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Abstract

To address the challenge of estimating the depth of a single-frequency (tonal) source using
a vertical line array (VLA) without prior knowledge of seabed parameters, a method called
OCMS-D (orthogonality-constrained modal search-based depth estimation) is presented.
The method exploits the orthogonality of mode depth functions as a physical constraint
and leverages the sparsity of propagating normal modes in the received field. A convex
optimization model is formulated to jointly estimate modal wavenumbers, depth functions,
and complex mode amplitudes. Furthermore, a depth-sign search (DSS) is introduced to
compensate for mode phase signs, which effectively suppresses sidelobes in the depth
ambiguity function and enables high-accuracy depth estimation. Numerical simulations
analyze the influence of signal-to-noise ratio, array parameters and sound speed profile
(SSP) uncertainty on the algorithm’s performance. Comparisons with matched-mode
processing (MMP) show that OCMS-D exhibits superior robustness to SSP uncertainty
and requires a smaller array aperture. Experimental data from the SWellEx-96 campaign
demonstrate that the method achieves depth estimation errors of less than 5.4 m for the
shallows and less than 10.8 m for the deep spurce. Notably, it requires neither seabed prior
information nor source motion, offering a robust array signal processing framework for
tonal source localization.

Keywords: modal orthogonality; sparsity-constrained estimation; vertical line array; depth
ambiguity function

1. Introduction
Underwater source localization using passive sensor arrays is a fundamental yet

challenging task in maritime electronic surveillance and acoustic sensing systems [1,2].
Among the various localization parameters, source depth estimation plays a critical role
in target identification and threat assessment, particularly for distinguishing submerged
objects from surface interferers in shallow-water environments [3–6].

Conventional depth estimation methods heavily rely on either broadband signal fea-
tures or precise environmental modeling. Methods based on interference structure, such
as the Lloyd’s mirror effect, can provide accurate depth estimates when both direct and
reflected paths are strong; however, they are inherently limited to broadband sources and
relatively short ranges [7,8]. In practice, distant vessels or underwater vehicles often radiate
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predominantly line-spectrum (tonal) components, rendering such broadband approaches
ineffective. Conventional matched field processing (CMFP) remains a classical solution for
harmonic source localization [9–12]. Nevertheless, the performance of CMFP critically de-
pends on the accuracy of the forward propagation model, especially the seabed geoacoustic
parameters (sound speed, density, and attenuation). Since accurate seabed parameters are
rarely available in operational scenarios, CMFP typically suffers from severe environmental
mismatch, leading to significant depth estimation errors.

To overcome these limitations, several advanced signal processing strategies have
been developed. Yang proposed a data-based matched mode processing (DMMP) method
that synthesizes a horizontal aperture from source motion to estimate modal wavenumbers
and amplitudes [13,14]. While DMMP alleviates the need for seabed prior knowledge, it
requires the source to move over a sufficiently long track (at least one interference span)
and assumes that the source’s original frequency is known—conditions that are often
impractical in passive electronic warfare scenarios where the target’s emission parameters
are entirely unknown. More recently, the seabed-independent depth estimation (SIDE)
method was introduced to estimate depth without seabed parameters [15]. However, SIDE
still demands source motion and at least two stable tonal components in the radiated
spectrum, which is rarely satisfied by real-world targets radiating a single dominant line.

Alternatively, deep learning (DL) has emerged as a powerful data-driven tool for
underwater acoustic signal processing, with several studies applying neural networks to
source depth classification and regression [16–21]. While DL-based methods can achieve
impressive performance in simulated or controlled environments, they suffer from limited
generalization capability when the test environment differs from the training dataset [22].
Moreover, the black-box nature of deep networks hinders interpretability—a critical re-
quirement for defense and security-related electronic systems—and the substantial training
data required further constrains their practical deployment. Accordingly, MMP is selected
as the sole baseline because it can be applied to the same single-frequency VLA data,
whereas DMMP and SIDE require source motion (with SIDE additionally requiring at least
two stable tonal components), and DL methods require dedicated training data.

