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Abstract: The dynamic characteristics of pipe piles are of considerable importance for the dynamic
foundation design of offshore wind turbines. In this study, we develop an analytical model for the
lateral vibration of offshore pipe piles with consideration of the inertia effect and axial loading from
the superstructure. A coupled dynamic saturated soil–pile interaction model is established based on
Biot’s poroelastic theory and Euler–Bernoulli theory. The potential function, operator decomposition
method, variable separation method and matrix transfer method are introduced herein to obtain the
lateral force of the inner and outer soil acting on the pile shaft. Then, the analytical solution of the
pile dynamic impedance in the frequency domain is derived by employing the soil–pile continuous
deformation conditions and the boundary conditions of the pile. The rationality and accuracy of the
presented solution have were by comparing its results with those predicted by existing solutions. The
influence of superstructure, pile geometry and soil plug height on the lateral dynamic impedance
and natural frequency of pipe piles was thoroughly investigated based on the theoretical model.
The main findings can be summarized as: (1) The dynamic stiffness of piles will be remarkably
underestimated if the inertia effect of the superstructure is not accounted for. (2) The vertical load
of the superstructure is main factor affecting the natural frequency, whereas the inertia effect of the
superstructure will enlarge the resonance amplitude. (3) The overall lateral dynamic impedance and
first-order natural frequency of the pile increase significantly with the soil plug height.

Keywords: pipe pile; lateral dynamic response; natural frequency; offshore wind turbine; superstructure

1. Introduction

Among available renewable energy solutions, offshore wind power has become an
attractive option for many countries striving to diversify their energy sources. Improving
the use of wind energy can effectively reduce air pollution and alleviate the energy crisis.
Compared with onshore wind farms, offshore wind turbines are more energy efficient.
Recently, the offshore wind industry has been growing rapidly worldwide, especially in
China. According to statistics, Chinese offshore wind power capacity newly installed in
2020 accounts for 39% of the world’s new capacity [1]. During long-term service, offshore
wind turbines often withstand long-term lateral dynamic forces caused by the wind, waves,
currents, blade rotation and other dynamic excitation, which may induce natural frequency
variation and excessive cumulative deformation on the foundations, resulting in resonance
damage or deformation failure of the offshore turbines [2]. Among the various foundation
forms, monopiles are the most commonly used for offshore wind turbines, accounting for
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as much as 75% in practical offshore wind farms [3]. Therefore, previous studies have
mainly focused on monopile foundations.

The dynamic pile–soil interaction is a critical problem with respect to the lateral
dynamic characteristics of piles. Several classical theoretical methods have been developed
based on various assumptions in recent decades. The dynamic beam on Winkler foundation
(DBWF) model has been widely used in practical engineering owing to its calculation
simplicity [4]. However this model can only represent the resistance of soil acting on
the pile shaft, and the wave fluctuation effect in the soil is not taken into consideration.
As a result, some scholars proposed a simplified three-dimensional continuum medium
model [5–7] to simulate the transverse interaction along the pile shaft, although in the above-
mentioned studies, the soil was regarded as single-phase soil, which may not completely
suitable for offshore engineering, where the soil actually is two-phase (saturated) or three-
phase (unsaturated) medium. To solve this problem, the Biot porous media theory [8–13]
has been employed by many scholars to simulate the dynamic response of saturated soil or
unsaturated soil [14–17].

The above research mainly focuses on solid piles. However, for offshore engineering,
pipe piles are the most widely used foundation form. Huo et al. [18] investigated the
static characteristics of superlong offshore steel pipe piles with a full-scale experiment.
Feng et al. [19] conducted static load tests on two superlong steel pipe piles in offshore
areas to investigate their ultimate bearing capacities. In the field of theoretical studies,
Liu et al. [20] developed a three-dimensional analytical model for the vertical vibration of
pipe piles and found that the effect of soil plug on the dynamic characteristics of pipe piles
was closely related to the incident wavelength and the wall thickness. Significant progress
has been achieved with respect to the dynamic pile–soil interaction problem in recent
decades, whereas little attentions have been paid on the influence of superstructure on the
dynamic characteristics of offshore pipe piles. Zheng et al. [21] developed an analytical
model for the horizontal dynamic response of large-diameter pipe piles under combined
loads based on Timoshenko beam theory. Ding et al. [22]. investigated the influence of the
second-order effect of axial load on lateral dynamic characteristics of pipe piles embedded
in saturated soil. An obvious limitation of existing studies is that the superstructures are
often simply assumed to be a vertical concentrated load applied on the pile head, and the
inertia effect of the superstructure is not taken into consideration [23]. In reality, the weight
of the superstructure is not only closely associated with the vertical loading applied on the
pile head, but it also remarkably affects the inertia effect under dynamic force, which may
have an important influence on the dynamic characteristics of pipe piles, especially with
respect to vibration-sensitive structures, such as offshore wind turbines, offshore drilling
platforms, etc.

In light of this, an analytical framework for pipe piles is established to investigate
the coupled effect of the inertia effect and axial loading from the superstructure on the
lateral dynamic characteristics of offshore pipe piles. The pipe pile and saturated soil are
simulated by the Euler–Bernoulli beam theory and Biot’s poroelastic theory, respectively.
The rationality and accuracy of the presented solution were verified by comparing its
results with those predicted by existing solutions. The influence of superstructure, pile
radius, soil plug height and embedment depth on the lateral dynamic impedance and
natural frequency of pipe piles was thoroughly investigated based on the theoretical model.

