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Abstract

Regularization can improve generalization by constraining how a model uses its internal
representation. In this paper, we study whether algebraic fixed-point constraints applied
to the final LSTM hidden state during training can reorganize the recurrent latent space
and improve held-out frame prediction. Rather than modifying the inference-time ar-
chitecture, we introduce four training-time operators, GlobalHouseholder (reflection),
GlobalGivens (rotation), Composition, and Lie Algebra, that bias the hidden state toward
geometrically structured regions without changing the decoder pathway. Experiments
across four datasets (indoor robot sequences, KITTI driving, Flying Shapes 2D, and Moving
3D Shapes) show that lightweight constraints consistently improve prediction on structured
scenes, with GlobalGivens achieving up to +1.04 dB PSNR and −11.3% MAE over the
unconstrained baseline on held-out Indoor sequences. The latent analysis reveals that
the operators that generalize best are not those that compress the representation most
aggressively but those that redistribute latent energy while preserving broad dimensional
participation. Lie Algebra, despite collapsing activation variance by 81–96%, degrades
under latent perturbation and does not match the lighter operators on structured datasets
identifying over-constraint as a clear failure mode. These results suggest that geometric
regularization of a recurrent bottleneck can act as a useful training-time prior without
adding any inference overhead.

Keywords: fixed-point regularization; latent reorganization; recurrent neural networks;
video prediction; geometric deep learning; latent geometry; generalization

1. Introduction
The success of deep learning in computer vision [1–3], natural language process-

ing [4–6], and electronics-related design tasks [7–9] is often attributed to its ability to
learn richer internal representations [10,11]. This view is consistent with the manifold
hypothesis, which suggests that high-dimensional observations often concentrate near
lower-dimensional geometric structures [12–16]. Geometric properties such as symmetry
and permutation invariance can be used as inductive biases to improve representation
learning. For example, graph neural networks are represented by many equivalent node or-
derings, showing their permutation-invariant nature [17,18]. This motivates a broader view
in which held-out prediction can improve when arbitrary coordinate dependence is reduced
or reorganized within the representation [19]. For example, a permutation-invariant graph
neural network improves generalization by forcing the latent code to represent structure
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independently of node ordering [20]. In a set autoencoding framework, permutation-
invariant encoders force the latent state to encode the content of an unordered collection
rather than its input order [21]. Similarly, permutation-invariant discrete representation
learning suggests that removing positional identity from latent codes can encourage more
global and semantically organized representations [22]. Figure 1 illustrates a representative
example of this indoor visual-sensor data-collection setting, showing the floor-map layout
together with the robot platform and corresponding RGB scenes; the arrow indicates the
robot’s direction of travel through the corridor.

Figure 1. Representative indoor visual-sensor data-collection environment. A mobile robot platform is
shown operating in a structured university corridor, together with the corresponding floor-map layout
and RGB examples from corridor and elevator areas. The robot setting motivates the use of compact
recurrent visual prediction, where future-frame estimation depends on temporal sensor observations
collected under viewpoint changes, repeated architectural structures, and partial scene symmetry.

The indoor dataset is motivated by mobile robot perception in structured building
environments. During navigation, a robot repeatedly observes corridors, elevator doors,
wall boundaries, signage, and partially symmetric architectural layouts from changing
viewpoints. These visual-sensor streams provide a practical setting for studying recurrent
frame prediction because the model must preserve temporal information about scene layout
while remaining robust to local appearance variation. In this work, the robot environment
is used as a representative source of structured visual sequences; the focus is on the latent
organization induced by fixed-point regularization rather than on closed-loop robot control.
No claim is made about autonomous navigation performance; the robot platform is used to
obtain structured visual-sensor streams for controlled latent-geometry evaluation.

Existing next-frame prediction methods typically improve performance by increas-
ing architectural capacity: stronger recurrent units, spatial memory modules, attention
mechanisms, skip connections, or transformer-based temporal modeling [23–26]. These
approaches are effective, but they do not isolate the role of the final latent state itself.
Unitary and orthogonal recurrent networks impose algebraic constraints on recurrent
weight matrices to stabilize gradients [27,28], while group-equivariant networks encode
geometric structure in spatial feature maps [29,30]. In contrast, our goal is not to build a
larger predictor nor to impose equivariance on the image plane. We directly regularize the
geometry of the recurrent bottleneck.
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We use next-frame prediction as a controlled probe for studying latent geometry.
Given a sequence of past frames, the model predicts the immediate next frame, but recon-
struction sharpness is not the main object of study. Instead, the prediction task provides a
supervised setting in which we test whether algebraic fixed-point regularization changes
the organization and robustness of the recurrent hidden state. Rather than applying explicit
permutations to a spatial latent tensor, we impose operator-based fixed-point constraints
on the final LSTM hidden state h7 ∈ Rk.

In this framework, the latent object is not a spatial tensor z ∈ RC×H×W but the LSTM
bottleneck state h7 ∈ Rk. Transformations like rotation, reflection, and manifold symmetry
operators act on h7 and reorganize the latent space. The training objective biases the
hidden states toward operator-compatible regions before decoding. The formulation can in
principle be applied to other encoder–decoder models with an explicit latent bottleneck, but
this paper evaluates it only in a controlled recurrent setting. In addition, the information
pathway between the encoder and the decoder is set through the latent space. Reorganizing
h7 changes the representation available to the decoder without changing the inference-time
pathway. Architectural shortcuts, such as spatial skip connections, are not used in this paper
to create additional information pathways. The aim is not to improve visual sharpness when
predicting the next video frame but to examine the sensitivity of latent-space reorganization
to the model’s generalizability. Rather than targeting reconstruction quality alone, our work
focuses on empirical evidence for geometric latent-space reorganization in a controlled
recurrent prediction setting. The indoor sequences considered in this study originate
from a mobile robot observing structured corridors, elevator areas, doorway boundaries,
and repeated architectural elements over time. This setting provides a practical source
of recurrent visual-sensor streams, but the main purpose of the prediction task is not to
produce visually sharp future frames. Instead, the task is used as a controlled probe for
studying how temporal scene information is organized inside the final recurrent bottleneck
state. Because the decoder receives only the compact hidden state h7, changes in held-out
behavior can be examined together with changes in latent energy distribution, effective
rank, active dimensionality, and noise response. In this context, the fixed-point operators act
as training-time geometric biases on the latent state, allowing us to test whether operator-
compatible organization emerges without changing the inference-time decoding path.

The experimental model consists of a 3D convolutional encoder, a single-layer LSTM-
Cell, and a no-skip decoder. Given T = 18 input frames, the encoder and recurrent module
produce the final hidden state h7 ∈ Rk, from which the decoder predicts the next frame
xT+1. Because no skip connections are used, all information passed from the input sequence
to the decoder must flow through h7.

The model’s performance is evaluated using four latent diagnostic metrics: Shannon
entropy, Dims@90, effective rank, and activation variance. These metrics serve as proxies
for the degree of coherent geometric structure induced by each operator, without requiring
direct estimation of mutual information. For the two real-world datasets, generalization
is evaluated under held-out environment protocols: (i) For the Indoor dataset, training
is performed using sequences from five training environments, while the held-out test
set is collected from entirely separate buildings and environments. No frames from the
held-out test buildings are used during training, validation, or hyperparameter selection.
(ii) For KITTI, a drive-disjoint protocol holds out five drives under the same conditions.
Both constitute zero-shot cross-environment evaluation settings in which the model has no
access to any appearance statistics of the test environment during training.
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The machine learning model is trained to predict the next frame. First, from an input
sequence x1:T , the encoder and the recurrent module define a mapping

h7 = Fθ(x1:T) ∈ Rk,

where h7 is the final LSTM hidden state. The encoder Eθ maps an input image sequence
x1:T to a latent representation h7, and the decoder predicts the next frame as:

x̂T+1 = Dϕ(h7).

Here, θ and ϕ are the learnable parameters of the encoder and decoder, respectively.
We have used the following latent transformation operations: G = {U1, U2, U3, U4}, where
U1 = rotation (GlobalGivens), U2 = reflection (GlobalHouseholder), U3 = Composition,
U4 = Lie Algebra. The algebraic operator is applied only to h7 during training. For an
operator U, the fixed point is

Lfp = ∥U(h7)− h7∥1.

Here, GlobalHouseholder imposes a reflection-like fixed-point structure, GlobalGivens
imposes a rotation-like constraint, Composition combines reflection and rotation, and Lie
Algebra provides a more expressive continuous transformation family. Our model is then
trained to minimize this fixed-point loss. For operators defined through algebraic closure,
the corresponding closure loss is used, for example

Lrot = ∥Rm(h7)− h7∥1, Lref = ∥M(h7)− h7∥1.