In this paper, we propose OCMS-D, a sparsity-constrained modal orthogonality frame-
work for single-frequency source depth estimation using a vertical line array (VLA). Unlike
conventional approaches, OCMS-D combines the physical orthogonality of mode depth
functions with the signal sparsity of propagating normal modes in the received field,
formulating the joint estimation of modal wavenumbers, depth functions, and complex
amplitudes as a convex optimization problem (solved via the CVX toolbox [23]). To address
the inherent phase-sign ambiguity that plagues conventional depth ambiguity functions
(DAFs), we introduce a depth-sign search (DSS) mechanism based on Kullback–Leibler (KL)
divergence to compensate for mode signs, thereby suppressing sidelobes and achieving
high-resolution depth estimation. The proposed framework offers three major advantages
from an electronic system perspective: (i) it operates with a single tonal frequency without
requiring broadband emission; (ii) it does not require source motion; and (iii) it is indepen-
dent of seabed parameters, requiring only the water-column sound speed profile (SSP),
which can be readily measured by onboard conductivity–temperature–depth (CTD) sensors.
These features make OCMS-D suitable for offline post-processing of tonal-source data ac-
quired by compact passive sonar electronics, autonomous underwater vehicle (AUV)-based
sensing payloads, and distributed acoustic sensor networks. All numerical simulations and
data-processing procedures were performed using MATLAB R2023b (MathWorks, Natick,
MA, USA), with convex optimization problems solved using the CVX toolbox (version 2.2).

The remainder of this paper is organized as follows. Section 2 presents the theoretical
foundation of OCMS-D, including modal estimation via orthogonality-constrained sparse
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recovery and the DSS-based phase compensation strategy. Section 3 evaluates the method’s
performance through numerical simulations, examining the effects of SNR, VLA parame-
ters, and SSP uncertainty. Section 4 validates the method using experimental data from the
SWellEx-96 campaign, a widely recognized benchmark in underwater acoustics. Finally,
Section 5 concludes the paper with a summary and discussion on potential electronic
system implementations.

2. Principle and Algorithm of OCMS-D
Our proposed OCMS-D method accomplishes source depth estimation through two sig-

nal processing stages: (i) joint estimation of modal parameters (wavenumbers, depth functions,
and complex amplitudes) from the VLA measurements, and (ii) depth extraction via a phase-
sign-compensated ambiguity function. This section presents the mathematical foundations
and algorithmic details of each stage, with an emphasis on the sparse recovery formulation
and the sign search mechanism that distinguish OCMS-D from existing approaches.

2.1. Signal Model and Sparse Modal Representation

Consider a range-independent shallow-water waveguide, where the sound speed
profile (SSP) c(z) in the water column is known (e.g., measured by a CTD sensor onboard
the electronic system). A vertical line array (VLA) consisting of N hydrophones is deployed
at depths zr = [z1, z2, . . . , zN ]. A distant tonal source radiating a single frequency f (angular
frequency ω = 2π f ) is located at depth zs and horizontal range r from the VLA.

The complex acoustic pressure vector p ∈ CN×1 received by the VLA can be expressed
as a finite linear combination of the propagating normal modes:

p = Ψ(k1)a(k1) (1)

where
p = [p(z1), p(z2), . . . , p(zN)]

T, (2)

Ψ(k1) = [ψ1(k1), ψ2(k2), . . . , ψM(kM)], (3)

ψm(km) = [ψm(z1, km), ψm(z2, km), . . . , ψm(zN , km)]
T, m = 1, 2, . . . , M, (4)

a(k1) = [a1(k1), a2(k2), . . . , aM(kM)]T. (5)

Here, km denotes the m-th modal wavenumber, ψm(km) is the corresponding mode depth
function, and am(km) is the complex mode amplitude. The notation k1 in Ψ(k1) and
a(k1) serves as a label, with the property that Ψ(k1) = Ψ(k2) = · · · = Ψ(kM) and
a(k1) = a(k2) = · · · = a(kM). The number of propagating modes is denoted by M.

The mode amplitude of the m-th order is explicitly given by the Hankel function solution:

am(km) =
i
4

S(ω)ψm(zs, km)H(1)
0 (kmr) (6)

where S(ω) is the source spectrum at the tonal frequency, and H(1)
0 (·) is the zeroth-order

Hankel function of the first kind. The pressure field in Equation (1) is typically sparse
in the modal domain, since the number of propagating modes M is often much smaller
than the number of VLA elements N, especially for low-frequency tonal sources in shallow
water. This sparsity property is the key enabler for the convex optimization formulation
introduced in the next subsection.

