1/2 1/2 00 0 1/30 0 0      0 0 01/3 1/3 00 0 1/2    001/2൩ 

𝑗ଵ = 𝑥ଵ + 𝑥ଶ2  , 𝑗ଷ = 𝑥଺ + 𝑥଻2  𝑗ଶ = 𝑥ଷ + 𝑥ସ + 𝑥ହ3  

Cyclic partitioning 𝐺 = ൥1/3 0 00 1/2 00 0 1/2     1/3 0 00 1/2 00 0 1/2    1/300 ൩ 𝑗ଵ = 𝑥ଵ + 𝑥ସ + 𝑥଻3 , 𝑗ଷ = 𝑥ଷ + 𝑥଺2  𝑗ଶ = 𝑥ଶ + 𝑥ହ2  

Minimally overlapping linear combinations 𝐺 = ൥1 1 10 0 10 0 0     0 0 01 1 00 1 1    001൩ 𝑗ଵ = 𝑥ଵ + 𝑥ଶ + 𝑥ଷ , 𝑗ଷ = 𝑥ହ + 𝑥଺ + 𝑥଻ 𝑗ଶ = 𝑥ଷ + 𝑥ସ + 𝑥ହ 

General case 𝐺 = ൥𝑔ଵଵ 𝑔ଵଶ 𝑔ଵଷ𝑔ଶଵ 𝑔ଶଶ 𝑔ଶଷ𝑔ଷଵ 𝑔ଷଶ 𝑔ଷଷ     𝑔ଵସ 𝑔ଵହ 𝑔ଵ଺𝑔ଶସ 𝑔ଶହ 𝑔ଶ଺𝑔ଷସ 𝑔ଷହ 𝑔ଷ଺    𝑔ଵ଻𝑔ଶ଻𝑔ଷ଻൩ 𝑗௞ = ෍𝑔௞௜ ∙ 𝑥௜଻
௜ୀଵ  

Non-linear methods for combining the inputs 𝑥௞ into virtual inputs 𝑗௞ with the help 
of aggregation functions 𝑔௞ may also be chosen to generate discrete Thomae-like func-
tions. 𝑗௞ = 𝑔௞(𝑥ଵ, … , 𝑥௡), 𝑜௞ = 𝐻௞(𝑗௞) 

Other methods of combining the inputs 𝑥௞ into virtual inputs 𝑗௞ may be chosen de-
pending on the particularities of the problem at hand that requires discrete Thomae-like 
functions. The generalizations presented in Table 2 have been chosen for the current work. 
Other approaches and mappings are admissible, in the sense that they will provide a dis-
crete Thomae-like function for the corresponding case. Figure 6 shows the output for a 
discrete Thomae-like function with 𝑚 = 1,𝑛 = 2, 𝑆ଵ = 0.25,𝑀ଵ = 2,𝑄ଵ = 10ସ. 

 

Figure 6. Asymmetric Thomae-like function (n = 2, m = 1) with multiplicative bias 𝑆ଵ = 0.25,𝑀ଵ = 2,𝑄 = 10ସ. 

5.5. Asymmetric Case 𝑛 < 𝑚  
If there are more outputs than inputs, the inputs need to be split to create a number 

of virtual inputs 𝑗ଵ … 𝑗௠ that matches the number of outputs. One method is to compute 
the number of outputs that need to be generated by any input, as uniformly as possible, 
and to compute the virtual inputs as coordinates of space-filling curves. The example be-
low considers two inputs and three outputs. 
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(𝑗ଵ, 𝑗ଶ) are the coordinates of 𝑥ଵ on the 2D Hilbert curve, and 𝑗ଷ = 𝑥ଶ. 𝑜௞ = 𝐻௞(𝑗௞) 𝑓𝑜𝑟 𝑘 = 1 … 3 

While it is not perfect, a uniform distribution of input values 𝑥 would generate a 
relatively uniform multi-dimensional distribution of coordinates at the fractional position 
of 𝑥 on Hilbert curves. Averaging may change the distribution of the inputs, while finite-
order Hilbert mappings introduce quantization, multiplicity, and boundary constraints. 
Apart from the examples presented in this work, including the ones in Section 4.3, differ-
ent methods could be considered. When constructing benchmarks in future work, specific 
underlying constraints may emerge from application requirements. 