2. Governing Equation and Boundary Conditions
2.1. Models and Assumptions

The schematic of theoretical model is shown in Figure 1. The model is established in a
cylindrical coordinate system with its Z-axis going downward, coinciding with the pile axis,
where r, θ and z denote the radial, circumferential and longitudinal direction, respectively.
The monopile-supported offshore wind turbine consists of a pile, transition piece, tower,
blades and rotor. The nomenclature and parameters used herein are summarized in
Nomenclature.
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Figure 1. Analytical model of a saturated soil–pipe, pile–superstructure system. 
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Figure 1. Analytical model of a saturated soil–pipe, pile–superstructure system.

The following assumptions are adopted for analysis:

(1) The vertical displacements of the soil–pile system under lateral vibrations are over-
looked for mathematical simplification [24–27];

(2) The soil is viscoelastic, isotropic and homogenous and regarded as a two-phase
medium composed of pore fluid and solid skeleton;

(3) The soil–pile system undergoes slight deformation throughout the vibration. The pile
and soil are in perfect contact at the soil–pile interface;

(4) The pile–soil interface is considered completely impervious to water, and the pile end
is assumed to be a fixed boundary; and

(5) The superstructure is simplified as a rigid platform with a concentrated mass block.

2.2. Governing Equation of the Soil

The governing equations for the saturated soil can be established as:

µi∇2uri + (λci + µi)
∂ei
∂r
− µi

r2 (2
∂uθi
∂θ

+ uri)− αi Mi
∂ζi
∂r

+ µi
∂2uri
∂z2 = ρi

..
uri + ρfi

..
wri (1)

µi∇2uθi + (λci + µi)
∂ei
r∂θ
− µi

r2 (uθi − 2
∂uri
∂θ

)− αi Mi
∂ζi
r∂θ

+ µi
∂2uθi
∂z2 = ρi

..
uθi + ρfi

..
wθi (2)

αi Mi
∂ei
∂r
−Mi

∂ζi
∂r

= ρfi
..
uri + mi

..
wri + bpi

.
wri (3)

αi Mi
∂ei
r∂θ
−Mi

∂ζi
r∂θ

= ρfi
..
uθi + mi

..
wθi + bpi

.
wθi (4)

where λci = λi + α2
i Mi, ρi = ρsi(1− κi) + κiρfi is the mass density of the saturated soil,

mi = ρf/κi, bpi = ρfigi/kdi is the viscous coupling coefficient, i = 1, 2 represents the inner
and outer soil and other parameters are summarized in Nomenclature.
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2.3. Governing Equation of Piles

The governing equation of the pile segment above the seabed can be simplified as:

Ep Ip
d4up1

dz4 + P0
d2up1

dz2 −mp1ω2up1 = 0 (−H1 ≤ z ≤ 0) (5)

The governing equation for the pile section embedded in the soil can be expressed as:

Ep Ip
d4up2

dz4 + P0
d2up2

dz2 −mp2ω2up2 + fs1 + fs2 = 0 (0 ≤ z ≤ H2) (6)

where fs1 and fs2 are the outer and inner soil resistances acting on the pile shaft, respec-
tively; up1 and up2 are the horizontal displacements of pile segments above and below the
seabed, respectively; and mp1 and mp2 are the corresponding mass per unit length of the
pile segments.

2.4. Governing Equation of Rigid Platforms

Considering the continuity condition of bending moment and shear force between the
rigid platform and pipe pile, the vibration governing equation of the rigid platform can be
established as:

P(t) + Ep Ip
∂2up1(H3, t)

∂z2 = mm
∂2um

∂t2 (7)

J
∂2θm

∂t2 = Ep Ip

[
∂2up1(H3, t)

∂z2 + h
∂3up1(H3, t)

∂z3

]
(8)

where mm is the total mass of the rigid platform (superstructure); um and θm are the horizon-
tal displacement and section angle of the rigid platform, respectively; and
H3 = H1 + H2 is the total pipe pile length.

2.5. Boundary and Continuity Conditions

The boundary conditions of the soil can be expressed as:

(1) The displacement and stress of the soil surrounding the pile approach zero at an
infinite distance:

ur2|r→∞ = 0, uθ2|r→∞ = 0, wr2|r→∞ = 0, wθ2|r→∞ = 0 (9)

(2) The displacement and stress at the center of the soil plug are finite values:

ur1|r=0 < ∞, uθ1|r=0 < ∞, wr1|r=0 < ∞, wθ1|r=0 < ∞ (10)

(3) The pile–soil interface is considered to be completely impervious to water:

wri|r=ri = 0 (11)

(4) The continuity conditions at the pile–soil interface are:

uri|r=ri = up2 cos θ, uθi|r=ri = −up2 sin θ (12)

(5) Compared with the vertically loaded piles, the horizontally loaded piles have an
efficient length beyond which further variation of pile length or boundary conditions
gives rise to a negligible influence on the horizontal bearing capacity of the piles [28].
In reality, offshore piles generally exceed the efficient pile length, and varied pile-end
assumptions almost have no influence on the horizontal dynamic impedance of piles.
Therefore, from the viewpoint of engineering application, the pile end is assumed
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herein to be a fixed boundary condition for mathematical simplicity. Assuming the
pile end to be a fixed support, the boundary conditions can be derived as:

up2(0) = 0,
∂up2(0)

∂z
= 0 (13)

up1 − (um − Hθm) = 0,
∂up1(H3)

∂z
− θm = 0 (14)