2.2. Orthogonality-Constrained Modal Parameter Estimation

The key innovation of the OCMS-D framework lies in exploiting two fundamental
properties simultaneously: the orthogonality of mode depth functions and the sparsity
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of the modal coefficient vector. Under the ideal waveguide condition, the mode depth
functions satisfy the orthogonality relation [11]:

⟨ψm(z, km), ψn(z, kn)⟩ =
L

∑
l=1

ψm(zl , km)ψ
∗
n(zl , kn)h′ ≈

∫ H

0
ψm(z, km)ψ

∗
n(z, kn)dz ≈ δmn (7)

where zl = lh′ with h′ ≪ 1 being the discretization step, H is the water depth, δmn is
the Kronecker delta, and the superscript ∗ denotes complex conjugation. Equation (7)
implies that mode depth functions corresponding to different modal wavenumbers are
mutually orthogonal.

To perform modal estimation without seabed parameters, OCMS-D begins by com-
puting the mode depth functions for all candidate wavenumbers within the predefined
search interval [ξmin, ξmax], where ξmin is determined by the maximum possible number
of propagating modes, and ξmax = ω/ min(c(z)) corresponds to the highest achievable
wavenumber. This is achieved via the following difference equation derived from the
depth-separated Helmholtz equation [24]:

ψm(z + h, ξm) + ψm(z − h, ξm) = 2 cos
(

h
√

k2(z)− ξ2
m

)
ψm(z, ξm),

ψm(0, ξm) = 0,

∑L
l=0 |ψm(lh, ξm)|2h = 1,

(8)

with k(z) = ω/c(z). Given any trial horizontal wavenumber ξm and the known SSP,
Equation (8) permits the recursive computation of its corresponding mode depth function
ψm(ξm) starting from the surface boundary condition ψm(0, ξm) = 0, together with the
normalization constraint. This step is performed once for all wavenumbers in the interval,
yielding a comprehensive library of modal depth functions.

For each candidate wavenumber ξ, the algorithm then constructs the mode matrix
Ψ(ξ) by selecting, from the precomputed library, those modes whose depth functions
are orthogonal to ψ(ξ) under the orthogonality constraint given in Equation (7). This
procedure effectively identifies a complete set of mutually orthogonal modes associated
with the candidate ξ. With Ψ(ξ) constructed, we solve the following sparsity-promoting
convex optimization problem to obtain the corresponding coefficient vector a(ξ) [25]:

min ∥a(ξ)∥1 (9)

subject to
∥p − Ψ(ξ)a(ξ)∥2 < ϵn, (10)

where ϵn > 0 is a tolerance parameter determined by the noise energy measured on the
VLA. The ℓ1-norm minimization in Equation (9) encourages sparse solutions, while the
constraint in Equation (10) ensures fidelity to the observed pressure field. This optimization
problem is convex and can be efficiently solved using standard numerical solvers such as
CVX [23]. Then, among all candidates, we select the one that yields the smallest ℓ1-norm of
the coefficients:

{k̂m}M
m=1 = arg min

ξ
∥a(ξ)∥1 (11)

The estimated set of wavenumbers is denoted as {k̂m}M
m=1. Simultaneously, the correspond-

ing mode depth functions Ψ(k̂m) and the complex mode amplitudes a(k̂m) are obtained as
by-products of this joint estimation process.
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2.3. Depth-Sign Search (DSS) and Source Depth Estimation

Once the modal depth functions ψm(km) and the magnitude of mode amplitudes
|a(km)| are estimated, the source depth can, in principle, be inferred from the DAF originally
formulated for matched-mode processing [11]:

D(z) =

∣∣∣∣∣ M

∑
m=1

ψm(z, km)|am(km)|δm

∣∣∣∣∣
2

(12)

where δm = ±1 is a sign compensation factor. Ideally, substituting Equation (6) into
Equation (12) yields a sharp peak at the true source depth zs:

D(z) ∼
∣∣∣∣∣ M

∑
m=1

ψm(z, km)ψm(zs, km)

∣∣∣∣∣
2

∼ δ(z − zs) (13)

However, the direct application of Equation (12) is hindered by the fact that the phase
signs δm are unknown because am(km) estimated from the sparse recovery process retains
an arbitrary global phase. Incorrect sign compensation leads to destructive interference
and severe sidelobes in the ambiguity function, rendering depth estimation unreliable.

To resolve this phase-sign ambiguity, we introduce a depth-sign search (DSS) mecha-
nism based on the Kullback–Leibler (KL) divergence [26]. The fundamental observation is
that, when correctly compensated, the ambiguity function approximates a Dirichlet kernel,
which is a well-behaved function with a prominent main lobe and low sidelobes [26].

