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Abstract

For continuous boundary observation at a prescribed scalar level in unknown marine scalar
fields, this paper proposes an isoline tracking method for an autonomous underwater
helicopter (AUH) using only noisy local measurements. The method establishes an isoline
kinematic relation based on the local scalar value and its rate of change. Without field
reconstruction or compensation for unknown terms, it enables the AUH to stably approach
the target isoline and maintain tangential motion, with adjustable tracking accuracy. To
obtain reliable scalar-rate information from noisy measurements, a finite-time differentiator
using current and historical noisy measurements was developed to suppress measurement
noise while retaining the required dynamic response. A low-complexity prescribed-time
velocity-matching controller was further developed in a direct algebraic form, allowing
the contraction time and terminal range of the velocity errors to be specified without
imposing restrictive conditions on finite initial errors. Simulation results in a suspended
particulate matter scalar field and a temperature field verified the effectiveness of the
proposed method.

Keywords: autonomous underwater helicopter; unknown marine scalar field; isoline
tracking; noisy local measurement; finite-time differentiator; prescribed-time velocity-
matching controller

1. Introduction
As marine resource development and underwater infrastructure continue to expand,

underwater robots are being increasingly employed in underwater facility inspection,
marine environmental monitoring, and deep-sea operations [1,2]. As a specialized au-
tonomous underwater vehicle, the autonomous underwater helicopter (AUH) combines a
compact disc-shaped configuration with hovering capability and flexible multidirectional
maneuverability, making it well suited to low-speed observation tasks near the seabed
or underwater structures that require frequent heading and velocity adjustments [3,4].
Marine scalar fields arise in applications such as suspended particulate plume observation,
pollutant dispersion monitoring, and thermal anomaly detection. Continuous tracking of a
prescribed scalar level provides boundary information for characterizing the extent and
spatial evolution of an affected region under specific environmental conditions [5–7].
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In unknown marine scalar fields, underwater vehicles generally have access only to
local scalar measurements, while the global field distribution and the geometry of the target
isoline remain unavailable and may vary with environmental conditions. Consequently,
the vehicle cannot directly determine its position relative to the target isoline or the local
tangential direction required for continuous boundary following. To address this problem,
related studies have investigated marine environmental feature tracking from different
perspectives. Tian et al. [8] integrated front reconstruction, Bayesian optimization, and
nonlinear model predictive control to generate and track a smooth reference path along an
ocean front. Mo-Bjørkelund et al. [9] employed an onboard boundless Gaussian random
field model to adaptively explore a dynamic river plume boundary. Zhang and Li [10]
combined an advection–diffusion model with a PDE observer to estimate and track the
dynamic boundary of a suspended sediment plume. Von See et al. [11] used a UKF-based
gradient estimator and extremum-seeking control to detect and follow ocean layers from
in situ temperature measurements. Song et al. [12] developed a gradient-free isoline
tracking law based on local sensing information and its variation rate, thereby reducing the
dependence on global position information. These studies provide an important basis for
marine environmental feature tracking. However, field-reconstruction and model-based
methods require environmental models or online field estimation, whereas gradient-based
methods rely on gradient estimation or additional excitation. Gradient-free methods reduce
these information requirements but generally require the temporal variation rate of the local
measurement, which cannot be obtained directly from a scalar sensor and is susceptible to
noise amplification during numerical differentiation.

To obtain reliable rate information from noisy measurements, extensive studies have
investigated differentiator and filtering designs. Calmbach et al. [13] optimized the gain
scaling of homogeneous differentiators to reduce the influence of measurement noise on
differentiation errors. Aldana-López et al. [14] developed a robust exact first-order differ-
entiator with Lipschitz-continuous output and optimal worst-case accuracy. Seeber [15]
proposed an implicit discrete implementation of robust exact differentiators with noise-
filtering capability for sampled measurements. Lin et al. [16] combined a super-twisting
differentiator with an event-triggered extended state observer to improve noise attenua-
tion and disturbance estimation. Guo et al. [17] introduced a tracking differentiator with
phase compensation to suppress measurement noise while reducing the response delay
caused by low-pass filtering. These studies have improved differentiation accuracy, output
smoothness, and digital implementation under noisy measurements. Nevertheless, for
isoline tracking based on local scalar measurements, the scalar-rate estimate must sup-
press measurement noise while preserving the dynamic variation required for real-time
yaw regulation.

Prescribed-performance and prescribed-time control have also been extensively inves-
tigated to regulate the transient and steady-state behavior of marine vehicles. Liu et al. [18]
combined a predefined-time disturbance observer with terminal sliding-mode control for
AUV trajectory tracking. Sui et al. [19] integrated a prescribed-time extended-state observer,
prescribed-performance constraints, and dynamic-surface control for USVs. Chen et al. [20]
developed an adaptive disturbance-observer-based fixed-time sliding-mode controller with
prescribed performance. Fan et al. [21] introduced an actor–critic reinforcement-learning
framework and an auxiliary compensation system into predefined-time USV control. Xia
et al. [22] addressed initial-feasibility and singularity problems through parameterized
nonmonotonic performance constraints.

Taken together, three issues remain particularly relevant to AUH isoline tracking in
unknown marine scalar fields: dependence on prior field information, reliable acquisition of
the scalar rate under measurement noise, and the implementation complexity of prescribed-
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performance control. To address these issues, this paper develops an AUH isoline-tracking
framework using noisy local scalar measurements. The main contributions are summarized
as follows.

1. Unlike marine feature tracking methods based on environmental mapping, contour
prediction, or planned survey paths [23–25], the proposed method establishes an
isoline kinematic relation in an unknown marine scalar field using the local scalar
value and its rate of change at the current position of the AUH. Without obtaining
or exactly compensating for the unknown time-varying Hessian coupling term, the
AUH can approach the target isoline and maintain stable tangential motion.

2. Unlike direct finite-difference estimation and conventional low-pass filtering [26], an
online scalar-rate estimation scheme was developed for noisy local scalar measure-
ments. The differentiator exactly recovers the scalar rate within a finite time in the
absence of noise and provides an explicit estimation error bound under bounded
noise.

3. Unlike prescribed-performance underwater-vehicle controllers that combine neural
networks, state or disturbance observers, or event-triggered compensation mecha-
nisms [27–29], a low-complexity prescribed-time velocity-matching controller was
designed. The controller prescribes the error contraction time and terminal range without
restricting the magnitude of finite initial velocity errors and guarantees stable tracking
of the desired velocity after the prescribed time through a direct algebraic control law.

The remainder of this paper is organized as follows. Section 2 presents the AUH
model, isoline kinematics, and control objectives. Section 3 develops the virtual yaw
control, scalar-rate estimator, and prescribed-time velocity-matching controller, together
with the stability analysis. Section 4 presents the simulation validation in two marine scalar
fields, comparative analysis, and a prospective experimental validation scheme. Section 5
concludes the paper.

2. Preliminaries and Problem Description
This section presents the horizontal-plane motion model of the AUH, the isoline

kinematic description in an unknown marine scalar field, and the control objectives.

2.1. Horizontal-Plane Motion Model of the AUH

Consider the three-degree-of-freedom motion of the AUH in the horizontal plane. Its
horizontal-plane kinematic and dynamic model is expressed as{

η̇h = J(ψ)vh,

Mv̇h + Fh(vh) = τth + d + ∆,
(1)

where ηh = col(r, ψ) denotes the horizontal-plane pose vector of the AUH, r = col(x, y)
denotes its position in the inertial coordinate frame, and ψ denotes the heading angle;
vh = col(u, v, ω) denotes the velocity vector in the body-fixed coordinate frame, where u, v,
and ω are the surge velocity, sway velocity, and yaw angular velocity, respectively. Further-
more, the cruising speed of the AUH is expressed as vc =

√
u2 + v2. The matrix M denotes

the inertia matrix; Fh(vh) denotes the nonlinear hydrodynamic terms including the Coriolis,
centripetal, and damping terms; d and ∆ denote the environmental disturbance and the
model uncertainty caused by unmodeled hydrodynamics and parameter perturbations,
respectively; and τth denotes the control forces and moment acting on the AUH.
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The coordinate transformation matrix J(ψ) is given by

J(ψ) =

cos ψ − sin ψ 0
sin ψ cos ψ 0

0 0 1

.

The relationship between the control forces and the thruster control input is expressed as

τth = G0τu. (2)

Here, G0 denotes the thrust allocation matrix, and τu = col(τu,1, τu,2, τu,3) denotes the
thruster control input vector, where τu,1, τu,2, and τu,3 are the control inputs of the three
thrusters, respectively.

