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Abstract: This work presents a perspective on deterministic predictive modeling methodologies,
which aim at extracting best-estimate values for model responses and parameters along with re-
duced predicted uncertainties for these best-estimate values. The two oldest such methodologies
are the data-adjustment method, which stems from the nuclear energy field, and the data-assimila-
tion method, which is implemented in the geophysical sciences. Both of these methodologies at-
tempt to minimize, in the least-square sense, a user-defined functional that represents the discrep-
ancies between computed and measured model responses. These two methodologies were briefly
reviewed and shown to be inconsistent even to first-order in the sensitivities of the response to the
model parameters. In contrast to these methodologies, it was shown that the “maximum entropy”-
based predictive modeling methodology (called BERRU-PM) that was developed by the author not
only dispenses with the subjective “user-chosen functional to be minimized” but is also inherently
amenable to high-order formulations. This inherent potential was illustrated by presenting a novel,
higher-order, MaxEnt-based predictive modeling methodology, labelled BERRU-PM-2+, which is
complete and exact to second-order sensitivities and moments of both the a priori and posterior
distributions of responses and parameters, while explicitly including third- and fourth-order sensi-
tivities and correlations, thus indicating the mechanism for incorporating information of orders
higher than second in predictive modeling. The presentation of this new predictive modeling meth-
odology also aims at motivating a widespread application of predictive modeling principles and
methodologies in the energy sciences for obtaining best-estimate results with reduced uncertainties.

Keywords: predictive modeling; data adjustment; data assimilation; maximum entropy principle;
least squares; response sensitivities to model parameters; model calibration; model validation;
high-order sensitivities; high-order correlations

1. Introduction
The modeling of a physical system includes the following elements:

(a) a mathematical model comprising equations that relate the system’s independent
variables and parameters to the system’s state (i.e., dependent) variables;

(b) inequality and/or equality constraints that delimit the ranges of the system’s param-
eters;

(c) one or several computational results, customarily referred to as “system responses”
(or objective functions, or indices of performance), which are computed using the
mathematical model; and

(d) experimentally measured responses, with their respective nominal (mean) values
and uncertainties (variances, covariances, skewness, kurtosis, etc.).

The results of measurements and computations are never perfectly accurate but are
subject to unavoidable errors. Thus, the results of measurements are inevitably influenced
by experimental errors stemming from imperfect instruments or imperfectly known cali-
bration standards. Around any reported experimental value, therefore, there always
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exists a range of values that may also be plausibly representative of the true but unknown
value of the measured quantity. Similarly, computations are subject to errors stemming
from uncertain model parameters, initial and boundary conditions, imperfectly known
physical processes, imperfectly known physical geometry caused by imperfect material
boundaries and, finally, inexact numerical computations. Therefore, knowledge of just the
nominal values of experimentally measured or computed quantities is insufficient for de-
termining the reliability of results in practical applications. The quantitative uncertainties
accompanying measurements and computations are also needed, along with the respec-
tive nominal values.

The uncertainties inherent to experimental and computational results provide the
basic motivation for performing quantitative model verification, validation, qualification,
and predictive estimation. The activity of “code/model verification” addresses the ques-
tion “are the equations underlying the mathematical model solved correctly?” The activity
of “code/model validation” addresses the question “does the respective model represent
reality?” Model validation requires benchmarking the respective model against inde-
pendently obtained experimental results, including all accompanying uncertainties (com-
putational, experimental, etc.) to quantify the respective model’s accuracy by comparing
the computational results produced by the model, including their accompanying statisti-
cal characteristics (standard deviations, skewness, kurtosis, and corresponding correla-
tions) with the corresponding experimental results. The activity “code/model qualifica-
tion” addresses the certification that a proposed simulation and/or design methodology
satisfies all performance and safety specifications regarding the system under considera-
tion.

In the author’s view, “predictive modeling” comprises three key elements, namely:
model calibration, model extrapolation, and estimation of the validation domain. Model
calibration addresses the integration of experimental data for the purpose of updating the
parameters underlying the computational model. Important components include the es-
timation of inconsistencies in the experimental data, and quantification of the biases be-
tween model predictions and experimental data. The state-of-the-art of model calibration
is fairly well developed, but current methods are still hampered in practice by the signif-
icant computational effort required for performing exhaustive (i.e., including all of the
sensitivities of model responses to the model’s parameters) model calibration for large-
scale models. Reducing the computational effort is paramount, and methods based on
adjoint models show great promise in his regard. “Model extrapolation” addresses the
quantification of the uncertainties in predictions under new conditions, including both
untested regions of the parameter space and higher levels of system complexity in the
validation hierarchy. Extrapolation of models and the resulting increase of uncertainty are
poorly understood, particularly the estimation of uncertainty that results from nonlinear
coupling of two or more physical phenomena that were not coupled in the existing vali-
dation database. The quantification of the validation domain underlying the models of
interest requires estimation of contours of constant uncertainty in the high-dimensional
space that characterizes the application of interest. In practice, this involves the identifi-
cation of areas where the predictive estimation of uncertainty meets specified require-
ments for the performance, reliability, or safety of the system of interest. The conceptual
and mathematical development of methods for quantifying the validation domain is in an
incipient stage.

The earliest activities aimed at extracting best-estimate values for model parameters
were initiated in the 1960s [1-3] in the nuclear energy field. These activities aimed at eval-
uating neutron cross sections by using time-independent reactor physics experiments for
measuring “integral quantities” (i.e., model responses) such as reaction rates and multi-
plication factors. These activities reached conceptual maturity under the name of “cross
section adjustment” [4-8], which used a least-square procedure, weighted with first-order
response sensitivities, for combining uncertainties in the model responses with uncertain-
ties in the corresponding experimental data. The resulting “adjusted” neutron cross
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sections (model parameters) and their “adjusted” uncertainties were subsequently em-
ployed in the respective reactor core model to predict improved model responses (e.g.,
improved reaction rates and reaction rate ratios, reactor multiplication factors, Doppler
coefficients) in an extended application domain (e.g., a new or improved reactor core de-
sign). Since the neutron transport (or diffusion) equation is linear in the neutron flux (de-
pendent variable), it admits a corresponding adjoint transport (or diffusion) equation for
the adjoint neutron flux, which was in turn used to compute efficiently the first-order re-
sponse sensitivities, which appeared as weighting functions in the least squares adjust-
ment procedure. The “data-adjustment” methodology can thus be considered to have
been the earliest systematic methodology that embodies principles of “predictive model-
ing”. The principles underlying this data-adjustment methodology for the linear, time-
independent nuclear energy systems modeled by the neutron transport equation are
briefly summarized in Section 2.1.

A pioneering formalism for performing data adjustment in the context of time-de-
pendent nonlinear system was conceived by Cacuci’s group at Oak Ridge National Labor-
atory [9], using the adjoint method of sensitivity analysis for nonlinear systems conceived
and developed by Cacuci [10], who had formally introduced the concepts of sensitivity
analysis by using concepts of nonlinear functional analysis. The data adjustment formal-
ism for time-dependent nonlinear system [9] also relies on the minimization, in the least-
square sense, of a user-defined functional; its underlying principles are presented in Sec-
tion 2.2.

In the late 1980s and during the 1990s, the fundamental concepts underlying “data
adjustment” seem to have been rediscovered in the atmospheric and geophysical sciences
while developing the so-called “data assimilation” procedure, in that the concepts under-
lying data assimilation are the same as those underlying the previously developed “data
adjustment” procedure, relying on the minimization, in the least-square sense, of a user-
defined “cost functional. The principles underlying data assimilation procedures are am-
ply described in the books by Lewis et al. [11], Lahoz et al. [12], Farago et al. [13] and
Cacuci et al. [14]. These principles are briefly summarized in Section 2.3, in order to facil-
itate comparisons with the other procedures that aim at the same goals.

In contradistinction to the methods used for data adjustment and/or assimilation, the
BERRU predictive modeling methodology developed by Cacuci [15,16] dispenses with
the need to minimize an a priori chosen “cost functional” (usually a quadratic functional
that represents the weighted errors between measured and computed responses), by em-
ploying the “maximum entropy” (MaxEnt) principle [17] to combine computational and
experimental information for obtaining best-estimate predicted mean values for model
responses and parameters, together with reduced predicted uncertainties for these best-
estimate values. The BERRU predictive modeling methodology [15,16] incorporates first-
order sensitivities of model responses with respect to the model parameters, computed
using the adjoint method [10].

The conception of the second- and higher-order comprehensive adjoint sensitivity
analysis methodology by Cacuci [18-21] has enabled the efficient computation of exact
expression for arbitrarily-high order sensitivities, thus opening the path to further ad-
vances of all of the activities which could use such higher-order sensitivities. In particular,
the availability of the second- and higher-order model response sensitivities to model pa-
rameters has also enabled the extension of the BERRU predictive modeling methodology
from first-order to higher-orders. This extended, novel MaxEnt-based predictive model-
ing formalism, is labeled the “BERRU-PM-2+" methodology because it incorporates not
only all of the possible second-order sensitivities and correlations, but also provides the
mechanism for incorporating arbitrarily-high-order sensitivities of model responses with
respect to model parameters. The novel “BERRU-PM-2+" methodology is presented in
Section 3 of this work.

Section 4 concludes this work by presenting a comparative discussion of the deter-
ministic methodologies currently available in the context of their abilities to predict best-
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estimate mean values and uncertainties (variances/covariances) for calibrating and vali-
dating large-scale models of energy-related physical systems.

2. Traditional Least-Square Based Deterministic Predictive Modeling Methodologies

This Section briefly reviews the traditional deterministic methodologies which com-
prise elements of predictive modeling, as follows:

(i) The so-called “data-adjustment methodology”, which is perhaps the oldest such
methodology in use and was developed in the nuclear energy field. The initial “data-
adjustment methodology”, which was developed in the 1960s for the large-scale
time-independent linear systems modeled by the linear neutral particle transport
equation, is briefly reviewed in Section 2.1. The data-adjustment methodology for
time-dependent nonlinear systems, which could be considered to be the predecessor
for the so-called “4D-Var” methodology mentioned below, is reviewed in Section 2.2.

(ii) The so-called “data assimilation” methodology, which is implemented for the large-
scale time-dependent systems encountered in the atmospheric and geophysical field,
is briefly reviewed in Section 2.3.

2.1. Time-Independent Least-Squares Based Data Adjustment

The latest versions of the “data-adjustment” methodology for the time-independent
systems are described in the leading nuclear engineering code-packages SCALE [22] and
CRISTAL [23]. This data-adjustment methodology is intended for assimilating experi-
mental information in order to “adjust” (calibrate) model parameters (namely nuclear
cross sections) describing linear reactor physics problems modeled by the linear Boltz-
mann equation. The data-adjustment methodology relies on a “Generalized Linear Least
Squares Methodology (GLLSM)” which involves minimizing the following user-defined
Lagrangian functional, denoted below as L(y,z):

) C. C.\y
rl;’lalan(y’Z); L(y’Z)é(y,Z)T (Cmn Caajlzj_‘_z}j (Skz_y). (1)

The quantities appearing in functional L(y,z) defined in Equation (1) have the fol-

lowing meanings/definitions:

(i) The (symmetric) relative covariance matrix for the model parameters, C_,, is de-
fined as follows:
covla,,a
C,. é[—( p)} np=1.,M, )
a,a,

where «a, denotes the nth model parameter (cross sections); cov(an , ap) denotes the co-

variance between the two respective model parameters; M denotes the total number of
model parameters.