(6) The continuity conditions between different pile segments are expressed as:

up1(0) =up2(0), ϕp1(0) =ϕp2(0) (15)

Mp1(0) =Mp2(0), Qp1(0) =Qp2(0) (16)

3. Solutions of Governing Equations
3.1. Solutions of Soil Governing Equations

In accordance with Helmholtz decomposition, the potential functions of ϕsi, ψsi, ϕfi
and ψfi are introduced herein to decompose the governing equation of the saturated soil.

uri =
∂ϕsi
∂r

+
∂ψsi
r∂θ

(17)

uθi =
∂ϕsi
r∂θ
− ∂ψsi

∂r
(18)

wri =
∂ϕfi
∂r

+
∂ψfi
r∂θ

(19)

wθi =
∂ϕfi
r∂θ
− ∂ψfi

∂r
(20)

Substituting Equations (17)–(20) for Equations (1)–(4) using the separate variable
method. After solving the potential functions, the displacements (uri, uθi, wri and wθi) of
the outer soil and inner soil can be derived as:

uri =
∞

∑
n=1

{
D1i[B(β1ir)]

′ + D2i[B(β2ir)]
′ + D3i

1
r

B(β3ir)
}

cos θ cos(gnz) (21)

uθi =
∞

∑
n=1
−
{

D1i
1
r

B(β1ir) + D2i
1
r

B(β2ir) + D3i[B(β3ir)]
′
}

sin θ cos(gnz) (22)

wri =
∞

∑
n=1

{
f1iD1i[B(β1ir)]

′ + f2iD2i[B(β2ir)]
′ + f3iD3i

1
r

B(β3ir)
}

cos θ cos(gnz) (23)

wθi =
∞

∑
n=1
−
{

f1iD1i
1
r

B(β1ir) + f2iD2i
1
r

B(β2ir) + f3iD3i[B(β3ir)]
′
}

sin θ cos(gnz) (24)

where:

gn =
(2n− 1)π

2H2
, n = 1, 2, 3 . . . (25)

B(β jir) =
{

K1(β jir) i = 1
I1(β jir) i = 2

(26)

[K1(β j1r)]′ =
∂K1(β j1r)

∂r
, [I1(β j2r)]′ =

∂I1(β j2r)
∂r

(27)

β j1, β j2, f j1, f j2, j = 1, 2, 3 are the parameters related to the soil properties, as shown
in Appendix A. The relationship between Dj1 and Dj2 can be determined according to the
continuity conditions of the pile–soil interface; more details are presented in Appendix B.
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According to the constitutive relationship with the saturated soil, the radial stress (σri)
and the circumferential stress (τrθi) can be obtained as:

σri = λesi + 2µ
∂uri
∂r
− αp f i (28)

τrθi = µi

(
∂uri
r∂θ

+
∂uθi
∂r
− uθi

r

)
(29)

p f i = −αMesi −Mefi (30)

Then, the soil resistance with respect to the pile movement can be established as:

fs1 = −
∫ 2π

0
(σr1 cos θ − τrθ1 sin θ)|r=r1 r1dθ =

∞

∑
n=1

ζ1D11 cos(gnz) (31)

fs2 =
∫ 2π

0
(σr2 cos θ − τrθ2 sin θ)|r=r2 r2dθ =

∞

∑
n=1

ζ2D12 cos(gnz) (32)

where:

ζ1 = −πr1[(λ1 + 2µ1 + α1M1(α1 + f11))β2
11K1(β11r1)+

(λ1 + 2µ1 + α1M1(α1 + f21))β2
21b1K1(β21r1) + µ1β2

31b2K1(β31r1))]
(33)

ζ2 = πr2[(λ2 + 2µ2 + α2M2(α2 + f12))β2
12 I1(β12r2)+

(λ2 + 2µ2 + α2M2(α2 + f22))β2
22b3 I1(β22r2) + µ2β2

32b4 I1(β32r2))]
(34)

3.2. Solutions for Governing Equations of a Saturated Soil–Pipe Pile–Rigid Platform System

The governing equation of the pile section above the soil surface can be expressed as:

Ep Ip
d4up1

dz4 + P0
d2up1

dz2 −mp1ω2up1 = 0 (−H1 ≤ z ≤ 0) (35)

The general solution to Equation (35) is:

up1(z) = N11 cosh λ1z + N12sinhλ1z + N13 cos λ2z + N14 sin λ2z (36)

where: λ1 =

√
−k4

1+
√

k8
1+4k4

2
2 , λ2 =

√
k4

1+
√

k8
1+4k4

2
2 , k4

1 = P0
Ep Ip

,k4
2 =

mpω2

Ep Ip
, N11, N12, N13, N14

are the integration constants.
After obtaining the lateral displacement (up1), according to the Euler–Bernoulli beam

theory, Equation (35) can be rewritten as:

[F1(z)] = [T1(z)][X1] (−H1 ≤ z ≤ 0) (37)

where [F1(z)] = [up1(z)ϕp1(z)Mp1(z)Qp1(z)]
T represents the vector of the lateral displacement,

rotation angle, bending moment and shearing force, respectively; [X1] = [N11N12N13N14]
T

indicates the vector of the integration constants in Equation (36); and [T1(z)] satisfies the
following vector:

[T1(z)] =


cosh(λ1z) sinh(λ1z) cos(λ2z) sin(λ2z)

λ1sinh(λ1z) λ1 cosh(λ1z) −λ2 sin(λ2z) λ2 cos(λ2z)
λ2

1 cosh(λ1z)Ep Ip λ2
1sinh(λ1z)Ep Ip −λ2

2 cos(λ2z)Ep Ip −λ2
2 sin(λ2z)Ep Ip

λ3
1sinh(λ1z)Ep Ip λ3

1 cosh(λ1z)Ep Ip λ3
2 sin(λ2z)Ep Ip −λ3

2 cos(λ2z)Ep Ip

 (38)

Then, the relationship between [F1(0)] and [F1(−H1)] can be obtained according to
Equation (37) as:

[F1(−H1)] = [ f1][F1(0)] (39)
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where [ f1] = [T1(−H1)][T1(0)]
−1.