For a candidate depth index q = 1, . . . , Q (where Q = H/∆z and ∆z is the depth
sampling interval), the sign of the m-th mode is defined as

δm(q) = sign
[
ψm(zq, km)

]
(14)

The resulting DAF under the q-th sign combination is

D(z, q) =

∣∣∣∣∣ M

∑
m=1

ψm(z, km)|am(km)|δm(q)

∣∣∣∣∣
2

(15)

The corresponding theoretical (ideal) ambiguity function is modeled as a Dirichlet kernel:

Ds(z, q) =
sin

[
(M + 1)π(z − zq)/H

]
sin

[
π(z − zq)/(2H)

] + ϵ (16)

where ϵ is a small regularization constant (e.g., 10−6) to avoid singularities. The KL
divergence is then employed as a similarity metric between the estimated ambiguity
function and the ideal kernel:

KL(q) =
∫ H

0
D(z, q) ln

D(z, q)
|Ds(z, q)|dz (17)

The optimal sign combination is selected as the one minimizing the KL divergence:

δ(q0) = [δ1(q0), δ2(q0), . . . , δM(q0)], q0 = arg min
q

KL(q) (18)

Finally, the source depth is estimated by locating the global maximum of the compensated
ambiguity function:

zs = arg max
z

D(z, q0) (19)

It is worth noting that the sign combination found by DSS inherently corresponds to a
specific depth zq0 , but due to possible sign repetitions across multiple depths (especially
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when M is small), we do not directly use zq0 as the final estimate. Instead, the peak search in
Equation (19) provides a more robust and accurate depth estimate. A detailed discussion on
this ambiguity issue is available in the SIDE study [15]. Accordingly, Algorithm 1 presents
the pseudocode for the OCMS-D method.

Algorithm 1 OCMS-D Method

Require: p, c(z), f , zr, [ξmin, ξmax], ϵn, ∆z
Ensure: ẑs, {k̂m}M

m=1, Ψ(k̂m), a(k̂m)
1: Define depth grid zq = q∆z, q = 1, . . . , Q.
2: Compute mode depth functions corresponding to all wavenumbers in the interval

[ξmin, ξmax] using Equation (8).
3: for each candidate ξ ∈ [ξmin, ξmax] do
4: Use Equation (7) on the obtained modal depth functions to find those orthogonal to

ψ(ξ) and construct the mode matrix Ψ(ξ).
5: Obtaion a(ξ) by solving min ∥a∥1 s.t. ∥p − Ψ(ξ)a(ξ)∥2 < ϵn.
6: end for
7: Select {k̂m}M

m=1 = arg minξ ∥a(ξ)∥1.
8: Obtain Ψ(k̂m), a(k̂m).
9: for each q = 1 to Q do

10: Compute signs δm(q) via Equation (14).
11: Build D(z, q) using Equation (15).
12: Compute KL divergence K(q) from Equations (16) and (17).
13: end for
14: Select q0 = arg minq K(q), set optimal signs δ(q0).
15: Construct D(z, q0) via Equations (15) and (18).
16: Compute ẑs = arg maxz D(z, q0) as per Equation (19).
17: return ẑs, {k̂m}, Ψ(k̂m), a(k̂m)

3. Numerical Simulations
This section evaluates the performance of OCMS-D through numerical simulations.

The SSP used in the simulation was collected in the Yellow Sea during spring, as shown
in Figure 1. It contains a thermocline, which linearly decreases from 1496 m/s at 8 m to
1485 m/s at 10 m, and remains nearly constant down to the sea bottom at 31 m. The sed-
iment type is set to sandy silt, and its geoacoustic parameters are presented in Table 1.
And in Table 1, λ denotes the wavelength.

Table 1. Geoacoustic parameters of sandy silt, sand–silt–clay, and coarse sediment types.

Sediment Type Label Density ρb
(g/cm3)

Sound Speed
cb (m/s)

Attenuation
Coefficient αb

(dB/λ)

Sandy silt True 1.77 1652 0.2
Sand–silt–clay Mismatch 1 1.60 1579 0.3
Coarse Mismatch 2 2.03 1836 0.06

As shown in Figure 1, a VLA comprising 30 elements with an element spacing of
1 m is deployed in the water column. Unless otherwise specified, the first element is
fixed at a depth of 1 m below the surface in the following simulations. A tonal source at
depth zs = 20 m radiates a single-frequency signal at 596 Hz, and the range r between
the source and the VLA is 5 km. Under these conditions, the signal received by the VLA
predominantly contains 10 modes. In data processing, all parameters except the SSP are
assumed unknown, and the wavenumber search interval is set to ξmin = 2.0851 m−1 and
ξmax = 2.5217 m−1.

https://doi.org/10.3390/electronics15184116

https://doi.org/10.3390/electronics15184116


Electronics 2026, 15, 4116 7 of 16

Figure 1. Sound speed profile and VLA geometry used in the numerical simulations.