(if) The (symmetric) relative covariance matrix for the measured model responses (effec-
tive multiplication factors), C,,,, is defined as follows:

mm 7/

)| cov(m,,m, m.
Cmm é ﬂ ( 1) _] ; i’j:]‘""7l7 (3)
k, mm, kj

where k;, denotes the nominal values of the computed effective multiplication factor, us-
ing the nominal values of the model parameters (cross sections); m; denotes the nominal

values of the measured effective multiplication factor; cov(mi,mj) denotes the
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covariance between two measured effective multiplication factors; / denotes the total

number of model responses (measured or computed effective multiplication factors).
(iii) The rectangular matrix C,, contains as elements the relative covariances between

am

the measured responses and model parameters, and is defined as follows:

c, 2 {M}(ﬂj n=l,..,M;i=1..,I;C, 2C | @)
a,m, k,

i

(iv) Each model response, denoted as £, (@), is considered to be a linear function of the

model parameters, denoted as @ =(a,,...,a,, )T , having the following form:

M
k (o+5a)=k, (a){l+ZS,’; %a,
n=l1 a

n

}; i=1..1; 5(lé(50!l,...,5(ZM)T, (5)

where Ja, denotes an arbitrary perturbation in the #-th model parameter, and where S

represents the relative sensitivity of the i-th response to the n-th parameter, computed at
the nominal parameter values, and is defined as follows:

iﬁﬂan
" Oa, k

i

izl Ln=1,.M. (6)

The linear relationship representing the model response as a function of the model
parameters is re-written in the following form:

y=d+8S,z, (7)
where
s, 2[s]2 {%z—} =l lin=1,..M; ®)
A A 50(,1
z2=(z,...,2, )T; z, 2 o ; 9)
k,(a)—m,

d2(d,,...d,) ; d 22—~
()3 d 2200 (10)

N T Ak (a+da)—m,
YEWsy) s v, =%- (11)

(v) The (column) vector of Lagrange multipliers A =(4,,...,4, )T, which appears in the
functional R(y,z) defined in Equation (1), enforces the linear model defined by
Equation (7) as a “hard constraint.”

The “adjusted” parameter and response values are obtained by solving the following
equations, which are to be satisfied at the minimum of the functional R (y, z) :

GR(y,z) _ GR(y,z) _
oz oy

The solution of Equation (12) yields the following relations for the “adjusted” param-
eter and response values:

(12)

z=(C,,-C,S])C,d, (13)

y=(C,,-C,,S!)C,d, (14)
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Cdd é Skcaasz + C - S/(Cam - Cmasz . (15)

mm

The “adjusted covariance matrix”, C¥

mm 7

for the “adjusted” responses (measured or
computed) and “the adjusted covariance matrix”, C%, for the “adjusted” parameters, re-

spectively, are obtained by using Equations (13) and (14), to obtain the following expres-
sions:

Cfn(i{T = C)ﬂi’ﬂ _(Cmm _Cmas-/t )C(;(i’ (Cmm _SkCan )’ (16)

Cit = Cu ~(Con ~CuiS1)Cui (€, =8, ). (17)

Care must be exercised, however, since the indiscriminate incorporation of all seem-
ingly relevant experimental-response data could produce a set of calibrated (adjusted) pa-
rameter values that might differ unreasonably much from the corresponding original
nominal values and might even fail to improve the agreement between the calculated and
measured values of some of the very responses that were used to calibrate the model pa-
rameters. When calibrating (adjusting) a library of model parameters, it is tacitly assumed
that the given parameters are basically “correct”, in that their true values lie within some
reasonable uncertainty of their reported value. However, calibration can be used to in-
crease the accuracy of a model beyond that which is constrained by its reliance on the
reported value. The calibration procedure uses additional data (e.g., experimentally meas-
ured responses) for improving the parameter values while reducing their uncertainties.
Although such additional information induces modifications of the original parameter
values, the adjusted parameters are still generally expected to remain consistent with their
original nominal values, within the range of their original uncertainties. However, cali-
bration of a library of model parameters by experimental responses which significantly
deviate from their respective computed values would significantly modify the resulting
adjusted parameters, perhaps even violating the restriction of linearity expressed by
Equation (7). Such unlikely adjustments would most probably lead to failure of even re-
producing the original experimental responses.

On the other hand, calibrating model parameter by using measured responses that
are very close to their respective computed values would cause minimal parameter mod-
ifications and a nearly perfect reproduction of the given responses by the calibrated pa-
rameters, as would be expected. In such a case, the given responses would be considered
as being consistent with the parameter library, in contradistinction to adjustment by in-
consistent experimental information, in which case the adjustment (calibration) could fail
because of inconsistencies. These considerations clearly underscore the need for using a
quantitative indicator to measure the mutual and joint consistency of the information
available for model calibration.

2.2. Time-Dependent Least-Squares Based Data Adjustment

The time-dependent least-squares based data-adjustment methodology [9] was de-
veloped in the early 1980’s to analyze time-dependent problems of fundamental interest
in nuclear engineering (e.g., thermal-hydraulics transient computations and experiments).
The underlying concepts are as above and the transient phenomena can be analyzed either
globally (“off-line”), when the entire information during the time interval of interest is
being analyzed at once or locally, when the data assimilation/adjustment is performed
one time-step at a time, as nowadays done in the atmospheric sciences.

The global (“off-line”) methodology can be conveniently summarized by using the
notation provided in [16], which considers that the time span of interest for the nonlinear
transient system being analyzed is partitioned into (N, 1) intervals. At every time in-

stance v, the quantities J!, and J’ are used to denote the ordered set of integers
J;é{l,...,N;} and, respectively, J:é{],...,N:} , where N! and N’ denote the
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A

numbers of distinct system parameters and distinct responses, respectively, at time in-
A

stance v.The quantity J, denotestheset J, £{/,..,N,}.

At every time instance v, the imprecisely known system parameters are considered
to be variates with mean values denoted as (aiv )0 . The covariances between two param-
eters o and «f, attwo timeinstances x and v, is denoted as cov(aiv,a;’ ) . These lo-

cal covariances are used to construct the following symmetric global parameter covari-
ance matrix:

CI] C]Z
C, = A A , CH é[cov(aiv,a‘j’)];i,j=l,...,J;; v,u=1..,J,. (18)

Cg’N[
Similarly, the imprecisely known measured responses are characterized by local
mean values denoted as ", atatime instance v . The covariances between two responses
measured at time instances ¢ and v are denoted as cov(riv,rj”) . These covariances are

used to construct the symmetric global matrix, C,,, for measured responses, defined be-

low:
¢l ¢
c’ o cZ .. . a
o s e 2eov(n )| b=l Vo=, (19)

NIN/
C”I
In the most general case, the measured responses may be correlated to the parameters
through local response-parameter covariances, denoted as cov(al.” N ) , between a param-
eter o and aresponse 7/, which are used to construct the global rectangular parame-

ter-response covariance matrix, C,,, having the following form:

CII CIZ

CZ] C22 , . ) . ,

o e ; CH E [cov(a[ N )], i=1..Jj=L.J v, u=1..,J,. (20)
CNer

At any given time instance v, a response r” can be a function of not only the sys-

tem parameters at time instance v, but also of the system parameters at all previous time

instances u, I<u<v;thismeansthat r" =R" (pv), where p’ = (u],...,a",...,uv).As in

the previous Subsection, the computed response is considered to depend linearly on the
model parameters, i.e., the computed response is linearized via a functional Taylor-series

A

1 7 v
expansion around the nominal values, p; = ((ao) yes .,(ao)‘ ,...,(ao) ), of the parameters

p", as follows:

r 2R’ (pv> =R" (pg)+ZSV" (p{,’ )[u” —(uo )ﬂ:|+ higher order terms, veJ,, (21)

u=1

where R” (pg) denotes the vector of computed responses at a time instance v, at the
nominal parameter values p,, while S* (pg‘) , 1< u<v, represents the (Jr” xJ ;‘) -di-

mensional matrix containing the first-order Gateaux-derivatives of the computed re-
sponses with respect to the parameters, defined as follows:
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or) (vt oR; (p4)
u u
oy |
S L N Jlzusv. @)
sH g %
oR; (py) oR; (p})
T

Since the response R" (pg) at time instance v can depend only on parameters

(ao )” which appear up to the current time instance v, it follows that S" =0 when

u>v, implying that non-zero terms in the expansion shown in Equation (21) can only
occur in the range /< u <v.The linear model expressed by Equation (21) can be written

in the form
r= R<a°)+S<a—a°)+higher order terms ; (23)

where

A )i .
rz(r TS CaBNNS o '); r’ =1{r" |zeJV}, veld,; (24)

S A (25)
The information provided in Equations (18)-(25) is now used to construct the follow-

ing Lagrangian functional P(z) to be minimized:
P(z)éQ(z)+2)f [Z(ao)z+dJ:min, atz=1"%, (26)

where A= (k’ ,...,W,...,k’v’) denotes the corresponding vector of Lagrange multipliers

and where

(@) (@) ] @)

. 0
déR(ao)—r T é(r’ ,r”,...,rN'>; Z2(S,u);us| 1 e . (28)
0 R A

()
—
N
~
1>
N
.
a
uN’_‘
N
1>
Y
=]
|
=]
(=]
;./
a
11>
7~
a A
R
0 K
N—
5]
=Y
1>
1
—_
]
=Y
~—

In Equation (28), the quantities 17, j =1,...,N, denote the identity matrices of corre-
sponding dimensions.
Setting 0P(z)/0z=0 and solving the resulting equations yields the following re-

sults, which have the same formal structure as shown in Equations (13)—(17):

(i) calibrated best-estimate parameter values:



Energies 2023, 16, 933

9 of 37

() | [ (e)
: = +
@) ) Ly
(gt 1N,_N' Ip (@t VP N man | (29)
cl-cl(s’) .. c) ;c; (s) 7Z;Kdd
X
N1 N (et NN, RO Nip o
cll-cy(sT) - CiM =Y eke(sT) > K)"d
p=1 n=1

where K/ denotes the corresponding (v,7)-element of the block-matrix C,’, where:

oY) (et .
c, 2 i .= : :
cyloooptoler et o et et
11 N Al I N,p
cl(s')y +s"cl .. sUchi+ych(s') (30)
p=1
N (ST )” +§“Schﬂ1 il:CN,p (ST)N‘” +SN‘pCpN’:|
ra p:I ar p:I ra ar
and where the covariance matrix of the computed responses, C,_, is defined as follows:
c! .. ck
A 'rc . R T.o Ve Ay v (\np Hp t Hv T.
c, 2| =SC, S8 Cr=338"Cr(s”) =(Cu); vuel,. (31)
CN,[ CN,N, n=1 p=1

Written in component form, Equation (29) indicates that the vector (a”e )V , represent-

ing the calibrated best-estimates for the system parameters at a specific time instance v,
takes on the following expression:

(a*) =(o) &{{cx@ SSer(s )HZKdH vel, (32)

(ii) The calibrated best-estimate covariance matrix, C., corresponding to the calibrated
best-estimates system parameters:

Cle " Che M 1 IN
a a Ca C(z !
be & : . : |- :
Cr= : . : =| . :
(Cbe)N'I (Cbe)N'Nf cloo ol
a a
(33)
1 IN, 1 IN, 11 w, A\
c, ... C, K, ... K| c, .. C,
N1 NN, N1 NN, NI N,N,
Ca:{ Cud VKT e K Cad Caéi

where
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N,
c’ _cl(s 1" e Nl (st Nip
C;Id . CL];I ar 0(( ) ar ; [24 ( )
D N 34
cVlo.. NN ()
ad ad