A three-thruster horizontal-plane configuration is adopted in this study. Thrusters 1 and 2
are symmetrically arranged along the longitudinal direction of the AUH. Together, they
generate the surge force, while their thrust difference generates the yaw moment. Thruster 3
is arranged along the transverse direction of the AUH to generate the sway force. The
corresponding thrust allocation matrix is selected as

G0 =

1 1 0
0 0 1
1 −1 0

.

Assumption 1. The environmental disturbance d and the model uncertainty ∆ are bounded
unknown terms.

Define the transformed velocity as L = J(ψ)vh. Combining Equations (1) and (2), the system
model can be further expressed as

η̇h = L,

L̇ = J̇(ψ)vh + J(ψ)M−1(d + ∆)− J(ψ)M−1Fh(vh)

+ J(ψ)M−1G0τu.

(3)

To construct a hierarchical control structure that does not rely on continuous global position
feedback, the system is decomposed into the parts associated with the horizontal position and heading.
Define the transformed state variable

ϑ =

[
qx

qy

]
=

[
cos ψ − sin ψ

sin ψ cos ψ

][
u
v

]
, (4)

where qx = ẋ and qy = ẏ denote the horizontal velocity components of the AUH along the x- and
y-axes of the inertial coordinate frame, respectively.

Furthermore, it follows that L = col(ϑ, ω), and the system can be decomposed as{
ṙ = ϑ,

ϑ̇ = ℶa + τa,

{
ψ̇ = ω,

ω̇ = ℶb + τb,
(5)

whereℶ = col(ℶa,ℶb) = J̇(ψ)vh + J(ψ)M−1(d+∆)− J(ψ)M−1Fh(vh) and τ = col(τa, τb) =

J(ψ)M−1G0τu. The superscripts a and b denote the variables associated with the horizontal-position
subsystem and the heading subsystem, respectively.

The two subsystems are coupled through the heading angle ψ and the corresponding yaw
motion. The yaw angular velocity ω changes the heading angle ψ, thereby adjusting the direction of
motion of the AUH and subsequently affecting the evolution of the horizontal position r.
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2.2. Isoline Kinematic Description in an Unknown Marine Scalar Field

Consider an unknown marine scalar field F : Ω → R+ defined over a two-dimensional
domain Ω ⊂ R2. Let r(t) denote the position of the AUH at time t. The true scalar value at
its current position is expressed as

s(t) = F(r(t)). (6)

For a given target scalar value sd, the corresponding target isoline set is defined as

C(sd) = {r ∈ Ω | F(r) = sd}. (7)

Unknown marine scalar fields commonly arise in tasks such as marine leakage moni-
toring, pollutant dispersion observation, and thermal anomaly detection. In such scenarios,
leakage sources, pollution sources, thermal sources, or other anomalous regions can be
regarded as a field-source region S , around which a spatially continuous scalar-field distri-
bution is formed. Different scalar values correspond to different isolines, and C(sd) denotes
the target isoline associated with the scalar value sd. Cruising along this isoline enables the
AUH to continuously observe spatial regions with the same scalar level, thereby providing
continuous boundary information for identifying the extent of the affected region and
evaluating its spatial evolution.

The position of the source region, the global distribution of the scalar field, and the
geometric shape of the target isoline are all unknown. To illustrate the spatial distribution
of the scalar field and the isoline-tracking process of the AUH, the analytical scenario
shown in Figure 1 is introduced. In the typical scalar-field scenario shown in Figure 1, the
positive scalar-gradient direction points from the current position toward the region in
which the local scalar value increases. The variable β denotes the directed angle from the
x-axis of the inertial coordinate frame to the positive scalar-gradient direction at the current
position, while ϕ denotes the directed angle from the heading direction of the AUH to the
positive scalar-gradient direction. By regulating the geometric relationship between its
heading and the local scalar-gradient direction, the AUH approaches the target isoline and
cruises along it.

Figure 1. Schematic diagram of the geometric relationship for AUH isoline tracking in an unknown
marine scalar field.

According to the geometric relationship shown in Figure 1, the following angular
relationship is obtained:

ϕ = β − ψ. (8)
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Let g(r) denote the magnitude of the scalar-field gradient at the current position r.
Then,

g(r) = ∥∇F(r)∥, ∇F(r) = g(r)

[
cos β

sin β

]
. (9)

In the isoline kinematic analysis, the AUH moves at the fixed cruising speed vd along
the heading angle ψ. Its position dynamics are expressed as

ṙ(t) = vdh(ψ), h(ψ) =

[
cos ψ

sin ψ

]
, (10)

where h(ψ) is the unit direction vector corresponding to the heading of the AUH.

Assumption 2. There exists an unknown high-concentration source region S within the operating
region of the AUH. The target isoline C(sd) is a smooth closed curve enclosing this region, and the
concentration near the high-concentration source region is higher than that in the surrounding area.
The unknown concentration field F(r) is twice continuously differentiable in Ω, and within the
operating region relevant to the target-isoline tracking task, there exist positive constants γ1, γ2,
and γ3 such that

0 < γ1 ≤ ∥∇F(r)∥ ≤ γ2, ∥∇2F(r)∥ ≤ γ3, ∀r ∈ Ω. (11)

The lower-bound condition therefore does not require the scalar-field gradient to remain
uniformly nonzero over the entire physical field. When the AUH approaches a locally weak-gradient
region, the available decay margin in the scalar-tracking dynamics decreases, while the bounds
associated with the directed-angle variation become more conservative. Consequently, the predicted
ultimate bounds on the scalar-tracking error and directed angle may increase. If the actual gradient
temporarily falls below the adopted lower bound γ1, the sufficient conditions in Lemma 1 and
Theorem 1 are no longer guaranteed over that interval, but this does not imply loss of controller
operation. Once the AUH returns to a region satisfying the gradient condition, the stated theoretical
guarantees apply again.

It should be noted that γ1, γ2, and γ3 are envelope constants used for the sufficient stability
conditions and gain selection, rather than online field information required by the controller. In
practice, they can be conservatively estimated over the relevant target-isoline operating region
using available historical survey data, calibration data, or preliminary local measurements, without
requiring reconstruction of the global scalar field.

Taking the time derivative of the scalar value along the motion trajectory of the AUH and
combining Equations (9) and (10), the chain rule gives

ṡ = ∇F(r)Tṙ

= vdg(r)(cos β cos ψ + sin β sin ψ)

= vdg(r) cos(β − ψ) = vdg(r) cos ϕ.

(12)

To specify the desired tangential cruising direction of the AUH, the desired directed angle
is selected as ϕd = π/2. When ϕ = ϕd, the heading of the AUH is orthogonal to the scalar-
gradient direction. It follows from Equation (12) that ṡ = 0, and the AUH moves along the
tangential direction of the concentration isoline passing through its current position. Since ṡ = 0
only indicates that the concentration at the current position remains unchanged, the ideal state of
target-isoline tracking should simultaneously satisfy s = sd and ϕ = π/2.

2.3. Control Objectives

The control objectives of this study are divided into the following two levels.
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1. Isoline tracking: The AUH is required to approach and remain within a neighbor-
hood of the target isoline C(sd) while cruising along its tangential direction, that is,

lim sup
t→∞

|s(t)− sd| ≤ εs, lim sup
t→∞

∣∣∣ϕ(t)− π

2

∣∣∣ ≤ εa. (13)

where εs > 0 and εa > 0 are the adjustable neighborhood bounds for the scalar-tracking
error and the tangential-angle error, respectively.

2. Velocity matching: The cruising speed and yaw angular velocity of the AUH are
required to enter and remain within prescribed terminal neighborhoods of their desired
values vd and ωd by the prescribed time Tc, respectively, that is,

|vc(t)− vd| < εv, |ω(t)− ωd(t)| < εω, ∀ t ≥ Tc. (14)

where εv > 0 and εω > 0 are the prescribed terminal bounds for the cruising-speed and
yaw-rate errors, respectively.

3. Control Design
This section first describes the design of the virtual yaw angular velocity based on

the scalar-tracking error and its rate of change. A scalar-rate estimation method is then
developed for noisy concentration measurements, followed by the construction of a low-
complexity velocity-matching controller.

3.1. Virtual Yaw Angular Velocity Design

In the ideal isoline motion state, the AUH should satisfy s = sd and ϕ = π/2.
According to Equation (12), one has ṡ = 0. To continuously maintain the same scalar
value along the motion trajectory of the AUH, it is also necessary to satisfy s̈ = 0.