6. Analysis of Discrete Thomae-like Functions 
The analysis presented in this section focuses on the base case, with additive bias 𝑆ଵ = 0 and multiplicative bias 𝑀ଵ = 1. The additive bias simply shifts the function, with-

out affecting any of the properties discussed, while the multiplicative bias shrinks or ex-
tends the period of the function, with straightforward and intuitive consequences. The 
iterative case is not discussed here, because it could be broadly understood as a version 
of the base case with a different maximum allowed denominator. The extended case gen-
erates outputs by evaluating the inputs along each dimension separately; thus, all prop-
erties that hold for the base case would also hold for any dimension of the extended case. 
The asymmetric cases are just versions of the extended case with virtual inputs. As long 
as the virtual inputs generated cover the input space reasonably well and uniformly, 
which happens for the presented versions, the properties of the extended case hold true. 

Another consideration is the representation of the inputs. If an input can only be rep-
resented with 3 decimal places, then a signal with a sampling frequency of 1 kHz would 
be enough for analyzing the output of the discrete Thomae-like function, given that the 
input limitation affects the output properties such as the number of maxima or jumps. The 
analysis detailed in this paper considers input signals with a sampling frequency of up to 
10 MHz (7 decimal places). 

6.1. Number of Maxima 

Similarly to the analytic Thomae function, the discrete versions have one global max-
imum per period. Regarding local maxima, for the analytic function, every rational could 
be seen as a local maximum but, since the rationales are countably infinite and the irra-
tionals are uncountably infinite, the percentage of local maxima would still be 0. The dis-
crete versions have a multitude of local maxima, depending on the parameter 𝑄 and the 
limitations in representation for the inputs. Table 3 shows the number of local maxima 
when varying 𝑄 and 𝐹௦ (sampling frequency) in powers of 10. For 𝑄 ≥ 𝐹௦, the percent-
age of local maxima is about 40% of the number of values that can be represented. The 
distribution of global minima is a separate property. For 𝑄 = 𝐹௦, the percentage of abso-
lute minima is exactly 40% of the number of values, as expected from the Euler totient 
function 𝜙(𝑄) = 𝑄 ∏ (1 − ଵ௣)௣|ொ  for powers of 10 in the sequence ቂଵொ , ଶொ , … , ொொቃ, since each 

number coprime with 𝑄 generates a global minimum of value 1/𝑄. 𝜙(10௣)10௣ = 2௣ିଵ(2 − 1)5௣ିଵ(5 − 1)10௣ = 0.4 

We illustrate the computation of the number of local maxima in Table 3 for 𝐹௦ = 100 
and 𝑄 = 10. Since 𝐹௦ = 100, the input values are quantized to two decimal places, yielding 
the set of possible values {0.00, 0.01, …, 0.99, 1.00}. Because 𝑄 = 10, the denominator (b) is 
restricted to the set {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. Consider the input value x = 0.27 as an 
example. For each admissible denominator (b), the product 𝑥 ∗ 𝑏 is computed and its dis-
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tance to the nearest integer is evaluated. The denominator associated with the minimum 
distance is then selected. The corresponding calculations are as follows: 

0.27 * 1 = 0.27, the distance to the nearest integer is 0.73; 
0.27 * 2 = 0.54, the distance to the nearest integer is 0.46; 
0.27 * 3 = 0.81, the distance to the nearest integer is 0.19; 
0.27 * 4 = 1.08, distance to the nearest integer is 0.08; 
0.27 * 5 = 1.35, the distance to the nearest integer is 0.35; 
0.27 * 6 = 1.69, the distance to the nearest integer is 0.38; 
0.27 * 7 = 1.89, the distance to the nearest integer is 0.11; 
0.27 * 8 = 2.16, the distance to the nearest integer is 0.16; 
0.27 * 9 = 2.43, the distance to the nearest integer is 0.43; 
0.27 * 10 = 2.70, the distance to the nearest integer is 0.30. 
In this example, the minimum distance is obtained for b = 4. This process is repeated 

for all possible input values, producing the following sequence of selected denominators:  