A\ i/ N,
CZ’;I _Cg,l(s') Ci”r‘N, _ch,p (S’r) s
p=1
The block-matrix expression in Equation (33) can be written in component form, for
the calibrated best-estimate parameter covariance matrix (CZE)W between two (distinct
or not) time instances v,y € J,, as follows
e \VH N, N, P pr n
() =er-yyjez-Fer () krjen-Sser | e
n=I1 p=1 =1 =1

(iii) The vector of calibrated best-estimate system responses at all time instances v € J, :

! c/-cl(s) ..o —ic’/’(sT)N’p iK’"d"
V] () )| = &
o=l : : : . (36)
(V) AT) eren(s) - e-Yer(s)” | Y
=1 =1

Written in component form, Equation (36) provides the following expression for the

vector (rb" )V , of calibrated best-estimates for the responses at a specific time instance v:

(r) =(r,) &Hc:# e (ST)“”HiK;'"d"} veld,. 37)

(iv) The expression of the calibrated best-estimate covariance block-matrix, C”, for the
best-estimate responses:

(c=)" (e ) e e
c 2 : . : —_| " :
() (e ) et e
(38)
cloooCv(KY LKMo
C,;fj] Ci";le K'g"] Kd’;"N‘ Céjf CﬁiN' ’
where
1 1 (gt el AN
. " c)/-clL(s') .. CF->ck(sh
C,,d Crd p=1
Do L2 : : : (39)
Cf{’;I CZEN'

C)’:J_Ci\l](sf)ll CZIN,_in;p(Sij
p=1

The block-matrix expression given in Equation (38) can be written in component
form, where each of the calibrated best-estimate parameter covariance matrix (Cfe )Vy be-

tween two (distinct or not) time instances v,u €J, has the following form:



Energies 2023, 16, 933 11 of 37

n=I1 p=1 =1 n=1

(v) The best-estimate response-parameter covariance block-matrix C2 :

Cbe 1" Cbe N, 11 IN,
ra ra Cra Cra
be A . . . . . .
Cr = : - : = - :
ra
(cn)™ o ()™ ) G 6
(41)
+
11 IN, 11 IN, 11 IN,
cloooCchM\(KY L KM\ (cLoL
NI N,N, NI NN, NI N,N,
Crd Clc; Kd[ Kd I Cad Cad '

Each of the calibrated best-estimate parameter-response covariance matrices (ijY )Vﬂ

for v,u e J,, which appear as block-matrix components of the matrix C” in Equation
(41) has the following expression:

N, N,
(c)" =c —ZZ{CZ” X )””}st {cz*: —iS””cz*'] (42)
n=1 p=1 w=1 w=1

Computing the calibrated best-estimate quantities by using Equations (32), (35), (37),
(40) and (42) is definitely more advantageous in terms of storage requirements than the
direct computations of the corresponding full block-matrices. The largest requirement of
computational resources arises when inverting the matrix C, . In view of Equation (30),
it is important to note that the inverse matrix, C,', incorporates simultaneously all of the
available information about the system parameters and responses at all time instances
(e, v=12,..,N,). In other words, at any time instance v, C,' incorporates infor-
mation not only from time instances prior to, and at, v (i.e., information regarding the
“past” and “present” states of the system) but also from time instances posterior to v

(i.e., information about the “future” states of the system). Therefore, at any specified time

instance v, the calibrated best-estimates parameters (a”e )V and responses r(ube) 2r’

together with the corresponding calibrated best-estimate covariance matrices (C’;" )W ,

(Cfe )W , and (C[:y )W will also incorporate automatically, through the matrix C;', all of

the available information about the system parameters and responses at all time instances,
ie, (v=12,...,N,).

Note that the mathematical formalism underlying the time-dependent data-adjust-
ment methodology is written in terms of absolute sensitivities and covariances, in contrast
to the data adjustment formalism for time-independent systems, which is written in terms
of relative sensitivities and covariances. Nevertheless, the two formalisms produce end-
results which look formally quite similar.

The actual application of the predictive modeling results presented in Equations (32),
(35), (37), (40) and (42) to a physical system characterized by nominal values and uncer-
tainties for model parameters together with the computed and measured responses is
straightforward, in principle, although it can become computationally very demanding
regarding both data handling and computational speed.

The minimum value, Q,,, , of the functional Q(z) has the following expression:

min 7

0,,20(z)=da'[c,(a")] d=7 (43)
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As the above expression indicates, the minimal value, Q,, = Q(zbe) , represents the

square of the length of the vector d, measuring (in the corresponding metric) the devia-
tions between the experimental and nominally computed responses. The quantity
0,, 20(z") can be evaluated directly from the given data (i.e., given parameters and

responses, together with their original uncertainties) after having inverted the deviation-
vector covariance matrix C, (ao) . It is also very important to note that Q,, = Q(z”") is

independent of calibrating (or adjusting) the original data. As the dimension of d indi-
cates, the number of degrees of freedom characteristic of the calibration under considera-
tion is equal to the number of experimental responses. In the extreme case of absence of

experimental responses, no actual calibration takes place since d :R(ao) , so that the

. . . . . . k k
best-estimate parameter values are just the original nominal values, i.e., (abe) = (ao) .

An actual calibration (adjustment) occurs only when including at least one experimental
response.
In turn, the variate QO

. follows a y?-distribution with n degrees of freedom,
where n denotes the total number of experimental responses considered in the calibra-
tion (adjustment) procedure. The quantity O, is the “ * of the calibration (adjust-
ment) at hand” and can be used as an indicator of the agreement between the computed
and measured responses, measuring essentially the consistency of the measured re-
sponses with the model parameters. A similar quantity exists for the time-independent
data adjustment procedure presented previously, in Section 2.1.

In order to facilitate a comparison with the time-dependent data-assimilation meth-
ods used in the atmospheric sciences (which are summarized in Section 2.3, below), which
customarily involve just two consecutive time-steps, Cacuci [16] has obtained explicit for-
mulas by simplifying the expressions presented in Equations (32), (35), (37), (40) and (42)
by including only two consecutive time-steps, namely v =k-1k; k=(1,2,..,N,), and
by presenting the explicit form of the inverse matrix K’ .The simplified expressions thus
obtained are as follows:

(i) The expressions for the calibrated best-estimate parameter values take on the follow-
ing particular form of Equation (32) at time node £ :

@) - S e Sery | Sl w

p=k-1 n=k-1

where

- - c— - - -1 - -l
KS Lk 1=|:CI;, Lk I_CI; Lk (Cl;‘k) CI;,k 1:|

45
_ (C/;—I,k—J )*‘ +(C/;—1,k—1)" C/;—I,kK/;,kC/;,k—I (C/;—J,k—l)’l , 43
KA — _(Ck—l,k—l )’1 Ch1k |:Ck,k _Chk (Ck—l,k—l )’1 Ch1k :|_l
a = d d d d d d
} (46)
— _(C/;—l,k—J) C/{;—],kK/;,k ,
KI;,k _ |:C1;,k _Cz,kq (Cf,*]’kfl )" qu,k ]1
(47)

_ (C/;‘k )’1 n (Cz,k )’1 CI;‘k—[KII;—I,k—[CI;—[,k (Cl;,k )’1 ,
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K/;,k—] _ _(C/;,k )*] C/;,k—] |:C/;71,/{71 _C/;—I,k (C/;,k )*‘ C/;,k71j|71 )
_ _(Cz,k )‘] CI;,k—IKI;—I,k—I.

(ii) The components (CZ‘) )Vy , vii=k—1,k, of the calibrated best-estimate covariance
matrix, C, have the following particular form of Equation (35):

() ez 3 3 er-Fer(s) ke |ex-Tser|

n=k—1 p=k-1 =1 =1

for v=k—-1k; and pu=k-1k.

(49)

(iii) The vector (r”e )k , representing the calibrated best-estimates for the system parame-

ters at a time instance k, takes on the following particular form of Equation (37):

(e) =(r,) + i {C’;“ —ic’;g(s*)"p}{ i Kg‘”d”}}. (50)

u=k-1 p=1 n=k-1

(iv) The components (Cf“ )W of the calibrated best-estimate covariance block-matrix C’*

for the best-estimate responses takes on the following particular form of Equation
(38) for v,u=k—-1Lk:

be \YH _ i a . Vo pl] nuo_ J nw g
(c)" =cr-3% C Z cr(sh)” - s . (51)
=k—1 p=k-1

n=k-1 p=k— n=k- r=k-1

(v) The matrix-valued components (Cffr )V# , V,u=k—-1k , of the best-estimate re-

sponse-parameter covariance matrix C» reduce to the following particular forms
of Equation (42):

() -cz- 3 Sler- 3

n 1 p=k-1

cr (st }KP" {C’jﬁ - i s"”cgﬂ}. (52)
-1 w=k-1

2.3. Least-Squares Based Variational Data Assimilation

The predecessors to data-assimilation methods were called “objective analyses” [24],
to distinguish them from the “subjective analyses” in which data was manipulated ac-
cording to the opinion of experts. Subsequently, the so-called “nudging” or “Newtonian
relaxation” methods were introduced [25] to drive the model variables towards the obser-
vations by adding empirical forcing terms. The variational principle introduced by Sasaki
[26,27] provided the basis for the development of “optimal interpolation,” three-dimen-
sional variational data assimilation,” and “physical space statistical analysis” methods
(see, e.g., the books [11-14]), which were developed independently but were shown by
Lorenc [28] to be equivalent.

The introduction of Cacuci’s adjoint method [10] to the atmospheric sciences [29-31]
has enabled the subsequent development of the modern techniques nowadays called
“variational data assimilation” methodology (also called “4D-VAR”; “4D” refers to a
framework involving the four independent variables “time plus three space dimensions”).
Variational data assimilation aims at determining the model’s evolution “trajectory”
which fits “best” —n a “least-square” sense —the observational data over an assimilation
time interval by adjusting the initial conditions supplied for advancing (integrating) the
forecast model forward in time. The earliest work on developing the 4D-VAR methodol-
ogy using adjoint functions was by Derber [32,33] and Hoffmann [34], while Navon [35-
37] has introduced augmented Lagrangian methods for enforcing the conservation of in-
tegral invariants. Most of the meteorological centers around the world have since
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implemented 4D-VAR methods in conjunction with comprehensive numerical weather
prediction models [38-40].

The so-called strong constraint “variational data assimilation (VDA)” or classical
VDA framework assumes that the forecast model perfectly represents the evolution of the
actual physical system (atmosphere), and the “best fit” model trajectory is obtained by
adjusting only the initial conditions via minimization of a user-defined cost functional,
subject to the model equations as strong constraints. However, like any other models of
large-scale processes, numerical weather prediction (NWP) models are affected by errors
arising from the omission of sub-grid processes; also, the discretization of continuous pro-
cesses introduces dissipative and dispersion errors. Furthermore, the mathematical mod-
eling of the boundary conditions and forcing terms is imperfect, and most of the physical
processes and their interactions in the atmosphere are parameterized. In general, these
modeling approximations/errors comprise both systematic (so-called “bias”) and stochas-
tic components which vary in space and time. Customarily, the model error (ME) term is
formally introduced as a correction to the time derivatives of model variables and the
resulting methodology is called the weak constraint VDA.