First, differentiating Equation (12) and applying the product rule give

s̈ =
[

d
dt

∇F(r)
]T

ṙ +∇F(r)Tr̈. (15)

Next, applying the chain rule and using the symmetry of ∇2F(r), together with
Equations (9) and (10), yield

s̈ = vdg(r) sin ϕ ω + v2
dhT(ψ)∇2F(r)h(ψ). (16)

The first term represents the effect of the yaw motion of the AUH on the scalar-value rate,
whereas the second term is the field coupling term induced by the spatial variation of the
scalar-field gradient as the AUH moves along its current heading.

When sin ϕ ̸= 0, the instantaneous yaw angular velocity required to continuously
maintain ṡ = 0 in the ideal isoline motion state is

ω∗(t) = −vdhT(ψ)∇2F(r)h(ψ)
g(r) sin ϕ

. (17)

In particular, at the desired tangential state ϕ = π/2, one has

ω∗(t) = −vdhT(ψ)∇2F(r)h(ψ)
g(r)

.

Equation (17) shows that the yaw angular velocity required to exactly maintain isoline
motion depends on the local scalar-gradient magnitude and the Hessian matrix. For a
general unknown marine scalar field, this field information is unknown and varies with
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the position of the AUH. Consequently, the ideal yaw angular velocity has an unknown
position-dependent characteristic, and a yaw angular velocity applicable to the entire
motion process cannot be specified before the task to continuously maintain the isoline
motion of the AUH.

Therefore, instead of directly estimating or compensating for the unknown field coupling
term, the virtual yaw angular velocity is constructed using the local scalar value and its rate
of change at the current position. Define the scalar-tracking error as es(t) = s(t)− sd. Since sd

is constant, one has ės(t) = ṡ(t). The composite error is further defined as

ep(t) = ės(t) + k2 tanh
(

es(t)
k3

)
, (18)

where k2 > 0 is the scalar-error regulation gain, and k3 > 0 is the scaling parameter of the
hyperbolic tangent function.

When ep(t) = 0, the scalar-tracking error satisfies

ės(t) = −k2 tanh
(

es(t)
k3

)
.

Therefore, as the composite error approaches zero, the concentration error approaches zero
under the hyperbolic tangent feedback. The hyperbolic tangent term limits the regulation
magnitude when the scalar-tracking error is large and retains a locally linear regulation
characteristic near the target isoline.

Based on the composite error in Equation (18), the virtual yaw angular velocity is
designed as

ωd(t) = −k1ep(t), (19)

where k1 > 0 is the virtual yaw control gain.
To distinguish the virtual yaw angular velocity from the actual yaw motion, define the

yaw-rate matching error as ev,3(t) = ω(t)− ωd(t). Hence, ω = ωd + ev,3.
Using this relation together with Equation (19), Equation (16) becomes

s̈ = −k1vdg(r) sin ϕ ep+vdg(r) sin ϕ ev,3 + v2
dhT(ψ)∇2F(r)h(ψ). (20)

Differentiating the composite error in Equation (18) and using Equation (20) give

ėp = − k1vdg(r) sin ϕ ep+vdg(r) sin ϕ ev,3

+ v2
dhT(ψ)∇2F(r)h(ψ) +

k2

k3
sech2

(
es

k3

)
ės.

(21)

The term vdg(r) sin ϕ ev,3 explicitly represents the influence of the velocity-matching
dynamics on the scalar-tracking subsystem and vanishes under exact yaw-rate matching.

For practical gain selection, the prescribed-performance parameters κ and h̄ introduced
in Section 3.3 can first be selected according to the desired terminal velocity-matching
accuracy, and the terminal component-wise velocity-matching bound is defined as ēv ≜
√

κh̄/
√

1 − h̄2. According to Theorem 3 and Equation (50), |ev,3(t)| < ēv for all t ≥ Tc.
Therefore, ēv can be calculated explicitly before selecting k1 and does not require an a priori
bound on ev,3 during the velocity-matching contraction interval t0 ≤ t < Tc. Accordingly,
the following scalar-tracking stability analysis is stated from Tc onward.

Whether the feedback term −k1vdg(r) sin ϕ ep in Equation (21) suppresses the com-
posite error depends on the sign of sin ϕ. To maintain the feedback polarity and ensure a
uniform positive lower bound for the decay coefficient, the directed angle must remain in a
region where sin ϕ > 0.
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Accordingly, define the angular region

Dϕ =
[
εϕ, π − εϕ

]
, 0 < εϕ <

π

2
. (22)

For any ϕ ∈ Dϕ, one has sin ϕ ≥ sin εϕ > 0. If this region is positively invariant, the decay
coefficient in the composite-error dynamics satisfies

k1vdg(r) sin ϕ ≥ k1vdγ1 sin εϕ > 0.

To analyze the positive invariance of Dϕ, define the unit tangent vector of the scalar-
gradient direction as τg = [− sin β, cos β]T. From the variation of the gradient vector along
the motion trajectory of the AUH, one obtains

β̇ =
τT

g ∇2F(r)ṙ
∥∇F(r)∥ . (23)

According to Assumption 2 and Equation (10),∣∣β̇∣∣ ≤ vdγ3

γ1
. (24)

Lemma 1. Suppose that the directed angle at the prescribed time satisfies ϕ(Tc) ∈ Dϕ, and the
control parameters satisfy

0 < k2 < vdγ1 cos εϕ, k1 >
vdγ3/γ1+ēv

vdγ1 cos εϕ − k2
. (25)

Then, Dϕ is a positively invariant set; that is, ϕ(t) ∈ Dϕ for all t ≥ Tc.
The proof is provided in Appendix A.

Theorem 1. Under the conditions of Lemma 1, suppose that the control gain satisfies

k1 > max

{
k3vdγ3 + k2γ2+k3γ2 ēv

k2k3γ1 sin εϕ
,

2(k3vdγ3 + k2γ2+k3γ2 ēv)

k3vdγ2
1 sin εϕ

}
.

(26)

where

ηp =
vdγ3 + (k2/k3)γ2+γ2 ēv

k1γ1 sin εϕ
.

Then, the scalar-tracking error and the directed angle satisfy

lim sup
t→∞

|s(t)− sd| ≤ k3 atanh
(

ηp

k2

)
, lim sup

t→∞

∣∣∣ϕ(t)− π

2

∣∣∣ ≤ arcsin
(

2ηp

vdγ1

)
. (27)

The additional term γ2 ēv in ηp explicitly quantifies the influence of the velocity-matching
error: a larger terminal bound ēv enlarges the ultimate tracking neighborhoods, whereas tighter
velocity matching reduces this contribution. Since ēv is explicitly determined by κ and h̄ before
selecting k1, the gain conditions of Lemma 1 and Theorem 1 do not require an unknown transient
bound on ev,3.

The proof is provided in Appendix B.

Remark 1. Subject to the above theoretical conditions, the control parameters k1, k2, and k3 can be
adjusted according to the actual response by following a procedure similar to PID parameter tuning.
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For example, k3 can first be selected according to the characteristic scale of the scalar-tracking error,
after which k2 can be adjusted to provide an appropriate scalar-error feedback strength. Finally,
k1 can be adjusted to improve the convergence performance of the composite error and reduce the
ultimate tracking neighborhood. Although a nonzero ultimate error bound generally exists in an
unknown scalar field, the scalar-tracking error and the directed angle can satisfy the required tracking
accuracy through parameter tuning. Regarding uncertainty in the field bounds, selecting a smaller
γ1, or larger γ2 and γ3, is conservative: the sufficient gain conditions become more restrictive and
the predicted ultimate tracking neighborhoods increase. Conversely, if γ1 is overestimated, or γ2 or
γ3 is underestimated, the actual field may violate the adopted bounds, and the sufficient guarantees
of Lemma 1 and Theorem 1 are no longer ensured. Therefore, practical estimates of these bounds
should include an appropriate uncertainty margin.

Remark 2. The condition ϕ(Tc) ∈ Dϕ is imposed to guarantee the stated tracking performance
from the prescribed time onward. For a directed angle outside Dϕ at Tc but within an adjacent
recoverable sector, if | cos ϕ| ≥ cr > 0 and k1(vdγ1cr − k2) > γ3vd/γ1 + ēv, then ϕ̇ > 0 below
Dϕ and ϕ̇ < 0 above Dϕ so that ϕ enters Dϕ within a finite time tr. However, tr depends on the
orientation at Tc and local scalar-field variation and cannot be prescribed in advance, resulting in
an additional uncertain transient after Tc before the guarantees of Lemma 1 and Theorem 1 become
effective. Therefore, ϕ(Tc) ∈ Dϕ is retained as a sufficient condition for guaranteeing the stated
tracking performance from Tc. If this condition is not satisfied but the directed angle lies within
the recoverable sector, the guarantees of Lemma 1 and Theorem 1 become effective after the finite
recovery transient.

