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Abstract: This paper describes a simplified one-phase equivalent circuit model of three-phase salient
pole synchronous machines and synchronous reluctance machines. The model represents the pole
saliency as a susceptance, with a magnitude based on the pole saliency and a phase angle based on
twice the load angle. The reluctance torque itself is then modeled equivalent to a conductance. The
model is made as an extension to Norton equivalents, where the internal inductance is connected
as a shunt. This approach shares similarities to the magnetization shunt branch in circuit models of
transformers and induction motors. The model is derived using the rotating dq-frame, using Park
transform and two-reaction theory. The model is then rewritten to better fit one-phase equivalent
circuit models, with the terminal voltage as the angular reference. The resulting two-pole model can
then more easily be combined with basic circuit theory, thereby synthesizing dq-theory and phasor
circuit models.

Keywords: salient pole; synchronous machines; synchronous reluctance machines; complex reluc-
tance; complex susceptance; two-reaction theory; dq-frame

1. Introduction

Synchronous machines are often modeled by Thevenin equivalents of the classical
two-reaction theory [1] based on a separation of the magnetic flux in a direct and a quadrate
direction (dq-components) [2–4]. This approach considers that the inductance is different
depending on the rotor angle and allows the inclusion of the reluctance torque. This is
often handled as two separate electrical circuits expressed in the Thevenin-equivalent form.

This paper will show an alternative approach to the classical two-reaction theory with
dq-components. The proposed model is based on a Norton equivalent but extended with
a shunt branch for the rotor saliency. This demonstrates the advantages of interpreting a
machine as a sum of currents rather than as an addition of voltage components.

A simplified alternative is to model a circuit equivalent based on an addition currents
such that the current of an electric machine is seen as a sum of three currents, as in Figure 1:
one representing the average magnetization (average susceptance Ȳ0), one representing
the pole saliency (saliency susceptance Ȳ2), and a third representing the excitation current
acting as a current source.

B0

+

-

U

I

B2G2
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Y2=|Y2|   90+2δ Ie=|Ie|   90°+δ

Ix Irel

Figure 1. Model of a synchronous machine, considering salient poles with reluctance torque.

The saliency is modeled by a complex-valued susceptance (i.e., complex-valued ad-
mittance or complex-valued conductance). The power of the equivalent conductance is in
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this case not an ohmic loss but instead a representation of the reluctance torque power. The
magnitude of the susceptance is frequency-dependent, similar to admittances, but the angle
of the susceptance depends on the load angle δ such that the saliency susceptance Ȳ2 is

Ȳ2 = G2 + jB2 = |Ȳ2|∡(90◦ + 2δ) (1)

with magnitude given by

|Ȳ2| =
1
2

(
1

Xq
− 1

Xd

)
(2)

The model is made similar to the structure of Norton equivalent circuit models such
that the power source is treated as a current source instead of a voltage source, where the
current source is equivalent to the excitation current. The current source has a phase angle
set by the load angle such that the current source is

Īe = | Īe|∡(90◦ + δ) (3)

An adoption of the model for a synchronous reluctance machine is instead without
this current source, as in Figure 2. However, this still considers that the pole saliency is
dependent on the load angle.

B0

+

-

U

I

B2

G2

Ix Irel

Y2=|Y2|   90°+2δ

Figure 2. Model of a synchronous reluctance machines based on a sum of the currents Ix and Irel .

Another possible approach to model the reluctance torque is to handle it as a special
separate voltage source in series with the classical EMF [5,6] based on the structure of a
Thevenin equivalent model. The circuit element in this paper is instead written as a shunt
susceptance and based on a current-equivalent source. Because of that, it is based on the
structure of a Norton equivalent model.

The rotor pole saliency gives a mechanical torque, similar to classical excitation torque. So,
this reluctance torque is based on the rotor anisotropy, usually with higher magnetization in
the d-direction and lower magnetization in the q-direction. The easier magnetization along the
direction of the excitation flux gives higher inductance in the d-direction and lower inductance
in the q-direction. But there are also alternative designs with reverse saliency such that the
easy direction instead is along the q-direction, acting in a manner opposite to that of classical
saliency, with a negative contribution of the reluctance torque for low load angles [7–10].

Different types of synchronous machines have gained interest over the last decade
due to their high efficiency [11,12]. They act as alternatives to induction motors and have
applications in electrical vehicles [13]. Many synchronous machines have a pole saliency
that contributes to the mechanical torque, which creates a need for simplified models that
considers this contribution.

Synchronous reluctance machines (SynRM) purely contribute their torque via pole
saliency [13–16].These are mostly used for motor applications as an alternative to induction
machines [13,14], but they have also been used in designs for generators [17]. Reluctance
machines can also be combined with permanent magnets for a combined contribution to
the torque, either in permanent assisted reluctance machines (PMaSynRM) [18–22] or in
interior permanent magnet synchronous machines (PMSM) with salient poles [23].

Consider that a power source either can be modeled as a Thevenin equivalent or a
Norton equivalent [24–26], with the Thevenin equivalent being the most common model
for synchronous machines. Then, it is treated as a back-EMF and an equivalent inductance,
where the inductance usually considers the directional dependence of the dq-frame.
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Even if the Thevenin equivalent model is dominating, the Norton equivalent can be
more suitable in many applications since many applications have more use for a model of
a current source than for a voltage source. This is sometimes considered when modeling
power sources for inverters of microgrids, since a power source can either be seen as “grid
forming” and modeled by a voltage source EMF (i.e., a Thevenin eq.) or as “grid feeding”
and modeled by a current source (i.e., a Norton eq.) [27,28]. A similar approach can also be
used for generators and motors; in doing so, there can be advantages to the use of a current
source model if the machine is not grid forming.