Using the notation of [14], the state of the physical system (e.g., atmosphere) can be
described by the following evolution equation:

AU MO+ TN XG) =%, 3)
where: (i) the vector x(f) represents the state of the atmosphere, with an initial condition
X, at the initial time ¢;; (ii) the operator M[.] denotes all the mathematical operations
involved in the model; (iii) n(7) represents the model errors; (iv) T[.] represents an op-
erator that maps the space of ME to the space of the model state x(¢). If the model state
has an associated model error at every grid point, then the operator T[-] is identically
equal to the unit matrix and the dimension of 1(¢) is the same as the dimension of the
model state x(f) . On the other hand, if only some components of the state vector (e.g., the
atmosphere in the polar regions) are affected by modeling errors, then the operator T[]

can be specified in such a way that only those model grid points (in the polar regions)
have modeling errors, while (by comparison) the rest of the model states are free of ME’s.
Some authors formally/artificially write n(¢) as the sum of a stochastic error (“noise”)

component and a “systematic error” component but such a separation is superfluous in
practice since both components are anyway estimated based on “expert opinion” rather
than based on exact modeling.

The model error is considered to evolve according to the following evolution model:

d
Zr= @O XOL, M) =, (54)
where the rate of growth or decay of n(¢) in time is governed by the particular form of

the mapping ®.

Data-assimilation schemes determine the analyzed atmospheric state as an optimal
combination of a-priori background information and observational information, by mini-
mizing the following user-defined functional:

JIX(t) )= T, +J, + (55)

where

J, = =[x, -x"I"B'[x, —x"], (56)

1
2
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X
dt

J, 22 HE) -y @] R HE) -y 0, 57)
g, 20T Q') (58)

The components of the functionals J,, J, and J, are defined as follows:

1. The functional J, quantifies, in a least-square sense, the squared differences be-
tween the initial state x, and the background state x”; B denotes the estimated

background covariance matrix. The background state x” provides an initial guess
for minimization of J.
2. The functional J, quantifies, in a least-square sense, the squared differences be-

tween the observed state and initial state at the time instance f¢; R denotes the es-
timated observation covariance matrix and H(x;) denotes the observation operator
at the time instance ¢,.

3. The functional J, quantifies, in a least-square sense, the model errors; Q denotes
the covariance matrix of model errors.
The constrained minimization of the functional J(x,,n,) subject to the “hard con-

straints” represented by Equations (53) and (54) is performed by minimizing the uncon-
strained augmented Lagrangian functional defined below:

ax(0)
dt

5 (o0 8- s

where x"(r) and n’(¢) are the Lagrange multiplier vectors corresponding to x(f#) and

LX) = J (. m)+ [ < X (r),{ ~M[x()]- n(r)}> dt

(59)

n(?) , respectively, while <-, > denotes Euclidean inner product in the three-dimensional
physical space. The extrema of L(x,n,x",n") are the solutions of the following Euler-La-
grange equations:

oL oL

- = 03 - = 03

ox on (60)
oL oL
—=0, —=0. (61)
ox on

Imposing Equation (61) ensures that the equations describing the evolution of model
state and ME shown in Equations (53) and (54) are satisfied. Solving Equation (60) yields
the following adjoint equations which describe the evolution of the adjoint variables x"(¢)

and n"(1):

.Y oo ToH T ., b e
{g} X (t)J{g} n (t)+5(t_ti)§|:a_x:l RO[H(x)-y @)]; x'(z,)=0, (62)
@) _[aT] e -
" {5'1} nO+x(1); n'(,)=0. (63)

As indicated by Equations (62) and (63), the evolution of x*(¢) is coupled to the evo-
lution of n'(¢) via the operator @ . Backward integration of the adjoint models repre-
sented by Equations (62) and (63) from time ¢, — ¢, provides the values of initial adjoint
states: x"(z,) and n'(¢,). Furthermore, the optimality conditions expressed by Equa-
tions (60) and (61) also provide the following expressions for the partial gradients of the
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functional L(x,m,x",m") or, equivalently, the functional J(x,,7,), with respect to the in-
itial model state, x,, and the initial ME state, 7,:

VXOJ:VXon+VX0JD =B_1[X0 _Xb]+x*(t0)’ (64)

Vod =V + Vo, =Q ', — 140 (). (65)

If the model’s errors are neglected, Equation (65) would not exist, so the amount of
computations would be just half of the computations needed when modeling errors are
explicitly taken into account.

3. BERRU-PM-2+: Second-Order-Plus MaxEnt Forward and Inverse Predictive
Modeling Methodology

Cacuci [15,16] conceived a predictive modeling methodology which uses the maxi-
mum entropy (MaxEnt) principle [17] to combine experimental and computational infor-
mation in the joint phase-space of responses and model parameters in order to provide op-
timal mean values for model parameters, as well as reduced uncertainties for the opti-
mally predicted responses and parameters. This methodology has been called the
“BERRU-PM” methodology, which is an acronym for “Best-Estimate Results with Re-
duced Uncertainties: Predictive Modeling”. Using the MaxEnt principle [17], the BERRU-
PM methodology eliminates the need for introducing and “minimizing” a user-chosen “cost
functional quantifying the discrepancies between measurements and computations”, thus
yielding results that are free of subjective user-interferences while generalizing and signifi-
cantly extending the current dynamic data assimilation procedures. The use of the maxi-
mum entropy principle enables the BERRU-PM to consider the model as an “imprecisely
known” entity, as opposed to being appended by Lagrange multipliers as a “hard con-
straint” devoid of model errors. Incorporating correlations, including those between the im-
precisely known model parameters and computed model responses, the BERRU-PM also
provides a quantitative metric, constructed from sensitivity and covariance matrices, for de-
termining the degree of agreement among the various computational and experimental data
while eliminating discrepant information. This Section will introduce the BERRU-PM-2+
predictive modeling methodology, which further generalizes the BERRU-PM methodol-
ogy provided in [15,16] by including all of the second-order terms in response sensitivities
and providing explicitly the mechanism for incorporating not only second-order but ar-
bitrarily high-order (hence the “2+” in the acronym BERRU-PM-2+) sensitivities of re-
sponses with respect to parameters, overcoming the “curse of dimensionality” [41].

3.1. Construction of the Second-Order-Accurate MaxEnt Probability Distribution p, (z

ZL‘ ’ C(' )
of Computational Model Responses and Parameters

The model parameters are denoted as ¢, i=1,...,TP, where 7P denotes the “total

number of parameters” and are considered, without loss of generality, to be real-valued
scalars. For subsequent mathematical operations, it is convenient to consider that these
model parameters are the components of the vector of parameters denoted as

0= (05l yenes Olpp )T € R" . In practice, the model parameters are obtained from experimental

measurements, which are external to the model and are performed independently of the
manner in which the parameters are used in a computational model. Thus, the model pa-
rameters are not known exactly; they are subject to uncertainties. Formally, the model
parameters can be considered to obey an unknown multivariate probability distribution,
denoted as p, (a) , which is defined on a domain (of definition of parameters) denoted as

D, eR"™ and is normalized such that I P, (a)da =1. Formally, the expected (or mean)
D,

value of a model parameter a;, denoted as aj(.) = E, (a ! ) , 1s defined as follows:
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o -

al 2 I a,p,(¢)da, j=1,.TP; a2 (alo,...,an,)' . (66)
D/I
The covariance, cov(ai,a ; ), of two parameters, «; and a;, is formally defined as
follows:

COV(Ol[,(Zj)é _[504-50’,-% (a)do; i,j=1,..,TP; Say, £ o — et} sk =1,...,TP.

D,

(3

(67)

The variance, var(q, ), of a parameter @, is formally defined as the following par-

ticular case of Equation (67):

Var(ai)é I(éai)z p,(0)de; i=1,...TP. 68)

D,

a

The standard deviation of «; is denoted as o, and is defined as follows:
o, £ \Jvar(,) . The definitions of the higher-order correlations among parameters, which

are used together with those shown in Equations (66)-(68) to construct the moments of
the distribution of computed responses (i.e., results of interest computed using the
model), are presented in Appendix A.

A model response is a function (implicit and, occasionally, explicit) of the model pa-
rameters and is denoted as 7, (@) . Evidently, the model response is also an imprecisely

known quantity, subject to uncertainties stemming from the model parameters, in addi-
tion to uncertainties stemming from the numerical computational procedures. A model
response thus comprises by both systematic and random errors. For subsequent mathe-
matical operations, it is convenient to consider that the responses 7, (@), k=1,...,TR,

where TR denotes the “total number of responses” computed using the model, are the
components of the vector of responses denoted as r(a) 27 (a),....7, (oz)]T .

Conceptually, the computational model’s responses can be considered to obey an un-
known multivariate probability distribution function, denoted as p, (r), which is defined

on a domain denoted as D, e R™ and is normalized such that j p.(r)dr =1. Further-
D,

more, the parameters and computed responses can be considered to follow a joint proba-

bility distribution function denoted as p, (u,r) Zp, (u) D. (r) , which is not known, but is

formally defined on a computational domain denoted as D, = D, w D, , which comprises

the reunion of the domains of definitions of all of the model’s parameters and responses,

and is properly normalized, i.e., I p.(a,r)dadr =1. The subscript “c” is used to indicate
D(.

quantities pertaining to the “computational model”.

In addition to results produced by computational models, in practice there also exist
independent measurements of responses and parameters, which are subject to uncertain-
ties which stem from the respective measurement devices and procedures, independently
of the computational model. Since such measurements are scalar quantities which are
compared to the computational results, it is convenient to consider that the computational
responses are also real-valued scalar quantities, to enable direct comparisons with the cor-
responding measured responses.

Since the system’s response is a function of the system’s parameters, it is assumed
that each computed response can be formally expanded in a multivariate Taylor-series
around the parameters’ mean values. In particular, the fourth-order Taylor-series of a sys-
tem response, denoted as 7, (), around the expected (or nominal) parameter values "

has the following formal expression:
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oo (a) 1P o)
’k(“):rk(“ )’LZ{T} Sa, +— ZZ{aa e } da; oa;,

Ji=l i 1,

P TP TP R
+—222{ﬂ} Sa, b, b, (69)

1t 7y aahaa]z 80{_[3

==l i=l/= aa/l aa/z 8(1/.3 aah

In Equation (69), the quantity r, (aO) indicates the computed value of the response

using the expected/nominal parameter values a’ £(z/,....a;, )T , while the notation { },

indicates that the quantities within the braces (i.e., first- and second-order sensitivities of
the response with respect to the parameters) are also computed using the expected/nom-
inal parameter values. The quantity ¢, in Equation (69) comprises all quantifiable errors

in the representation of the computed response as a function of the model parameters,
including the truncation errors 0(5aj )5 of the Taylor-series expansion, possible bias-er-

rors due to incompletely modeled physical phenomena, and possible random errors due
to numerical approximations. The radius/domain of convergence of the series in Equation
(69) determines the largest values of the parameter variations da, which are admissible

before the respective series becomes divergent. In turn, these maximum admissible pa-
rameter variations limit, through Equation (67), the largest parameter covariances/stand-
ard deviations which can be considered for using the Taylor-expansion for the subsequent
purposes of computing moments of the distribution of computed responses.

As is well known, and as indicated by Equation (69), the Taylor-series of a function
of TP -variables [e.g., 7, ()] comprises TP Ist-order derivatives, TP(TP+1)/2 dis-

tinct second-order derivatives, and so on. The computation by conventional methods of

the n" -order functional derivatives (called “sensitivities” in the field of sensitivity anal-
ysis) of a response with respect to the 7P -parameters (on which it depends) would re-

quire at least O( P”) large-scale computations. The exponential increase —with the or-

der of response sensitivities—of the number of large-scale computations needed to deter-
mine higher-order sensitivities is the manifestation of the “curse of dimensionality in sen-
sitivity analysis”, by analogy to the expression coined by Belmann [41] to express the dif-
ficulty of using “brute-force” grid search when optimizing a function with many input
variables. The “nt-order Comprehensive Adjoint Sensitivity Analysis Methodology for
Nonlinear Systems” (nt-CASAM-N) conceived by Cacuci [20] and the “nt-order Compre-
hensive Adjoint Sensitivity Analysis Methodology for Response-Coupled Forward/Ad-
joint Linear Systems” (n*-CASAM-L) conceived by Cacuci [21] are currently the only
methodologies that enable the exact and efficient computation of arbitrarily high-order
sensitivities while overcoming the curse of dimensionality.