3.2. Filter Design Under Disturbance and Noise

The preceding virtual yaw angular velocity design requires the scalar-value rate
ṡ(t). In practical marine observation, however, the AUH can only obtain noisy scalar
measurements at its current position. Therefore, the scalar-value rate must be estimated
online from the current and historical concentration measurements. Existing methods can
generate the corresponding rate signals, but it is difficult to simultaneously maintain noise
attenuation and dynamic response speed under the combined effects of ocean-current
disturbances, sensor noise, and rapid local concentration variations. Since the estimated
rate is directly used to calculate the virtual yaw angular velocity, rapid fluctuations in the
estimation output may further affect the continuity of the heading regulation of the AUH.

To obtain a continuously varying scalar-rate estimate with an explicit error bound,
an online rate-estimation method based on current and historical scalar measurements
was developed. By constraining the maximum variation rate of the estimation output,
the method attenuates the propagation of measurement noise through the differentiation
channel and reduces its influence on the virtual yaw angular velocity.

Considering marine environmental disturbances and concentration-sensor measure-
ment errors, the scalar measurement available to the AUH is expressed as

sm(t) = s(t) + ns(t), (28)

where sm(t) is the measured scalar value, s(t) is the true scalar value at the current position
of the AUH, and ns(t) is the scalar measurement noise.

Assumption 3. The true scalar signal s(t) is differentiable, and its first derivative ṡ(t) is Lipschitz
continuous. There exist a positive constant Ls and a nonnegative constant Ns such that

|s̈(t)| ≤ Ls a.e. t ≥ 0, |ns(t)| ≤ Ns, ∀ t ≥ 0. (29)
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Here, Ls is an upper bound on the Lipschitz constant of the scalar-value rate, and Ns is an upper
bound on the amplitude of the scalar measurement noise.

Assumption 3 is imposed directly on the composed true scalar signal s(t) = F(r(t))
and does not follow from continuity of the trajectory alone. Under Assumption 2, a
sufficient condition is that the AUH trajectory satisfies r(t) ∈ C1,1, with bounded velocity
∥ṙ(t)∥ ≤ v̄r and almost-everywhere bounded acceleration ∥r̈(t)∥ ≤ ār. Differentiating the
chain-rule relation in Equation (12) almost everywhere then gives |s̈(t)| ≤ γ3v̄2

r + γ2 ār.
Hence, Equation (29) is satisfied for any Ls ≥ γ3v̄2

r + γ2 ār. For the fixed-speed kinematics in
Equation (10), ∥ṙ(t)∥ = vd, and a bounded yaw rate implies bounded acceleration, thereby
providing the required trajectory regularity.

Introduce the maximum historical-data window T̄ ∈ R>0 ∪ {∞}. For any t > 0,
select a historical-interval length T ∈ (0, min{t, T̄}], with the corresponding historical-data
interval given by [t − T, t]. Let σ ∈ [0, T] denote the time offset from the current time t
toward the past such that t − σ is a historical time instant within this interval. A linear
interpolation is constructed using the concentration measurements at the two endpoints of
the interval. The deviation of sm(t − σ) from this linear interpolation is defined as

Qs(t, T, σ) = sm(t − σ)− sm(t) +
sm(t)− sm(t − T)

T
σ. (30)

According to Assumption 3, the deviation of the true scalar value signal from the
linear interpolation between the interval endpoints is bounded by Lsσ(T − σ)/2. Therefore,
by subtracting the maximum deviation attributable to the variation of the true scalar signal
from the measured deviation, the online noise-amplitude estimate is defined as

N̂s(t) =
1
2

sup
T∈(0,min{t,T̄}]

σ∈[0,T]

{
|Qs(t, T, σ)| − Lsσ(T − σ)

2

}
, t > 0, (31)

with N̂s(0) = 0. Since Qs(t, T, 0) = Qs(t, T, T) = 0, the supremum in Equation (31) is
nonnegative.

Based on the online noise-amplitude estimate, the adaptive differentiation interval is
determined as

τ̂s(t) = min

t, T̄, 2

√
N̂s(t)

Ls

. (32)

A smaller N̂s(t) results in a shorter differentiation interval, thereby reducing the esti-
mation bias caused by the dynamic variation of the scalar signal. As N̂s(t) increases,
the differentiation interval is enlarged to reduce the effect of measurement noise on the
difference quotient.

Using the adaptive differentiation interval, the raw scalar-rate estimate is defined as

yw(t) =



0, t = 0,

lim
T→0+

sm(t)− sm(t − T)
T

, t > 0, τ̂s(t) = 0,

sm(t)− sm(t − τ̂s(t))
τ̂s(t)

, t > 0, τ̂s(t) > 0.

(33)
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Since noisy measurements may render yw(t) discontinuous or even non-Lebesgue-
measurable, yw(t) is regularized to ensure that the subsequent filtering dynamics are
well defined:

ym(t) =


yw(0), t = 0,

1
2

[
lim sup

ζ→0+
yw(t − ζ) + lim inf

ζ→0+
yw(t − ζ)

]
, t > 0.

(34)

This regularization is applied only to the raw scalar-rate estimate yw(t); no additional
prefiltering is applied to the original scalar measurement sm(t).

A first-order sliding-mode filter is then used to generate the final scalar-rate estimatê̇s(t), which is defined as a solution of the following Filippov differential inclusion:

d
dt

̂̇s(t) ∈ −γd Sgn
(̂̇s(t)− ym(t)

)
, ̂̇s(0) = ym(0), (35)

where

Sgn(x) =

{sgn(x)}, x ̸= 0,

[−1, 1], x = 0,

and the filter gain γd satisfies γd > Ls.

Theorem 2. Under Assumption 3 and the condition γd > Ls, the output ̂̇s(t) of the differen-
tiator defined by Equations (30)–(35) is Lipschitz continuous and satisfies

∣∣∣ d
dt
̂̇s(t)∣∣∣ ≤ γd a.e. If

Ns <
Ls T̄ 2

2 , and there exists a positive constant R1 such that |ṡ(0)| ≤ R1, an upper bound on the
finite convergence time is

Td = 2

√
2Ns

Ls
+

R1

γd − Ls
. (36)

For any t ≥ Td, the scalar-rate estimation error satisfies∣∣̂ṡ(t)− ṡ(t)
∣∣ ≤ 2

√
2NsLs. (37)

When T̄ = ∞, the above noise-bound condition holds for any finite Ns. When Ns = 0, one has
Td = R1/(γd − Ls), and ̂̇s(t) = ṡ(t) for all t ≥ Td.

The proof is provided in Appendix C.

Remark 3. The coefficient 2
√

2 in Equation (37) is the optimal worst-case accuracy coefficient
attainable by an exact first-order differentiator for the corresponding signal and noise classes. The
maximum historical-data window T̄ determines the available range of historical scalar measurements
and requires Ns < LsT̄2/2. The filter gain γd determines the maximum variation rate and
convergence speed of the estimation output, while γd > Ls must be maintained. The set-valued
sign operator in Equation (35) acts on the derivative of the scalar-rate estimator state rather than
directly on the thruster control input. Theorem 2 guarantees that ̂̇s(t) is Lipschitz continuous
with

∣∣d̂̇s(t)/dt
∣∣ ≤ γd a.e., so its increment in a sampled implementation is bounded by γdTs. If

further suppression of sampling-induced switching is required, Sgn(e) can be replaced by sat(e/δd),
δd > 0 at the cost of relaxing the exact finite-time property to a practical bounded-error property.

Remark 4. In practice, Ls can be conservatively selected as an upper bound on |s̈(t)| over the
expected operating envelope using calibration or historical measurement data, together with an
appropriate safety margin. If the adopted Ls is smaller than the actual bound, the convergence-time
and estimation-error guarantees of Theorem 2 are no longer ensured. In particular, when γd does
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not exceed the actual scalar-rate Lipschitz bound, the error-contraction margin γd − Ls is lost.
Therefore, Ls should be selected conservatively, and γd > Ls should subsequently be chosen with a
suitable margin.