According to Equations (33) and (34), the horizontal governing equation for the pile
segment embedded in the soil can be derived as:

Ep Ip
d4up2

dz4 + P0
d2up2

dz2 −mp2ω2up2 +
∞

∑
n=1

ζ1D11 cos(gnz) +
∞

∑
n=1

ζ2D12 cos(gnz) = 0 (0 < z ≤ H2 ) (40)

The method for solving Equation (40) is presented in Appendix C. The principle for
determining lateral displacement (up2) is similar to Equation (37) and can be expressed as:

[F2(z)] = [T2(z)][X2] (0 < z ≤ H2) (41)

where [F2(z)] = [up2(z) ϕp2(z) Mp2(z) Qp2(z)]
T represents the vector of the lateral dis-

placement, rotation angle, bending moment and shearing force, respectively. The nomen-
clature of [X2] and [T2(z)] are shown in Appendix C.

Then, the relationship between [F2(H2)] and [F2(0)] can be obtained according to
Equation (41) as:

[F2(0)] = [ f2][F2(H2)] (42)

where [ f2] = [T2(0)][T2(H2)]
−1.

According to Equations (17)–(20):

[F2(0)] = [F1(0)] (43)

The relationship between [F2(H2)] and [F1(−H1)] can be obtained according to
Equations (36), (39) and (40) as:

[F1(−H1)] = [T][F2(H2)] (44)

where [T] = [ f2][ f1].
Assuming that the bottom of the pipe pile is completely fixed, the pile bottom dis-

placement and turning angle are zero. According to the boundary conditions:
u1p(−H1)
ϕ2p(−H1)
M2p(−H1)
Q2p(−H1)

 =


T11 T12 T13 T14
T21 T22 T23 T24
T31 T32 T33 T34
T41 T42 T43 T44




0
0

M1p(H2)
Q1p(H2)

 (45)

Because the rigid bearing also performs simple harmonic motion, the term eiωt on can
be eliminated on both sides of the equation. The arithmetic can be derived as:

mmω2um −
π

4
Ep(r4

1 − r4
2)

∂3up1

∂u3 = P0 (46)

Jωθm −
π

4
Ep(r4

1 − r4
2)

[
∂2up1(−H1)

∂z2 + H
∂3up1(−H1)

∂z3

]
= 0 (47)

Equation (16) can be derived as:[
Jω2T23 − T33 − HT43

]
Mp1(H2) +

[
Jω2T24 − T34 − HT44

]
Qp1(H2) = 0 (48)

[
mmω2T13 + mmω2HT23 − T43

]
Mp1(H2) +

[
mmω2T14 + mmω2HT24 − T44

]
Qp1(H2) = P0 (49)

According to Equations (43) and (44):

Mp1(H2) =
P0

Tb
, Qp1(H2) =

Ta

Tb
P0 (50)
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where: Ta = Jω2T23−T33−HT43
T34+HT44−Jω2T24

,

Tb = mmω2T13 + mmω2HT23 − T43 + Tammω2T14 + Tammω2HT24 − TaT44 (51)

In the calculation of a single pile, its dynamic response can be expressed in terms of
the dynamic response of the top of the pile. Therefore, lateral dynamic impedance (KH) for
the pile can be deduced as:

KH =
Qp(−H1)

up(−H1)
(52)

In the pile-soil system, pile lateral dynamic impedance can be defined as its real
and imaginary parts, with the real part indicating the lateral dynamic stiffness and the
imaginary part expressing the lateral dynamic damping. The dimensionless lateral stiffness
and damping values are presented as follows:

Kh =
r3

1
Ep Ip

Re(Kh), Ch =
r3

1
Ep Ip

Im(Kh) (53)

4. Validation
Comparison with Existing Theoretical Models

Ding et al. [22] developed an analytical model to investigate the influence of the
second-order effect of axial load on lateral dynamic characteristics of pipe piles embedded
in saturated soil; the superstructure was simplified as axial load, and its inertia effect was
not taken into consideration. By assuming an unchanged vertical load and setting the
inertia effect of the superstructure to zero, the present solution can be degenerated into
Ding’s solution. To verify the rationality and accuracy of the present model, the lateral
dynamic impedance of the degenerated solution presented herein is compared with that
predicted by Ding’s solution. The parameters used herein are set the same as those used in
Ding’s study, and their values are summarized in Table 1.

Table 1. Parameters of degenerated model.