Uncertainties in the model’s parameters will evidently give rise to uncertainties in

the model responses 7, (). The approximate moments of the unknown distribution of

r.(a) are obtained by using the so-called “propagation of errors” methodology, integrat-

ing formally, over the unknown distribution, various expressions involving the truncated
Taylor-series expansion of the response provided in Equation (69), as first performed by
Tukey [42]. Tukey’s results were generalized to sixth-order by Cacuci [21].

The expectation value, E (rk), of a response 7, (a) is obtained by integrating for-

mally Equation (69) over p,(a.r),ie.:
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E (r)% 1‘! 1. () p, (a,r)dodr . 70)
The approximations of E(r,) up to fourth-order in the parameters’ standard devi-

ations are presented in Appendix A.
The expression of the correlation between a computed responses and a parameter
variance, which is denoted as cov(«,,r, ), is defined below

cov(a,,n )= LJ: e[ 1, (a)—E, (1)]p, (a.r)dodr . 71)

The approximations of cov(e;,,r,) up to fourth-order in the parameters’ standard

deviations are presented in Appendix A.
The covariance between two responses 1, and r, is denoted as cov(r,,r,) and is

defined below:
cov(r,,r, )2 J [ (a)-E, (r)][r (a)-E.(r)]p. (a.r)dadr . 72)
DL
The approximations of cov(r.,r,) up to fourth-order in in the parameters’ standard
deviations are presented in Appendix A.
It is assumed in this work that the only information about the distribution p, (u,r)

is provided by the known first- and second-order moments of the joint distribution of
model parameters and responses defined by Equations (66), (67), (70), (71) and (72). t is
well known that when the underlying distribution p, ((1, r) needs to be determined from

such incomplete information, the principle of maximum entropy (MaxEnt) originally for-
mulated by Jaynes [17] provides the optimal compatibility with the available information,
while simultaneously ensuring minimal spurious information content. According to the

MaxEnt principle, the probability density p, (,r) would satisfy the “available infor-

mation” without implying any spurious information or hidden assumptions if:

(i) p.(er) maximizes the Shannon [43] information entropy for the computational
model, S, defined below:

S, :_IPc(a,r)ln[pc(a,r)]dadr, -

DL

(ii) p.(a,r) satisfies the “moments constraints” defined by Equations (66), (67), (70),
(71) and (72);
(iii) p, (a,r) satisfies the normalization condition:

l!‘ p.(a,r)dadr =1. 74

The MaxEnt distribution p, (a.r) is obtained as the solution of the constrained var-
iational problem &H, (p,) / dp. =0, where the entropy (Lagrangian functional) H, ( pc) is

defined as follows:
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—il“{[ rp. (ar)dadr—E, (7, )}—ii}z{j a,p. (a,r)dadr—a,.o}

D(

__222,1‘11 [J'rkrpC a, r)d(ldr cov(rk, )—Ec (rk)Ec (r,)} (75)

2433 D,

TR TP
>y A [ I rna,p, (o,r)dadr —cov(r,,r,)—E,(r, )af’}

TP TP

__22122 {J‘a a,p, (o.r)dodr - cov(a,,a, ) - aoaf}.
i=l j=1
In Equation (75), the quantities /1 , ﬂ , /1,21), /1,51[2) , and i,ffn denote the respec-
tive Lagrange multipliers, and the factors 1/2 are introduced for subsequent computa-
tional convenience.
Solving the equation 0H (p,) / Op. =0 yields the following expression for the result-

ing MaxEnt distribution p, (z):

1 N
p.(z) =—ZL. (b’A(‘)exp(—bfz—Ez’Aczj , (76)

“ /I

where the subscript “c” indicates quantities related to the computational model and where
the various vectors and matrices are defined as follows:

1 2
; A0 /11( ) /11( )
zZ= ( j; b é ) ; k(l) é . R ;\‘(2) é . : (77)
a A
W
Al A2 /11(11 ) ¢ /11(112
A ¢ <. maj (11) .« |-
A = A2 ! A® [ A= A ’
|: c j| ¢ (1) (1)
ATR,] * ATR,TR
(78)
AN e A AT e AT
A 2, 1182) . AW AL 115/22)
(12) . 202) (22) . (22)
R TR TP Pl P,TP

The normalization constant Z,(b,A_) in Equation (76) is defined as follows:

Z,(b,A,)= I exp (—bfz —%Z+Acz]d1; dz =daodr. (79)
D,

In statistical mechanics, the normalization constant Z, is called the partition func-
tion (or sum over states) and carries all of the information available about the possible
states of the system, while the MaxEnt distribution p, (z) is called the canonical Boltz-
mann-Gibbs distribution. The integral in Equation (79) can be evaluated explicitly by con-
servatively extending the computational domain D, to the entire multidimensional real

vector space R, where N 2TR+TP, to obtain the following expression:
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S (27[)1\//2 [1b’A ‘b)
Z (b,A,)= exp(—b’z——z*AchdF—ez : 80
(bA)=| : oo (2] (80)

RY

The Lagrange multipliers are determined in terms of the known information (means

and covariances of parameters and responses) by differentiating the “free energy”
;

F(b,C,) 2-InZ, (b.C.) with respect to the components of the vector b é(k(l),k(z) ) to

obtain the following expressions:

F z——zz
m:_j e [np.(ox)dz=E (r) k=1..TR;  (81)

DA

- fz—lzf z
%ﬁ‘) = ZLCLJ; a[e( P jalz = 5[ a.p, (e.r)dedr=a;;i=1,....TP. (82)

The results obtained in Equations (81) and (82) can be collectively written in vector-
matrix form as follows:

OF b,Cc A 7 A t
% =z, 7,= [EC (r),aOJ c E (r)2[E (r).E. ()] - (83)
On the other hand, it follows from Equation (80) that
oF (b,C,) y
——==-A_b. (84)
ob
The relations obtained in Equations (83) and (84) imply the following relation:
b=-Az,. (85)
Differentiating a second time the relation provided in Equation (81) or (82) yields the
following relations:

52F (b’Cc ) 1 aZL 1 (7b'szlz+AL,z]
o) | Z oA (r")+Z_cz{ rluc 2 e

‘ (86)
=E (1) E.(r)=E.(r;1,) 2 =cov(r,n); jk=1...TR.
0’F (b,C, . '
a/1.(2()—6%((1))ZEL.(I’,()OC,-O—EL,(Oé,.rk)Z—cov(oti,rk);l:l ..... TP; k=1,..., TR; (87)
o’F(b,C,) N
Wza,-oaf—Ec (al.aj)é—cov(ai,aj); i,j=L...,TP. (88)
i i

The results obtained in Equations (86)—(88) can be collectively written in vector-ma-
trix form as follows:

&*F (b,C,) 2 [C0 €T o -
B S R

(89)
A ar t aa A
Cc = [cov(rk,a,. ):ITRXTP = (CC ) S |:COV((Z[,O{/ ):ITPXTP ’
On the other hand, it follows from Equation (84) that
2
F
a (b’CL) — _A—I (90)

obob <

The relations obtained in Equations (89) and (90) imply the following relation:
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Al'=C,. 1)

Introducing the results obtained in Equations (84) and (91) into Equations (76) and

(80) yields the following expression for the MaxEnt distribution p, (Z ZU,CC) :
(27) " [ I - }
\z|z,,C,)=——=exp| ——(z~-2,) C (z-z,)]|. 92
r.(zfz.C.) AN S(z-z) Cl(z-z,) (92)

3.2. Construction of the Second-Order-Accurate MaxEnt Probability Distribution p, (z

Ze 4 Ce )
of Experimentally Measured Responses

In addition to information regarding the computational model’s responses and pa-
rameters, in practice there also exists experimental information about the responses and
model parameters, which are obtained independently of computations. In the most com-
prehensive setting, there would be independent measurements for the computed re-
sponses, for the model parameters and for measured correlations between the model pa-
rameters and the measured responses. In this idealized setting, each one of the computed
responses would also be measured experimentally, so that information about the mean
values and covariances for a total number 7R of experimentally measured responses
would also be available. The mean values of the experimentally measured responses are
denoted as #°, i=1,...,7R, and the covariances of two measured responses are denoted

as cov(r,.,rj) , i,j=1,...,TR . The letter “¢” is used either as a superscript or a superscript

to indicate experimentally measured quantities. Similarly, experimentally-determined
values for the expected values «f , i=1,...,7TP , and newly measured covariances
cov(ai,a j) for the model parameters could also be available. In principle, it is also pos-

sible to obtain correlations between some measured responses and some model parame-
ters. In the nuclear energy field, for example, an important measured detector response is
the fission rate in a material (e.g., reactor fuel) which contains (fissionable) uranium-235.
However, the fission cross section of uranium-235 would also be a model parameter in the
computation of the fission reaction rate, which would thus be correlated to the response.

Formally, the measured responses and parameters are considered to follow a joint

unknown probability distribution function, which can be denoted as p, (a,r) and which
is formally defined on a domain denoted as D, e R"; N £TP+TR . The means and covar-
iances of the experimentally measured responses can be defined formally as follows:

re éj rp,(o,r)drda, i=1,.. TR (93)
D

cov(r,.,rj)e 2 I (’? —ri")(rj —rj")pe(a,r)drda; i,j=1...,TR. (94)
D,

The expected values of the measured responses are considered to constitute the com-
ponents of a vector denoted as r, = (rl" ,...,r;R) . The covariances (i.e., standard deviations

and correlations) of the measured responses are considered to be components of the
TRxTR -dimensional covariance matrix of measured responses, which are denoted as

Cc’ é[cov(rl.,rj) ] . Similarly, the mean values and covariances for the additional
¢ ITRxTR

measurements of model parameters can be formally represented as follows:

af ébl. a;p,(a.r)drda, j=1,..,TP. (95)
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The expected values of the measured parameters are considered to constitute the

components of a vector denoted as a, = (af,..., Oy ) . The covariance, cov(ai ,Q ) , of two
e

independently/newly measured parameters, «;, and «,, is defined as follows:

cov(ai,aj )e 2 I Sa; e p, (a,x)drdo; i, j =1,..,TP; Saf 2 o, —arf. (96)
b,

The covariances cov(a,.,a j) would constitute the components of the covariance
e
matrix, denoted as C?“, of newly measured parameters. When correlations, denoted as
cov(ai,rj> , between the measured responses and the model parameters are available,
e

they can formally be considered to be elements of a (very sparse, in practice) rectangular

correlation matrix which is denoted as C%" = [cov(a. r.) J , where
€ ITPxTR

2l
cov(ai,rj) ES j (a,. —af)(rj —r;)pg((l,l‘)dl‘d(l; i=1,...,TP;j=1,...,TR.

e
D,

97)

The MaxEnt principle [17] can now be applied to construct the least informative (and

hence, most conservative) distribution using the information provided by the vector of

. . . o A
mean experimental values r, and covariance matrices C. =[cov(rl.,r/.) J and
7 /e ITRxTR

cr = [cov(a. r.) ] . This MaxEnt distribution for the experimentally measured re-
e IrpxTR