3.3. Low-Complexity Prescribed-Time Velocity-Matching Controller Design

To maintain a stable cruising state during isoline tracking, the desired cruising speed
vd and the virtual yaw angular velocity ωd are combined to form the desired transformed
velocity vector

Ld(t) =
[
vd cos ψ(t) vd sin ψ(t) ωd(t)

]T
. (38)

According to Equation (5), the actual transformed velocity vector is L(t) = [qx(t), qy(t), ω(t)]T,
where qx = ẋ and qy = ẏ. Define the velocity-matching error as

ev(t) = L(t)−Ld(t) =
[
ev,1(t) ev,2(t) ev,3(t)

]T
. (39)

All nonlinear operations on vectors in the following are performed component-wise.
Define the strictly monotonic bounded mapping

X(e) =
e√

e2 + κ
, κ > 0. (40)

For any finite e, one has X(e) ∈ (−1, 1), and

N(e) =
∂X(e)

∂e
=

κ

(e2 + κ)3/2 > 0. (41)

The inverse of the mapping in Equation (40) is

X−1(x) =
√

κ x√
1 − x2

, x ∈ (−1, 1), (42)

which satisfies X−1(X(e)) = e.
To prescribe the transient contraction process and terminal range of the velocity-

matching error, a prescribed-time performance function [30] is employed as

ρ(t) =

h̄ + (1 − h̄)
(

1 − t
Tc

)p(
1 + p

t
Tc

)
, 0 ≤ t < Tc,

h̄, t ≥ Tc,
(43)

where Tc > 0 is the prescribed time, 0 < h̄ < 1 is the terminal performance parameter,
and p > 0 is the performance-boundary shape parameter. For 0 < t < Tc, its second
derivative is

ρ̈(t) = − p(p + 1)(1 − h̄)
T2

c

(
1 − t

Tc

)p−2(
1 − p

t
Tc

)
. (44)

Since ρ(t) = h̄ for t ≥ Tc, p > 2 ensures limt→T−
c

ρ̈(t) = 0, consistent with ρ̈(t) = 0 for
t > Tc. Accordingly, p ≥ 3 is adopted as a sufficient design condition. For 0 < t < Tc,
one has

ρ̇(t) = − p(p + 1)(1 − h̄)
Tc

t
Tc

(
1 − t

Tc

)p−1
< 0. (45)

Therefore, ρ(t) decreases monotonically over [0, Tc] and satisfies

ρ(0) = 1, ρ(Tc) = h̄, ρ̇(0) = ρ̇(T−
c ) = 0. (46)
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Remark 5. The performance function in Equation (43) has zero rates of change at both the initial
time and the prescribed time. Consequently, the performance boundary contracts smoothly from its
initial value and transitions smoothly to a constant terminal boundary at Tc. The parameters Tc, h̄,
and p determine the contraction time, terminal value, and transient shape of the performance bound-
ary, respectively, thereby allowing flexible adjustment of the velocity-matching process and terminal
accuracy. In practical selection, p can be adjusted under the condition p ≥ 3 according to the
desired transient boundary shape; p = 4 is adopted in the simulations of this study. The prescribed
time Tc should be selected by balancing the desired transient response and the available actuator
capability. As indicated by Equation (45), a smaller Tc produces a faster boundary contraction
and therefore requires greater transient control effort. Moreover, since the atanh(·) transformation
increases rapidly as the normalized velocity error approaches its boundary, insufficient control
margin may result in large transient thruster commands. In practice, Tc can be chosen as the
smallest value for which the commanded thruster forces and their variation rates remain within
the actuator limits, with an appropriate safety margin under the expected operating conditions. If
amplitude saturation or rate limiting is activated, the control law assumed in the present stability
analysis is altered, and the prescribed-time guarantee is no longer ensured. Increasing Tc reduces
the transient control demand but results in a slower response.

Define the normalized velocity error as

z(t) =
X(ev(t))

ρ(t)
. (47)

Since ρ(0) = 1 and the bounded mapping in Equation (40) satisfies |X(ev,i(0))| < 1 for
any finite ev,i(0), the performance constraint is imposed on the mapped error rather than
directly on the raw velocity-matching error. Therefore, any finite initial velocity error
automatically satisfies

∥z(0)∥∞ < 1. (48)

Thus, no upper bound on the finite initial velocity-matching error is required to satisfy the
initial feasibility condition.

If ∥z(t)∥∞ < 1, each component of the velocity-matching error satisfies −ρ(t) <

X(ev,i(t)) < ρ(t). Using the inverse mapping in Equation (42) gives

|ev,i(t)| < χ(t), χ(t) =
√

κ ρ(t)√
1 − ρ2(t)

, t > 0. (49)

For t ≥ Tc, one has ρ(t) = h̄, and hence

|ev,i(t)| <
√

κ h̄√
1 − h̄2

, i = 1, 2, 3. (50)

Define the transformed error as

εv(t) = atanh(z(t)) =
1
2

ln
(

1 + z(t)
1 − z(t)

)
. (51)

The operations in Equation (51) are performed component-wise. When any component
of z(t) approaches 1 or −1, the corresponding component of εv(t) approaches positive or
negative infinity, respectively.

According to the transformed horizontal-plane model in Equation (3), the velocity
subsystem can be written as

L̇ = ℶ(t) + J(ψ)M−1G0τu. (52)
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The thruster control input is designed as

τu(t) = −k4G−1
0 MJT(ψ)εv(t), (53)

where k4 > 0 is the velocity-control gain. Since J(ψ) is an orthogonal matrix, J−1(ψ) = JT(ψ).
Define the lumped term of the velocity-matching subsystem as

dv(t) = ℶ(t)− L̇d(t). (54)

Assumption 4. The desired transformed velocity vector Ld(t) is locally absolutely continuous,
and there exists a positive constant d̄v such that

∥dv(t)∥∞ ≤ d̄v a.e. t ≥ 0. (55)

Theorem 3. Under Assumption 4, the controller in Equation (53) guarantees that the normalized
velocity error satisfies

∥z(t)∥∞ < 1, ∀ t ≥ 0. (56)

The proof is provided in Appendix D.

Recall that ēv ≜
√

κh̄/
√

1 − h̄2 denotes the terminal component-wise bound in
Equation (50). Since ev,3 = ω − ωd, it follows directly that |ω(t)− ωd(t)| < ēv for t ≥ Tc.
Moreover, the horizontal velocity transformation preserves the Euclidean norm, and hence

the reverse triangle inequality gives |vc(t)− vd| ≤
√

e2
v,1(t) + e2

v,2(t) <
√

2 ēv for t ≥ Tc.
Therefore, the velocity-matching objective in Equation (14) is guaranteed if the perfor-

mance parameters satisfy
√

2 ēv ≤ εv and ēv ≤ εω.

4. Simulation and Analysis
To evaluate the proposed method, a suspended particulate matter scalar field and a

temperature field were selected as two representative unknown marine scalar-field scenar-
ios. The suspended particulate matter concentration field represents a dredging-induced
sediment plume, whose spatial distribution is characterized by the suspended particulate
matter concentration [31]. The temperature field represents the spatial distribution of a
marine thermal feature, motivated by AUV-based ocean-layer detection and tracking using
in situ temperature measurements [11]. The spatial distributions of the two scalar fields are
shown in Figures 2 and 3, respectively.

The simulation model employed a fixed-step discrete solver with a sampling period
of Ts = 0.01 s, and the simulation duration was 200 s. The initial pose and velocity of the
AUH were set as ηh(0) = [8, 3, 3π/4]T and vh(0) = [0, 0, 0]T, respectively.

Time-varying model uncertainty and multi-frequency ocean-current disturbances [4],
together with colored random measurement noise [32], were considered in the simulations.
To account for the influence of parameter perturbations in practical marine environments,
the model uncertainty was set as ∆(t) = 0.3 sin(0.3t)Fh(vh). The ocean-current disturbance
acting on the horizontal-plane dynamics was selected as

d(t) = [0.3 sin(0.2t) + 0.1 sin(0.3t), 0.2 cos(0.2t) + 0.3 cos(0.3t), 0.1 sin(t)]T.

The sensor measurement was affected by bounded colored random noise with tem-
poral correlation. Let w[k] denote a bounded zero-mean random excitation satisfying
w[k] ∈ [−Ns, Ns]. The measurement noise was generated through two cascaded first-order
correlated processes as
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ξn[k] = a1ξn[k − 1] + (1 − a1)w[k], ns[k] = a2ns[k − 1] + (1 − a2)ξn[k],

where Ns = 0.3, a1 = 0.985, and a2 = 0.970. The initial states of the noise-generating
process were set to zero. Consequently, |ns[k]| ≤ Ns, which is consistent with the bounded-
noise condition in Assumption 3, while the temporal correlation provided a smoothly
varying random measurement-noise pattern.

Figure 2. Spatial distribution of the suspended particulate matter concentration field.

Figure 3. Spatial distribution of the temperature field.

The two scalar fields used in the simulations were twice continuously differentiable
over the corresponding operating regions. Moreover, the AUH position trajectory generated
by the dynamic model had bounded velocity and almost-everywhere bounded acceleration
over the finite simulation interval. Therefore, the sufficient regularity condition stated
after Assumption 3 was satisfied, and the resulting true scalar signal s(t) = F(r(t)) was
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differentiable with a Lipschitz-continuous rate. The colored random noise was added only
to the measured scalar signal sm(t) and therefore did not alter the regularity of the true
scalar signal s(t).