1 1 1 1 1 1 1 1 1 1 10 9 8 8 7 
7 6 6 6 5 5 5 9 9 4 4 4 4 7 7 

10 3 3 3 3 3 3 8 8 5 5 5 7 7 9 
9 2 2 2 2 2 2 2 2 2 9 9 7 7 5 
5 5 8 8 3 3 3 3 3 3 10 7 7 4 4 
4 4 9 9 5 5 5 6 6 6 7 7 8 8 9 

10 1 1 1 1 1 1 1 1 1 1     

Each denominator generates an output equal to its reciprocal ଵௗ௘௡௢௠௜௡௔௧௢௥. The local 
maxima are highlighted in the previous sequence. Consequently, the local maxima of the 
output sequence correspond to the local minima of the denominator sequence. A local 
maximum is identified whenever a denominator value is smaller than its immediate left 
and right neighbors. For flat regions (plateaus, e.g., 1  1  1  1  1  1  1  1  1  1), only 
one representative maximum is counted (e.g., … 10  3  3  3  3  3  3  8 …). Further-
more, the first plateau of values (1  1  1  1  1  1  1  1  1  1) and the last plateau of 
values (1  1  1  1  1  1  1  1  1  1) are considered to be identical due to the periodicity 
of the function. Therefore, for 𝐹௦ = 100 and 𝑄 = 10, the sequence contains 10 distinct lo-
cal maxima. Finally, the percentage of local maxima is calculated as ௡௨௠௕௘௥_௢௙_௠௔௫௜௠௔ிೄ ∗100. 

Table 3. Number and percentage of local maxima over a period. 𝑸 𝑭𝒔 𝟏𝟎𝟏 𝟏𝟎𝟐 𝟏𝟎𝟑 𝟏𝟎𝟒 𝟏𝟎𝟓 𝟏𝟎𝟔 𝟏𝟎𝟕 𝟏𝟎𝟏 
4 

40% 
4 

40% 
4 

40% 
4 

40% 
4 

40% 
4 

40% 
4 

40% 𝟏𝟎𝟐 
10 

10% 
40 

40% 
40 

40% 
40 

40% 
40 

40% 
40 

40% 
40 

40% 𝟏𝟎𝟑 
10 
1% 

301 
30.1% 

402 
40.2% 

394 
39.4% 

394 
39.4% 

394 
39.4% 

394 
39.4% 𝟏𝟎𝟒 

10 
0.1% 

1013 
10.13% 

3326 
33.26% 

4092 
40.92% 

3904 
39.04% 

3892 
38.92% 

3891 
38.91% 𝟏𝟎𝟓 

10 
0.01% 

1013 
1.013% 

30,119 
30.119% 

33,117 
33.117% 

40,870 
40.870% 

39,311 
39.311% 

39,123 
39.123% 𝟏𝟎𝟔 

10 
0.001% 

1013 
0.101% 

101,414 
10.141% 

330,066 
33.007% 

331,255 
33.126% 

407,179 
40.718% 

394,125 
39.413% 𝟏𝟎𝟕 

10 
0.0001% 

1013 
0.010% 

101,414 
1.014% 

3,011,460 
30.115% 

3,328,977 
33.290% 

3,308,901 
33.089% 

4,084,152 
40.841% 
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6.2. Number and Statistics of Jumps 

A jump appears when two consecutive values of the input space (limited in this study 
by the number of decimal places in the representation of the inputs) generate different 
output values. For the analytic Thomae function, it is meaningless to talk about jumps, 
since the input space is the set of real numbers. However, for the discrete Thomae-like 
versions presented in this work, the analysis of jumps could numerically express the per-
ceived ruggedness of the functions. 