The reconstruction objective is

Lrec = ∥x̂T+1 − xT+1∥1,

and the total objective is
L = Lrec + λfpLfp.

The algebraic operator is used only as a training-time regularizer. At inference time, the
decoder receives the untransformed hidden state h7. The main experiments use λfp = 1.0
for all operator variants to keep the comparison controlled. A supplementary sensitivity
analysis over λfp ∈ {0.5, 1.0, 2.0} is reported in Appendix A.5.

The fixed-point loss is used as a training-time geometric bias on the final recurrent
hidden state, not as a proof of decoder invariance. For each sequence, the encoder and
recurrent module produce h7 = Fθ(x1:T) ∈ Rk. The auxiliary loss penalizes the distance
between h7 and its transformed or algebraically closed counterpart, depending on the
operator. This biases the learned hidden states toward operator-compatible regions of Rk.
The constraint can reduce effective representational freedom, but it does not necessarily
reduce the number of active dimensions. This distinction is tested empirically in Section 4.

The main contribution of this paper is to connect symmetry-inspired representation
learning with recurrent temporal prediction. Previous work has shown that permutation
invariance, equivariance, and invariant latent projections can improve representation
quality by removing arbitrary coordinate dependence. We extend this idea to recurrent
video prediction by showing that algebraic fixed-point constraints can reorganize the
LSTM’s final hidden state and improve generalization under a controlled bottleneck. The
results suggest that held-out prediction can improve when the recurrent state is biased
toward operator-compatible regions rather than left unconstrained.

The contributions of this paper are summarized:
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• We propose our fixed-point regularization of recurrent hidden states as a training-time
geometric prior for temporal frame prediction.

• We show how algebraic operators (GlobalHouseholder, GlobalGivens, Composition,
and Lie Algebra) reorganize the final LSTM hidden state around invariant sets without
changing the inference-time forward pass.

• We show that improved held-out behavior is associated with broader, operator-
compatible latent organization rather than aggressive latent concentration and identify
over-constraint as a failure mode.

The remainder of this paper is organized as follows. Section 2 reviews related work.
Section 3 describes the controlled architecture, datasets, training protocol, and evaluation
metrics. Section 4 reports and discusses the latent-geometry, robustness, operator-specific
behavior, and limitations. Section 5 concludes this paper.

2. Related Work
Recently, there has been a significant surge in research on geometric deep learning,

especially on the role of permutation invariance in generalization capacity. Researchers
are showing that generalization arises not only from stronger architectures but also from
order-dependent variation that is reorganized within the representation. Winter et al.
introduce a novel framework of a permutation-invariant encoder and a differentiable
sorting operator. This generates robust, lower-dimensional graph representations for im-
proved downstream task performance [17]. Duan and Lee formulate graph generation as a
permutation-invariant latent-variable problem, avoiding the need to impose a fixed sequen-
tial node order [18]. Kortvelesy et al. [21] further extend this line of work to set autoen-
coding. Here, an encoder summarizes an unordered collection without treating the input
order as meaningful. Thiede et al. [20] develop a theoretical framework of permutation-
equivariant neural networks and graph variational encoders. Hansen et al. [19] show that
equivariant models still require direct analysis of the learned representations. This is
because architectural equivariance alone does not fully account for how information is
organized in the latent space. Cohen et al. first introduced group-equivariant convolutional
networks that build transformation structure into spatial feature maps. These learned fea-
ture maps respond predictably to group actions such as rotations and translations [29]. An
advanced class of equivariant architectures is used for broader transformation groups [30].

Another relevant line of work investigates invariance and consistency as training
objectives. Simard et al. [31] proposed a tangent propagation method that regularizes a
network by penalizing the sensitivity to known transformation directions. This encourages
local invariance around each training example. On the other hand, contractive autoencoders
study explicit invariance by penalizing the Jacobian encoder sensitivity [32]. Consistency
regularization methods extend the same idea by requiring predictions to remain compatible
under stochastic perturbations, adversarial perturbations, or data augmentations [33–36].
Algebraic operators, for example, Householder, have been used to construct efficient
orthogonal recurrent transformations [28]. The algebraic structure is used within the
recurrent transition itself, primarily to improve optimization stability. Our use of algebraic
operators differs from this line of work. Instead, reflection, rotation, composition, and
Lie-type operators are introduced as auxiliary constraints on the final hidden state during
training. The inference-time model remains unchanged, so the role of the algebraic operator
is to reorganize the recurrent bottleneck rather than to define the recurrent dynamics [27].

Recent research on fixed-point iterations in deep networks studies how hidden states
can stabilize after looped transformations and provides theoretical conditions under which
robust fixed points can arise in high-dimensional neural systems [37]. Fixed-point reasoning
models use convergence toward a fixed point as a mechanism for adaptive computation or
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halting in looped architectures [38]. These works are relevant to our paper in that they treat
fixed points as a property of an iterative neural process. The present work also differs in
that the fixed-point structure is imposed. We do not use fixed-point convergence to halt
computation. Also, we do not analyze the repeated application of network layers. Instead,
we impose algebraic fixed-point conditions on the final recurrent hidden state h7 during
training. In the practical setting, fixed-point quantization of convolutional networks studies
how weights and activations can be represented with optimized fixed-point bit widths to
reduce storage and computation [39].

Our model architecture is related to long short-term memory networks [40] and
algebraically constrained recurrent models. Orthogonal and unitary recurrent networks
use norm-preserving transformations to stabilize hidden dynamics and reduce gradient
instability through long temporal horizons [27,28]. Householder reflections have also been
used as efficient parameterizations of orthogonal transformations in recurrent networks [28].
These methods use algebraic structure inside the recurrent transition itself, mainly for
optimization and stability. Our use of algebra is different. The LSTM transition is not
replaced by a unitary, orthogonal, or equivariant recurrent update. Instead, reflection,
rotation, composition, and Lie-type operators are introduced as auxiliary training-time
constraints on the final recurrent state. The inference-time forward pass remains unchanged,
so the role of the algebraic operator is to reorganize the latent bottleneck rather than to
define the recurrent dynamics.

3. Materials and Methods
3.1. Controlled Model Architecture

We use a controlled encoder–recurrent–decoder architecture composed of a 3D CNN
encoder, a single-layer LSTMCell, a training-time operator block, a no-skip decoder, and a
prediction head, as shown in Figure 2. The architecture is intentionally not designed as a
high-capacity video-prediction baseline. Instead, it is used as an identification setting in
which all information passed to the decoder must strictly flow through a single flat recurrent
bottleneck, h7 ∈ Rk. This makes it possible to test whether different algebraic fixed-point
constraints reorganize the same latent state under matched encoder, decoder, and training
conditions. The model is trained to predict the next frame using an L1 reconstruction loss,
with an additional training-time auxiliary loss applied to h7 for the regularized variants.
Next-frame video prediction provides an experimental setting for testing generalizability
with latent reorganization.

Training-Time Operator Block

Input Frames
x1:T , T=18

128×128, RGB

3D CNN
Encoder

→(B, 512, T, 8, 8)

pool→(B, 7, 8192)

LSTMCell
in 8192, hid k

7 steps, ht∈Rk

NoSkip Decoder
FC: h7→8192

4×Up+Conv2D+Res

Tanh

Predicted Frame
x̂T+1∈R

3×128×128

Householder
M(h)=h−2(n⊤h)n

Givens

R(h)=h eθA⊤

Composition
1
2 (MR+RM)(h)

Lie Algebra

h eΩ⊤ , Ω∈so(k)

one variant selected per model

Auxiliary Loss
Lfp(h7)

L=Lrecon+λLfp
λ=1.0, training only

x1:T et h7

h7

U(h7) or Um (h7)

Data flow

Main latent flow

Training-only auxiliary branch

Figure 2. Overview of the controlled recurrent prediction architecture. The decoder receives the
untransformed final LSTM hidden state h7. The algebraic operator block is used only as a training-
time auxiliary branch to compute the fixed-point or closure loss on h7; it is not part of the inference-
time decoding path.

Table 1 summarizes the five variants of the model.
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The operator parameter counts are tiny relative to the full encoder–decoder param-
eter count; the largest operator, Lie Algebra, adds only 2016 parameters at k = 64. This
difference in parameterization also changes the strength of the constraint. GlobalGivens
constrains h7 through a single learnable rotation parameter, leaving most latent directions
comparatively free. Lie Algebra instead applies a full SO(k) rotation parameterized by
k(k− 1)/2 learnable degrees of freedom, equal to 2016 at k = 64. This stronger parame-
terization can restrict many latent directions simultaneously, which is consistent with the
substantially lower activation variance observed for Lie Algebra, 81–96% across datasets,
whereas Givens broadens Dims@90 on all four datasets.