The common use of Thevenin equivalents reflects that synchronous machines have
had a role in large-scale generators, where it then acts as grid forming. New applications
in renewable energy sources and small-scale generators may not be grid forming in the
same way and instead can be seen as grid feeding. Another case is also the increased use of
synchronous machines fed by inverters, where synchronous machines act as motors and
the inverter controls the voltage and the frequency.

Norton equivalents are then advantageous in several of these applications when
the formation of the voltage is not in focus; instead, the circuit model can focus on the
calculation of the magnitude and angle of the current. Then related to the short circuit
current, instead of the no load voltage.

The classical application of salient pole synchronous machines is within hydropower
plants, where field wound salient pole machines are acting as generators. However, pole
saliency is also becoming more relevant in other emerging applications such as permanent
magnet machines, reluctance machines, and permanent assisted reluctance machines;
this makes simplified models of reluctance torque more relevant for improved modeling
and understanding.

This article is structured as follows: It starts by describing the classical two-reaction
theory of salient poles machines and briefly describes Clarke and Park transforms of three-
phase systems; this will then be used to explain phasor modeling of salient pole machines
and how it relates to the rotating dq-frame. The simplified model is then introduced
by rewriting the impact of the pole saliency as an equivalent susceptance (derived via the
relation between the dq-frame and phasor models), also showing how to study machines
by current phasor diagrams instead of voltage phasor diagrams.

The last section also compares similarities between hysteresis power loss models
and modeling of reluctance torque based on the frequency dependence of the power.
Afterwards, the article discuss how the simplified model in the paper can be related to
more extended circuit models that include leakage flux and power loss resistances.

2. Two-Reaction Theory

The common approach for modeling salient poles is the use of Blondel’s two-reaction
theory [1]. It has become widespread through other studies, such as those of Doherty
and Nickle on studying spatial harmonics of the flux density distribution in synchronous
machines [29–32] and later by Park [2–4], together with the Park transform, which simplifies
the modeling of the rotating dq-frame.

Two-reaction theory treats the load angle as two separate reactions that are orthogonal
in the geometry, whereas Blondel [1] names two reasons for the models: the similarity to
DC machines and the similarity to active and reactive power.

An analogy of the DC machine is seen in Figure 3. The model is made similar to the
impact of the armature reaction of DC machines, where a no-load case gives a direct-field
component, while a loaded case gives a combined contribution of both a direct component
and a transverse component (i.e., quadrature component). The armature current is bending
the magnetic flux such that the resultant flux ϕ is a combination of the excitation flux ϕe
and the armature flux ϕa. The armature reaction is acting in another direction relative to
the excitation flux and experiencing an inductance other than the excitation flux, resulting
in a spatial load angle from the curvature of the flux. This is then similar to how phasor
models simplify AC circuits as DC.
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(b) Armature reaction flux(a) Excitation flux (c) Resulting flux

δ

ω
ωω

ϕf
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δ
ϕf

ϕa

ϕ

ϕa

Figure 3. Analogy of a DC machine. (a) Excitation flux from poles. (b) Armature reaction flux.
(c) resultant flux.

The model is also made similar to active and reactive power, where it handles the
currents based on the phase angle; however, in this case, it is expressing the current relative
to the rotor angle instead of relative to the voltage angle, thereby acting as another angular
reference frame compared to common circuit theory.

The load angle of a DC machine (as in Figure 3) can be compared that of a synchronous
machine (as in Figure 4). The magnetic flux in the stator is angularly displaced in the rotor
relative to the stator. This displacement in the geometry is equivalent to the load angle.

δ δ

ωω ω ω

δ=0°δ=0°

(a) (b)

Figure 4. Load angle of a synchronous machine, in this case a generator with the rotor flux leading
the stator flux. Showing: (a) A no-load case δ = 0◦. (b) A case with a load δ ̸= 0◦.

The flux of the armature reaction will act in two different directions relative to the
rotor in a synchronous machine: both in the direct direction (Ld Id), which is in parallel to
the rotor pole, and in the quadrature direction (Lq Iq), which is perpendicular to the rotor
pole. The magnetization flux (Ψm) is instead defining the direct direction and then only
acting in the direct direction. The resulting flux is then given by{

Ψd = Ψm − IdLd

Ψq = IqLq
(4)

This is shown in a machine in Figure 5, showing the magnetization flux (Ψm) in the
rotor direction and the resulting flux (Ψ) shifted by the load angle δ. The approach to
account for salient poles is then to consider that the two components experience different
inductance (Ld ̸= Lq) such that the relation between the current and the resulting flux
depends on the load angle. A cylindrical rotor (without pole saliency) would instead be
assumed to have the same inductance in each direction (Ld = Lq).

ζ
φδ

δ

E

(a) Generator (b) Motor

Iq
Id

I

Ψm

LdId

LqIq

Ψ

XdId
XqIq

U

ζφ
δ

δ

E

Iq

Id
I

Ψm

LdId LqIq
Ψ

XdId

XqIq

U

ω ω

Figure 5. Phasor diagram linked to the rotation of the rotor, illustrated for a generator (a) and a motor
(b). The rotor reference frame is based on the excitation flux Ψm in the d-direction, with the resulting
EMF is in the q-direction. The stator flux Ψ and stator voltage U are shifted with the load angle δ.
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The induced terminal voltage, U in the dq-frame, is based on the magnetic flux Ψ
but appears perpendicular to the magnetic flux, as in Figure 5 such that the voltage is{

Ud = U sin δ = IqXq

Uq = U cos δ = E − IdXd
(5)

The two components are often illustrated by a two-circuit model, as in Figure 6, with one
circuit based on the flux in the direct direction (d-direction) and another based on the flux
in the quadrature direction (q-direction). Where each inductance relates to flux paths of
the different angles.