H2
(m)

r1
(m)

r2
(m)

Ep
(GPa)

Es
(MPa)

kd
(m/s)

rp
(kg/m3)

rf
(kg/m3)

M
(GPa) v α ζ

10 0.5 0.38 25 2.0 10−6 2500 1000 1.0 0.3 0.99 0.05

Figure 2 shows comparisons of the lateral dynamic impedance of the pile predicted
by the degenerated solution of the present model with that of Ding’s solution. When the
inertia effect of the superstructure is set to zero, both the lateral dynamic stiffness and
the damping obtained using the proposed degenerated solution completely coincide with
those calculated with Ding’s solution. To further validate the rationality and accuracy of
the present model, its dynamic impedance is compared with the results of three existing
classical theoretical models. Four cases are introduced herein. In case 1 (present model),
both the vertical loading and inertia effect of the superstructure are taken into consideration.
In case 2 (degenerated solution of the present model), only the inertia effect is considered,
and the vertical loading is ignored. Case 3 (Ding’s model) only considers the vertical load,
and the inertia effect is not accounted for. Case 4 (single-pile model) does not consider
the superstructure.
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Figure 2. Comparisons of lateral dynamic impedance predicted by the degenerated solution of the
present model and Ding’s solution: (a) stiffness; (b) damping.

As depicted in Figure 3, the existence of vertical load leads to a decrease in both
the dynamic stiffness and the dynamic damping, in accordance with Ding’s conclusions.
Figure 3 shows that the inertia effect of the superstructure has a remarkable influence
on the dynamic stiffness of the piles. If the inertia effect of the superstructure is not
accounted for, the dynamic stiffness of the piles will be considerably underestimated,
whereas the influence of the inertia effect on the dynamic damping of piles is generally
small and can be basically neglected. Figure 4 displays the influence of the superstructure
on the displacement spectrum of piles, of which the natural frequency is of considerable
importance for the dynamic foundation of offshore wind turbines. Figure 4 shows that
the existence of a superstructure leads to a decrease in the natural frequency of piles. A
comparison of case 1 and case 3 indicates that the vertical load of the superstructure is the
main factor affecting the natural frequency, whereas the inertia effect of the superstructure
increases the resonance amplitude. Hence, the rationality and accuracy of the present
theoretical model are confirmed based on above analysis.
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5. Parametric Analysis and Discussion

In this section, the major factors affecting the dynamic characteristics of offshore piles
are systematically investigated based on the theoretical model. Because in this study, we
mainly focus on pipe piles as support for offshore wind turbines, the parameters used
herein are based on a practical offshore wind application reported by K. V’azquez et al. [29].
Based on an application case of offshore steel pipe piles in practical engineering, unless
otherwise specified, the parameters used herein the same as those presented in Table 2.

Table 2. Parameters of the practical engineering case.

H1
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H2
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r1
(m)

r2
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5.1. Influence of Rigid Platform Height on Lateral Dynamic Characteristics of Offshore Pipe Piles

As shown in Equations (7) and (8), the total mass, along with the inertia effect of the
superstructure, is assumed to be concentrated on the rigid platform connecting the pipe
pile and upper tower tube. The influence of the rigid platform height on the dynamic
charactericstics of offshore pipe piles is determined first. a0 = 2ωr1/vs represents the
dimensionless frequency, and uh is the displacement amplitude of the offshore pipe piles.
Three rigid platform heights are considered, i.e., Hm = 0, 2 m and 5 m; and the total mass
of the superstructure is set to mm = 2× 105 kg. Figure 5 illustrates the effect of the rigid
platform height on the lateral dynamic impedance of the pile head. As shown in Figure 5a,
the dynamic stiffness of the pile initially increases with the platform height; nevertheless,
when the dimensionless frequency exceeds a threshold value, the dynamic stiffness begins
to decrease with increased platform height. Figure 5 also shows that the dynamic damping
of the pile remains basically unchanged, regardless of the variation in the platform height in
the low-frequency range. However, with increased frequency, the dynamic damping of the
pile head increases significantly with the platform height, and this phenomenon becomes
much more pronounced in the high-frequency range, indicating that the energy dissipation
capacity of the offshore piles is enhanced with increased platform height. Figure 6 depicts
the influence of the platform height on the displacement spectrum of the pipe pile. The
resonant amplitude of the pipe pile decreases obviously with increased platform height,
whereas the first-order natural frequency of the pipe pile remains basically unchanged.
Therefore an increase in the rigid platform height can significantly improve the ability of
the offshore wind turbine foundation to resist horizontal loadings.
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5.2. Influence of Superstruture Mass on Lateral Dynamic Characteristics of Offshore Pipe Piles

Figure 7 illustrates the effect of superstructure mass on the lateral dynamic impedance
of offshore pipe piles, where the total superstructure mass is set to mm = 0, 2 × 105 kg,
5 × 105 kg and 10 × 105 kg. Variation in the superstructure mass exerts a negligible
influence on the dynamic impedance of the pile head in the low-frequency range, whereas
with increased frequency, both the dynamic stiffness and damping of the pile head increase
with the superstructure mass. Figure 8 shows that the first-order resonant amplitude of the
pipe pile decreases with increased superstructure mass; however, the significant variation
in the natural frequency is not visually obvious. In summary, the dynamic stability of the
pipe piles increases gradually with increased total superstructure mass. In comparison
to rigid bearing mass, both the dynamic stiffness and damping of the pile head are more
sensitive to variation in the rigid platform height.
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(a) stiffness; (b) damping.
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5.3. Influence of Soil Plug Height on Lateral Dynamic Characteristics of Offshore Pipe Piles