Table 1. Model variants at k = 64. All variants share the same encoder, decoder, recurrent bottleneck
size, and training protocol. The regularized models differ only in the training-time algebraic operator
and its corresponding auxiliary loss.

Variant Operator S Learnable Params Auxiliary Loss

Baseline I 0 None
Householder M k LM
Givens R 1 LR
Composition C k + 1 LC
Lie Algebra RΩ k(k− 1)/2 LΩ

We included a ConvLSTM-cell control as a lightweight surrogate reference for spa-
tiotemporal recurrent modeling. It preserves the same encoder, no-skip decoder, k = 64
bottleneck interface, optimizer, and evaluation protocol while replacing only the flat LSTM-
Cell with a convolutional recurrent cell. Thus, the comparison serves as a recurrent-cell
ablation under the same bottleneck-identification setting, rather than as a full architec-
tural benchmark.

To verify that these operators do not introduce inference-time computational overhead,
Table 2 reports parameter count, operator-specific parameters, multiply-accumulate cost,
throughput, and peak GPU memory.

The model architecture consists of an encoder, a recurrent module, and a no-skip
decoder. The encoder receives the input tensor x1:T ∈ RB×T×3×128×128, permuted to
(B, 3, T, 128, 128) for 3D convolution. Four sequential blocks, each consisting of two
3× 3× 3 Conv3D layers with batch normalization and ReLU, followed by MaxPool3D
with kernel (1, 2, 2), gradually reduce spatial resolution from 128 to 64 to 32 to 16 to 8,
while channel depth increases from 3 to 64 to 128 to 256 to 512. Temporal resolution is
preserved throughout. Adaptive average pooling to (7, 4, 4) followed by reshaping yields
the sequence (B, 7, 8192) that feeds the LSTM, since 512× 4× 4 = 8192. The recurrent
module is a single-layer LSTM operating in k dimensions. At each of the seven time steps,
the LSTM-Cell produces a hidden state ht from the current encoder feature et and the
previous hidden and cell states. The decoder receives h7 ∈ Rk, projects it to R8192 through
a linear layer with ReLU activation, reshapes the result to (B, 512, 4, 4), and applies four
upsampling blocks that recover spatial resolution through 8, 16, 32, and 64 pixels before a
final layer produces the predicted frame at 128× 128 with activation tanh. Skip connections
are not used between the encoder and decoder. This ensures that everything the decoder
knows about the input comes via h7.

All models are trained with AdamW using β1 = 0.9, β2 = 0.999, and weight de-
cay 10−5. The learning rate follows a cosine annealing schedule from η0 = 2 × 10−5

to ηmin = 10−6 over 30 epochs. Gradient norms are clipped to 1.0, and automatic
mixed precision is used throughout. The batch size is 8 in all reported runs, with an
80/20 train/validation split using seed 42. The best checkpoint is selected by PSNR valida-
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tion and all reported test results come from that checkpoint, evaluated on held-out data
without any fine-tuning.

Table 2. Inference efficiency of the five model variants at k = 64. FPS is measured at batch size 1 on
the evaluation GPU. GMACs are reported per forward pass. Op. params denotes parameters added
by the operator block only; the encoder–LSTM–decoder backbone is shared across all variants.

Dataset Operator Total Params Op. Params GMACs FPS GPU (MB)

Indoor

Baseline 20,635,395 0 182.15 65 314
Householder 20,635,459 64 182.15 65 395
Givens 20,635,396 1 182.15 65 396
Composition 20,635,460 65 182.15 65 395
Lie Algebra 20,637,411 2016 182.15 65 476

KITTI

Baseline 20,635,395 0 182.15 65 396
Householder 20,635,459 64 182.15 65 395
Givens 20,635,396 1 182.15 65 476
Composition 20,635,460 65 182.15 65 397
Lie Algebra 20,637,411 2016 182.15 65 397

Flying2D

Baseline 20,635,395 0 182.15 65 479
Householder 20,635,459 64 182.15 63 397
Givens 20,635,396 1 182.15 63 397
Composition 20,635,460 65 182.15 65 478
Lie Algebra 20,637,411 2016 182.15 58 397

Moving3D

Baseline 18,663,171 0 45.54 201 221
Householder 18,663,235 64 45.54 205 294
Givens 18,663,172 1 45.54 222 222
Composition 18,663,236 65 45.54 220 222
Lie Algebra 18,665,187 2016 45.54 204 295

The complete computational procedure is summarized in Algorithms 1–3. Algorithm 1
describes the encoder–recurrent–decoder forward pass, Algorithm 2 defines the fixed-point
operators and their auxiliary losses, and Algorithm 3 gives the training loop used for all
model variants.

Algorithm 1 Encoder–Recurrent–Decoder Forward Pass

Require: Input sequence x1:T ∈ RB×T×3×128×128, encoder Eθ , LSTMCell, decoder Dϕ,
latent dim k

Ensure: Predicted frame x̂T+1 ∈ RB×3×128×128

1: x̃ ← permute(x1:T , (B, 3, T, 128, 128)) ▷ reorder for 3D convolution
2: e← Eθ(x̃) ▷ 4-block Conv3D encoder; e ∈ RB×512×T×8×8

3: e← AdaptiveAvgPool3D(e, (7, 4, 4)) ▷ pool to 7 temporal steps
4: e1:7 ← reshape(e, (B, 7, 8192)) ▷ 512× 4× 4 = 8192
5: h0, c0 ← 0k, 0k
6: for t = 1 to 7 do
7: ht, ct ← LSTMCell(et, ht−1, ct−1)
8: end for

▷ h7 is the final recurrent hidden state; operator block acts on h7 during training
only

9: z← ReLU(Wfc h7 + bfc) ▷ project Rk → R8192

10: z← reshape(z, (B, 512, 4, 4))
11: x̂T+1 ← Dϕ(z) ▷ 4-block upsample decoder; no skip connections
12: return x̂T+1, h7

We use m = 4 as a common finite-closure diagnostic for all rotation-based operators,
not as an assumption that the data possess exact four-fold symmetry.
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Algorithm 2 Fixed-Point Operators and Auxiliary Losses

Require: Hidden state h7 ∈ RB×k, operator type S ∈ {Householder, Givens, Composition, Lie}
Ensure: Auxiliary loss Lfp

1: if S = Householder then
2: n← ñ/∥ñ∥ ▷ normalise learnable vector ñ ∈ Rk, k params
3: M(h7)← h7 − 2 (n⊤h7) n ▷ reflection through hyperplane ⊥ n
4: Lfp ← ∥M(h7)− h7∥1 ▷ fixed-point loss; pushes h7 toward {h : n⊤h = 0}
5: else if S = Givens then
6: A← (Q−Q⊤)/∥Q−Q⊤∥F, Q fixed random ▷ fixed skew-symmetric generator, A = −A⊤

7: R(θ)← exp(θA) ▷ θ learnable scalar, 1 param; R ∈ SO(k)
8: h(0)7 ← h7
9: for m = 1 to 4 do

10: h(m)
7 ← h(m−1)

7 R(θ)⊤

11: end for
12: Lfp ← ∥h

(4)
7 − h7∥1 ▷ finite closure diagnostic: encourage R4(h7) ≈ h7

13: else if S = Composition then
14: (instantiateM andR as above)
15: LMR ← ∥M(R(h7))− h7∥1 ▷ rotate then reflect
16: LRM ← ∥R(M(h7))− h7∥1 ▷ reflect then rotate
17: Lcomm ← ∥M(R(h7))−R(M(h7))∥1 ▷ commutativity penalty
18: Lfp ← LMR + LRM + λcomm Lcomm

19: else if S = Lie Algebra then
20: Ωij ← +θij for i > j; Ωij ← −θij for i < j; Ωii ← 0 ▷ k(k−1)

2 learnable params; Ω ∈ so(k)
21: RΩ ← exp(Ω) ▷ RΩ ∈ SO(k); full Lie algebra rotation

22: h(0)7 ← h7
23: for m = 1 to 4 do
24: h(m)

7 ← h(m−1)
7 R⊤Ω

25: end for
26: Lfp ← ∥h

(4)
7 − h7∥1 ▷ C4 closure loss

27: end if
28: return Lfp

Algorithm 3 Fixed-Point Regularization Training

Require: DatasetD, operator S , epochs N = 30, batch size B = 8, k = 64, η0 = 2× 10−5, ηmin = 10−6,
λfp = 1.0, gradient clip = 1.0, train/val split 80/20 at seed 42

Ensure: Best checkpoint selected by validation PSNR
1: Initialise model parameters θ, ϕ; initialise AdamW optimiser
2: Split D into Dtrain and Dval
3: for epoch e = 1 to N do
4: ηe ← ηmin + 1

2 (η0 − ηmin)
(
1 + cos(π e/N)

)
▷ cosine annealing

5: for each mini-batch (x1:T , xT+1) ∈ Dtrain do
6: x̂T+1, h7 ← Forward(x1:T) ▷ Algorithm 1
7: Lrecon ← ∥x̂T+1 − xT+1∥1
8: if S ̸= Baseline then
9: Lfp ← AuxLoss(h7, S) ▷ Algorithm 2

10: L ← Lrecon + λfp Lfp
11: else
12: L ← Lrecon
13: end if
14: Backpropagate L; clip gradients; update parameters ▷ AMP + gradient clipping to 1.0
15: end for
16: PSNRval ← Evaluate on Dval ▷ operator not applied at inference
17: if PSNRval > PSNRbest + δ then
18: Save checkpoint; PSNRbest ← PSNRval
19: end if
20: end for
21: return best checkpoint
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3.2. Fixed-Point Operators

The fixed-point regularizer is instantiated using four algebraic operators acting on
the final recurrent hidden state h7 ∈ Rk: GlobalHouseholder, GlobalGivens, Composi-
tion, and Lie Algebra. Table 3 summarizes their main algebraic properties alongside the
unconstrained baseline.