E

+

-

Ud

Ld

+

-

+

-

+

-

Uq

IqLqId
Ld

Lq

IqId
(a) (b) (c) (d)

Current Current

F
lu

x
 l

in
k

ag
e

F
lu

x
 l

in
k

ag
e

LqIqLdId

Figure 6. The two separated circuits in the two-reaction theory. The voltage Uq (a) in the q-direction
is based on the flux linkage (b) in the d-direction. The voltage Ud (c) in the d-direction is based on the
flux linkage (d) in the q-direction.

The currents can be written as{
Id = E−U cos δ

Xd
= I sin(ζ)

Iq = U sin δ
Xq

= I cos(ζ)
(6)

with the current angle, ζ, based on both the load angle, δ, and the phase angle, ϕ (ζ = δ− φ).
Note that both δ and φ can be with opposite signs and thus in opposite directions; this can
make the subtraction resemble an addition for some cases.

2.1. Clark and Park Transform

Salient pole machines are often modeled based on the Clarke transform and the Park
transform [33–40]. The Clarke transform represents the three alternating magnetic fields as
one rotating magnetic field, where the rotation is described by two sine waves representing
two directional axes in the stator reference frame. The Park transform represents d and
q as stationary components (i.e., DC components), and represents the rotating magnetic
flux in the rotor reference frame. The transforms can be seen as simplified approaches to
symmetrical components [41,42].

The three phases establish a rotating magnetic field in the stator reference frame
such that the magnetic field rotates while the three phases have alternating current (as in
Figure 7). This can be described by two sines in the αβ-frame. So, the Clark transform is
defined by the matrix

Kc =
2
3

(
1 − 1

2 − 1
2

0
√

3
2 −

√
3

2

)
(7)

Note that this is a phasor model and not a vector model [39]. The magnetic flux linkage Ψ
phasor will rotate in the same angular phase as the current phasor I. The magnetic flux
density vector B⃗ is different and rotates in the actual geometry (xy-plane) based on the
direction of the induced magnetic flux density distribution.
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Figure 7. The magnetic field induced by a three-phase system rotates in the geometry. The rotation is
described in the αβ-frame.

An adoption in a machine geometry would instead be based on the current of the stator
windings and the rotating magnetic flux of the rotor. This is seen in Figure 8. Since the
three phases in the stator are wound, they are illustrated with currents in both directions.
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Figure 8. The magnetic field in a synchronous machine rotates with the rotor. The rotation is described
in the αβ-frame.

The three alternating phases are then modeled as a rotation in the stator reference
frame by αβ-components (with the different reference frames seen in Figure 9). The α-
direction can be seen as being based on phase a, together with half of the components
of phase b and c as a return conductor (which is the projection of b and c on the α-axis).
The β-direction is based on the parts orthogonal to phase a, which are

√
3/2 of phase b and

c (which is the projection of b and c on the β-axis).



Energies 2024, 17, 1015 7 of 37

α
θ
d

q β

α

β

a

b

c
(b) (c)

α
θ
d

q β

(a)

α

β

a

b

c

Figure 9. The three reference frames. (a) The three phases are located in the stator reference. (b) The
equivalent stator reference frame that describes a rotation. (c) The rotating rotor reference frame.

The rotating magnetic field of the αβ-components can be seen as a static magnetic field
in dq-components of the rotor reference frame (with the different reference frames seen in
Figure 9) such that the magnetic field is seen as rotating from the perspective of the stator
but is static from the perspective of the rotor. This is because the magnetic field rotates
together with the rotor.

Kp =

(
cos(θ) sin(θ)
− sin(θ) cos(θ)

)
(8)

The idea of both the Clark transform and Park transform can be seen in Figure 10.
The three phases are described by a rotation in the αβ-frame. This rotation is then seen as
two static components in the dq-frame such that the Park transform handles the field as
“DC components” and the magnetic field is seen as “stationary” from the perspective of
the rotor such that the magnetic field is stationary from the perspective of the rotor even if
it is rotating from the perspective of the stator.

Phases αβ-frame dq-frame

(a) (b) (c)

Kc Kp
i

t

i

t

i

t
ia

ib ic

iα

iβ
iq
id

Figure 10. (a) Three phases, abc. (b) Clarke transform, αβ. (c) Park transform, dq.

The load angle is seen as a phase shift in the stator reference frame (in the αβ-frame).
From the rotor’s perspective (in the dq-frame) we see the load angle as direction of the
magnetic flux such that it remains as a fix direction.

A combined transform is written as

K = KpKc =

(
cos(θ) sin(θ)
− sin(θ) cos(θ)

)
︸ ︷︷ ︸

Kp

2
3

(
1 − 1

2 − 1
2

0
√

3
2 −

√
3

2

)
︸ ︷︷ ︸

Kc

(9)

The dq-components of the reactance can in many ways be seen as theoretical tools since
they can be hard to measure in practice. Many different procedures have been developed
for testing handling of this question [43–45].

2.2. Pole Saliency in a Three-Phase Machine

Consider a three-phase synchronous reluctance machine. The relation between three
flux linkages and the three currents can be written by a matrix L, byψa

ψb
ψc

 = L

ia
ib
ic

 (10)

Variations in the inductance can be expressed as a function of the rotor angle such that
the variation in inductance L(θ) is seen as a function of rotor position θ (in Figure 11). This
function has twice the frequency as the rotation, since the saliency is symmetric on both
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poles. The inductance is high when the salient pole rotor is directed in the same direction
as the magnetic flux, and this happens at both θ = 0◦ and θ = 180◦. The inductance is
low when the salient pole rotor is perpendicular to the flux path, and this happens at both
θ = 90◦ and θ = 170◦.

T=1/f

l0

l2

L L=l0+l2cos(2θ)

θ

In
d
u
ct
an

ce

Lq
2
3

Ld
2
3

ω
θ

θ
ω

ω

ω

ω

θ

θ

ω

θ

ω

ω

θ

ω

θ

Figure 11. Inductance L as a function of the rotor position θ, expressed as a DC offset and a second-
order harmonic.