Open-ended pipe piles are the most widely used type of foundation for offshore
structures. During the installation of open-ended pipe piles, part of the soil underneath
the pile tip is pushed into the pile, forming a soil column called a “soil plug” [30,31]. The
influence of the soil plug on the vertical bearing capacity and dynamic characteristics of
pipe piles has been thoroughly investigated in recent decades [32–39]. However, little
attention has been paid to the contribution of the soil plug to the lateral dynamic response
of pipe piles. The soil plug plays an important role in the dynamic foundation design,
especially in the dynamic sensitive structures, such as offshore wind turbines, offshore
drilling platforms and offshore bridges. An obvious shortcoming of existing studies is that
the soil plug height is often assumed to be equal to the pile embedment length, without
considering the soil plug effect. The soil plug state is dependent on the soil condition, pile
geometry and construction method. For most engineering cases, the soil plug height is
lower than the pile embedment length, and under soft clay soil conditions, the soil plug
top may even exceed the seabed level. In general, it is not common for the soil plug height
be equal to the pile embedment length [40–43]. Therefore, the major goal of this section
is to answer the question as to how extensively the soil plug height can affect the lateral
dynamic characteristics of offshore pipe piles.

In this section, the total mass of the superstructure and the height of the rigid platform
are set to mm = 2× 105 kg and Hm = 2.5 m, respectively. The soil plug height is assumed
to be Hs = 0.5 H2, 0.7 H2, 1.0 H2, where H2 represents the embedment length of the pile.
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Figure 8 shows that the influence of the soil plug height on the lateral dynamic impedance
of the offshore pipe piles is highly dependent on the frequency. In the low-frequency range,
the dynamic stiffness and dynamic damping decrease and increase, respectively with
increased soil plug height. When the frequency increases beyond a threshold value, e.g.,
a0 = 0.2, the dynamic impedance of the pile exhibits an inverse tendency with respect to the
soil plug height. Figure 9 shows the influence of the soil plug height on the displacement
spectrum of the pipe piles. The first-order natural frequency, which is a direct reflection
of the dynamic impedance of the pile, is of considerable importance for the dynamic
foundation design of offshore wind turbine. Figure 10 shows that the first-order natural
frequency of the pile increases remarkably with the soil plug height, indicating that the
overall lateral dynamic impedance of the pile also increases with the soil plug height.
Therefore, in order to avoid resonance damage of offshore wind turbines in a complex
marine environment and improve the calculation accuracy, it is necessary to consider the
contribution of the soil plug to the lateral dynamic characteristics of offshore pipe piles.
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As shown in Figure 11, despite some fluctuations, the dynamic stiffness and the
dynamic damping of the pile generally increase with the pile radius within the frequency
range of most engineering applications. In the physical sense, an increase in the pile radius
cannot only enhance its ability to resist deformation but also increase the energy dissipation
ability of the pile–soil system. Figure 12 shows the influence of the pile radius on the
displacement spectrum of the pile. In accordance with the dynamic impedance curve,
Figure 12 shows that the first-order natural frequency of the pipe pile also increases with
the pile radius. Therefore, an increase in the pile radius can significantly improve the lateral
dynamic stability of offshore pipe piles.
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5.5. Influence of Embedment Ratio on the Lateral Dynamic Characteristics of Offshore Pipe Piles

In the present investigation, we mainly concentrate on fully embedded piles, whereas
partially embedded pipe piles are more consistent with actual engineering applications.
The embedment ratio, which is defined as the ratio of the pile length above the soil (H1) to
the embedment pile length (H2), is an important factor with respect to dynamic foundation
design of offshore wind turbines. Figure 13 displays the influence of the embedment ratio
on the lateral dynamic impedance of the piles, where the total pile length is kept constant,
and the embedment ratio is set to H1/H2 = 0, 0.1, 0.3 and 0.5. As shown in Figure 13,
the embedment ratio has relatively minimal influence on the lateral dynamic stiffness
of the pile in the low-frequency range. With increased frequency, the dynamic stiffness
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of the pile increases with the embedment ratio. Compared with dynamic stiffness, the
influence of the embedment ratio on the dynamic damping of the pile is much smaller.
Figure 14 presents the influence of the embedment ratio on the displacement spectrum
of the pile. With increased embedment ratio, the first-order natural frequency of the pile
also increases. In summary, the embedment ratio has remarkable impact on the natural
frequency and the stiffness factors. The influence of the embedment ratio the damping
factors is considered negligible.
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6. Conclusions 

The dynamic characteristics of pipe piles are of considerable importance for the dy-

namic foundation design of offshore wind turbines. In this study an analytical model is 

proposed for the lateral vibration of offshore pipe piles, considering the inertia effect and 

axial loading of the superstructure. The rationality and accuracy of the present solution 

were verified by comparing its results with those predicted by existing solutions. The in-

fluence of superstructure, pile radius, soil plug height and embedment depth on the dy-

namic characteristics of pipe piles was systematically investigated based on the theoretical 

solutions. The main findings can be summarized as follows: 

(1) If the inertia effect of the superstructure is not accounted for, the dynamic stiffness of 

piles will be remarkably underestimated, whereas the dynamic damping of piles re-

mains basically unchanged; 

(2) The vertical load of the superstructure is the main factor affecting the natural fre-

quency, whereas the inertia effect of the superstructure will result in increased reso-

nance amplitude; 

(3) The first-order natural frequency of the pile increases significantly with the soil plug 
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creases with the soil plug height; 

(4) Despite some fluctuations, the dynamic stiffness, as well as the dynamic damping of 
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6. Conclusions