The target scalar values were selected as sd,SPM = 20 mg L−1 and sd,T = 20 ◦C. The
control and differentiator parameters used in the simulations are listed in Table 1.

Table 1. Control and differentiator parameters used in the simulations.

Parameter Value Parameter Value

k1 0.1 k2 3
k3 2 k4 2
vd 1 m s−1 κ 0.9
Tc 15 s h̄ 0.02
p 4 Ts 0.01 s
Ls 1 γd 5
k0 0 k̄ 90

The parameters in Table 1 were selected according to their respective roles in the
closed-loop system.

The prescribed-performance parameters Tc, h̄, p, and κ were first specified according
to the desired velocity-matching performance. In particular, h̄ and κ determine the explicit
terminal bound ēv =

√
κh̄/

√
1 − h̄2, which is then available for the gain conditions of the

isoline-tracking subsystem. The gains k2 and k3 were selected according to the stability
conditions and the desired scalar-tracking response, after which k1 was chosen to satisfy
Lemma 1 and Theorem 1 using the explicit bound ēv and was further adjusted according to
the desired tracking response.

The velocity-control gain k4 was selected by balancing the velocity-matching response
and control effort. The parameters Tc, h̄, and p determine the contraction time, terminal
range, and transient shape of the performance boundary, respectively, while κ determines
the scale between the mapped and physical velocity-matching errors. For the scalar-rate
estimator, Ls was conservatively selected according to the expected scalar-rate variation,
γd > Ls was chosen with a sufficient margin, and Ts together with k̄ determines the
available historical-data window. The desired cruising speed vd = 1 m s−1 was selected to
represent the low-speed boundary-observation operation of the AUH.

The sampled differentiator directly uses the noisy scalar measurement. With k̄ = 90
and Ts = 0.01 s, the maximum historical-data window is T̄ = k̄Ts = 0.90 s, while the
maximum increment of the differentiator output between two successive sampling instants
is γdTs = 0.05.

At sampling instant k, let mk = min{k, k̄}. The implementation retains the current
measurement and the most recent mk historical measurements so that, at most k̄ + 1 = 91,
scalar samples are stored. The supremum search in Equation (31) was implemented on the
sampling grid by setting T = iTs and σ = jTs, where i = 1, . . . , mk and j = 0, . . . , i. For
each candidate pair, Qs[k, i, j] = sm[k − j]− sm[k] +

(
sm[k]− sm[k − i]

)
j/i was evaluated,

and N̂s[k] was obtained as one half of the maximum of |Qs[k, i, j]| − LsT2
s j(i − j)/2 over

all admissible pairs. Thus, the continuous supremum was replaced by a finite exhaus-
tive search over the stored measurements. The number of candidate evaluations at each
sampling instant was mk(mk + 3)/2, giving a computational complexity of O(m2

k) and a
memory requirement of O(mk). With k̄ = 90, the maximum search involved 4185 candidate
evaluations and 91 stored scalar samples per sampling instant.

4.1. Suspended Particulate Matter Concentration Field

Delineating a prescribed suspended particulate matter concentration isoline pro-
vides a basis for assessing the plume-affected area and its dispersion trend. Figures 4–6
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show the AUH isoline-tracking trajectory, the concentration and thruster-input responses,
and the velocity-matching results, respectively. Figure 7 presents the concentration re-
sponses under different initial poses and the scalar-rate estimation result under the adopted
noise condition.

As shown in Figure 4, the AUH first adjusts its heading toward the plume boundary
and then maintains continuous tangential motion along the 20 mg L−1 concentration isoline.
The resulting trajectory closely follows the irregular closed isoline without prior knowledge
of the plume geometry. Figure 5a shows that the measured concentration converges to a
small neighborhood of the desired value. The larger initial control action in Figure 5b is
associated with boundary approach and heading adjustment, after which the thruster inputs
vary smoothly with small amplitudes. As shown in Figure 6a, the three velocity-matching
errors remain within the shrinking performance boundaries and enter the prescribed
terminal region before Tc. The cruising speed in Figure 6b subsequently settles near vd,
supporting sustained concentration-boundary observation.

Figure 4. AUH isoline-tracking trajectory in the suspended particulate matter concentration field.

(a) (b)

Figure 5. Concentration response and control inputs in the suspended particulate matter concentra-
tion field: (a) actual and desired concentrations; (b) thruster control inputs.
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(a) (b)

Figure 6. Velocity-matching results in the suspended particulate matter concentration field: (a) velocity-
matching errors and prescribed performance boundaries; (b) actual and desired cruising speeds.

(a) (b)

Figure 7. Concentration responses and scalar-rate estimation results in the suspended particulate
matter concentration field: (a) concentration responses under different initial poses; (b) reference
scalar rate and filtered estimate under the adopted noise condition.

Figure 7a further investigates the influence of different initial positions and heading
angles on the isoline-tracking performance. For the cases with initial directed angles out-
side the feasible region Dϕ, the AUH first undergoes an additional heading-adjustment
process to enter the admissible angular domain, after which the isoline-tracking behavior is
guaranteed. The results demonstrate that the proposed method can achieve the desired
concentration boundary observation under different initial conditions, while the initial an-
gular deviation mainly affects the transient recovery process. In addition, Figure 7b shows
that the filtered estimate closely follows the reference scalar rate under the adopted noise
condition. The estimation error remains small, with an RMSE of 0.0213 and a maximum
absolute error of 0.0808, while the correlation coefficient reaches 0.9997, quantitatively
demonstrating the effectiveness of the proposed scalar-rate estimation scheme.

4.2. Temperature Field

Continuous observation along a temperature isoline reveals the spatial extent and evo-
lution of marine thermal features. The AUH isoline-tracking trajectory, the temperature and
thruster-input responses, and the velocity-matching results are presented in Figures 8–10,
respectively. Figure 11 further presents the temperature responses under different initial
poses and the scalar-rate estimation result under the adopted noise condition.

Figure 8 shows that the AUH intercepts the 20 ◦C isoline after the initial maneuver
and subsequently follows its changing local direction throughout the closed thermal-
feature boundary. The resulting path remains close to the prescribed temperature contour,
demonstrating that the yaw motion is continuously adapted to the spatial variation of the
temperature field.
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Figure 9a shows that the measured temperature reaches the vicinity of 20 ◦C and
remains there during the subsequent circumnavigation. Meanwhile, the thruster inputs in
Figure 9b vary smoothly while providing the required directional corrections.

The prescribed-time behavior is further reflected in Figure 10a: the velocity errors
contract with the performance boundaries and remain in the terminal range after Tc. The
cruising speed in Figure 10b follows vd without a persistent deviation, thereby supporting
continuous observation along the thermal isoline.

Figure 11a shows that the temperature responses converge to the desired isoline under
different initial poses. Figure 11b shows that the filtered estimate closely follows the
reference scalar rate under the adopted noise condition. The estimation error remains small,
with an RMSE of 0.02198 and a maximum absolute error of 0.07892, while the correlation
coefficient reaches 0.99960, quantitatively demonstrating the effectiveness of the proposed
scalar-rate estimation scheme.

Figure 8. AUH isoline-tracking trajectory in the temperature field.

(a) (b)

Figure 9. Temperature response and control inputs in the temperature field: (a) actual and desired
temperatures; (b) thruster control inputs.
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(a) (b)

Figure 10. Velocity-matching results in the temperature field: (a) velocity-matching errors and
prescribed performance boundaries; (b) actual and desired cruising speeds.

(a) (b)

Figure 11. Temperature responses and scalar-rate estimation results in the temperature field:
(a) temperature responses under different initial poses; (b) reference scalar rate and filtered esti-
mate under the adopted noise condition.

4.3. Comparative Analysis

To further evaluate the advantages of the proposed method, comparisons with a
conventional performance-function method and a forward-difference filtering method
were conducted in the suspended particulate matter concentration field.

As shown in Figure 12, the conventional performance function can constrain the
velocity-matching errors and eventually regulate the cruising speed toward vd. However,
its error boundary decreases asymptotically, and the time required to reach a specified
terminal accuracy cannot be explicitly assigned. In contrast, the prescribed-performance
function adopted in this study directly specifies both the contraction time Tc and the
terminal error range, providing a more explicit transient-performance specification.