This inductance should not only consider the self-inductance of the three phases
themselves; it should also include the mutual inductance between each winding [44,46,47].
An improved modeling would both consider the self-inductances and the mutual induc-
tances of each phase, as in Figure 12. The three self-inductances are

Laa

θ

θ θ

a

aʹ

b

cʹ

c

bʹ

Mab Mac

Lbb

Mba Mbc

Lcc

McaMcb

θ

LL L

360° 360° 360°180° 180° 180°

Figure 12. Three phases’ inductance values with self-inductance and mutual inductance.


Laa = l0 + l2 cos(2θ)

Lbb = l0 + l2 cos(2(θ − 120◦))
Lcc = l0 + l2 cos(2(θ + 120◦))

(11)

The mutual inductances are
Mab = Mba = − l0

2 + l2 cos(2(θ − 60◦))
Mac = Mca = − l0

2 + l2 cos(2(θ + 60◦))
Mbc = Mcb = − l0

2 + l2 cos(2(θ + 180◦))

(12)

The relation between the three magnetic flux linkages and the three-phase currents areψa
ψb
ψc

 =

 Laa Mab Mac
Mba Lbb Mbc
Mca Mcb Lcc

ia
ib
ic

 (13)

Transforming the three-phase system into the rotating dq-frame, we have

Ψdq =

(
Ψd
Ψq

)
= K

ψa
ψb
ψc

 = K

 Laa Mab Mac
Mba Lbb Mbc
Mca Mcb Lcc

ia
ib
ic

 (14)
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Rewritten as an expression between the dq-frame flux and the dq-frame current

(
Ψd
Ψq

)
= K

 Laa Mab Mac
Mba Lbb Mbc
Mca Mcb Lcc

K−1
(

Id
Iq

)
(15)

The inductance in the dq-frame is then

(
Ld 0
0 Lq

)
= K

 Laa Mab Mac
Mba Lbb Mbc
Mca Mcb Lcc

K−1 (16)

So, we have

ψdq =

(
ψd
ψq

)
=

(
Ld 0
0 Lq

)(
Id
Iq

)
(17)

where this kind of matrix model is sometimes used as a more detailed description of the
dq-components [48,49]. The matrix describes a mapping, as illustrated in Figure 13, which
also includes a change in direction.

×

L

I Ψ

matrix

vector vector

Lq

Ld Id

Iq

0

0

Ψd

Ψq
=

I

d

q

Ψ

d

q

L

Figure 13. Calculation diagram for a method with matrix representation.

The relation between dq-frame inductances (Ld and Lq) and the three-phase inductance
components (l0 and l2) are given by

Ld =
3
2
(l0 + l2)

Lq =
3
2
(l0 − l2)

(18)

The three-phase inductances relate to the dq-frame inductances by the ratio

L0 =
2
3

l0

L2 =
2
3

l2
(19)

where the dq-frame inductances are

L0 =
Ld + Lq

2

L2 =
Ld − Lq

2

(20)

An adoption for a salient pole synchronous machine is similar but also includes the
magnetic excitation with the field current i f and its mutual inductance M f . That isψa

ψb
ψc

 = L

ia
ib
ic

+

 M f cos(θ)
M f cos(θ − 120◦)
M f cos(θ + 120◦)

i f (21)
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The magnetic flux Ψ is established by the armature current I and the excitation flux
Ψm. The magnetic flux can be seen as rotating together with the rotor where

Ψdq =

(
Ψd
Ψq

)
=

(
Ld 0
0 Lq

)(
Id
Iq

)
+

(
Ψm
0

)
(22)

This is equivalent to Ψ = LI +Ψm, or more specifically, ψd = Ψm − Ld Id and ψq = Lq Iq.
This can be combined with the induced voltage by Lentz law as

Udq =
d
dt

Ψdq =

(
Ud
Uq

)
=

(
0 −ω
ω 0

)(
Ψd
Ψq

)
(23)

such that the terminal voltage U is based on the flux of the stator teeth ψ by U = ωΨ. This
gives us the induced terminal voltage U as

Udq =

(
Ud
Uq

)
=

(
0 −ωLq

ωLd 0

)(
Id
Iq

)
+

(
0

ωΨm

)
(24)

where the inductances are equivalent to the reactances Xd = ωLd and Xq = ωLq and the
EMF as E = ωΨm, that is

Udq =

(
Ud
Uq

)
=

(
0 −Xq

Xd 0

)(
Id
Iq

)
+

(
0
E

)
(25)

2.3. Phasor Interpretation of Vector Model

Both the dq-frame and phasor models of circuits share a feature in that they rep-
resent three-phase AC systems as single-phase DC models. A simplified approach to
dq-components is to rewrite the vector as a phasor model. Such an approach to the dq-
components is common and used in several books on the topic [47,50–52]. A phasor model
of the current can be expressed based on the angle relative to the rotor flux, that is

Īdq = Id + jIq (26)

which usually is expressed by the real and the imaginary part based on the phase shift to
the voltage as

Īri = Ir + jIi (27)

Circuit theory usually expresses it based on the electrical angle of the voltage, that is

θv = ωt (28)

The rotor reference frame (defined by the rotor flux) is lagging behind the voltage reference
and is then given by

θr = θv − (90◦ − δ) = ωt − (90◦ − δ) (29)

This is then just a simple change in the angular reference, where the general phasor models
is based on the voltage reference U as the angular reference (defined as 0◦). The dq-frame is
instead expressing it based on the rotor flux (defined as 0◦ such that the EMF is at 90◦).