Table 4 shows the number of jumps for each configuration. For the considered pow-
ers of 10 and ≥ 𝐹௦, each input generates a jump, since even and odd numerators for the 
fractional part of the input determine different coprime denominators. The number of 
jumps is defined as the number of transitions between consecutive plateaus of constant 
denominator values. Considering the previous example of 𝐹௦ = 100 and 𝑄 = 10, there 
are 32 jumps highlighted in the following sequence: 1    1    1    1    1    1    1    1    
1    1  j 10   j 9  j  8    8   j 77  j  6    6    6   j 5    5    5  j  9    9  j  4    4    
4    4   j 7    7 j 10  j  3    3    3    3    3    3  j  8    8   j 5    5    5   j 7    
7  j 9    9  j  2    2    2    2    2    2    2    2    2   j 9    9   j 7    7  j 5    5    
5  j  8    8  j  3    3    3    3    3    3  j 10   j 7    7  j  4    4    4    4   j 9    
9  j  5    5    5  j  6    6    6  j  7    7   j 8 8   j 9  j 10   j 1    1    1    1    1    
1    1    1    1    1. 

The output values are generated by these denominators as ଵௗ௘௡௢௠௜௡௔௧௢௥. These values 
are used to compute the means and standard deviations shown in Tables 5 and 6. 

Table 4. Number of jumps over a period. 𝑸 𝑭𝒔 𝟏𝟎𝟏 𝟏𝟎𝟐 𝟏𝟎𝟑 𝟏𝟎𝟒 𝟏𝟎𝟓 𝟏𝟎𝟔 𝟏𝟎𝟕 𝟏𝟎𝟏 10 10 10 10 10 10 10 𝟏𝟎𝟐 32 100 100 100 100 100 100 𝟏𝟎𝟑 32 892 1000 1000 1000 1000 1000 𝟏𝟎𝟒 32 3046 9898 10,000 10,000 10,000 10,000 𝟏𝟎𝟓 32 3046 89,024 99,898 100,000 100,000 100,000 𝟏𝟎𝟔 32 3046 304,236 988,278 999,898 1,000,000 1,000,000 𝟏𝟎𝟕 32 3046 304,236 8,887,448 9,988,324 9,999,898 10,000,000 

Tables 5 and 6 show the means and standard deviations of the absolute values of the 
jumps, respectively. As the maximum allowed denominator grows and the number of 
jumps becomes larger, the absolute values and standard deviation of the jumps become 
lower because the jumps are increasingly smaller, occurring most often between large de-
nominator values. 

Table 5. Mean absolute values of jumps. 𝑸 𝑭𝒔 𝟏𝟎𝟏 𝟏𝟎𝟐 𝟏𝟎𝟑 𝟏𝟎𝟒 𝟏𝟎𝟓 𝟏𝟎𝟔 𝟏𝟎𝟕 𝟏𝟎𝟏 0.3 0.3 0.3 0.3 0.3 0.3 0.3 𝟏𝟎𝟐 4.74∙10−2 7.60∙10−2 7.63∙10−2 7.63∙10−2 7.63∙10−2 7.63∙10−2 7.63∙10−2 𝟏𝟎𝟑 4.74∙10−3 2.80∙10−2 1.39∙10−2 1.39∙10−2 1.39∙10−2 1.39∙10−2 1.39∙10−2 𝟏𝟎𝟒 4.74∙10−4 4.70∙10−3 6.91∙10−3 2.12∙10−3 2.11∙10−3 2.11∙10−3 2.11∙10−3 𝟏𝟎𝟓 4.74∙10−5 4.70∙10−4 2.78∙10−3 1.18∙10−3 2.99∙10−4 2.99∙10−4 2.99∙10−4 𝟏𝟎𝟔 4.74∙10−6 4.70∙10−5 4.70∙10−4 7.13∙10−4 1.71∙10−4 4.04∙10−5 4.04∙10−5 𝟏𝟎𝟕 4.74∙10−7 4.70∙10−6 4.70∙10−5 2.78∙10−4 1.22∙10−4 2.27∙10−5 5.20∙10−6 
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Table 6. Standard deviations of the absolute values of jumps. 𝑸 𝑭𝒔 𝟏𝟎𝟏 𝟏𝟎𝟐 𝟏𝟎𝟑 𝟏𝟎𝟒 𝟏𝟎𝟓 𝟏𝟎𝟔 𝟏𝟎𝟕 𝟏𝟎𝟏 0.3266 0.3266 0.3266 0.3266 0.3266 0.3266 0.3266 𝟏𝟎𝟐 1.42∙10−1 1.57∙10−1 1.57∙10−1 1.57∙10−1 1.57∙10−1 1.57∙10−1 1.57∙10−1 𝟏𝟎𝟑 4.69∙10−2 6.15∙10−2 5.66∙10−2 5.66∙10−2 5.66∙10−2 5.66∙10−2 5.66∙10−2 𝟏𝟎𝟒 1.49∙10−2 2.18∙10−2 2.29∙10−2 1.86∙10−2 1.86∙10−2 1.86∙10−2 1.86∙10−2 𝟏𝟎𝟓 4.72∙10−3 7.05∙10−3 8.11∙10−3 7.71∙10−3 5.95∙10−3 5.95∙10−3 5.95∙10−3 𝟏𝟎𝟔 1.49∙10−3 2.23∙10−3 2.75∙10−3 2.84∙10−3 2.48∙10−3 1.89∙10−3 1.89∙10−3 𝟏𝟎𝟕 4.71∙10−4 7.07∙10−4 8.81∙10−4 9.68∙10−4 9.38∙10−4 7.87∙10−4 5.99∙10−4 