(a) (b)

Figure 12. Results of the conventional performance function without a prescribed convergence time: (a)
velocity-matching errors and performance boundaries; (b) actual and desired cruising speeds.
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Figure 13b shows that the forward-difference filter produces noticeable oscillations
and amplitude deviations in the scalar-rate estimate under measurement noise, particularly
during rapid signal variations. These estimation fluctuations are propagated to the isoline
regulation and result in more evident concentration oscillations around the desired value,
as shown in Figure 13a. By comparison, the proposed rate-estimation method provides
closer scalar-rate tracking with smaller fluctuations, thereby reducing the influence of
differentiation noise on the subsequent isoline-control response.

(a) (b)

Figure 13. Results from the forward-difference filtering method under the adopted noise condition:
(a) actual and desired concentrations; (b) reference scalar rate and filtered estimate.

4.4. Prospective Experimental Validation

To further evaluate the practical applicability of the proposed method, a two-stage
experimental scheme consisting of controlled water-tank tests and subsequent marine
trials is planned. In the water-tank stage, a spatially nonuniform scalar field can be
generated using a controllable temperature or concentration distribution, and the AUH
can be equipped with a local scalar sensor to obtain the measurements required by the
proposed controller. The onboard implementation will execute the scalar-rate estimation,
virtual yaw regulation, and prescribed-time velocity-matching controller using the same
sampled-data structure as in the simulations. Different initial positions and headings can
be tested, while the field distribution, AUH motion states, and thruster inputs are recorded
independently for performance evaluation. The main evaluation indices will include the
scalar-tracking error, cruising-speed error, scalar-rate estimation accuracy, convergence
behavior, and control-input variation.

After the controlled experiments, marine trials can be conducted in a naturally varying
temperature field or suspended particulate matter region. During these trials, only the
locally measured scalar value and the onboard motion states required by the proposed
control framework will be used for real-time control, without prior reconstruction of the
global scalar field or target-isoline geometry. Independent positioning and environmental
survey information can be recorded solely as reference data for offline evaluation of the
actual isoline-tracking trajectory. The field tests will focus on examining the influence of
realistic ocean-current disturbances, sensor noise, spatial field variation, and finite thruster
capability on the scalar-rate estimation and isoline-tracking performance. This progressive
validation procedure will provide a practical basis for assessing the proposed method
under increasingly realistic marine conditions.

In summary, the two marine scalar-field observation scenarios demonstrate that the
proposed AUH isoline-tracking control method is applicable to suspended particulate
matter concentration and temperature fields with different spatial distributions and iso-
line geometries. Under time-varying model uncertainty, multi-frequency ocean-current
disturbances, and bounded colored measurement noise, the AUH approaches and continu-
ously tracks the prescribed isoline while maintaining the desired cruising speed and the
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velocity-matching errors within the prescribed performance boundaries. The simulations
with different initial poses further demonstrate the recovery and tracking capability under
different initial conditions, while the quantitative scalar-rate estimation results show small
estimation errors and high correlation with the reference rate in both scalar fields. Further-
more, the comparative analysis in the suspended particulate matter concentration field
shows that the proposed prescribed-time performance function provides an explicit speci-
fication of the error-contraction time and terminal range, while the proposed scalar-rate
estimation scheme reduces the estimation fluctuations and their influence on the isoline-
tracking response compared with the forward-difference filtering method. These results
collectively demonstrate the effectiveness and applicability of the proposed framework
for isoline observation in different unknown marine scalar fields under the considered
disturbances and measurement noise.

5. Conclusions
This study provides an AUH isoline-tracking framework for continuous boundary

observation in unknown marine scalar fields using only noisy local measurements. The
proposed isoline kinematic relation enables the AUH to approach a prescribed scalar
level and maintain tangential motion without reconstructing the global field or exactly
compensating for the unknown spatial-field coupling. The online scalar-rate estimation
scheme provides reliable rate information from noisy scalar measurements, while the low-
complexity prescribed-time velocity-matching controller constrains the velocity-matching
errors within the prescribed performance boundary without imposing an upper bound
on finite initial velocity errors. Simulations in suspended particulate matter concentration
and temperature fields demonstrate the applicability of the proposed framework to marine
scalar-boundary observation under disturbances and measurement noise.

The present study considers two-dimensional scalar fields and ideal realization of the
commanded control input. Future work will extend the framework to spatiotemporally
varying three-dimensional marine scalar fields. Furthermore, the proposed framework
will be validated through tank experiments and sea trials under realistic sensing and
environmental conditions.
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Appendix A. Proof of the Positive Invariance of the Angular Region

Proof of Lemma 1. Define
λϕ = vdγ1 cos εϕ − k2 > 0. (A1)

For t ≥ Tc, Theorem 3 and Equation (50) give |ev,3(t)| < ēv.
First, consider the lower boundary ϕ = εϕ. From Equations (12) and (18), one obtains

ep = vdg(r) cos εϕ + k2 tanh
(

es

k3

)
≥ vdγ1 cos εϕ − k2

= λϕ > 0.

(A2)

Using ω = ωd + ev,3, Equation (19) together with Equation (24) gives

ϕ̇ ≥ −vdγ3

γ1
+ k1λϕ − ēv. (A3)

It follows from Equation (25) that

k1λϕ >
vdγ3

γ1
+ ēv. (A4)

Therefore, at ϕ = εϕ, ϕ̇ > 0.
Next, consider the upper boundary ϕ = π − εϕ. Since cos(π − εϕ) = − cos εϕ, it

similarly follows that

ep = −vdg(r) cos εϕ + k2 tanh
(

es

k3

)
≤ −vdγ1 cos εϕ + k2

= −λϕ < 0.

(A5)

Thus, ωd ≥ k1λϕ, and

ϕ̇ ≤ vdγ3

γ1
− k1λϕ + ēv < 0. (A6)

Thus, ϕ̇ > 0 at the lower boundary, and ϕ̇ < 0 at the upper boundary. The closed-loop
vector field at both boundaries points toward the interior of Dϕ. If ϕ(Tc) ∈ Dϕ, then
ϕ(t) ∈ Dϕ for all t ≥ Tc.

Appendix B. Proof of the Ultimate Bounds on the Scalar-Tracking Error
and Directed Angle

Proof of Theorem 1. Rewrite Equation (21) as

ėp = −a(t)ep + dF(t), (A7)

where
a(t) = k1vdg(r) sin ϕ,

dF(t) = vdg(r) sin ϕ ev,3 + v2
dhT(ψ)∇2F(r)h(ψ)

+
k2

k3
sech2

(
es

k3

)
ės.

By Lemma 1, ϕ(t) ∈ Dϕ for t ≥ Tc, and hence sin ϕ ≥ sin εϕ > 0. Combining this
result with g(r) ≥ γ1 gives

a(t) ≥ k1vdγ1 sin εϕ ≜ ap > 0. (A8)
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According to Equation (12) and g(r) ≤ γ2,

|ės| = |ṡ| ≤ vdγ2. (A9)

Moreover, since ∥h(ψ)∥ = 1 and ∥∇2F(r)∥ ≤ γ3,∣∣∣hT(ψ)∇2F(r)h(ψ)
∣∣∣ ≤ γ3. (A10)

It follows that
|dF(t)| ≤ v2

dγ3 +
k2

k3
vdγ2 + vdγ2 ēv ≜ BF. (A11)

Select the Lyapunov function

Vp =
1
2

e2
p. (A12)

Taking its derivative along Equation (21) gives

V̇p = ep ėp

≤ −ape2
p + BF|ep|

= −ap|ep|
(
|ep| −

BF
ap

)
.

(A13)

Noting that
BF
ap

=
vdγ3 + (k2/k3)γ2 + γ2 ēv

k1γ1 sin εϕ
= ηp, (A14)

one obtains
lim sup

t→∞
|ep(t)| ≤ ηp. (A15)

The first lower-bound condition implied by Equation (26) ensures that ηp < k2. For
any constant δ satisfying 0 < δ < k2 − ηp, there exists Tδ ≥ Tc such that

|ep(t)| ≤ ηp + δ, ∀ t ≥ Tδ. (A16)

From the definition of the composite error in Equation (18),

ės = −k2 tanh
(

es

k3

)
+ ep. (A17)

Select Vs = e2
s /2. For any t ≥ Tδ,

V̇s = es ės

≤ −k2|es| tanh
(
|es|
k3

)
+ (ηp + δ)|es|

= −|es|
[

k2 tanh
(
|es|
k3

)
− ηp − δ

]
.