2.4. Power Flow in dq-Frame

Generally, we have a complex power expressed by the real and imaginary parts of the
current and the voltage

S̄ = (IrUr + IiUi)︸ ︷︷ ︸
P

+j (IrUi + IiUr)︸ ︷︷ ︸
Q

(30)
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and equivalently for phasors expressed in the dq-frame it is written as

S̄ = (Uq Iq + Ud Id)︸ ︷︷ ︸
P

+j (Uq Id + Ud Iq)︸ ︷︷ ︸
Q

(31)

The power is based on the components with the same phase angle, while the reactive power
is based on the two components that are phase shifted.

The active power is obtained by inserting the values of Ud, Uq, Id, and Iq. For a salient
pole machine, it is

P = Uq Iq + Ud Id = U cos δ
U sin δ

Xq
+ U sin δ

E − U cos δ

Xd
(32)

This is also written as

P =
U sin δ

Xq
U cos δ +

E
Xd

U sin δ − U cos δ

Xd
U sin δ (33)

and more conveniently written as

P =
UE
Xd

sin δ +
U2

2

(
1

Xq
− 1

Xd

)
sin 2δ (34)

The reactive power for a salient pole machine is

Q = Ud Iq + Uq Id = −U sin δ
U sin δ

Xq
+ U cos δ

E − U cos δ

Xd
(35)

such that

Q =
EU
Xd

cos δ − U2 sin2 δ

Xq
− U2 cos2 δ

Xd
(36)

and this can be rewritten as

Q =
EU
Xd

cos δ − U2 1 − cos 2δ

Xq
− U2 1 + cos 2δ

Xd
(37)

and also expressed as

Q =
UE
Xd

cos δ − U2

2

(
1

Xq
− 1

Xd

)
cos 2δ − U2

2

(
1

Xq
+

1
Xd

)
(38)

This can also be performed only focusing on the power linked to saliency of the
inductance, where we similarly only consider the reluctance torque part of the power as

P =
U2

2

(
1

Xq
− 1

Xd

)
sin 2δ (39)

and the reactive part as

Q = −U2

2

(
1

Xq
− 1

Xd

)
cos 2δ − U2

2

(
1

Xq
+

1
Xd

)
(40)

2.5. Matrix Representation of Phasor Models

Consider a phasor representation of an electrical circuit expressed by Ohm’s law with

Ū = Z̄ Ī (41)
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as phasor values U and I and a complex-valued impedance Z as

Ū = Ur + jUi = (R + jX) · (Ir + jIi) (42)

Adapted to vector and matrix notation, this is

Uri =

(
Ur
Ui

)
=

(
R −X
X R

)(
Ir
Ii

)
(43)

Where the impedance (Z̄ = Zejγ) is written as

Z
(

cos γ − sin γ
sin γ cos γ

)
=

(
R −X
X R

)
(44)

2.6. Voltage Reference Frame

Based on the matrix model of the circuit theory, we can integrate it with the matrix
model of the rotor reference frame. We consider the voltage to be related to the rotor
angle by

θv = θr + (90◦ − δ) (45)

The relation between the voltage reference frame and the rotor reference frame is
shown in Figure 14. The voltage is placed with an angle 90◦ from the stator flux link-
age, and the stator flux linkage is placed with an angle δ from the rotor flux linkage.
The combined difference between the voltage and the rotor reference is then 90◦ − δ.

U

E

E

E

U
U

δ
δ

δ>0 δ<0

d

q

Re

Im

Re

Im
r

i

r

i

90°−δ 90°−δ
d

q

U
E

(a) (b)

Figure 14. The voltage reference frame is placed with an angle 90◦ − δ relative to the rotor reference
frame. Examples showing (a) δ > 0◦, generator. (b) δ < 0◦, motor .

A transformation of the angular reference from the rotor reference to the voltage
reference can be performed by(

Ur
Ui

)
=

(
U
0

)
=

(
cos(90◦ − δ) sin(90◦ − δ)
− sin(90◦ − δ) cos(90◦ − δ)

)(
Ud
Uq

)
(46)

and for currents by(
Ir
Ii

)
=

(
cos(90◦ − δ) sin(90◦ − δ)
− sin(90◦ − δ) cos(90◦ − δ)

)(
Id
Iq

)
(47)

or also (
Ir
Ii

)
= Kv

(
Id
Iq

)
(48)

with the transformation matrix

Kv =

(
cos(90◦ − δ) sin(90◦ − δ)
− sin(90◦ − δ) cos(90◦ − δ)

)
(49)

This means that any rotating dq-frame vector can be handled as a phasor model in
with the voltage reference frame.
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A reactance in the dq-frame can be rewritten as an impedance in the voltage reference
frame

Zri = KvXdqK−1
v (50)

The rotation by the salient pole reactance (Xd ̸= Xq) matrix gives a direction that is
not a 90◦ rotation.

3. Reactance Written in Two Parts

Consider the matrix form of the reactances in the dq-frame; this matrix can be separated
into two parts and expressed as two terms by writing(

0 −Xq
Xd 0

)
=

(
Xd + Xq

2

)
︸ ︷︷ ︸

X0

(
0 −1
1 0

)
+

(
Xd − Xq

2

)
︸ ︷︷ ︸

X2

(
0 1
1 0

)
(51)

where we can introduce the average reactance

X0 =
Xd + Xq

2
(52)

and the saliency reactance

X2 =
Xd − Xq

2
(53)

such that it can be written in a simplified form:

X = X0

(
0 −1
1 0

)
+ X2

(
0 1
1 0

)
(54)

The first term is similar to a classical inductor, equivalent to a rotation by 90◦. The first
term is the related to the pole saliency, and a bit more special. It is not rotated 90◦, and the
matrix is instead describing a reflection in the line defined by q = d in the dq-frame.