27

sponses is denoted as p, (z ze,Ce) and is constructed by applying the same steps as those

leading to Equation (92), above, to obtain the following expression:

(27) "
Det(C,)

ce|C < i " 99
= ,' 7z = ,' 7z = .
e C zzr C Zza a e o . ( )

3.3. Construction of the Complete Second-Order-Accurate Joint Posterior MaxEnt Probability
Distbribution of Computed and Measured Responses and Model Parameters

ze,C€)=

pe(z exp{—%(z—zey c (Z—Ze):l, (98)

where

The joint posterior probability distribution of all computed and experimentally meas-

1

ured quantities, which is denoted as p, (z|zp,Cp) where the subscript “p” indicates
“posterior,” is obtained as the properly normalized product of the distributions
D, (z|z£,,Ce) and p, (z|z‘,,Cc ) The posterior probability p, (z|zp,Cp) is defined on the
domain D, obtained as the union of the computational and experimental domains, i.e.,

D, £ D, uD,. Straightforward, albeit tedious, algebraic computations lead to the follow-

ing expression for p, (z|zp,Cp) :

Py (Z|Zﬂ’cp)é P, (Z Zf’Cc)pe (Z|Ze’Cv) =Kexp[—%Q(Z|Zp,Cp )}’ (100)

where the normalization constant K and the quadratic form Q(z »C p) have the fol-

lowing expressions, respectively:

K= (Zzz)fN/2 [Det(Ca +C, )]71/2 exp |:—%(ZC -z, )T (C.+cC, )71 (z, -z, )}, (101)
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0(zle,.C,) % (2-2,) € (2-2,): (102)
c, 2(c'+c') =c,-c (c.+c,)'c.=C,-c (C.+C,) ' C,; (103)
z,2C,(C'z,+C'z,). (104)

The expression obtained in Equation (100) provides the exact first-order (mean val-
ues) and second-order (variances and co-variances) of the most comprehensive combined
distribution of computations and measurements of responses and parameters. In practice,
such a comprehensive amount of experimental information is highly unlikely to be avail-
able. Furthermore, even if such massive amount of experimental information were avail-

able, the inversion of the matrix (C,+C, )71 would require massive computational re-

sources for large systems involving many parameters.

3.4. Practical Situation: Only Response Measurements Are Available to Be Assimilated

In practice, the information (mean values and covariances) about the model parame-
ters indicated in Equations (66)—(68) is obtained prior to using this information in a model
and, hence, for computing responses using the respective model. Additional experimental
information would usually be available only about the responses of interest. Any experi-
mental information that might be available about the model parameters and/or about cor-
relations between some model parameters and some responses would need to be assessed
against the similar information already available in the covariance/correlation matrices
C™ and/or C.”,so the respective experimental and computational information could be

combined into the appropriate components of these matrices. In practice, therefore, only
information that becomes additionally available about measured responses would need

to be assimilated explicitly, i.e., only the components of the vector r, £ (rl",..., Trn )+ and of

the matrix C7 = [cov(r,.,rj) ] would become available for assimilation and predic-
€ ATRxTR

tive modeling. These measured responses would be considered to follow an unknown
probability distribution function, denoted as p, (r) and defined on a domain denoted as

D, e R™, so that the expressions in Equations (93) and (94) would take on the following
forms, respectively:

e A .[ rp,(r)dr, i=1,.. TR (105)
De

COV(”I-J,-)B £ I (r;, —r[")(rj —rj")pe(r)dr; i,j=1...,TR. (106)
D,

The MaxEnt distribution corresponding to the information provided in Equations
(105) and (106) has the following expression:

p(rlr.Cr)=(2) ™ [Det(c)] " exp [—%(r ) (cr) (r-x, )}. (107)

Furthermore, when only the experimental information represented by the distribu-

tion p, (r

r,,C/ ) is available, the posterior joint probability distribution of the computed

and measured quantities, which is denoted as p, (r,a)= pc(z

z,C, )p(, (r|re,C;’) and
which is considered to be defined on the corresponding domain D, , takes on the follow-

ing form:



Energies 2023, 16, 933

25 of 37

p (r.a)= Nexp[—%Q(r,G)} N { j exp[—%Q(r,a)}dadr]l;

O(r.a)2(z-z2,) C'(z-z,)+(r-r,) (C/ )71 (r-r,).

The posterior distribution represented by Equation (108) is evidently not Gaussian.
The posterior mean values for the best-estimate predicted responses and parameters are
defined as before, namely:

(108)

-1
r, = {j p, (a,r)da dr} I rp, (a,r)dadr; (109)
D, D,
-1
o, = [I P, (u,r)dadr] j op, (a,r)dadr; (110)
D, D,

The evaluation of the integrals appearing in Equations (109) and (110) can be per-
formed to a high degree of accuracy, with a controlled error, by employing the saddle-
point (Laplace) method [44—46]. For a ratio of integrals of the form

I =Uexp[—g(z)]dz]_l Jf(z)exp[—g(z)]dz, (111)

the saddle-point (Laplace) method yields the following result [44—46]:

7 A Ay Alsiy 1 5 7
I= f - i gfzfsz g " g+ Ef‘jl‘fz gj b O(f‘jl‘fzjz ) (112)

where:

(i) the derivative of a function with respect to a component of z is denoted using a
subscript, e.g., f,20f/oz,, f, 20" f/dz0z,, i,j=1,..,T] ,where TI denotes the to-
tal number of independent variables;

(if) the superscripts denote the respective component of the inverse Hessian of the re-
spective function, e.g., f” denotes the (i, j ) -element of the inverse Hessian matrix

L]

(iif) an index that appears as a subscript and a superscript implies a summation over all
possible values of that index;
(iv) the “hat” denotes that the respective quantity is evaluated at the saddle point of

exp[—g(z)] , which is defined as the point at which the gradient
g,(z)=(0g/0z,,...,02/0z;,) of g(z) vanishes,ie., g,(z)=0.
The saddle-point of p, (r,a) is denoted as (r,,a,) and is defined by the following

relations:

aQ(g:’“) —0, aQ(g;’“) =0, at (r.0)=(r..a,). (113)

To obtain the partial gradients (differentials) shown in Equation (113), it is convenient
Cll C12
CZl C22
Equations (99) and (83) in Equation (108) to expand the functional Q(r,a) in the follow-

to write the matrix C.' in the form C' :( j, and use this form together with

ing form:
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O(r.a)=[r-E, (r)]T C,[r-E (r)]+[r-E, (r)}+ C, (u—ao)
+(a—a°)* C,[r-E, (r)}+(az—0z°)T C, (m—oz")+(r—r{,,)T (CQ’)_] (r-r,).

Taking the partial differentials of the expression in Equation (114) yields the follow-
ing equation at (r,a)=(r,,0,):

r-E.(r))__(cr c\(cr) (r-x) (115)
o, —o cr ¢ 0 '

s

(114)

Solving Equation (115) leads to the following expressions for the saddle point coor-
dinates r, and a_:

r,=r,+C/(Cr+C) [E (r)-r.]. (116)
a, =o' ~C(Cr+C7) [E (r)-r] (117)

Using the results obtained in Equations (112), (116) and (117) in Equations (109) and
(110), respectively, yields the following results for the best-estimate predicted values for
the responses and, respectively, calibrated parameters:

r,=r =r,+C’(C’+C’) [E, (r)-r]; (118)
a, =0, =0"~C"(Cr+C’) [E, (r)-r.]. (119)

Since the components of the vector E_(r), and the components of the matrices C’
and C can contain arbitrarily high-order response sensitivities to model parameters, as
shown in Appendix A, the formulas presented in (118) and (119) generalize all of the pre-
vious formulas of this type found in data adjustment/assimilation procedures published
to date (which contain at most second-order sensitivities). The best-estimate parameter
values are the “calibrated model parameters” which can be used for subsequent compu-
tations with the “calibrated model”.

The second-order moments of the posterior distribution P, (r,a) comprise the co-
variances between the best-estimated response, which are denoted as C;,, the covariances
between the best-estimate parameters, which are denoted as CY,, and the correlations
between the best-estimate parameters and responses, which are denoted as C” . The ex-
pression of the “best-estimate” posterior parameter covariance matrix C for the best-
estimate responses r,, is derived by using the results given in (118) and (119) to obtain
the following expressions:

cr 2 j (r-r,)(r-r,) p,(ar)dodr =C/ -C] (C +C )’l Ccr. (120)

D,

The following important result has been used to obtain the final expression provided
in Equation (120):

[E,(r)-r, |[E, (r)—rg]T =[r-r,—r+E (r)][r-r,-r+E, (r)T =C/'+C/. (121)
As indicated in Equation (120), the initial covariance matrix C. for the experimen-
tally measured responses is multiplied by the matrix [I —(C:' +Cr )_] C;”J , which means

that the variances contained on the diagonal of the best-estimate matrix C;, are smaller
than the experimentally measured variances contained in C. . Hence, the incorporation
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of experimental information reduces the predicted best-estimate response variances in
C,. by comparison to the measured variances contained a priori in C. . Since the com-
ponents of the matrix C] contain high-order sensitivities, the formula presented in
Equation (120) generalizes all of the previous formulas of this type found in data adjust-
ment/assimilation procedures published to date (which contain at most first-order sensi-
tivities).

The expression of the “best-estimate” posterior parameter covariance matrix Cj~
for the best-estimate parameters a,, is derived by using the result given in Equation
(119) to obtain:

c 2 [(a-a,)(a-a,) p,(ar)dedr =C ~C” (C7 +C ) C. (122)
D,

The matrices C** and C¥ (C’: +Cr )7I C’* are symmetric and positive definite.
Therefore, the subtraction indicated in Equation (122) implies that the components of the
main diagonal of C;¢ must have smaller values than the corresponding elements of the
main diagonal of C**. In this sense, the combination of computational and experimental
information has reduced the best-estimate parameter variances on the diagonal of C;7.
Since the components of the matrices C**, C", and C! contain high-order response
sensitivities, the formula presented in Equation (122) generalizes all of the previous for-
mulas of this type found in data adjustment/assimilation procedures published to date
(which contain at most first-order sensitivities).

The expression of the “best-estimate” posterior parameter correlation matrix C;’
and/or its transpose C,7, for the best-estimate parameters a, and best-estimate re-
sponses T, , are derived by using the results given in Equations (118) and (119) to obtain
the following expressions:

(oh j (a—a,)(r-r,) p, (a.r)dadr=C (cg" +C7 )71 Cc’, (123)

D,

Cr 2 [ (r-r,)(a-a,) p,(ar)dedr=C7 (C7 +Cr) " =(c)'. (124)
D,

Since the components of the matrices C2" and C! contain high-order sensitivities,
the formulas presented in Equations (123) and (124) generalize all of the previous formu-
las of this type found in data adjustment/assimilation procedures published to date
(which contain at most first-order sensitivities).

It is important to note from the results shown in (118)—(124) that the computation of
the best estimate parameter and response values, together with their corresponding best-

. . . . . | ) . .
estimate covariance matrices, only requires the computation of (Cd +C/ ) , which entails

the inversion of a matrix of size TRx7TR . This is computationally very advantageous,
since TR < TP, i.e., the number of responses is much less than the number of model pa-
rameters in the overwhelming majority of practical situations.