(A18)

Therefore, when

|es| > k3 atanh
(

ηp + δ

k2

)
, (A19)

one has V̇s < 0, which yields

lim sup
t→∞

|es(t)| ≤ k3 atanh
(

ηp + δ

k2

)
. (A20)
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Letting δ → 0+ and using es = s − sd give

lim sup
t→∞

|s(t)− sd| ≤ k3 atanh
(

ηp

k2

)
. (A21)

Furthermore, Equation (18) gives

ṡ = ep − k2 tanh
(

es

k3

)
. (A22)

Together with the above ultimate bounds, this relation yields

lim sup
t→∞

k2

∣∣∣∣tanh
(

es(t)
k3

)∣∣∣∣ ≤ ηp. (A23)

Therefore,
lim sup

t→∞
|ṡ(t)| ≤ 2ηp. (A24)

According to Equation (12) and g(r) ≥ γ1,

| cos ϕ(t)| = |ṡ(t)|
vdg(r)

≤ |ṡ(t)|
vdγ1

, (A25)

and hence

lim sup
t→∞

| cos ϕ(t)| ≤
2ηp

vdγ1
. (A26)

By Lemma 1, ϕ(t) ∈ [εϕ, π − εϕ], and thus

| cos ϕ(t)| = sin
∣∣∣ϕ(t)− π

2

∣∣∣. (A27)

In addition, Equation (26) ensures that

2ηp

vdγ1
< 1. (A28)

Using the monotonicity of the inverse sine function on [0, 1) gives

lim sup
t→∞

∣∣∣ϕ(t)− π

2

∣∣∣ ≤ arcsin
(

2ηp

vdγ1

)
. (A29)

Therefore, Equation (27) holds.

Appendix C. Proof of the Continuous-Time Differentiator Properties

Proof of Theorem 2. Since the right-hand side of Equation (35) is uniformly bounded, ̂̇s(t),
as a Filippov solution, is absolutely continuous on every compact time interval. Moreover,
since Sgn(x) ⊆ [−1, 1], it follows directly from Equation (35) that∣∣∣∣ d

dt
̂̇s(t)∣∣∣∣ ≤ γd a.e. (A30)

Therefore, ̂̇s(t) is Lipschitz continuous, with a Lipschitz constant not exceeding γd.
The scalar-rate estimation error is considered next. Define the estimation error of the

regularized raw differentiator and that of the final differentiator as

em(t) = ym(t)− ṡ(t), ed(t) = ̂̇s(t)− ṡ(t), (A31)
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respectively. Under Assumption 3 and Ns < LsT̄ 2/2, the worst-case error property of the
regularized raw differentiator ([14], Proposition 1) gives

T̃s =

√
2Ns

Ls
, Es = 2

√
2NsLs, (A32)

and
|em(t)| ≤ Es, ∀ t ≥ T̃s. (A33)

Since ̂̇s − ym = ed − em, it follows from Equation (35) that there exists, almost every-
where, a function µd(t) satisfying

µd(t) ∈ Sgn(ed(t)− em(t)), (A34)

such that the final differentiation-error dynamics are

ėd(t) = −γdµd(t)− s̈(t). (A35)

Since |µd(t)| ≤ 1 and |s̈(t)| ≤ Ls almost everywhere, Equation (A35) gives

|ėd(t)| ≤ γd + Ls a.e. (A36)

According to ̂̇s(0) = ym(0) = 0 and |ṡ(0)| ≤ R1, one has |ed(0)| ≤ R1. Hence,

|ed(t)| ≤ R1 + (γd + Ls)t, 0 ≤ t ≤ T̃s. (A37)

For t > T̃s, select
Vd(t) = |ed(t)|. (A38)

When Vd(t) > Es, Equation (A33) implies

|ed(t)| > |em(t)|. (A39)

Therefore,
sgn(ed(t)− em(t)) = sgn(ed(t)). (A40)

Combining this relation with Equation (A35) yields

V̇d(t) = sgn(ed)ėd

= −γd sgn(ed) sgn(ed − em)− s̈ sgn(ed)

≤ −γd + Ls

= −(γd − Ls) < 0

(A41)

almost everywhere. Thus, whenever |ed(t)| > Es, the final differentiation error approaches
the error region |ed| ≤ Es at a rate of at least γd − Ls.

A contradiction argument is used to show that the estimation error remains in this
region after the time Td defined by Equation (36). Suppose that there exists t1 ≥ Td such that

Vd(t1) > Es. (A42)

Let (a, b) be the connected interval containing t1 in the set{
t ≥ T̃s

∣∣∣Vd(t) > Es

}
. (A43)
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If a > T̃s, the continuity of Vd(t) gives Vd(a) = Es. Integrating over (a, t1] yields

Vd(t1) ≤ Vd(a)− (γd − Ls)(t1 − a) < Es, (A44)

which contradicts Vd(t1) > Es.
If a = T̃s, then Equation (A37) gives

Vd(T̃s) ≤ R1 + (γd + Ls)T̃s. (A45)

Integrating over [T̃s, t1], using t1 ≥ Td, and applying Equation (36) give

Vd(t1) ≤ Vd(T̃s)− (γd − Ls)
(

t1 − T̃s

)
≤ R1 + (γd + Ls)T̃s − (γd − Ls)

(
Td − T̃s

)
= 2LsT̃s

= 2
√

2NsLs

= Es,

(A46)

which again contradicts Vd(t1) > Es.
Consequently,

|ed(t)| ≤ Es, ∀ t ≥ Td, (A47)

which proves Equation (37). The definition of Td in Equation (36) follows from the preceding
reaching-time analysis.

When Ns = 0, one has T̃s = 0 and Es = 0. In the noise-free case, the regularized raw
differentiator satisfies em(t) = 0. The preceding analysis then gives

Td =
R1

γd − Ls
, ed(t) = 0, ∀ t ≥ Td. (A48)

Therefore, the differentiator exactly recovers the true scalar value rate after a finite time.

Appendix D. Proof of the Positive Invariance of the Velocity-
Performance Boundary

Proof of Theorem 3. It follows from Equations (39) and (52) that

ėv = dv(t) + J(ψ)M−1G0τu. (A49)

Substituting the controller in Equation (53) into Equation (A49) and using J(ψ)JT(ψ) = I
give

ėv = dv(t)− k4εv(t). (A50)

Differentiating Equation (47), the ith component of the normalized velocity error
satisfies

żi =
N(ev,i)

ρ(t)
[dv,i(t)− k4εv,i(t)]−

ρ̇(t)
ρ(t)

zi(t). (A51)

Since 0 < h̄ ≤ ρ(t) ≤ 1, it follows from Equation (45) that ρ̇(t)/ρ(t) is bounded.
Moreover, Equation (41) gives

0 < N(ev,i) =
κ(

e2
v,i + κ

)3/2 ≤ 1√
κ

. (A52)
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Together with Assumption 4, these results show that all terms in Equation (A51), except
εv,i(t), are bounded.

According to Equation (48), zi(0) ∈ (−1, 1). Suppose, by contradiction, that
Equation (56) does not hold. Then, there exists a finite first boundary-reaching time t f > 0
at which one component satisfies

|zi(t)| < 1, 0 ≤ t < t f , lim
t→t−f

|zi(t)| = 1. (A53)

First, consider
lim

t→t−f
zi(t) = 1. (A54)

Since t f > 0, the performance function satisfies 0 < ρ(t f ) < 1. Let ρ f = ρ(t f ). From
X(ev,i) = ρ(t)zi, one obtains

X(ev,i) → ρ f as zi → 1−. (A55)

Using the inverse mapping in Equation (42) gives

ev,i →
√

κ ρ f√
1 − ρ2

f

, (A56)

and hence

N(ev,i)

ρ(t)
→

(
1 − ρ2

f

)3/2

√
κ ρ f

> 0. (A57)

On the other hand, Equation (51) shows that

εv,i → +∞ as zi → 1−. (A58)

Therefore, Equation (A51) yields

lim
t→t−f

żi(t) = −∞. (A59)

Thus, there exists a left neighborhood of t f in which żi(t) < 0. Consequently, zi(t) is strictly
decreasing as it approaches t f and cannot approach the upper boundary zi = 1 from the
region zi < 1, which produces a contradiction.

Next, consider
lim

t→t−f
zi(t) = −1. (A60)

In this case,

X(ev,i) → −ρ f , ev,i → −
√

κ ρ f√
1 − ρ2

f

, (A61)

and

N(ev,i)

ρ(t)
→

(
1 − ρ2

f

)3/2

√
κ ρ f

> 0. (A62)

According to Equation (51),

εv,i → −∞ as zi → −1+. (A63)
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It follows from Equation (A51) that

lim
t→t−f

żi(t) = +∞. (A64)

Hence, there exists a left neighborhood of t f in which żi(t) > 0. Therefore, zi(t) is strictly
increasing as it approaches t f and cannot approach the lower boundary zi = −1 from the
region zi > −1, which again produces a contradiction.

No finite first boundary-reaching time exists. Therefore, Equation (56) holds. Combin-
ing this result with Equations (42), (43), (49), and (50) completes the proof.
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