Alternative Adoption for Salient Pole Synchronous Machines

One model that includes the reluctance torque as a separate circuit element has been
studied by Ahmed-Zaid and Oteafy [5]. This is illustrated in Figure 15, where the machine
reactance is written as two series-connected parts [6] by using the average reactance
X0 = ωL0 and the saliency reactance X2 = ωL2. The average reactance acts similar to a
typical inductance, while the saliency reactance is modeled based on a complex conjugate
of the current. The saliency reactance is in the model seen given by

Ērel = j Ī∗dqX2 (55)

where the star in I∗dq refers to the complex conjugate of the current when expressed as a
phasor in the dq-frame. This can be seen in the phasor diagram in Figure 15b.

The terminal voltage of the machine is then written as sum of the three circuit ele-
ments, by

Ū = jX0 Ī + Ērel + Ē = jX0 Ī + j Ī∗dqX2 + Ē (56)

The circuit model is then made as a sum of voltages (shown in Figure 15b) similar to
classical dq-components (in Figure 15c).
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+

U

I

+

-
E

+

-

+
-

+
-

X0

φ

δ

E

U

Iq I

Id

E

U

Iq I

Id

jXqIq

jXdId

EreljIdqX2=
jIdqX2*

jIdqX0

-

(a) (b) (c)

*

ζ φ

δ
ζ

Figure 15. An alternative approach to model salient pole machines, based on X0 and X2. (a) Circuit
representation of the alternative model (b) Phasor diagram in alternative model. (c) Phasor diagram
in the classical approach.

4. Reluctance Models
4.1. Three-Phase Reluctance Model

Consider a reluctance machine; a simplified model of the reluctance describes that the
reluctance depends on the rotor angle, as illustrated in Figure 16, such that the period of
the reluctance is two times the period of the electrical alternation. The reluctance is lower
when the salient pole rotor is directed in the same direction as the magnetic flux, and this
happens both at θ = 0◦ and θ = 180◦. The reluctance is higher when the salient pole rotor
is perpendicular to the flux path, and this happens both at θ = 90◦ and θ = 170◦.

𝔯2

ℜ ℜ=𝔯0−𝔯2cos(2θ)

R
el
u
ct
an

ce

T=1/f θ

2
3

2
3

ω
θ

θ
ω

ω

ω

ω

θ

θ

ω

θ

ω

ω

θ

ω

θ

ℜd
ℜq 𝔯0

Figure 16. Reluctance R as a function of the rotor position angle θ.

A single-phase equivalent is however a very simplified representation of a machine.
When we consider a full three-phase synchronous machine, we will instead have one
reluctance for each phase such that each phase has an own contribution to the reluctance
and each phase has to consider mutual dependence on the other phases. Such a system
of three-phase currents for a reluctance system is seen in Figure 17. This is such that the
relation between the stator current and the magnetic flux can be described as a matrix
similar to the case with the inductances. That isNs Ia

Ns Ib
Ns Ic

 =

Raa Rab Rac
Rba Rbb Rbc
Rca Rcb Rcc

Φa
Φb
Φc

 (57)
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θ

a

aʹ

b

cʹ

c

bʹ

ℜ ℜ

θ θ θ

ℜccℜbbℜaa

ℜab
ℜac ℜca ℜcbℜba ℜbc

ℜ

360° 360° 360°180° 180° 180°

Figure 17. Components of the reluctance matrix of a three-phase system in a machine. Equivalent to
self-inductance and mutual inductance.

The reluctances equivalent to the self-inductance are given by the functions
Raa = r0 + r2 cos(2θ)

Rbb = r0 + r2 cos(2(θ − 120◦))
Rcc = r0 + r2 cos(2(θ + 120◦))

(58)

The reluctances equivalent to the mutual inductances are
Rab = Rba = − r0

2 + r2 cos(2(θ − 60◦))
Rac = Rca = − r0

2 + r2 cos(2(θ + 60◦))
Rbc = Rcb = − r0

2 + r2 cos(2(θ + 180◦))

(59)

The system can be expressed in the dq-frame (Rd < Rq for Ld > Lq) as(
Ns Id
Ns Iq

)
=

(
Rd 0
0 Rq

)(
Φd
Φq

)
+

(
Nr I f

0

)
(60)

and then rewritten as(
Ns Id
Ns Iq

)
= (R0

(
1 0
0 1

)
+R2

(
−1 0
0 1

)
)

(
Φd
Φq

)
+

(
Nr I f

0

)
(61)

with the reluctance of the two parts as R0 = (Rq +Rd)/2 and R2 = (Rq −Rd)/2.
The expression can be related to electrical circuits by replacing the magnetic flux with

Φdq =
Udq

Nsω

(
0 1
−1 0

)
(62)

such that the expression can be written as a relation between voltage and current in the
same form as an susceptance, that is(

Id
Iq

)
= (

R0

N2
s ω

(
0 1
−1 0

)
+

R0

N2
s ω

(
0 −1
−1 0

)
)

(
Ud
Uq

)
+

Nr

Ns

(
I f
0

)
(63)

4.2. Inverse Expression of Reactances

The reactances in the dq-frame, expressed in matrix form, can be used to find an
inverse expression(

0 −Xq
Xd 0

)−1

=
1

XqXd

(
0 Xq

−Xd 0

)
=

(
0 1

Xd
− 1

Xq
0

)
(64)
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Rewritten as two terms, one for average contribution and one for saliency, the result is

1
2

(
1

Xq
+

1
Xd

)
︸ ︷︷ ︸

Y0

(
0 1
−1 0

)
+

1
2

(
1

Xq
− 1

Xd

)
︸ ︷︷ ︸

Y2

(
0 −1
−1 0

)
(65)

The first term is expressing a rotation of 90 degrees (similar to common reactances),
while the second term is a reflection in the line defined by d = −q (which is the susceptance
dependent on the load angle).