6.3. Autocorrelation 

Like the analytic Thomae function, the autocorrelation drops very quickly, especially 
noticeable for higher 𝐹௦  values, as shown in Figure 7. Focusing on the autocorrelation 
displacements that can be computed for all sampling frequencies, Figure 8 shows the gen-
eral trend, while ignoring the (mostly) lower autocorrelation values that are in-between. 
The red group, with the highest autocorrelation value above 0.8 at displacement 0.5, cor-
responds to the cases with 𝑄 ≥ 𝐹௦. The blue group, with the fewest inflections and an au-
tocorrelation value around 0.6 at displacement 0.5, corresponds to the cases with 𝐹௦ = 1. 
The yellow group, with an autocorrelation value below 0.5 at displacement 0.5, corre-
sponds to the remaining cases with 𝑄 < 𝐹௦. 

 

Figure 7. Autocorrelation for the Thomae-like function for 𝑄 = 10଻ and 𝐹௦ = 10଻. 

 

Figure 8. Autocorrelation trends for Thomae-like functions. 
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6.4. Numerical Integral 

The analytic function is Riemann integrable with a value of 0, but numerical integra-
tion could be performed on the discrete versions as a measure of the spikes’ overall influ-
ence. Table 7 shows the values obtained with the trapezoidal rule. As expected, larger 
values of 𝑄 provide a lower baseline of the function and, thus, a lower integral value, 
indicating a reduced influence of large local maxima such as 0.5. 

Table 7. Numerical integral (trapezoidal rule) over a period. 𝑸 𝑭𝒔 𝟏𝟎𝟏 𝟏𝟎𝟐 𝟏𝟎𝟑 𝟏𝟎𝟒 𝟏𝟎𝟓 𝟏𝟎𝟔 𝟏𝟎𝟕 𝟏𝟎𝟏 0.270 0.270 0.270 0.270 0.270 0.270 0.270 𝟏𝟎𝟐 0.371 5.20∙10−2 5.15∙10−2 5.15∙10−2 5.15∙10−2 5.15∙10−2 5.15∙10−2 𝟏𝟎𝟑 0.363 6.30∙10−3 8.38∙10−3 8.30∙10−3 8.30∙10−3 8.30∙10−3 8.30∙10−3 𝟏𝟎𝟒 0.363 6.53∙10−3 8.79∙10−3 1.20∙10−3 1.19∙10−3 1.18∙10−3 1.18∙10−3 𝟏𝟎𝟓 0.363 6.51∙10−3 9.26∙10−3 1.14∙10−3 1.64∙10−4 1.62∙10−4 1.64∙10−4 𝟏𝟎𝟔 0.363 6.51∙10−3 9.32∙10−3 1.20∙10−3 1.42∙10−4 2.17∙10−5 2.15∙10−5 𝟏𝟎𝟕 0.363 6.51∙10−3 9.32∙10−3 1.21∙10−3 1.47∙10−4 1.70∙10−5 2.75∙10−6 