Table 3. Algebraic properties of the geometric operators at k = 64. Householder, Givens, and
Lie Algebra are norm-preserving transformations; the Composition operator is a symmetrized
combination of reflection and rotation terms.

Operator Group Params Algebraic Property Inverse Used

Baseline {I} 0 Identity I
Householder O(k) k M2 = I M
Givens SO(k) 1 R−1 = R(−θ) expm(−θA)
Composition Symmetrized maps k + 1 1

2 (MR+RM) No
Lie Algebra SO(k) 2016 Full SO(k) rotation expm(−Ω)

The operators differ not only in parameter count but also in how strongly they can
restrict h7. GlobalGivens uses a single learnable scalar angle with a fixed skew-symmetric
generator, so its four-step closure loss encourages rotational consistency while leaving
most latent directions comparatively unconstrained. Lie Algebra instead learns a full so(k)
generator with k(k− 1)/2 parameters, equal to 2016 at k = 64, and can therefore constrain
many latent planes simultaneously. This stronger parameterization can become a stronger
restriction under the fixed-point objective, which motivates the over-constraint analysis in
Sections 4 and 5.

3.3. Training Datasets

Four datasets are used to cover a range of scene structures: (i) Indoor Buildings,
(ii) KITTI, (iii) Flying Shapes 2D, and (iv) Moving 3D Shapes. Their frame counts, se-
quence counts, and train–test split structure are summarized in Table 4. The datasets are
explained below:

• The Indoor Buildings dataset consists of RGB video recorded with an Intel RealSense
D435 depth camera in university buildings. Scenes include elevator interiors, lobbies,
corridors, and doorway areas: spaces that are architecturally structured, with walls,
door frames, floor boundaries, and signage that frequently exhibit approximate bi-
lateral symmetry. The training pool contains 7213 frames from five indoor folders,
resized to 128× 128 and normalized to [−1, 1]. Training and validation are obtained
from this training pool using an 80/20 split with seed 42. The held-out Indoor evalu-
ation set is collected from different buildings/environments and is kept completely
separate from training and validation; it contains 12,978 frames, corresponding to
12,852 input-target sequences.

• The KITTI dataset [41] provides RGB driving video recorded from a moving vehicle
in urban and suburban environments in Karlsruhe, Germany. Scenes include roads,
parked vehicles, buildings, pedestrians, and vegetation. Unlike the Indoor dataset,
KITTI scenes have weaker and less consistent bilateral regularity. The road layout is
often approximately symmetric about the vehicle axis, but other scene elements are
not, and camera motion introduces continuous viewpoint change. Frames are resized
to 128× 128. Training uses 29 drives and evaluation uses five completely held-out
drives under a drive-disjoint protocol, giving n = 1196 test sequences.

• The Flying Shapes 2D dataset consists of synthetic RGB sequences of simple 2D
geometric shapes moving across a uniform background. The shapes and background
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produce strong geometric regularity relative to natural video, making this dataset a
controlled setting for testing whether algebraic operators interact with simple spatial
structure. The training split contains 10,000 sequences (190,000 frames), and the test
split contains 2000 sequences (38,000 frames).

• The Moving 3D Shapes dataset consists of synthetic sequences of 3D geometric objects
rendered under varying viewpoints. Unlike Flying Shapes 2D, viewpoint rotation in-
troduces perspective distortion and shading variation that break the exact pixel-space
regularity present in the 2D case. The dataset is therefore a harder test for the geomet-
ric operators: the objects are regular in 3D space, but their projections onto the image
plane depend on viewpoint and lighting. The training split contains 10,000 sequences
(190,000 frames), and the test split contains 2000 sequences (38,000 frames).

Table 4. Dataset composition used in the experiments. Training and validation are split from the
training pool using an 80/20 split with seed 42. Test data are held out separately. Sequence counts
assume a sliding window of T + 1 = 19 frames with stride 1 for Indoor and KITTI and predefined
19-frame sequences for the synthetic datasets.

Dataset Train Frames Train Seq. Test Frames Test Seq.

Indoor Buildings 7213 7123 12,978 12,852
KITTI 6785 6155 1286 1196
Flying Shapes 2D 190,000 10,000 38,000 2000
Moving 3D Shapes 190,000 10,000 38,000 2000

The baseline and four fixed-point variants are trained under a fixed seed and identical
protocol, including the same data split, initialization protocol, optimizer, schedule, architec-
ture, and evaluation pipeline. The ConvLSTM-cell is evaluated separately as a controlled
recurrent-cell ablation. The results are interpreted as controlled comparative evidence for
isolating operator-induced latent reorganization rather than as an estimate of variability
over random initializations. The paired Wilcoxon tests and the bootstrap intervals for
entropy and activation variance assess consistency over the held-out evaluation population,
and they do not replace independent multi-seed replication.

3.4. Evaluation Metrics

In this paper, we used four latent structure metrics to evaluate the latent reorganization
induced by each operator. The latent structure metrics are:

• Shannon entropy H measures how evenly squared activation energy is distributed
across latent dimensions. For each hidden state, squared activations are normalized
across dimensions, averaged over all test sequences, and converted to entropy using
base-2 logarithms.

• Dims@90% is computed from the centered hidden-state matrix H7 − H̄7. It counts
the number of singular-value energy components needed to explain 90% of the
total squared singular-value energy. Larger values indicate broader sample-level
latent variation.

• Effective rank is computed from the centered matrix H7 − H̄7. Let {si} be its singular
values and pi = si/ ∑j sj. The effective rank is exp(−∑i pi log pi).

• Activation variance is the mean per-dimension variance of h7 across all N test se-
quences, computed as the average diagonal of the sample covariance matrix of
H7 ∈ RN×k.

These metrics do not demonstrate semantic disentanglement or mutual information
compression. They are used only as diagnostic summaries of how activation energy and
sample-level variation are distributed throughout the recurrent state.
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4. Results and Discussion
In our experiments, we first examine whether fixed-point regularization changes the

recurrent latent state by compressing it or reorganizing how its dimensions are used. The
relevant object is the final LSTM hidden state h7 ∈ Rk, since this is the only representation
passed from the encoder-recurrent module to the decoder. We characterize the hidden state
via Shannon entropy, Dims@90, effective rank, and activation variance.

4.1. Reconstruction Quality

Reconstruction quality is measured using four complementary metrics. The Peak
Signal-to-Noise Ratio (PSNR) is the ratio of the maximum possible pixel intensity to the
mean-squared prediction error, expressed in decibels. Higher values indicate better pixel-
level fidelity. The structural similarity index (SSIM) measures the perceptual agreement
between the predicted and ground-truth frames in terms of luminance, contrast, and struc-
ture; higher values are better. The Learned Perceptual Image Patch Similarity (LPIPS) [42]
measures the perceptual distance using deep feature representations extracted from a
pretrained AlexNet. Lower values indicate a higher perceptual similarity. Latent metrics
explain how the hidden state changes, while MAE/PSNR/SSIM/LPIPS show the task-level
effect. Reconstruction quality metrics are shown in Table 5. The ConvLSTM-cell row is
included as a controlled recurrent-cell reference under the same bottleneck interface and
matched evaluation convention.

Table 5. Reconstruction quality on held-out splits. For PSNR, values in parentheses denote absolute
gains or losses in dB relative to the baseline. For SSIM, LPIPS, and MAE, values denote percentage
change relative to the baseline. Bold indicates the best value for each metric within each dataset.
↑ higher is better; ↓ lower is better.