By introducing the saliency susceptance

Y2 =
1
2

(
1

Xq
− 1

Xd

)
(66)

and the average susceptance

Y0 =
1
2

(
1

Xq
+

1
Xd

)
(67)

we write it as (
0 1

Xd
− 1

Xq
0

)
= Y0

(
0 1
−1 0

)
+ Y2

(
0 −1
−1 0

)
(68)

4.3. Simplified One-Phase Equivalent

Reluctance circuits have an advantage in that they easily relate to Ampere’s law. So,
starting from Ampere’s law (in a simplified approach of Maxwell’s equations), we have

∇× B⃗/µ = J⃗ (69)

This can be written in an integral form as∮
B⃗/µ · d⃗ℓ =

∫∫
J⃗dS⃗ (70)

which consists of two terms: the ampere contour integral and its enclosed current density.
The ampere contour integral of the flux density B⃗ can be described by the magnetic

flux ϕ and the reluctance of the geometry R, as∮
B⃗/µ · d⃗ℓ = ϕR (71)

The enclosed current density J⃗ consists of both the contribution from the stator arma-
ture and the rotor field current ∫∫

J⃗dS⃗ = Ns I + Nr I f (72)

with Ns as the stator winding turns, I as the stator armature current, Nr as the rotor winding
turns, and I f as the rotor field current. The complete reluctance circuit with both the current
MMF and the reluctance is then

ϕR = Ns I + Nr I f (73)

In an electrical system, we may have a voltage with a frequency, whereas in a reluctance
circuit we have a related magnetic flux with a frequency. A voltage source in an electric
system can then be equivalent in many contexts to a magnetic flux source in a magnetic
system [53–55]. If we consider a connection to a power system (a strong grid), we can
assume that the transmission system is providing a stable voltage magnitude U and a
stable frequency f . Consequently, we can also assume a stable rotating magnetic flux
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linkage given by Ψ = U/(2π f ). Another case exists for applications where the machine is
connected to a voltage source converter. These often function with control based on the
magnetic flux such that the voltage is modulated for a desired rotating flux.

A Norton equivalent can easily be related to an equivalent reluctance circuit, as seen
in Figure 18. The current source of the electrical circuit is then equivalent to the MMF of the
reluctance circuit, and the inductance is equivalent to the reluctance. The main difference is
that electrical circuits have voltages, while reluctance circuits have magnetic fluxes, which
are related by U = jωΨ.

A difference is that elements connected in parallel from an electrical circuit become
elements connected in series in a magnetic circuit, since a sum of currents is connected in
parallel in electrical circuits while they are connected in series in a reluctance network. This
is useful to consider when comparing an electrical Norton equivalent with an equivalent
reluctance circuit (as in Figure 18) such that the equivalent magnetic circuit resembles
the look of a Thevenin equivalent. An actual electric Thevenin equivalent is instead
based on a sum of voltages, which is a series connection in an electrical circuit. This is
instead equivalent to a parallel connected magnetic flux in a reluctance network (as seen in
Figure 18).

E
+

−

U

L

+

−

+

-

I

Ie L
+

−

U

I

⇔ ⇔

+

−

𝔉mmf

+

−

+

−

+

-ϕr

ϕ ϕ

𝔉

(a) (b) (c) (d)

ℜ

ℜ

𝔉

Figure 18. (a) A Thevenin equivalent is equivalent to a (b) flux source reluctance model. (c) A Norton
equivalent is equivalent to a (d) MMF source reluctance model.

It is useful to keep in mind the relation between electrical circuits and magnetic circuits
when modeling electrical machines (see illustration in Figure 19). A Norton equivalent
model fits very well to a reluctance circuit model.

NrIf

+

-

+

-

ℜ0ϕ

B0

+

-

U

I

B2G2

IeIx Irel

(a) (b)

ℜʹ2 jℜʹʹ2

⇔

Figure 19. (a) A reluctance circuit model of a salient pole synchronous machine. (b) An electrical
circuit model of a salient pole synchronous machine.

5. Current Equivalent Models

Simple Norton equivalents are well known from most basic course literature in circuit
analysis. Instead of writing the inductance in series with the EMF, the inductance is put in
parallel with an equivalent current source (shown in Figure 20).

E

+

-

U

(a) (b)

L

+

-

+

-

I

IN L

+

-

U

I

Figure 20. Electric circuit models of (non-salient pole) synchronous machines. (a) A Thevenin
equivalent and (b) a Norton Equivalent.
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The EMF can be written as a phasor in the rectangular form as

Ē = E cos(δ) + jE sin(δ) (74)

such that the Norton equivalent current can be found by

ĪN =
Ē
Z̄

=
E cos(δ) + jE sin(δ)

jX
=

E sin(δ)
X

− j
E cos(δ)

X
(75)

The equivalent current source (see Figure 20), based on an EMF of a synchronous
machine, is

ĪN =
Ē
jX

=
E
X

sin δ + j
E
X

cos δ (76)

such that it is angularly located based on the load angle, as

ĪN = | ĪN |∡(−90◦ + δ) (77)

In many contexts, it is more convenient to rewrite it in the opposite form (as seen in
Figure 21), which is then written as

Īe = − ĪN (78)

where the phase angle of the current source is

Īe = | Īe|∡(90◦ − δ) (79)

(a)

IN

L

+

-

U

I

(b)

Ix

L

+

-

U

I

Ix
90°−δ

δ

d

q r

i U
90°+δ

d

q r

i U

IeIN

Ie δ

Figure 21. Current source in a Norton equivalent, equivalent to the EMF. Showing: (a) ĪN (b) Īe.

The load angle relates to the phase shift between the current and the magnetic flux,
shown in Figure 22. This affects the phase angle of the current source Ie, as in Figure 23.
This is also the angular phase shift between the voltage phasor and the current phasor, as in
Figure 24.

ie(t)ψ(t)

t

u(t)

δ iN(t)ψ(t)

t

u(t)

(a) (b)
δ+180°

Figure 22. (a) The load angle δ is the phase shift between the magnetic flux ψ and the equivalent
current source iN of the Norton equivalent. (b) Load angle for the alternative representation with ie.