The minimum value, Q,;, =0(w,,.r,, ), of the quadratic form Q(a,r), takes on the

m

following expression, which is obtained by using Equation (115):

Q — 42— rbe _Ec' (r) T CZ’ C:a : rbé’ _E¢ (r)
min Z abe _ aO C?’ CU“z (],be —(10 (125)

+(r,, -1, )T (C:’ )71 (r, -r,)= [EC (r) —re]T (C:f +C” )71 [EC (r)—rg].
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As the expression obtained in Equation (125) indicates, the quantity O, .

represents
the square of the length of the vector [EC (r)-r, :I , measuring (in the corresponding met-

ric) the deviations between the experimental and nominally computed responses. The
quantity Q. can be evaluated directly from the given data (i.e., model parameters and

computed and measured responses, together with their original uncertainties) after hav-
ing computed the matrix (C:’ +C/ )_1 . As the dimension of the vector [EC (r) —rg} indi-

cates, the number of degrees of freedom characteristic of the calibration under considera-
tion is equal to the number TR of experimental responses. It is important to note that
0., is independent of calibrating (or adjusting) the original data. In the extreme case of

absence of experimental responses, no actual calibration takes place. An actual calibration
(adjustment) occurs only when including at least one experimental response.

The variate Q. follows a y*-distribution with TR degrees of freedom, where
TR denotes the total number of experimental responses considered in the assimila-
tion/calibration (adjustment) procedure. Thus, the quantity Q. is the “ * of the cali-

bration at hand” and can be used as an indicator of the agreement between the computed
and measured responses (which depend on the model parameters). Recall that the z*-

distribution is a measure of the deviation of a “true distribution” (in this case, the distri-
bution of experimental responses) from the hypothetic one (in this case, a MaxEnt distri-
bution constructed from the available information regarding mean values and correla-
tions/covariances). For predictive modeling it is important to assess if: (i) the response and
data measurements are free of gross errors (blunders such as wrong settings, mistaken
readings, etc.), and (ii) the measurements are consistent with the assumptions regarding
the respective means, variances, and covariances.

3.5. Characteristics of the BERRU-PM-2+ Methodology: Summary

The end-results of BERRU-PM-2+ methodology introduced in Section 3.4, above, are
the expressions presented in Equations (118)—(125). An examination of these expressions
highlights the fact that they can be utilized both for “forward/direct predictive modeling”
and for “inverse predictive modeling”. The “forward” or “direct problem” solves the “pa-
rameter-to-output” mapping that describes the “cause-to-effect” relationship in the phys-
ical process being modeled. The “inverse problem” attempts to solve the “output-to-pa-
rameters” mapping. In particular, “measurement problems” are “inverse” to the direct
problem, in that they seek to determine (from measurements) the properties of the host
medium (e.g., composition, geometry, including internal interfaces) or the properties of
the source (e.g., strength, location, direction) and/or the size of the medium on its bound-
aries. Such inverse problems are encountered in fields as diverse as astrophysics (in which
one measures the intensity and spectral distribution of light in order to infer properties of
starts), nuclear medicine (where radioisotopes are injected into patients and the radiation
emitted is used in diagnostics to reconstruct body properties, e.g., tumors), non-destruc-
tive fault detection in materials, underground (oil, water) logging, and detection of sensi-
tive materials. Some authors further group such inverse problems into “invasive”, when
the interior particle distribution is accessible for measurements, as opposed to “non-inva-
sive” ones, in which only particle distributions on the boundaries of (or exterior to) the
medium can be measured.

Inverse problems are fundamentally ill-posed and/or ill-conditioned, unstable to un-
certainties in the model parameters and/or the experimental measurements. In particular,
inverse problems involving differential operators are ill-posed because the differentiation
operator is not continuous with respect to any physically meaningful observation topol-
ogy. The existence of a solution for an inverse problem is in most cases secured by defining
the data space to be the set of solutions to the direct problem. This approach may fail if
the data is incomplete, perturbed, or noisy. If the uniqueness of a solution cannot be se-
cured from the given data, additional data and/or a priori knowledge about the solution
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need to be used to restrict the set of admissible solutions. In particular, stability of the
solution is the most difficult to ensure and verify. If an inverse problem fails to be stable,
then small round-off errors or noise in the data will amplify to a degree that renders a
computed solution useless. The procedures used to solve approximately an ill-posed
problem are called “regularization” procedures and are customarily categorized as “ex-
plicit” or “implicit”; see, e.g., [47—49]. The historically older explicit methods attempt to
manipulate the forward model equations in conjunction with measurements in order to
estimate explicitly the unknown source and/or other unknown characteristics of the me-
dium. On the other hand, implicit methods combine measurements with repeated solu-
tions of the direct problem obtained with different values of the unknowns, iterating until
an a priori selected functional, usually representing the user-defined “goodness of fit”
between measurements and direct computations, is reduced to a value deemed to be “ac-
ceptable” by the user.

Since the framework of BERRU-PM methodology (including its present extension,
BERRU-PM-2+) comprises the combined phase-space of parameters and responses, it can
be used for solving both forward/direct and inverse problems. The solution of forward/di-
rect problems is provided by the expression for the predicted best-estimate response given
in Equation (116) together with the corresponding reduced predicted uncertainties pro-
vided by Equation (120). The remaining expressions for the best-estimate predicted pa-
rameters and their reduced predicted uncertainties provided in Equations (117), (122),
along with the parameter-response correlations provided in Equation (123) and the
“goodness of fit indicator” provided by Equation (125) are additional features which the
BERRU-PM methodology provides. Conversely, the solution of “inverse problems” is
provided by the expressions for the best-estimate predicted parameters and their reduced
predicted uncertainties provided in Equations (117) and (122). The superior accuracy pro-
vided by the BERRU-PM methodology (by comparison to the traditional methods based
on the minimization of chi-square/least-squares-type functionals for solving inverse prob-
lems) has been demonstrated in [16] for the inverse prediction, from detector responses in
the presence of counting uncertainties, of the thickness of a homogeneous slab of material
containing uniformly distributed gamma-emitting sources. In particualar, it has been
shown in [16] that for optically very thin slabs, both the traditional chi-square-minimiza-
tion methods and the BERRU-PM methodology predict the slab’s thickness accurately.
For optically thick slabs, however, the traditional inverse-problem methods based on the
minimization of chi-square-type functionals fail to predict the slab’s thickness, while the
BERRU-PM methodology correctly predicts the slab’s actual physical thickness when pre-
cise experimental results are assimilated, while also predicting the physically correct re-
sponse within the selected precision criterion.

As shown in Appendix A, the expressions of the moments of the joint distribution of
computed responses and model parameters defined in Equations (70)—(72), in terms of the
moments of the distribution of model parameters, explicitly include the third- and higher-
order sensitivities of responses with respect to the model parameters, as well as the sys-
tematic and random errors that would stem from incomplete modeling and numerical
truncations. The expressions provided in Appendix A also indicate the path for incorpo-
rating explicitly higher-order sensitivities, if available. Since BERRU-PM-2+ mathematical
framework introduced in Section 3 of this work enables the use of higher-order sensitivi-
ties, it is expected that the BERRU-PM-2+ methodology will improve considerably the al-
ready unparalleled efficiency and accuracy of the extant BERRU-PM methodology.

4. Discussion, Conclusions and Outlook

Although they are not identical, the data adjustment and data-assimilation method-
ologies share several fundamental common features which stem from their common root
in least-square minimization procedures, so the expressions of the end-results produced
by these methodologies look similar. Neither of these methodologies use the complete
first-order information, however. The data-adjustment methodology is incomplete in
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first-order because it has no provisions for incorporating the first-order correlations be-
tween the model parameters and the computed responses, which are defined by Equation
(71) and which can be readily computed, as shown in Appendix A. Even though the pro-
vision for incorporating the correlations defined in Equation (4) between measured re-
sponses and model parameters is extant, this provision has not been used in applications
thus far because of lack of actual data.

The applicability of the data-adjustment methodology is also restricted by the do-
main of applicability of the “generalized linear least-squares methodology” (GLLSM),
which requires that: (i) the uncertainty of the calculated response (e.g., neutron multipli-
cation factor) be dominated by uncertainties in the data (e.g., cross sections, neutron mul-
tiplicities, fission spectra), having negligeable systematic errors; and (ii) the data uncer-
tainties be sufficiently small for approximating the response (e.g., neutron multiplication
factor) by a first-order Taylor-series expansion about the values of the given data. The
analysis performed in [50,51] indicated that neither condition is fulfilled in general, since
(i) the linear perturbation assumption underlying the GLLSM predictions breaks down
for relative standard deviations (in the data) larger than ca. 1%; and (ii) systematic errors
larger than ca. 1% also cause the brake-down of the GLLSM predictions, since such sys-
tematic errors are not explicitly considered within the GLLSM formalism. Consequently,
for real application cases, which are always characterized by systematic computational
errors, the work reported in [50,51] indicates that true coverage probabilities of GLLSM
confidence intervals for the computational bias may strongly differ from their expected
confidence levels, particularly if a chi-square filter is used. The user-defined “cost func-
tional” represented by Equation (1), which is minimized in the least-square sense, cannot
be extended in an obvious manner to incorporate higher-order correlations and sensitivi-
ties. A fundamentally different type of “cost functional” would need to be introduced for
incorporating higher-order correlations and sensitivities, the form of which has not been
produced yet in the literature.

The data-assimilation methodology is also incomplete in first-order because it has no
provisions for incorporating the first-order correlations between the model parameters
and either the computed or the measured responses; specifically, neither the information
represented by Equation (71) nor the information represented by Equation (97) can be
incorporated in the user-defined cost functional underlying the extant data-assimilation
methodologies. On the other hand, the currently most advanced 4D-VAR data-assimila-
tion methodologies (including the extended/ensemble Kalman filter, second-order filter
and variants thereof; see, e.g., references [11-14]) allow the incorporation of some partial
second-order information through the so-called “Hessian-vector product” which appears
as an additional term in the model dynamics/forecast step and the data assimilation step.
Thus, although the most advanced data-assimilation methods can be considered to be
“more inclusive” —in the sense of incorporating some partial second-order information—
than the most advanced data-adjustment methods, neither of these methodologies are
complete regarding the incorporation of all extant first- and/or second-order information,
and neither methodology provides a mechanism (even a theoretical one) for incorporating
response sensitivities (to model parameters) higher than first-order and/or incorporating
correlations among responses and/or parameters higher than second-order. Of course, the
predictions of the data adjustment or assimilation methodologies are also limited to first-
order mean values and second-order covariances/correlations for parameters or re-
sponses.

The first-order (in response sensitivities) BERRU-PM methodology [16] is based on
the MaxEnt principle rather than least-squares minimization, thereby eliminating the
user-introduced preference (bias) in the definition of the functional “describing the dis-
crepancies between computations and measurements” which is to be minimized. Alt-
hough the end-products of the BERRU-PM procedure look superficially similar to those
produced by the data adjustment and/or data assimilation procedure, the BERRU-PM pro-
cedure differs fundamentally from the data adjustment/assimilation procedures, both
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regarding the actual contents of its end-products and also the potential for further gener-
alization to higher-order, which are inherent to the BERRU-PM methodology [16] but are
lacking within the frameworks of the other aforementioned methodologies.