The pressure received by the VLA is simulated using the KRAKEN program [27],
with 30 dB Gaussian white noise added. The SNR is defined as

SNR = 20 lg
∥p∥2

∥n∥2
(20)

where p ∈ C30×1 and n ∈ C30×1 represent the pressure vector and the noise vector,
respectively, and C denotes the complex number domain.

3.1. Results of Mode Estimation and Depth Estimation

Using the OCMS-D algorithm, the estimated modes are obtained as shown in
Figure 2. On the computing platform (CPU: i7-12700, 32 GB RAM, CVX toolbox version
2.2), the average time for a single CVX optimization is 0.2950 s. With a wavenumber step
size of 5 × 10−4 m−1, the total number of candidate wavenumbers is 874, and the overall
average runtime of the entire OCMS-D algorithm is 258.4039 s. This runtime indicates
that the current MATLAB/CVX implementation is computationally intensive. Specifically,
processing one frequency-domain snapshot requires 874 CVX optimizations and approxi-
mately 258.4 s on the stated computing platform. Therefore, the present implementation of
OCMS-D is intended for offline processing rather than real-time or near-real-time source
localization. Figure 2a–c compare the estimated horizontal wavenumbers (blue asterisks),
mode amplitudes (blue line with dots), and mode depth functions (blue line) with their
reference values (red markers), respectively. The results indicate that the estimated results
align well with the reference values.

The signs of the estimated mode depth functions are then determined using
Equation (14). In this paper, the sign is sampled at an interval of 0.1 m, i.e., Q = H/0.1.
These values are substituted into Equations (15)–(17) to estimate the mode signs. Subse-
quently, the source depth estimation result is derived using Equation (19). Figure 3 shows
the DAF compensated by the mode sign combination corresponding to the minimum value
of the loss function (blue line). The estimated depth is ẑs = 20 m, which aligns exactly with
the reference depth (green line).
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(a) (b)

(c)

Figure 2. Comparison of estimated (a) horizontal wavenumbers, (b) mode amplitudes, and (c) mode
depth functions with their reference values. Red markers indicate reference values, while blue
markers represent estimated values.

Figure 3. DAF compensated by the optimal mode sign combination (blue line). The green line
indicates the reference depth.

Furthermore, in the following subsections, the depth estimation performance of OCMS-
D is analyzed by varying the SNR, array aperture, number of array elements, and number
of modes. For comparison, the estimation results of the MMP under these parameters
are also presented, where the modal amplitudes are computed using the least square fit
method [11]. Since the source distance is unknown, the DAF is constructed by enforcing
positive contributions from all modal amplitudes. To highlight the impact of seabed
parameter mismatch on MMP, the simulation further presents MMP estimation results
under two typical mismatch scenarios, where the sediment type is incorrectly assumed
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to be sand–silt–clay and coarse, respectively (while the true sediment type is sandy silt).
The corresponding geoacoustic parameters are listed in Table 1.

3.2. Performance Under Different SNR Conditions

This subsection analyzes the performance of OCMS-D under different SNR conditions
and compares its results with those of MMP. The SNR varies from −20 dB to 40 dB with
increments of 2.5 dB. For each SNR condition, J = 50 independent Monte Carlo trials
are conducted to evaluate the mean absolute error (MAE) and standard deviation of the
depth estimation results. The absolute error of the jth Monte Carlo trial and the MAE are
defined by 

AEj =
∣∣zs − ẑsj

∣∣
MAE = 1

J

J
∑

j=1
AEj

, (21)

where ẑsj represents the estimated value of zs at the jth Monte Carlo trial. The VLA
configuration is kept consistent with that in the previous simulation. Results are shown in
Figure 4. Figure 4a shows the MAE and standard deviation of the source depth estimated by
OCMS-D and MMP under different SNR conditions. It can be observed from Figure 4a that
under the given simulation parameters and without seabed parameter mismatch, the MAE
of MMP (red curve) is lower than that of OCMS-D (blue curve) at low SNRs. However, when
seabed parameter mismatch is present (black and magenta curves), the depth estimation
performance of MMP degrades under low-SNR conditions, and this degradation becomes
more severe as the mismatch increases. For example, when the sediment type is coarse,
the depth estimation performance of MMP (magenta curve) is significantly worse than that
of OCMS-D.