6.5. Spectrum 

The analytic function does not have an insightful Fourier transform within the inter-
val [0, 1], because the function is zero almost everywhere. By contrast, the discrete ver-
sions can have a useful discrete Fourier transform by preserving information. For 𝑄 < 𝐹௦, 
many close input values have the same output (as shown in Figure 2b), which generates 
a strong continuous component, with larger discrepancies between 𝑄  and 𝐹௦  creating 
larger magnitudes in the continuous component. For 𝑄 ≥ 𝐹௦ , especially in the case of 
larger values of 𝑄, as the baseline becomes lower and is covered with all sorts of numbers 
close to 0 (as indicated by the lower mean and standard deviation of absolute jumps), the 
spectrum becomes more uniform, signaling similarities with random white noise. Figures 
9 and 10 show examples of the two phenomena discussed. 

 

Figure 9. Magnitude spectrum for the Thomae-like function for 𝑄 = 10ହ and 𝐹௦ = 10଻. 
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Figure 10. Magnitude spectrum for the Thomae-like function for 𝑄 = 10଻ and 𝐹௦ = 10଻. 

7. Conclusions and Perspectives 
7.1. Preliminary Results 

The mathematical model presented in this paper is intended to represent a baseline 
for testing the convergence of evolutionary algorithms, whose implementation assumes 
that a small change in the input would produce a small variation in the output. Discrete 
Thomae-like functions contradict this assumption, generating large variations in the out-
put under small changes in the input. This fact makes such functions relevant candidates 
for benchmarking against current state-of-the-art algorithms by targeting atypical types 
of optimization problems. 

One well-studied real-world optimization problem that aligns with Thomae-like con-
cept is the High-Performance Gearbox Design [36,37]. As demonstrated in previous re-
search [38], this problem exhibits the “hunting tooth” physical phenomenon. When de-
signing high-speed gearboxes (such as those used in electric vehicle powertrains, wind 
turbines, or aerospace actuators), engineers must choose a gear ratio. If the gear ratio is 
simplified to a fraction with a small denominator (e.g., ଶଵ, ଷଶ, ସଷ), the exact same teeth on the 
mating gears will smash into each other repeatedly after just a few revolutions. If there is 
even a microscopic manufacturing flaw on one tooth, it will repeatedly hit the same spot 
on the opposing gear, causing loud acoustic noise and severe vibration spikes. These as-
pects resemble a Thomae-like behavior. If the gear ratio is an irrational number or a frac-
tion with an extremely large prime denominator, the tooth mesh exhibits a shifting pat-
tern. Any single tooth will evenly distribute its contact across all other teeth; thus, vibra-
tions cancel and the wear is perfectly uniform. 

As a multi-objective mathematical formulation, this problem could be regarded as a 
reduction gearbox optimization problem where engineers need to optimize the exact gear 
ratio x. The decision space is defined as Ω =  [2.5, 4.5], offering a feasible engineering win-
dow to choose a gear ratio x. Objective 1 (continuous) is to maximize efficiency. The motor 
has an ideal operating rotation per minute (RPM) curve, meaning that there is a mathe-
matically perfect continuous ratio (e.g., 3.72) that maximizes the battery range and accel-
eration. The farther one moves from this sweet spot, the worse the vehicle’s efficiency. 
Objective 1 is described in Equation (12): min 𝑓ଵ (𝑥) = (𝑥 − 3.72)ଶ (12)

Objective 2 is to minimize vibro-acoustic harshness and wear (Thomae-like behav-
ior). The vibration amplitude V(x) of the gearbox is a baseline level of a structural noise 𝑉଴, creating a massive spike whenever the ratio matches a simple rational fraction because 
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of the hunting tooth resonance. The smaller the denominator, the more catastrophic the 
vibration spike. Objective 2 is described in Equation (13): min 𝑓ଶ (𝑥) =  𝑉଴ +  𝛼 ∗ 𝑇(𝑥) (13)

where 𝛼 is the amplification factor of the resonance and 𝑇(𝑥) is the Thomae function, 
injecting severe spikes at every rational gear ratio ௣௤, based on the severity of its denomi-

nator q. The algorithms used may find a gear ratio that yields very good efficiency (𝑓ଵ), 
but this gear ratio could also generate acoustic noise and fail prematurely (𝑓ଶ), thus high-
lighting the conflicting nature of the objectives. 