The dynamic characteristics of pipe piles are of considerable importance for the dy-
namic foundation design of offshore wind turbines. In this study an analytical model is
proposed for the lateral vibration of offshore pipe piles, considering the inertia effect and
axial loading of the superstructure. The rationality and accuracy of the present solution
were verified by comparing its results with those predicted by existing solutions. The
influence of superstructure, pile radius, soil plug height and embedment depth on the dy-
namic characteristics of pipe piles was systematically investigated based on the theoretical
solutions. The main findings can be summarized as follows:

(1) If the inertia effect of the superstructure is not accounted for, the dynamic stiffness
of piles will be remarkably underestimated, whereas the dynamic damping of piles
remains basically unchanged;

(2) The vertical load of the superstructure is the main factor affecting the natural fre-
quency, whereas the inertia effect of the superstructure will result in increased reso-
nance amplitude;
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(3) The first-order natural frequency of the pile increases significantly with the soil plug
height, indicating that the overall lateral dynamic impedance of the pile also increases
with the soil plug height;

(4) Despite some fluctuations, the dynamic stiffness, as well as the dynamic damping of
the pile, generally increases with the pile radius within the frequency range of most
engineering applications.
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Nomenclature

ω Load frequency
i Imaginary unit
mm Mass of superstructure
Ap Cross-sectional area
Pp Vertical load (Pp = mmg/Ap)
r1 Outer radius
r2 Inner radius
Ep Ip Bending rigidity
H1 Pile length above the soil
H2 Length of pile section embedded in the soil
2Hm Height of rigid bearing
P(t) = P0eiωt Horizontal hamonic load
P0 Load magnitude
J Inertia of rotation around the center-of-mass axis
uri Radial displacements of solid matrix
wri Radial displacements of pore fluid
uθi Circumferential displacements of solid matrix
wθi Circumferential displacements of pore fluid
∇2 Laplace operator
ei Dilatational strain of the saturated soil
Gi Shear modulus
ξi Damping ratio
λi Complex lamb constants
µi Complex lamb constants (µi = Gi(1 + 2ξii))
αi Biot compression coefficients
Mi Biot compression coefficients
ρsi Solid skeleton
ρfi Pore fluid
κi Porosity of the soil
kdi Darcy permeability coefficient of the soil
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Appendix A

The variables appearing in Equations (21)–(24) are defined as:

β2
1i =

d1i +
√

d2
1i − 4d2i

2
(A1)

β2
2i =

d1i −
√

d2
1i − 4d2i

2
(A2)

β2
3i = −

ρiω
2(miω

2 − bpiωi)− ρ2
f ω4

µi(miω2 − bpiωi)
(A3)

d1i =
−(λci + 2µi)(miω

2 − bpiωi) + 2αi Miρfiω
2

(λi + 2µi)Mi
− ρiω

2 − µig2
n

λi + 2µi
(A4)

d2i =
ρiω

2(miω
2 − bpiωi)− ρ2

fiω
4

(λi + 2µi)Mi
(A5)

f1i = −
αi Miβ

2
1i + ρfiω

2

Miβ
2
1i + miω2 − bpiωi

(A6)

f2i = −
αi Miβ

2
2i + ρfiω

2

Miβ
2
2i + miω2 − bpiωi

(A7)

f3i = −
ρfiω

miω− bpii
(A8)

Appendix B

Given the continuity condition at the pile–soil interface (Equation (12)):

∞

∑
n=1

{
D11[K1(β11r1)]

′ + D21[K1(β21r1)]
′ + D31

1
r1

K1(β31r1)

}
cos(gnz) = up2 (A9)

∞

∑
n=1

{
−D11

1
r1

K1(β11r1)− D21
1
r1

K1(β21r1)− D31[K1(β31r1)]
′
}

cos(gnz) = −up2 (A10)

∞

∑
n=1

{
f11D11[K1(β11r1)]

′ + f21D21[K1(β21r1)]
′ + f31D31

1
r1

K1(β31r1)

}
cos(gnz) = 0 (A11)

Given the following definitions:

γ11 = [K1(β11r1)]
′ − 1

r1
K1(β11r1), γ21 = [K1(β21r1)]

′ − 1
r1

K1(β21r1), γ31 = [K1(β31r1)]
′ − 1

r1
K1(β31r1),

γ41 = f11[K1(β11r1)]
′, γ51 = f21[K1(β21r1)]

′, γ61 = f31
1
r1

K1(β31r1)

According to Equations (A9)–(A11):

D21 = b1D11 (A12)

D31 = b2D11 (A13)

where b1 = γ11γ61−γ31γ41
γ31γ51−γ21γ61

and b2 = γ21γ41−γ11γ51
γ31γ51−γ21γ61

.
Given the continuity condition at the pile–soil interface (Equation (12)):

∞

∑
n=1

{
D12[I1(β12r2)]

′ + D22[I1(β22r2)]
′ + D32

1
r2

I1(β32r2)

}
cos(gnz) = up2 (A14)
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∞

∑
n=1

{
−D12

1
r2

I1(β12r2)− D22
1
r2

I1(β22r2)− D32[I1(β32r2)]
′
}

cos(gnz) = −up2 (A15)

∞

∑
n=1

{
f12D12[I1(β12r2)]

′ + f22D22[I1(β22r2)]
′ + f32D32

1
r2

K1(β32r2)

}
cos(gnz) = 0 (A16)

Defining

γ12 = [I1(β12r2)]
′ − 1

r2
I1(β12r2), γ22 = [K1(β22r2)]

′ − 1
r2

K1(β22r2), γ32 = [K1(β32r2)]
′ − 1

r2
K1(β32r2),

γ42 = f12[K1(β12r2)]
′, γ52 = f22[K1(β22r2)]

′, γ62 = f32
1
r2

K1(β32r2)

According to Equations (A14), (A15) and (A16):

D22 = b3D12 (A17)

D32 = b4D12 (A18)

where b3 = γ12γ62−γ32γ42
γ32γ52−γ22γ62

and b4 = γ22γ42−γ12γ52
γ32γ52−γ22γ62

.