Figure 4b–d present the results of the modal parameters under different SNRs.
The blue lines indicate the mean estimated values, and the blue shaded regions repre-
sent the standard deviation intervals. Since the estimated wavenumber error is small
(maximum magnitude of 1 × 10−2), the estimation results under different SNRs are directly
presented in Figure 4b. Figure 4b also shows the wavenumbers calculated by the Kraken
program as reference. Figure 4c presents the estimated errors for each mode depth function
estimated by OCMS-D under different SNRs. To more clearly illustrate the impact of differ-
ent orders of mode depth function errors estimated by OCMS-D as SNR varies, the errors
are added to their respective order of the mode, i.e.,

MAEŒ(m) =
1

JH

J

∑
j=1

∫ H

0

∣∣∣ψj
m

(
z, k̂m

)
− ϕm(z, km)

∣∣∣dz + m, (22)

where ψ
j
m

(
z, k̂m

)
denotes the estimated value of mode depth function ϕm(z, km) at the jth

Monte Carlo trial. The red dashed lines mark the zero-error line in Figure 4c. Similarly,
Figure 4d shows the estimated errors of each modal amplitude vector, which is defined by

MAEa =
1
J

J

∑
j=1

∥aj(k̂m)− a(km)∥2, (23)

where aj

(
k̂m

)
denotes the estimated value of a(km) at the jth Monte Carlo trial,

and ∥a(km)∥2 = 1. As observed in Figure 4b–d, the estimation errors of normal mode
wavenumbers, mode depth functions, and a(km) all increase as the SNR decreases, which
consequently leads to a growth in the target depth estimation error with declining SNR.
However, it can be noted that the estimation errors of the normal mode parameters rise
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only gradually as SNR decreases. This slow growth explains why the depth estimation
error remains relatively small even under low-SNR conditions.

(a) (b)

(c) (d)

Figure 4. (a) Estimation results of source depth, along with their standard deviations, obtained
by OCMS-D and MMP under different SNRs. (b–d) are estimation results of the wavenumbers,
the mode depth functions, and the modal amplitudes, along with their standard deviations, obtained
by OCMS-D under different SNRs.

3.3. Performance Under Different VLA Parameters

It is well known that the parameters of a VLA significantly influence array-based depth
estimation methods. Therefore, this subsection evaluates the performance of OCMS-D
under different VLA parameters with a fixed SNR of 30 dB. We vary the array aperture
from 4 m to 29 m in steps of 1 m while keeping the number of elements fixed at 30, and also
vary the number of elements from 5 to 30 with a fixed aperture of 29 m. The first element is
always deployed at a depth of 1 m below the surface.

For the aperture variation, Figure 5a presents the estimation results of OCMS-D (solid
blue line) and MMP (solid red, black and magenta lines corresponding to the true sediment
type and two mismatch cases, respectively) under different array apertures. Notably, even
when the seabed geoacoustic parameters are perfectly known, the aperture required by
MMP is significantly larger than that required by OCMS-D under the considered simulation
conditions. This result further demonstrates that OCMS-D does not require the VLA to
span the entire water column.

Moreover, we also compare the depth estimation performance of OCMS-D and MMP
when the VLA is deployed on the sea bottom versus at the sea surface. The simulation
environment parameters are consistent with those specified earlier, with SNR set to 30 dB.
The deepest element of the VLA is fixed at the bottom, and the array aperture is varied from
29 m down to 4 m in steps of 1 m. The corresponding results are shown as dashed lines
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in Figure 5a. Comparing the surface and bottom deployments, one can find that placing
the VLA on the bottom reduces the aperture required for accurate depth estimation for
both methods: the required aperture for OCMS-D decreases by approximately 9 m, while
that for MMP decreases by only about 2 m. A primary reason is that surface VLAs are
not advantageous for receiving low-order modes. Taking the simulated source at 20 m
depth as an example, the strongest excited mode is the first-order mode. As seen from
Figure 2b,c, the first-order mode depth function is concentrated closer to the seabed; thus,
in this case, deploying the VLA on the seabed enables effective sampling of this mode with
a shorter aperture.