The design of radio-frequency integrated circuits, particularly fractional-N phase-
locked loop (PLL) synthesizers, provides another real-world optimization problem which 
exhibits Thomae-like behavior. These circuits generate precise carrier frequencies for 5G, 
Wi-Fi, or Bluetooth devices. A well-known phenomenon in fractional-N PLLs is “frac-
tional spurs” [39,40]. To synthetize the desired frequency, the PLL multiplies the baseline 
frequency by a fractional value x. For rational values of x with a small denominator, the 
internal digital divider tends to follow the same rounding patterns, producing a discrete 
component known as fractional spurs. For irrational values, the rounding error becomes 
completely chaotic, and its spectral energy spreads over a broad frequency range, appear-
ing as noise. 

For mobile phones, the multi-objective optimization problem consists of engineers 
determining an optimal value for the fractional ratio x. The objectives could be formulated 
as follows. Objective 1 is to maximize the connection speed, as described in Equation (14): min 𝑓ଵ (𝑥) = |𝑥 −  𝑥௧௔௥௚௘௧|  (14)

A mobile phone would ideally switch to the desired frequency as soon as possible. 
The closer x is to the ideal value 𝑥௧௔௥௚௘௧ of the channel, the quicker the circuit locks onto 
the target. The second objective (Thomae-like behavior), described in Equation (15), is to 
minimize interferences (spurs). min 𝑓ଶ (𝑥) = 𝑍௡௢௜௦௘ +  𝛽 ∗  𝑇(𝑥)  (15)

where 𝑍௡௢௜௦௘ is the baseline noise value, 𝑇(𝑥) is the Thomae function, and β > 0 repre-
sents the sensitivity of the synthesizer to fractional spurs. 𝑇(𝑥) captures the observation 
that fractional division ratios corresponding to rational numbers with small denominators 
generate the strongest periodic error sequences and, consequently, the largest spurious 
spectral components. As the denominator increases, the spur level decreases, while ratios 
that are not well approximated by low-denominator rationales exhibit predominantly 
noise-like behavior. 

As mentioned above, future research will include runs, simulations, and analyses of 
the behavior of state-of-the-art algorithms, including NSGA-II, NSGA-III, and MOPSO, 
on Thomae-like functions (optimization problems). The preliminary results and compar-
isons of these algorithms have been presented and discussed in our previous works [41–
44]. 

7.2. Further Perspectives 

This paper presents a systematic mathematically designed model of generating dis-
crete Thomae-like functions. Starting with the analytic cases presented in Section 3, we 
present five discrete generalizations and discuss the behavior of these functions and the 
preservation of their properties. Our analysis focuses on the base case (n = m = 1), with 
additive bias 𝑆ଵ = 0 and multiplicative bias 𝑀ଵ = 1. The additive bias shifts the function 
without interfering with any of the discussed properties, while the multiplicative bias 
shrinks or extends the period of the function. The iterative case could be regarded as an-
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other version of the base case with a different value for Q. Similarly, the extended and 
asymmetric cases preserve the properties of the base case; therefore, the properties of the 
base case remain valid for any dimensionality. 

Tables 3–7 present the statistics of the discrete functions according to the percentage 
of local maxima, the number and distribution of jumps, and numerical integration. Simi-
larly to the analytic version, autocorrelation drops very quickly, as shown in Figure 7, 
particularly for higher 𝐹௦ values. The numeric integration and spectral aspects are also 
discussed, providing an analysis of the influence generated by the relationship between 
Q and 𝐹௦. 