Appendix C

The general solution for Equation (40) can be obtain as:

up2(z) = N21 cosh λ1z + N22sinhλ1z + N23 cos λ2z + N24 sin λ2z−
∞

∑
n=1

(ξ1D11 + ξ2D12) cos(gnz) (A19)

where ξ1 = ζ1
Ep Ip(g4

n−k4
1g2

n−k4
2)

, ξ2 = ζ2
Ep Ip(g4

n−k4
1g2

n−k4
2)

and N21, N22, N23, N24 are the integration
constants.

According to the continuity condition of the pile–soil system shown as Equation (10):

N21 cosh λ1z + N22sinhλ1z + N23 cos λ2z + N24 sin λ2z−
∞

∑
n=1

(ξ1D11 + ξ2D12) cos(gnz) =
∞

∑
n=1

ζ1D11 cos(gnz) (A20)

N21 cosh λ1z + N22sinhλ1z + N23 cos λ2z + N24 sin λ2z−
∞

∑
n=1

(ξ1D11 + ξ2D12) cos(gnz) =
∞

∑
n=1

ζ2D12 cos(gnz) (A21)

Therefore,

D12 =
ζ1D11

ζ2
(A22)

The integration constants (D11 and D22) can be obtained as:

D11 = ζ2(χ1N21 + χ2N22 + χ3N23 + χ4N24) (A23)

D21 = ζ1(χ1N21 + χ2N22 + χ3N23 + χ4N24) (A24)

where,

χ1 =
2
∫ H2

0 cosh(λ1z) cos(hnz)dz
(ζ1ζ2 + ξ1ζ2 + ξ2ζ1)H2

(A25)

χ2 =
2
∫ H2

0 sinh(λ1z) cos(hnz)dz
(ζ1ζ2 + ξ1ζ2 + ξ2ζ1)H2

(A26)

χ3 =
2
∫ H2

0 cos(λ2z) cos(hnz)dz
(ζ1ζ2 + ξ1ζ2 + ξ2ζ1)H2

(A27)

χ4 =
2
∫ H2

0 sin(λ2z) cos(hnz)dz
(ζ1ζ2 + ξ1ζ2 + ξ2ζ1)H2

(A28)

Finally, the horizontal displacement of pipe pile can be expressed as follows:
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up2(z) = N21[cosh λ1z−
∞
∑

n=1
χ1ϑn cos(gnz)] + N22[sinhλ1z−

∞
∑

n=1
χ2ϑn cos(gnz)]+

N23[cos λ2z−
∞
∑

n=1
χ3ϑn cos(gnz)] + N24[sin λ2z−

∞
∑

n=1
χ4ϑn cos(gnz)]

(A29)

where ϑn = ζ1ξ2 + ζ2ξ1.
After determining the lateral displacement (up2), these quantities can be expressed as:

[F2(z)] = [T2(z)][X2] (0 < z ≤ H2) (A30)

where [F2(z)] = [up2(z) φp2(z) Mp2(z) Qp2(z)]
T is the vector of the lateral displacement,

rotation angle, bending moment and shearing force, [X2] = [N21 N22 N23 N24]
T is the vector

of the integration constants in Equation (A19) and [T2(z)] satisfies the following vector:

[T2(z)] =


cosh(λ1z)−

∞
∑

n=1
χ1ϑn cos(gnz) sinh(λ1z)−

∞
∑

n=1
χ2ϑn cos(gnz) cos(λ2z)−

∞
∑

n=1
χ3ϑn cos(gnz) sin(λ2z)−

∞
∑

n=1
χ4ϑn cos(gnz)

λ1sinh(λ1z) +
∞
∑

n=1
χ1ϑn gn sin(gnz) λ1 cosh(λ1z) +

∞
∑

n=1
χ2ϑn gn sin(gnz) −λ2 sin(λ2z) +

∞
∑

n=1
χ3ϑn gn sin(gnz) λ2 cos(λ2z) +

∞
∑

n=1
χ4ϑn gn sin(gnz)

Ep Ip(λ2
1 cosh(λ1z) +

∞
∑

n=1
χ1ϑn g2

n cos(gnz)) Ep Ip(λ2
1sinh(λ1z) +

∞
∑

n=1
χ2ϑn g2

n cos(gnz)) Ep Ip(−λ2
2 cos(λ2z) +

∞
∑

n=1
χ3ϑn g2

n cos(gnz)) Ep Ip(−λ2
2 sin(λ2z) +

∞
∑

n=1
χ4ϑn g2

n cos(gnz))

Ep Ip(λ3
1sinh(λ1z)−

∞
∑

n=1
χ1ϑn g3

n sin(gnz)) Ep Ip(λ3
1 cosh(λ1z)−

∞
∑

n=1
χ2ϑn g3

n sin(gnz)) Ep Ip(λ3
2 sin(λ2z)−

∞
∑

n=1
χ3ϑn g3

n sin(gnz)) Ep Ip(−λ3
2 cos(λ2z)−

∞
∑

n=1
χ4ϑn g3

n sin(gnz))

 (A31)
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