Dataset Model PSNR ↑ SSIM ↑ LPIPS ↓ MAE ↓

Indoor

Baseline 17.349 0.551 0.687 0.1087
ConvLSTM-cell 17.552 (+0.20 dB) 0.554 (+0.56%) 0.655 (−4.67%) 0.1070 (−1.62%)
Householder 18.173 (+0.82 dB) 0.571 (+3.62%) 0.639 (−6.99%) 0.0985 (−9.38%)
Givens 18.390 (+1.04 dB) 0.576 (+4.54%) 0.660 (−3.93%) 0.0964 (−11.31%)
Composition 18.143 (+0.79 dB) 0.564 (+2.40%) 0.649 (−5.53%) 0.0986 (−9.29%)
Lie Algebra 18.143 (+0.79 dB) 0.571 (+3.62%) 0.640 (−6.84%) 0.0992 (−8.74%)

KITTI

Baseline 14.580 0.389 0.631 0.1194
ConvLSTM-cell 13.959 (−0.62 dB) 0.372 (−4.27%) 0.662 (+4.91%) 0.1315 (+10.13%)
Householder 14.784 (+0.20 dB) 0.395 (+1.39%) 0.637 (+0.86%) 0.1155 (−3.27%)
Givens 14.682 (+0.10 dB) 0.394 (+1.13%) 0.632 (+0.18%) 0.1170 (−2.01%)
Composition 14.570 (−0.01 dB) 0.388 (−0.34%) 0.620 (−1.74%) 0.1205 (+0.86%)
Lie Algebra 14.698 (+0.12 dB) 0.398 (+2.33%) 0.637 (+0.92%) 0.1182 (−1.08%)

Flying2D

Baseline 21.387 0.948 0.191 0.0130
ConvLSTM-cell 21.811 (+0.42 dB) 0.948 (−0.02%) 0.180 (−5.76%) 0.0133 (+2.54%)
Householder 21.718 (+0.33 dB) 0.950 (+0.26%) 0.181 (−5.76%) 0.0118 (−9.52%)
Givens 21.405 (+0.02 dB) 0.949 (+0.16%) 0.181 (−5.24%) 0.0129 (−0.77%)
Composition 21.401 (+0.01 dB) 0.950 (+0.19%) 0.183 (−4.19%) 0.0127 (−2.31%)
Lie Algebra 21.386 0.950 (+0.25%) 0.187 (−2.36%) 0.0125 (−3.85%)

Moving3D

Baseline 16.190 0.712 0.140 0.0678
ConvLSTM-cell 16.494 (+0.30 dB) 0.707 (−0.70%) 0.146 (+4.29%) 0.0695 (+2.51%)
Householder 16.110 (−0.08 dB) 0.710 (−0.21%) 0.141 (+0.21%) 0.0682 (+0.53%)
Givens 16.147 (−0.04 dB) 0.712 (+0.01%) 0.140 (−0.36%) 0.0677 (−0.15%)
Composition 15.960 (−0.23 dB) 0.706 (−0.80%) 0.140 (−0.36%) 0.0702 (+3.51%)
Lie Algebra 15.952 (−0.24 dB) 0.686 (−3.67%) 0.142 (+1.14%) 0.0721 (+6.34%)

These reconstruction metrics are used as task-level anchors rather than as a claim
of state-of-the-art video prediction. The main analysis concerns whether the same pre-
diction task reveals systematic changes in the recurrent latent geometry under different
algebraic constraints.
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The strongest fixed-point gains are observed on the structured Indoor setting, where
GlobalGivens improves PSNR by +1.04 dB, increases SSIM by 4.54%, reduces LPIPS by
3.93%, and reduces MAE by 11.31% relative to the baseline. On KITTI, the gains are more
modest, with Householder providing the best PSNR and MAE among the regularized
variants. On Moving 3D Shapes, several operators no longer improve reconstruction,
indicating that the effectiveness of the algebraic prior depends on how well the imposed
latent geometry aligns with the visible scene structure.

To test whether the reconstruction differences in Table 5 are consistent across held-out
samples, we performed paired Wilcoxon signed-rank tests between each regularized model
and the baseline on matched test sequences. The test was applied separately for each
dataset, operator, and metric. These tests quantify whether the per-sequence differences
are consistently shifted relative to the baseline, but they do not estimate variability across
independently trained random seeds. The results are reported in Table 6.

Table 6. Paired Wilcoxon signed-rank tests between each model and the baseline on the full matched
held-out test set. ↑ higher is better; ↓ lower is better. Each cell reports the mean paired difference
∆ (model − baseline) with a significance marker. For PSNR and SSIM, positive values indicate
improvement; for MAE, negative values indicate improvement. The ConvLSTM-cell row is included
only as a controlled recurrent-cell reference. Significance: *** p < 0.001 and ns = not significant.

Dataset Operator ∆PSNR (dB) ↑ ∆SSIM ↑ ∆MAE ↓

Indoor

ConvLSTM-cell +0.126 *** +0.0061 *** −0.00221 ***
Householder +0.672 *** +0.0195 *** −0.00930 ***
Givens +0.768 *** +0.0230 *** −0.01078 ***
Composition +0.682 *** +0.0160 *** −0.00973 ***
Lie Algebra +0.604 *** +0.0190 *** −0.00805 ***

KITTI

ConvLSTM-cell −0.643 *** −0.0165 *** +0.01207 ***
Householder +0.201 *** +0.0054 *** −0.00395 ***
Givens +0.099 *** +0.0045 *** −0.00239 ***
Composition −0.018 ns −0.0016 *** +0.00104 ***
Lie Algebra +0.112 *** +0.0090 *** −0.00129 ***

Flying2D

ConvLSTM-cell −0.156 *** +0.0001 *** +0.00031 ***
Householder +0.170 *** +0.0025 *** −0.00124 ***
Givens −0.153 *** +0.0014 *** −0.00012 ns

Composition −0.207 *** +0.0018 *** −0.00032 ***
Lie Algebra −0.194 *** +0.0024 *** −0.00049 ***

Moving3D

ConvLSTM-cell −0.199 *** −0.0049 *** +0.00169 ***
Householder −0.078 *** −0.0015 *** +0.00037 ***
Givens −0.044 *** +0.0000 ns −0.00010 ns

Composition −0.231 *** −0.0057 *** +0.00239 ***
Lie Algebra −0.232 *** −0.0262 *** +0.00431 ***

The paired tests show that the effect of fixed-point regularization is dataset- and
operator-dependent. On Indoor Buildings, all four operators significantly improve PSNR,
SSIM, and MAE over the baseline. On KITTI, Householder, Givens, and Lie Algebra
improve the distortion metrics, whereas Composition is mixed. On Flying Shapes 2D,
Householder gives the clearest improvement, while the other operators improve SSIM and
MAE but reduce PSNR. On Moving 3D Shapes, most operators degrade PSNR and MAE,
with Givens closest to neutral. This pattern is consistent with the role of scene structure.
Indoor and Flying Shapes 2D contain stronger image-plane regularity, including repeated
architectural layouts or simple synthetic geometry, and show the clearest benefits from
lightweight algebraic constraints. KITTI contains weaker and less consistent regularity
because traffic, occlusion, vegetation, illumination changes, and camera motion disrupt
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the visible structure. Moving 3D Shapes contains object-level geometric symmetry, but
viewpoint-dependent 3D rotations induce changing 2D projections, perspective effects,
shading, and self-occlusion; therefore, its pixel-space regularity is less consistent. The
ConvLSTM-cell control is interpreted as a recurrent-cell reference under the same bottleneck
interface, rather than as a separate high-capacity video-prediction benchmark. The mean
per-sequence differences in Table 6 reflect the typical sequence-level shift and may differ
from the aggregate PSNR differences in Table 5 when a small number of sequences with
large gains raise the aggregate mean while the majority of sequences show a marginal loss;
this accounts for the sign difference observed for ConvLSTM-cell, Givens, Composition,
and Lie Algebra on Flying Shapes 2D.

4.2. Latent Reorganization

We next examine how each operator changes the final recurrent bottleneck state h7. The
goal is to distinguish useful latent reorganization from simple dimensional compression.

Table 7 shows that the lighter operators generally preserve or broaden active latent par-
ticipation. Householder, Givens, and Composition maintain or increase Dims@90 on most
datasets while avoiding the strong activation-variance collapse seen in Lie Algebra. This
indicates that the useful regularizers do not simply compress the latent state; they tend to
redistribute latent activity while preserving broad participation. PCA and t-SNE projections
for the baseline, four fixed-point variants, and the ConvLSTM-cell control are provided in
Appendix A.2 Figure A6 as complementary qualitative views of the latent organization.

Table 7. Latent structure metrics on h7 computed on the full held-out test set. Percentage change
vs. baseline in parentheses. Bold indicates the strongest activation-variance reduction relative to the
baseline within each dataset.