Extending the BERRU-PM methodology [16], the BERRU-PM-2+ methodology pre-
sented in Section 3 of this work also employs the MaxEnt principle instead of a user-de-
fined “cost functional to be minimized”. Employing the MaxEnt principle not only elimi-
nates the impact of the user-defined functional which predetermines the outcome of the
respective methodology’s predictions, but also makes it possible to incorporate the com-
plete first- and second-order information (sensitivities and correlations among parameters
and responses, computed and measured) by considering the complete joint-phase-space
of parameters, computed and measured responses. By setting its mathematical framework
in this most-inclusive phase-space, the BERRU-PM-2+ methodology can be used for solv-
ing both forward/direct problems and inverse problems, not only for applications related
to energy-systems but for applications in all fields that combine computational and exper-
imental information to produce best-estimate predictions for results of interest (responses)
while also calibrating/improving the models of the underlying physical systems. Further-
more, the novel MaxEnt-based BERRU-PM-2+ methodology introduced in Section 3 ex-
plicitly includes the third-and fourth-order response sensitivities to model parameters,
and clearly indicates the path for incorporating explicitly higher-order sensitivities, if
available. The BERRU-PM-2+ expressions also comprise quantities representing the sys-
tematic and random errors that would stem from incomplete modeling and numerical
truncations. It is therefore expected that the BERRU-PM-2+ methodology will further im-
prove the already unparalleled efficiency and accuracy of the extant first-order BERRU-
PM methodology.

The data-assimilation methodology is widely used in the atmospheric and geophys-
ical sciences. On the other hand, predictive modeling applications to energy-related fields
are very few, with the highly notable exception of applications in the nuclear energy field,
where the original data-adjustment methodology was conceived. The perspective on the
available predictive modeling methodologies presented in this work and, in particular,
the introduction in this work of the BERRU-PM-2+ methodology, also aim to motivate a
much wider use of predictive modeling in the energy sciences for obtaining best-estimate
results with reduced uncertainties. In practice, predictive modeling methodologies should
be an integral part of model validation methodologies to be applied prior to model quali-
fication and licensing considerations.

Ongoing work aims at extending the BERRU-PM-2+ methodology to provide infor-
mation about the joint parameters/responses posterior distribution’s third-order (skew-
ness) and fourth-order (kurtosis) moments. The incorporation of third- and fourth-order
information (i.e., high-order response sensitivities along with skewness and kurtosis of
parameters) will greatly increase the range of validity of predicted results, as well as re-
duce the uncertainties in these predictions. In particular, the envisaged new fourth-order
(BERRU-PM-4) predictive modeling methodology will significantly impact the activities
of model calibration and model validation against experiments. Further work will aim at
quantifying the impact of ignorance (lack of knowledge) caused by non-modeled/missed
phenomena in computational models of physical/biological systems. It is envisaged to
demonstrate the potential impact of this new, high-order, comprehensive predictive mod-
eling methodology by applications to reduce uncertainties in modeling predictions for
energy and related systems.
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Appendix A

This appendix presents the expressions, up to and including fourth-order in the
standard deviations of parameters, of the moments of the computed responses in the com-
bined phase-space of parameters and computed responses.

Recall from Equations (67) and (68) that the covariance, cov(a,.,a ; ) , of two parame-

ters, a, and a, , is formally defined as follows:

cov(ozlv,aj)é I5ai§ajpa(a)da p,;0,0,:1,j=1,..,TP.

D,

a

The quantity p; denotes the correlation between the parameters ¢, and «,, while
o, denotes the standard deviation of parameter ¢, and o, denotes the standard devi-
ation of parameter «,, respectively. The variance, var(e;,), of a parameter «,, is for-
mally defined as the following particular case of Equation (67):
var(a,) 2 I (6a,) p,(a)da=c?; i=1,..,TP.

D,

a

The third-order correlation, Lk » of three parameters («,, a;, @) is formally de-

fined as follows:

1,0,0,0, 2 I&a[éajéakpa (a)da; i,j,k=1,.,TP. (A1)
DIX

The fourth-order parameter moment, /"/*>/*'*, and the associated fourth-order cor-

relation ¢, ,,,, among four parameters, are defined as follows:

4;4/0:0,0,0, 2 j sa, 60,60, da,p, (a)da; i,j,k,0=1,..,TP. (A2)

D,

(4

The expression of the fourth-order Taylor-series expansion of the computed response,
which was provided in Equation (69), is re-written below in order to highlight the expres-
sions of the contributions to various order in parameter deviations da; :

i (a)=r, (“())+i{ark—w} S, + &', (A3)

oa
Wi

i (0) =" (@) + 22{5 “)} oo, 50, +5; (Ad)

i | Oa, Oa

i (@)=t (0 )+—§:ii{ o) } ou, 6,0, +2) (126)

1jy=1j3=1

1 &, e e 1P 647‘ o
i (a)=r" (“)UjZZZZ{W} da, Sa, 6, 6at, + &, (A6)

=l jp=1j3=1j;=1 )y

Appendix A.1. Fourth-Order Approximate Expressions for the Expected Value of the
Computed Response

The approximations to the expected value, E, (7, ), of the computed response 7, (a)

are obtained by integrating formally the expression provided in Equation (69) over the
unknown distribution p, (@) to obtain the following expressions for the first-order

through fourth-order approximate expectation, E" (), n=1,...,4:

EV (1) =B (r) 27 (a")+&7; (A7)
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1 TP TP R
Egz)(rk): Ef”(rk) Zz{ﬁa o } jmaho'jz-i-gf)’. (A8)

1=l

P TP TP o 7 (a ~
EO (1) = (1)+ zzZ{ - }am N

6T 60: 8a 60{

P 1P TP TP ot
E (r)= 13)(rk)+_2222{¢} 940,110,030, T (A10)

Unmt i | 0 60(/260(/280;/‘
As indicated in Equation (A8), the second-order sensitivities contribute the leading
correction terms to the response’ s expected value, causing it to differ from the response’s
computed value, 7 (0 ( ) The quantities 5( ) = O(G”) , n=2,3,4,5, which appear in

Equations (A7)-(A10), represent the approximate mean values of the respective-order er-
ror term ¢,, which appeared in Equation (69). The systematic error in each error term
é,({”) , n=23,4,5,is of order O(o- ) the actual numerical value for each error term g,((”) ,

n=2,3,4,5, is assigned by the user.

Appendix A.2. Fourth-Order Approximate Expressions for the Correlations Between Computed
Responses and Model Parameters

The correlation between a model parameter and a computed response was defined
in Equation (71). The approximations to the correlation between a model parameter ¢,

and a computed response 7, (a) are obtained by multiplying the expression provided in
Equation (69) by de;, and by the corresponding expression of [ " (a)-E" (1, )J , and

then integrating the resulting expression formally over the unknown distribution
p.(@,r) . This sequence of mathematical operations yields the following expressions for

the respective approximate correlations,
cov(a r )é Ié’a [ () (a)- E((,”)(rk)JpC (a.r)dodr, n=1,..,4:

or, (a)
(1) k a. ().
cov(a,,n") = 1{ o } cov(a.a,) +e); (A11)
cov(al,rk(z)) :cov(ozl.,k,(c1 ) E E {80{ aa)} 0, 00,0 +8( ); (Al12)

cov(ai’rk(B))_cov(a”r ) iii{ 8r (a) } q’v/|fz/za O- O- G +g(k5)’ (A13)

111 | 0a; Oa, O

The error terms £\ = O(J" ) , n=3,4,5, which appear in Equations (A11)-(A13), re-
spectively, contain random errors, as well as systematic errors of order 0(0” ) , n=3,4,5

; their respective values are assigned by the user.
Appendix A.3. Fourth-Order Approximate Expressions for the Correlations between
Computed Responses
The covariance, cov(r;,r;)= I )=E, (1, )] [VV, (a)-E.(r, )] p.(@,r)dadr , between
D,
two computed responses 7, and 7, hasbeen defined in Equation (72). It is shown below

that the nth-order approximation of the covariance cov(r.,r,) can be defined in a either

a “consistent” way, in which case the respective approximation is denoted as
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{cov(q("),n(") )} , or an “inconsistent” was, in which case the respective approximation is
inc

denoted as {cov(rk(”),;;(”) )} ,for n=1,2,.., as follows:

{cov(r,f” , /(n )} élj)‘[ ( (,,k )J[rf")(a)—EC(")(n)]Pc(‘l,r)d“erFO(O'Z") (A14)

{cov(r,(("),rf(") )} . £ cov(rk("”), r/(”“) ) - O(G"+1 ), n=12,... (A15)

The standard deviation, SD[rk(") (a)} , of rk(”) (@) is obtained by setting k =/ in ei-

ther (A14) or (A15) and taking the square root of the resulting expression, respectively, to
obtain:

{ {var(rk ! )} +0(c"), n=12,... (A16)

{SD<rs"))}. £ ()] volo ), mmt2 (17

Thus, as indicated by the right-side of Equation (Al6), the standard deviation
{SD(F,{(") )} corresponding to the inconsistent variance {Var( " ("))}' will not com-
prise the complete number of terms that contain the nth-order parameter standard devia-

tions. In contradistinction to {SD(rk(") )} , the consistent standard deviation,

{SD(rk(") )} , which corresponds to the consistent variance {Var(r,f"),r,f"))}‘ , will com-

prise all of the terms that contain the n/-order parameter standard deviations.
The first-order approximation of the covariance cov(r;,r,) has the following expres-

sion:

i=l j=1

ot ) SE[EELE nfee) o) s

Notably, the expression of COV(”,((]) ,V[(l)) provided in (A18) is consistent both in the

highest-order (in this case: first-order) of sensitivities and also in the highest-order of pa-
rameter standard deviation (in this case, second-order) since all of the terms involving the
product 0,0, are consistently included (i.e., none are missing) in the expression pro-
vided. Therefore, the standard deviation of the computed response 7, () will also be cor-

rect to first-order in the standard deviations of the parameters, i.e.,
1
2 | o, (a) on, (a) 2 "
L, 0] . A19
( ) {’Z‘;{ o0, oa, |. cov(al a/) + (a ) (A19)

The second-order approximation of the covariance cov(r,,r,) has the following ex-

pression:
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{cov(rk(z),ré(z) )} = cov(r,fl), L(l))
P& E |0, a) or, (a) or, (a) o T, (a)
+— t.. . 0.0 0.
2;;{6(1 oa; Oa; Oa, Oa, da, |, R
' ‘ o (A20)

References

1, I, 1P 1P ar a azr ((l)
+— ZZZZ{&X oa, m}b(q/}h/zh_’D./lfzp/3f4)O-/lo-.izo-fzo-/A

Ljp=lj3=1Jj,=

+0 (O'./l 0,99, )

Notably, the expression of {cov(r,‘(z) ) r[(z) )} provided in Equation (A20) is consistent

in the second-order of sensitivities but is inconsistent in the fourth-order of standard de-

viations of parameters since it has errors of order O(G ,0,0,0; ) . The missing terms of

order O(G ;0,00 ,4) , which involve third-order response sensitivities to parameters,

are provided in the expression below for the “consistent second-order parameter correla-
tions” {cov(r,fz),n(z))} :

) ~femle)] o EEEEISule) 2l

Lja=lj3=1j,=1 Js

(A21)

.\ or (a) ’r (a)
oa, Oa, da,da,

} 4,,,1,010,0,0, +O(O‘ 0,0,0,0, )
N P

Therefore, if the third-order sensitivities are available, then the expression provided
in Equation (A21) should be used, since it includes all of the fourth-order terms containing
the products ;0,0 0, . Consequently, the consistent second-order standard deviation

{SD(rk(z) )} 2 {cov(rk(z), ) )} will not have any second-order errors in the parameter

standard deviations, i.e.,

{SD(rkfz))}_ é\/{cov(rkfz),r,(z))} +0(0'1.10'1.20'1.36/40'15 )1/2. (A22)

con

On the other hand, the second-order inconsistent standard deviation

{SD (rkfz) )} 2 {cov(l”k(z) 2 )} will have second-order errors in the parameter standard

deviations, i.e.,
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