To facilitate reproducibility of the experiments presented in this work, which we con-
ducted in Matlab R2022b, we specify the following considerations. The grid consists of Fs 
samples. A plateau of values is considered only once (the first plateau encountered), as 
shown in the example in Section 6. Specifically, the starting plateau is the same as the last 
one due to periodicity. For autocorrelation, we used the xcorr() function. For the discrete 
Fourier transform, we used the fft() function from the core Matlab library. Regarding float-
ing point computations, the default limit of 10ିଵହ  in Matlab was used. As mentioned 
above, our experiments did not exceed the value of 10ି଻. Therefore, although the round-
ing errors were not negligible, our experiments were not affected. Moreover, the main 
properties presented in this paper were also not affected. 

Future developments may include examining other values of Q, which will result in 
different types of properties. Especially interesting are prime values of Q, because all the 
lower natural numbers are coprime, or highly composite numbers, with very few lower 
coprime numbers. The proposed generalization can be combined with other known gen-
eralizations to produce various useful results, as mentioned in the Related Work section. 
Moreover, the analysis shows that the current output values are sparser at the top and 
denser at the bottom. Other definitions may distribute the outputs more uniformly, con-
stituting a basis for further analysis. 

Moreover, considering the diverse range of optimization problems, some of which 
are presented in this work, the need to identify and simulate Thomae-like functions on 
computing machines has become imperative. For example, a minor miscalculation of 
weather forecast data might lead to a major misprediction for the estimated time interval. 
A fallen tree that affects a single local electric power line could also damage the rest of the 
network. The proposed mathematical model could be regarded as an extreme case of these 
real-world natural disaster problems. Chaotic systems exhibit such behaviors in an ex-
treme form. Furthermore, this work could be a pioneer in generating a set of adversarial 
fitness functions for multi-objective optimization algorithms, designed to identify their 
weaknesses. Such developments will be included in the FADSE framework for testing 
state-of-the-art algorithms and establishing a public benchmark test suite. Since the core 
library of the FADSE is built upon and extends the open-source evolutionary algorithm 
library jMetal 6.6, incorporating new Thomae-like functions into the FADSE will primarily 
involve extending its optimization problem library. The following sample code consti-
tutes an example of problem configuration as an input for the FADSE: 
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<design_space> 

 <problem_config name = “PLL” type = “Thoame-function”> … 

  <parameter name = “maximumTimeOfASimulation” value = “140”/> 

  … 

 </problem_config> 

 <parameters> … 

  <parameter name = “x” description = “gear ratio” type = “double” min = “2.5”
max = “4.5”/> 

  … 

 </parameters> 

 … 

 <metaheuristic name = “NSGAII” config_path = “nsgaii.properties”/> 

</design_space> 

As shown in Figure 11, the class hierarchy of optimization problems in the FADSE 
enables its extensibility with new problems. 

 

Figure 11. Hierarchy of optimization problems in FADSE. 

As the FADSE is an open-source framework, it will provide researchers with a 
straightforward and flexible platform for testing, evaluating, and further extending the 
library with various families of Thomae-like functions. Features that facilitate, for exam-
ple, comparisons between a Thomae-like, function-based benchmark and current DTLZ, 
CEC, and ZDT benchmarks will also be included in future releases of the FADSE. The 
current development architecture of the FADSE is shown in Figure 12. 
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Figure 12. FADSE development infrastructure [45]. 

The features of the FADSE include an easily extensible object-oriented design, the 
generation of automatic visual graphs, and a custom-designed user interface. Moreover, 
the development of adapted quality indicators might be necessary, since classical metrics 
such as hypervolume may not adequately capture the irregular behavior of Thomae-like 
functions. To facilitate research in this direction, we aim to include and provide the nec-
essary tools and algorithms in the FADSE for validating adapted quality indicators. The 
existing class hierarchy in the FADSE offers straightforward extensibility for any perfor-
mance metrics, enabling researchers to easily implement, extend, and analyze new metrics 
and various families of Thomae-like functions under different optimization scenarios. 
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