Furthermore, with the array aperture fixed at 29 m, we increase the number of VLA
elements from 5 to 30 in steps of 1. Figure 5b presents the depth estimation results of OCMS-
D and MMP at different numbers of elements when SNR = 30 dB. It can be observed that,
under the given simulation conditions, OCMS-D achieves satisfactory depth estimation
when the number of elements exceeds 9. With the true sediment type, MMP also yields
satisfactory results when the number of elements exceeds 6. However, in the presence of
mismatch, the performance of MMP degrades significantly, and the required number of
elements becomes larger than that needed by OCMS-D.

(a) (b)

Figure 5. (a) Depth estimation results for OCMS-D and MMP at different array apertures when the
SNR = 30 dB. Solid and dashed lines correspond to the VLA deployed at the surface and on the
bottom, respectively. (b) Depth estimation results for OCMS-D and MMP at different numbers of
VLA elements when the SNR = 30 dB.

3.4. Performance Under Different SSP Uncertainty

In the application scenario of OCMS-D, the SSP information is obtained from a sound
speed profiler deployed with the VLA. However, in practical measurements, uncertainties
are inevitably introduced into the SSP due to instrumental errors and dynamic oceano-
graphic processes, including sensor calibration drift, spatiotemporal variability of water
masses, and disturbances caused by internal waves. This poses an additional practical
challenge to OCMS-D. Therefore, it is necessary to analyze the impact of SSP uncertainty
on the OCMS-D method. Typically, the uncertainty in sound speed can be modeled as

c(z) = c0(z) + η(z) · β, (24)

where c0(z) is the background SSP, η(z) is a uniformly distributed random number in
[−1, 1], and its values are independent and identically distributed across different values of
z. β is the sound speed variation ranging from 0.1 m/s to 5 m/s in steps of 0.25 m/s. In the
simulations, the ocean environmental parameters and source parameters used to compute
the acoustic field received by the VLA are the same as those in Section 3.1. The VLA covers
the entire water column and consists of 16 elements. The SNR is set to 20 dB, and J = 50
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independent Monte Carlo simulations are performed for each SSP uncertainty to evaluate
the MAE of the results. OCMS-D performs depth estimation using the SSP given by
Equation (24). The results are shown in Figure 6. For comparison, the estimation results
of MMP under correct seabed parameters and two mismatch scenarios are also presented.
Figure 6 shows that the results of OCMS-D are more robust to SSP uncertainty than those of
MMP. Furthermore, the mean absolute error in the depth estimated by OCMS-D is less than
1 m when the uncertainty in the sound speed profile measurement is less than 2.5 m/s.

Figure 6. The MAE of depth estimation results under different SSP uncertainties.

4. Experimental Validation with SWellEx-96 Data
The validation of OCMS-D was performed using S5 event data from the SWellEx-96

experiment in this section. During this event, the source ship towed a deep source (at a
depth of 54 m underwater) and a shallow source (at a depth of 9 m underwater) from
southwest to northeast at five knots. The source trajectory is shown in Figure 7a, with most
of the water depths along the trajectory ranging from 180 m to 220 m. The deep source
emitted a series of tones between 49 Hz and 400 Hz, and the shallow source emitted
nine frequencies between 109 Hz and 385 Hz. In addition, a 64-array VLA (data for
21 receivers of the VLA were published on the SWellEx-96 website) was deployed during
the experiment at the location shown in Figure 7b, at a water depth of 216.5 m, spanning
the bottom half of the water column. The lower-frequency signals from both the deep
source and the shallow source were processed. Specifically, we chose 112 Hz and 130 Hz
frequencies for the deep source, and 109 Hz and 127 Hz frequencies for the shallow source
in data processing. To obtain clearer line spectra data for all four frequencies, 5 min data
segments were processed as an example from the SWellEx-96 experiment, specifically
from 10 min to 15 min after the start of the experiment, as indicated by the black box in
Figure 7b. During data processing, a 16,384-point Fourier transform was applied to each
non-overlapping 10 s segment of the recordings received by each VLA element to obtain
the corresponding frequency-domain pressures with sufficient SNR. The frequency-domain
data from all array elements within the same time segment were combined into a pressure
vector p, yielding a total of 31 frequency-domain pressure vectors.

Regarding source-range variation, the absolute values of the modal amplitudes were
taken, as shown in Equation (12), to eliminate the influence of source range in the phase
terms. The effect of range-dependent attenuation on the modal amplitude distribution was
considered small and was therefore neglected in the data processing.
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(a) (b)

Figure 7. (a) Trajectory of the source movement for the S5 event and the locations of hydrophone
arrays. (b) Time–frequency diagram of the first 22 min of data received by the hydrophone closest to
the water surface. The data processed in this subsection are highlighted in the black box.