Dataset Model Entropy Dims@90 Eff. Rank Act. Var

Indoor

Baseline 5.261 18 42.93 0.0329
ConvLSTM-cell 5.593 (+6.32%) 17 (−5.6%) 41.38 (−3.60%) 0.0305 (−7.42%)
Householder 5.354 (+1.77%) 20 (+11.1%) 43.47 (+1.24%) 0.0311 (−5.43%)
Givens 5.252 (−0.16%) 19 (+5.6%) 42.59 (−0.79%) 0.0286 (−13.08%)
Composition 5.381 (+2.28%) 20 (+11.1%) 43.34 (+0.94%) 0.0309 (−6.12%)
Lie Algebra 5.369 (+2.06%) 17 (−5.6%) 41.79 (−2.67%) 0.0024 (−92.69%)

KITTI

Baseline 5.341 11 33.40 0.0254
ConvLSTM-cell 5.500 (+2.97%) 8 (−27.3%) 29.78 (−10.83%) 0.0545 (+114.72%)
Householder 5.423 (+1.53%) 11 (+0.0%) 32.59 (−2.44%) 0.0261 (+3.02%)
Givens 5.234 (−2.00%) 12 (+9.1%) 33.75 (+1.04%) 0.0202 (−20.44%)
Composition 5.211 (−2.44%) 11 (+0.0%) 32.47 (−2.81%) 0.0233 (−8.06%)
Lie Algebra 5.109 (−4.34%) 10 (−9.1%) 30.79 (−7.81%) 0.0016 (−93.57%)

Flying2D

Baseline 5.658 8 28.99 0.0345
ConvLSTM-cell 5.694 (+0.64%) 10 (+25.0%) 34.87 (+20.28%) 0.0271 (−21.54%)
Householder 5.557 (−1.78%) 10 (+25.0%) 32.04 (+10.53%) 0.0250 (−27.69%)
Givens 5.700 (+0.75%) 10 (+25.0%) 31.31 (+8.02%) 0.0347 (+0.43%)
Composition 5.631 (−0.47%) 10 (+25.0%) 31.92 (+10.10%) 0.0303 (−12.23%)
Lie Algebra 5.283 (−6.62%) 10 (+25.0%) 29.95 (+3.33%) 0.0014 (−96.06%)

Moving3D

Baseline 5.431 7 27.32 0.0150
ConvLSTM-cell 5.293 (−2.53%) 7 (+0.0%) 27.12 (−0.75%) 0.0122 (−18.45%)
Householder 5.291 (−2.57%) 8 (+14.3%) 27.87 (+2.02%) 0.0149 (−0.42%)
Givens 5.504 (+1.34%) 8 (+14.3%) 28.09 (+2.80%) 0.0190 (+26.55%)
Composition 5.356 (−1.38%) 7 (+0.0%) 26.12 (−4.38%) 0.0178 (+18.83%)
Lie Algebra 4.921 (−9.38%) 5 (−28.6%) 18.93 (−30.69%) 0.0028 (−81.50%)

Figure 3 summarizes Dims@90 across the four datasets.
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Figure 3. Dims@90 across datasets and operators.

Effective rank and activation variance support the same interpretation. The lighter
operators produce measured changes: the latent state becomes less dominated by a few
high-variance coordinates but remains broadly active. Figure 4 makes this structure visible.
The baseline concentrates energy in a small set of dimensions, while lighter operators
distribute energy across a wider part of the hidden space.

Figure 4. Per-dimension mean squared activation for the Indoor dataset, sorted by baseline activation
magnitude. The heatmap shows how each operator redistributes activation energy across latent
dimensions relative to the baseline. The dotted horizontal line separates the ConvLSTM-cell control
from the baseline and fixed-point variants.

The Lie Algebra operator behaves differently. It suppresses activation variance by
more than 80% across all datasets, indicating strong concentration of latent activity. This
suggests that the higher-capacity Lie operator can satisfy the fixed-point constraint by
suppressing variation across a broad part of h7, whereas lighter operators preserve more
usable latent degrees of freedom. This concentration is accompanied by lower Dims@90 on
Indoor, KITTI, and Moving 3D Shapes but not on Flying Shapes 2D. However, the variance
collapse does not translate into the most reliable prediction behavior. This suggests that
stronger latent concentration is not necessarily beneficial; in some cases, it can remove
useful predictive variation and make the representation more brittle.

As an additional robustness check, we computed nonparametric bootstrap confidence
intervals for entropy and activation variance using 2000 resamples of the held-out hidden-
state arrays; the results are reported in Appendix A.3 Table A1. This analysis is used only
as a supporting diagnostic. The primary latent-geometry results remain the full held-out
descriptors reported in Table 7. Entropy separates from the baseline for all operators
across the four datasets, indicating that the fixed-point constraints consistently change the
distribution of latent energy. Activation variance also separates from the baseline in most
cases, with the strongest and most consistent separation observed for Lie Algebra. Thus,
the bootstrap intervals provide reassurance that the entropy and activation-variance trends
are not driven by a small number of held-out sequences, but they are not used as the main
basis for the latent-geometry claims.

The scatter plots test whether the prediction quality follows latent compression.
Figure 5 compares MAE against Dims@90. The additional rank and entropy plots are
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reported in Appendix A.3. The same pattern appears in all cases: better prediction does not
consistently occur at lower dimensionality, lower effective rank, or lower entropy. The best
models often use equal or greater latent participation than the baseline, while Lie Algebra
can produce the most compressed representation without producing the best prediction.
This separates latent reorganization from dimensional compression. Fixed-point regular-
ization helps when the latent state becomes more operator-compatible while remaining
flexible. It does not help simply because the representation becomes smaller.

Additional latent geometry diagnostics including cumulative energy profiles and
entropy-PSNR scatter plots are provided in Appendix A.2.

Figure 5. Relationship between MAE and Dims@90 across operators and datasets. Lower MAE
indicates better prediction accuracy, while larger Dims@90 indicates broader latent participation.
The green-shaded region indicates models that preserve or increase Dims@90 while reducing MAE
relative to the baseline. The dashed vertical and horizontal lines indicate zero change relative to
the baseline.

4.3. Latent Perturbation Robustness

We then test whether the learned latent organization remains stable under the imposed
algebraic constraint and under direct perturbation of h7. These diagnostics help separate
robust reorganization from brittle over-concentration.

The closure-loss and noise experiments provide diagnostic support for this interpreta-
tion. Givens and Composition satisfy their algebraic constraints almost exactly, while the
Householder retains only a small residual. Lie Algebra satisfies its constraint on the easier
datasets but becomes unstable on Moving 3D Shapes, where its prediction behavior is also
weakest. Full closure-loss figures are reported in Appendix A.3.

The same failure mode appears under latent Gaussian noise. The lighter operators
degrade mildly, whereas the Lie Algebra degrades much more strongly. Under perturbation,
its compact, clean representation expands sharply across latent dimensions, showing that
aggressive concentration has made the representation brittle rather than robust. Figure 6
reports this degradation directly. The corresponding Dims@90, effective rank, and closure-
loss behavior under noise are reported in Appendix A.3.

Table 8 consolidates this behavior within the noise-sweep evaluation pass: the number
of active dimensions before and after perturbation, the resulting effective rank, and the
MAE degradation for every model and dataset.

4.4. Cross-Dataset Consistency and Interpretation

Finally, we summarize the directional behavior of the operators across datasets and
relate these patterns to the main claim. This comparison identifies which operators support
latent reorganization and which reveal over-constraint failure modes.

Table 9 summarizes the directional behavior of the operators across datasets. House-
holder, Givens, and Composition generally preserve or broaden latent participation while
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remaining comparatively stable under perturbation. In contrast, Lie Algebra produces the
strongest activation-variance collapse and is also the most sensitive to latent noise. This
indicates that the most reliable fixed-point regularizers are not simply those that compress
the latent state most strongly but those that reorganize the latent representation while
preserving sufficient active capacity.

Figure 6. ∆MAE under latent Gaussian noise (σ = 0.05) for the regularized operators. Values are
computed within the separate noise-sweep evaluation pass.

Table 8. Latent dimensionality and reconstruction degradation under inference-time Gaussian noise
(σ = 0.05 injected into h7). Dims@90 and effective rank are computed within the separate noise-
sweep evaluation pass. The σ = 0 values in this table therefore serve as the clean baseline for
the perturbation sweep and are not intended to exactly duplicate the clean latent-summary values
in Table 7. ∆MAE = MAE(σ = 0.05)−MAE(σ = 0). Bold indicates the largest noisy Dims@90,
effective rank, and ∆MAE value within each dataset.