In this section, we chose ξmin = 2π f /1822 m−1 and ξmax = 2π f /1488 m−1 for
different frequencies, and the sign sampling interval in the depth direction was fixed at
0.1 m. Figure 8 illustrates the DAFs for the deep source and shallow source estimated
by the OCMS-D and MMP when the sources were approximately 6.89 km from the VLA.
The red and blue curves denote the results of OCMS-D, while the yellow and purple curves
denote those of MMP. The cyan line indicates the reference depth. Note that although the
VLA covers only about half the water column, the OCMS-D method is still able to estimate
the source depth accurately. In contrast, the DAFs obtained by the MMP method (for both
shallow and deep sources) exhibit sidelobe peaks exceeding the main lobe, resulting in
significant depth estimation errors.

Furthermore, the results of all 31 data segments for the deep source and shallow source
are shown in Figure 9. Similar to Figure 8, blue and red markers denote the results of
OCMS-D, yellow and purple markers denote the results of MMP, and cyan markers indicate
the reference depth. For the deep source, the depth estimates obtained by OCMS-D at two
frequencies all fall within the range of 46.4 m to 64.8 m, with a maximum AE of 10.8 m.
For the shallow source, the estimates lie between 7.7 m and 14.4 m, with a maximum AE
of 5.4 m. In contrast, the results of MMP for the deep source are generally distributed
between 12.8 m and 43.5 m, but a number of segment results approach 200 m, resulting in
significantly larger estimation errors than those of OCMS-D. Similar conclusions can be
drawn for the shallow source results of MMP. Overall, OCMS-D demonstrates considerably
better performance than MMP on the experimental data.
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(a) (b)

Figure 8. The DAFs at the four frequencies estimated by the OCMS-D when the sources were
approximately 6.89 km from the VLA. (a) The deep source’s DAFs at 112 Hz (red line) and 130 Hz
(blue line). (b) The shallow source’s DAFs at 109 Hz (red line) and 127 Hz (blue line). The green line
indicates the reference depth.

(a) (b)

Figure 9. Results of the estimated depths. (a) The shallow source. (b) The deep source using OCMS-D
and MMP for all 31 data segments.

5. Conclusions
This paper proposes a single-frequency source depth estimation method (OCMS-

D) based on the orthogonality of mode depth functions and the sparsity of propagating
normal modes in the received acoustic field. The method requires only the known water-
column sound speed profile as the environmental input. First, the candidate modal space
is constructed by combining the difference equation and the orthogonality normalization
condition. Second, a sparse solver based on convex optimization is employed to jointly
estimate the modal wavenumbers, depth functions, and complex amplitudes. Third, to ad-
dress the inherent phase-sign ambiguity in the DAF, a depth-sign search (DSS) mechanism
based on Kullback–Leibler (KL) divergence is introduced. By selecting the optimal sign
combination, the sidelobes of the ambiguity function are effectively suppressed, thereby
significantly improving the accuracy of the final depth estimation.

Numerical simulations demonstrate that the method maintains excellent estimation
performance when the SNR exceeds 7.5 dB and the array aperture is larger than 16 m,
verifying its robustness under limited array apertures. Comparisons with MMP show
that, unlike MMP, whose performance degrades significantly under seabed parameter
mismatches, OCMS-D does not require any seabed prior information and thus avoids
such mismatch-induced errors. The method also shows stronger tolerance when the SSP
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measurement uncertainty is less than 2.5 m/s. Experimental results from the SWellEx-
96 campaign validate the effectiveness of OCMS-D in real ocean environments. For the
shallow source (approximately 9 m), the depth estimation errors are better than 5.4 m, with a
maximum relative error of about 2.49%; for the deep source (approximately 54 m), the errors
are better than 10.8 m, with a maximum relative error of about 4.99%. The estimated depths
at different frequencies are in good agreement with the reference depths, confirming that
OCMS-D exhibits good adaptability to various source depths and frequencies.

Compared with existing approaches, the core advantages of OCMS-D are threefold:
(1) it requires no prior knowledge of seabed geoacoustic parameters, only the water-
column sound speed profile; (2) it does not require source motion, making it suitable
for single-snapshot processing at fixed ranges; and (3) it does not require broadband
signals and can handle single-frequency tonal sources. These features make OCMS-D
a promising candidate for passive sonar detection in unknown seabed environments.
Future work will investigate the robustness of the method under time-varying ocean
conditions and explore the feasibility of extending it to moving source scenarios with
motion compensation strategies.
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