Dataset Model Clean Dims@90 Noisy Dims@90 Eff. Rank (σ = 0.05) ∆MAE

Indoor

Baseline 11 18 44.27 0.0015
Householder 12 19 44.66 0.0016
Givens 11 19 44.76 0.0022
Composition 11 19 44.97 0.0017
Lie Algebra 11 51 60.36 0.0175

KITTI

Baseline 11 19 44.27 0.0020
Householder 11 18 43.95 0.0026
Givens 12 22 45.96 0.0028
Composition 11 19 44.68 0.0023
Lie Algebra 10 51 59.77 0.0292

Flying2D

Baseline 8 12 40.41 0.0003
Householder 10 18 44.11 0.0005
Givens 10 14 41.62 0.0003
Composition 10 16 42.81 0.0004
Lie Algebra 10 52 60.77 0.0048

Moving3D

Baseline 7 23 45.52 0.0066
Householder 8 24 46.21 0.0071
Givens 8 19 44.16 0.0059
Composition 7 19 44.02 0.0061
Lie Algebra 5 48 56.52 0.0337

This distinction is important because compression and generalization are not equiv-
alent in these experiments. Lie Algebra can improve over the baseline on some datasets,
but its aggressive variance suppression does not consistently produce the best prediction
behavior and degrades most clearly on Moving 3D Shapes. The stronger parameterization
of the Lie operator can satisfy the fixed-point criterion by limiting variation over a wider
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portion of h7, which becomes a drawback when the imposed geometry is poorly matched
to the data. The lighter operators instead appear to encourage a more coherent use of
latent dimensions without forcing the representation into an overly concentrated form.
We therefore interpret the observed effect as structural latent reorganization rather than
classical dimensional compression.

Table 9. Directional consistency of latent-geometry behavior across datasets. ↑ indicates an increase
relative to the baseline, while ↓ indicates a decrease relative to the baseline. Counts indicate the
number of datasets (out of 4), showing the stated direction relative to the baseline. † Lie Algebra
achieves the strongest activation variance reduction, but this reflects over-constraint rather than
reorganization (see Section 4).

Model Dims@90 ↑ Eff. Rank ↑ Act. Var ↓ Noise Sensitivity

Householder increased (3)/
preserved (1) increased (3/4) decreased (3/4) low

Givens increased (4/4) increased (3/4) mixed (2 ↑/2 ↓) low

Composition increased (2)/
preserved (2) mixed (2 ↑/2 ↓) decreased (3/4) low

Lie Algebra decreased (3/4) decreased (3/4) decreased (4/4) † high

The dataset dependence further supports this view. Indoor and Flying Shapes 2D
contain stronger image-plane regularity, such as repeated architectural structure or simple
synthetic geometry, and therefore show clearer gains from the lightweight fixed-point
operators. KITTI contains weaker and less consistent regularity due to traffic, occlusion,
illumination changes, and camera motion. Moving 3D Shapes contains object-level geo-
metric symmetry, but viewpoint-dependent 3D rotation changes the 2D projection through
perspective, shading, and self-occlusion. Thus, the algebraic prior behaves as a geometry-
sensitive inductive bias rather than a universal regularizer.

A direct comparison with high-capacity video predictors such as ConvLSTM [23],
PredRNN [24], PredRNN++ [25], or Eidetic 3D LSTM [26] is architecturally inappropriate
for the identification goal of this study. These models maintain spatiotemporal hidden states
or memory tensors, typically h ∈ RC×H×W , whereas the fixed-point operators studied here
act on a flat recurrent vector h7 ∈ Rk. The geometric constraint is defined directly on Rk, so
applying the same operator to convolutional hidden tensors would change the object of
study. Furthermore, high-capacity video predictors often route information to the decoder
through multiple pathways, including spatial skip connections, gradient highway units,
attention or memory modules, and convolutional transitions. In such architectures, the
decoder is not solely dependent on the final recurrent state, making it difficult to attribute
changes in performance to the organization of a single latent bottleneck. The no-skip
flat-bottleneck architecture is therefore a deliberate identification design rather than a
capacity-driven baseline choice. As a controlled compromise, we include a ConvLSTM-cell
control as a lightweight surrogate reference for spatiotemporal recurrent modeling. It keeps
the same encoder, no-skip decoder, k = 64 bottleneck interface, optimizer, and evaluation
protocol, while replacing only the recurrent transition.

Finally, the theoretical argument is supported by latent proxy metrics rather than
direct mutual information estimation, so the results should be read as empirical evidence
for latent reorganization rather than a complete mathematical proof.

5. Conclusions
This paper introduced fixed-point regularization of LSTM hidden states as a training-

time geometric prior for recurrent frame prediction. Across four held-out datasets and
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four algebraic operators, the results show that improved prediction is not explained by
aggressive latent compression alone. The operators that hold up best are those that preserve
or broaden active latent participation while reorganizing how the hidden dimensions
are used.

Among the tested operators, Householder and Givens provide the clearest support for
this interpretation. Householder gives the most balanced evidence of latent reorganization,
combining stable prediction gains with broader or preserved latent participation and low
perturbation sensitivity. Givens shows the strongest expansion of active latent dimensions
and the most consistent task-level behavior across datasets, especially when consistency is
understood as avoiding large degradation while maintaining broad latent use. Composition
follows the same general direction but less consistently. Together, these lighter operators
support the main claim: useful fixed-point regularization acts less like a dimensional
bottleneck and more like a geometric bias that organizes the recurrent state into a more
operator-compatible form.

Lie Algebra provides an important contrast. It produces the strongest activation-
variance collapse, reducing activation variance by approximately 81–96% across datasets,
but this concentration does not translate into the most reliable reconstruction behavior
and is accompanied by high sensitivity to latent perturbation. This identifies an over-
constraint failure mode: when the imposed operator is too strong or poorly aligned with
the data geometry, the latent state can become overly concentrated, discard useful predictive
variation, and degrade under noise.

These findings suggest that lightweight algebraic constraints can be useful training-
time priors for organizing recurrent latent dynamics, particularly when the scene structure
is compatible with the imposed geometry. At the same time, the results show that fixed-
point regularization is not a universal improvement mechanism. Its benefit depends on
the match between the algebraic prior, the latent bottleneck, and the visual structure of
the data.

The present experiments use a fixed-seed controlled protocol to isolate operator effects
under matched training conditions. The paired tests and bootstrap intervals support con-
sistency over held-out evaluation samples, but they do not quantify training-run variability
across independent random initializations. Reporting mean and standard deviation over
multi-seed training runs remains an important direction for broader empirical validation.

Beyond the present no-skip bottleneck setting, recent work on Mamba-based defect
segmentation and multi-task thermal biometric learning illustrates complementary direc-
tions for richer visual architectures, including state-space feature extraction and multi-task
supervision [43,44]. We therefore identify the extension of fixed-point latent regularization
to state-space and multi-task architectures as future work, while keeping the present study
focused on isolating latent-space reorganization under a strict recurrent bottleneck.
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Appendix A. Additional Diagnostics
Appendix A.1. Training and Convergence

Figure A1. Training dynamics on the Indoor dataset. Left: validation PSNR curves for the baseline
and four fixed-point variants over 30 epochs. Right: auxiliary geometric constraint losses on a log
scale. The figure is included to verify convergence behavior rather than to serve as a reconstruction-
quality comparison.

Householder shows smooth auxiliary-loss convergence, while Givens rapidly stabi-
lizes near the loss floor. Lie Algebra starts from a larger constraint loss and decreases over a
longer portion of the training schedule, consistent with its stronger so(k) parameterization.

Appendix A.2. Additional Latent Geometry Diagnostics

Figure A2. Activation variance of the final recurrent hidden state h7 on a log scale across all four
datasets for the baseline, four fixed-point variants, and the ConvLSTM-cell control.

Figure A3. Cumulative singular-value energy as a function of the number of singular dimensions for
the Indoor held-out hidden-state matrix H7. The d values in the legend and markers indicate where
each model’s cumulative energy profile crosses the 90% threshold, consistent with the Dims@90
values in Table 7.
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Figure A4. ∆PSNR versus ∆effective rank relative to baseline across all four datasets. Points in the
upper-right quadrant indicate operators that improve both PSNR and effective rank simultaneously.

Figure A5. Latent entropy versus PSNR across all four datasets. Each point corresponds to one
operator variant.

Figure A6. PCA and t-SNE projections of h7 on the Indoor test set for the baseline, four fixed-point
variants, and the ConvLSTM-cell control.

Appendix A.3. Constraint and Noise Diagnostics

Figure A7. Algebraic closure loss at σ = 0 for all operators and datasets.
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Figure A8. Algebraic closure loss under latent Gaussian noise across all datasets.

Figure A9. Dims@90 as a function of latent noise level σ.

We report bootstrap confidence intervals only for entropy and activation variance.
These two metrics are computed from per-dimension activation statistics and resample
cleanly from the held-out hidden-state arrays. Dims@90 and effective rank are matrix-level
descriptors of the full population matrix H7 and are reported from the primary evaluation
pass in Table 7; their perturbation sensitivity is assessed through the noise sweep in Table 8.
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Figure A10. Effective rank as a function of latent noise level σ.

Table A1. Bootstrap 95% confidence intervals for entropy and activation variance (nboot = 2000
resamples of the held-out hidden-state arrays used for Table 7). Each cell reports the observed value
[95 % CI lower, upper]. Bold indicates that the operator CI does not overlap with the baseline CI for
the same dataset and metric.

Dataset Operator Entropy Act. Var

Indoor

Baseline 5.2607 [5.2591, 5.2622] 0.0329 [0.0327, 0.0332]
ConvLSTM-cell 5.5934 [5.5897, 5.5969] 0.0305 [0.0302, 0.0307]
Householder 5.3538 [5.3516, 5.3560] 0.0311 [0.0309, 0.0313]
Givens 5.2523 [5.2486, 5.2561] 0.0286 [0.0284, 0.0288]
Composition 5.3806 [5.3786, 5.3824] 0.0309 [0.0307, 0.0311]
Lie Algebra 5.3692 [5.3656, 5.3725] 0.0024 [0.0024, 0.0024]

KITTI

Baseline 5.3412 [5.3316, 5.3499] 0.0254 [0.0246, 0.0261]
ConvLSTM-cell 5.4998 [5.4897, 5.5087] 0.0545 [0.0535, 0.0555]
Householder 5.4231 [5.4172, 5.4286] 0.0261 [0.0255, 0.0268]
Givens 5.2344 [5.2268, 5.2412] 0.0202 [0.0197, 0.0207]
Composition 5.2109 [5.2029, 5.2188] 0.0233 [0.0228, 0.0239]
Lie Algebra 5.1094 [5.0905, 5.1264] 0.0016 [0.0016, 0.0017]

Flying2D

Baseline 5.6579 [5.6500, 5.6646] 0.0345 [0.0338, 0.0352]
ConvLSTM-cell 5.6942 [5.6881, 5.6990] 0.0271 [0.0267, 0.0274]
Householder 5.5571 [5.5491, 5.5649] 0.0250 [0.0243, 0.0256]
Givens 5.7002 [5.6906, 5.7084] 0.0347 [0.0339, 0.0353]
Composition 5.6312 [5.6217, 5.6389] 0.0303 [0.0296, 0.0309]
Lie Algebra 5.2831 [5.2722, 5.2929] 0.0014 [0.0013, 0.0014]

Moving3D

Baseline 5.4309 [5.4287, 5.4329] 0.0150 [0.0149, 0.0151]
ConvLSTM-cell 5.2930 [5.2896, 5.2970] 0.0122 [0.0121, 0.0123]
Householder 5.2912 [5.2882, 5.2938] 0.0149 [0.0148, 0.0151]
Givens 5.5037 [5.5011, 5.5060] 0.0190 [0.0188, 0.0191]
Composition 5.3562 [5.3538, 5.3585] 0.0178 [0.0177, 0.0179]
Lie Algebra 4.9215 [4.9192, 4.9237] 0.0028 [0.0027, 0.0028]
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Appendix A.4. Image-Space Perturbation Robustness

To complement the latent-noise analysis, we also evaluate supplementary pixel-space
perturbations on the Indoor held-out set, including brightness, contrast, and blur. Blur
produces only minor MAE changes for all variants, including the baseline, suggesting
that blur tolerance is mainly associated with the shared encoder–decoder architecture.
Brightness and contrast shifts are more disruptive because they alter the input distribution
before the encoder. We therefore report this perturbation test on the Indoor held-out set
using brightness, contrast, and blur as a supplementary diagnostic because this paper’s
main claim concerns latent-space reorganization under a strict bottleneck, not general
image-corruption robustness.

Table A2. Image-space perturbation robustness on the Indoor held-out test set. Perturbations are
applied to the input sequence only, while the ground-truth target remains unperturbed. Brightness,
contrast, and blur are reported at the strongest tested severity. ↑ higher is better; ↓ lower is better.
∆MAE = MAE(perturbed) −MAE(clean).

Model Perturbation PSNR ↑ MAE ↓ ∆MAE Entropy Dims@90 Eff. Rank Act. Var

Baseline

Clean 17.412 0.1045 0.0000 5.2607 18 42.933 0.0329
Brightness 11.261 0.2331 +0.1286 4.9649 19 42.296 0.0116
Contrast 15.796 0.1347 +0.0302 5.2246 13 37.957 0.0118
Blur 17.369 0.1061 +0.0016 5.2881 16 40.883 0.0313

Householder

Clean 18.084 0.0952 0.0000 5.3538 20 43.467 0.0311
Brightness 10.600 0.2508 +0.1556 5.0763 15 36.748 0.0160
Contrast 16.765 0.1179 +0.0227 5.2168 16 39.002 0.0118
Blur 18.154 0.0954 +0.0002 5.3577 19 42.547 0.0296

Givens

Clean 18.180 0.0937 0.0000 5.2523 19 42.595 0.0286
Brightness 10.949 0.2450 +0.1512 5.2350 16 37.674 0.0158
Contrast 16.767 0.1188 +0.0251 5.0476 15 37.743 0.0098
Blur 18.255 0.0938 +0.0001 5.2475 18 41.771 0.0275

Composition

Clean 18.094 0.0948 0.0000 5.3806 20 43.335 0.0309
Brightness 11.278 0.2348 +0.1401 5.1705 16 38.353 0.0143
Contrast 16.734 0.1196 +0.0248 5.2382 16 40.004 0.0113
Blur 18.192 0.0946 −0.0002 5.3736 19 42.495 0.0288

Lie Algebra

Clean 18.016 0.0965 0.0000 5.3692 17 41.787 0.0024
Brightness 10.605 0.2537 +0.1572 4.2792 14 35.609 0.0020
Contrast 16.340 0.1266 +0.0302 5.3972 14 37.514 0.0005
Blur 18.097 0.0969 +0.0005 5.3489 17 41.072 0.0020

Appendix A.5. Fixed-Point Weight Sensitivity

To check whether the Indoor results are tied to the default fixed-point weight, we
evaluate λfp ∈ {0.5, 1.0, 2.0} for Householder, Givens, and Lie Algebra. The sweep tests
sensitivity to regularization strength rather than optimizing λfp.

The sensitivity results support two observations. First, reconstruction quality is
relatively stable across the tested range: the maximum PSNR variation is 0.25 dB, observed
for Lie Algebra, and λfp = 1.0 is not the worst-performing setting for any operator. Second,
the lightweight operators preserve stable latent participation, with Dims@90 unchanged
for Givens and changing by only one dimension for Householder. Lie Algebra shows a
different pattern: activation variance decreases monotonically as λfp increases, but it is
already strongly reduced at λfp = 0.5. This indicates that the over-compression observed for
Lie Algebra is not simply an artifact of the default λfp = 1.0 setting but reflects the stronger
constraint imposed by the full so(k) parameterization in this bottleneck architecture.
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Table A3. Indoor reconstruction sensitivity to the fixed-point weight λfp on the full held-out set. ↑
higher is better; ↓ lower is better.

Operator λfp PSNR ↑ SSIM ↑ MAE ↓
Householder 0.5 17.9462 0.5387 0.09714
Householder 1.0 18.0841 0.5414 0.09521
Householder 2.0 17.9545 0.5368 0.09692
Givens 0.5 18.2328 0.5459 0.09332
Givens 1.0 18.1796 0.5449 0.09374
Givens 2.0 18.0111 0.5437 0.09579
Lie Algebra 0.5 18.0944 0.5399 0.09539
Lie Algebra 1.0 18.0160 0.5409 0.09647
Lie Algebra 2.0 17.8408 0.5381 0.09775

Table A4. Indoor latent-metric sensitivity to the fixed-point weight λfp on the full held-out set.

Operator λfp Entropy Dims@90 Eff. Rank Act. Var

Householder 0.5 5.4503 20 43.426 0.040268
Householder 1.0 5.3538 20 43.467 0.031143
Householder 2.0 5.4181 21 44.005 0.032269
Givens 0.5 5.4150 19 43.009 0.034764
Givens 1.0 5.2523 19 42.595 0.028625
Givens 2.0 5.2351 19 42.804 0.026930
Lie Algebra 0.5 5.1927 18 42.003 0.004058
Lie Algebra 1.0 5.3692 17 41.787 0.002407
Lie Algebra 2.0 5.5200 19 42.466 0.000435
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