(c)(a) d
q

r

i

+

d

q

r

i

+

(b) d

q
r

i

+
δ

δ

Ie
Ie

Ie

δ<0 δ=0° δ>0

Figure 23. Current equivalent of excitation current is modeled as a phasor Īe, located at 90◦ + δ.
Showing (a) δ < 0◦ (motor). (b) δ = 0◦ (no load). (c) δ > 0◦ (generator). Based on the transformed
field current I f and the load angle δ.
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U

r

i
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i

d

q

U

r

i
d

q

Ie Ie Ie

(b) (c)(a)

δ
δ

δ=90°δ=0°

Figure 24. Phasor representation of the excitation current. (a) Minimum load angle δ = 0◦. (b) Any
load angle δ. (c) Maximum load angle δ = 90◦.

The current of the equivalent be split in a real and an imaginary part can be

Ī = Ir + jIi =
E
X

sin δ + j
(

E
X

cos δ − U
X

)
(80)

which can be seen as a sum the two equivalent components

Ī = Īx + Īe (81)

It can either be seen as an excitation current with an angular dependent magnetization
current in the rotor reference frame (dq-plane), as in Figure 25a or as a magnetization
current with an excitation current dependent on the load angle in the voltage reference
frame (ri-plane), as seen in Figure 25b. 1

d

q

+

r

i
d

q

r

i

(b)(a)

Ix

Ie Ix Ie

+

+

+

Figure 25. The current phasors Ie and Ix. (a) Rotor reference frame, (b) voltage reference frame.

The series-connected inductor of a Thevenin equivalent is replaced by a shunt con-
nected inductor. The current of the inductance is

Īx = −j
U
X

(82)

The inductance is conveniently written as a susceptance Ȳ = jB0, that is, a current with a
90◦ phase shift, as

Īx = | Īx|∡− 90◦ (83)

A current-equivalent model of a synchronous machine (with non-salient poles) can be
described by a phasor diagram, as in Figure 26, expressed as a combination of the current
of the equivalent inductor and the equivalent current source. The current of the inductor
is placed 90◦ relative to the voltage, while the angle of the current source depends on the
load angle.

δ=90°δ=45°δ=0°

Ix
Ie

Im{I}

Re{I}

Im{I}

Re{I}

Im{I}

Re{I}

(a) (b) (c)

Ix Ie
Ix
Ie

Figure 26. Phasor illustration of the current in a model of a non-salient pole machine. The current Ix

is orthogonal to the voltage, but the current Ie is dependent on the load angle. Showing load angles:
(a) δ = 0◦. (b) δ = 45◦. (c) δ = 90◦.
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5.1. Field Weakening

In the reluctance circuit, we see that magnetic flux is dependent on the phase angle
between the rotor field current and the rotor armature current, with the rotor field current
based on the d-direction (90◦ + δ) and the stator armature with the current angle (δ − ϕ).
Field weakening is then based on the idea that the phase shift is decreased such that the
magnetic flux is made low.

The reluctance circuit of the system is seen in Figure 27 and given by

Ns Ī = RΦ̄ + Nr Ī f (84)

NrIf

+

-

+

-

+

-

+

-

ϕℜ

d

q

NrIf

NsI

d

q

ϕℜ ϕℜ

NrIf

NsI

NsI

(a) (b)

Figure 27. Phasor diagram for a reluctance circuit, illustrating field weakening. (a) Case with current
I in same angle as EMF. (b) Case with field weakening with the angle of the current I changed to
decrease the flux Φ.

A Norton equivalent easily describes this (Figure 28) by rewriting it as

Ī =
1

Ns
RΦ̄ +

Nr

Ns
Ī f = Īm + Īe (85)

with the magnetization current (Im = Ix) based on the magnetic flux Φ.

d

q

Ix

Ie L

+

-

U

I

Ie

I

d

q

Ix

Ie

I

(a) (b)

Figure 28. Phasor diagram for a current-equivalent circuit, illustrating Field Weakening. (a) Case
with current I in same angle as EMF. (b) Case with field weakening with the angle of the current I
changed to decrease the magnetizing current Im = Ix (related to the flux).

Field weakening is based on considering the constraints of the maximum current and
the maximum voltage. In addition to the constraints in the maximum current, we also have
constraints from the maximum voltage, which can also be expressed as a limitation of the
current phasor, with the constraints as follows:{

| Ī| ≤ | Īmax|
| Ī| ≤ | Īe + Īm| = | Īe + ȲŪmax|

(86)

The two limits of the current can be seen in Figure 29, both in the rotor reference frame
(dq-plane) and the voltage reference frame (ri-plane).

d

q
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d

q

r
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(a) i
(b)
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Figure 29. Limits in the armature current I and the magnetization current Im = YU (of the flux).
(a) Shown in the rotor reference frame (dq-plane). (b) Shown in the voltage reference frame (ri-plane).
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A Norton equivalent model easily relates to the constraints (as seen in Figure 30), so
each current in the current-equivalent model is used to describe the constraints. The limit of
the magnetizing current Im is linked to the magnetic flux and then affected by the maximum
voltage limit. This current then sets the boundary for field weakening. This current is
frequency dependent since the susceptance decreases with increasing frequency. That is

Y =
1

ωL
∝

1
ω

⇒ Im = YU =
U

ωL
∝

1
ω

(87)

The magnetization current decreases with an increased frequency, while the current of
the current source is constant for a constant field current (seen in Figure 31).
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ω1
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ω3

Figure 30. (a) Phasor representation of the currents I = Im + Ie. (b) The limitation in currents, which
are relevant for field weakening.
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Figure 31. Models of synchronous machines, considering salient poles with reluctance torque.

5.2. Comparison to Transformer Models

A Norton equivalent of a synchronous machine will be more similar to transformer
models. One similarity is the treatment of the magnetization as a shunt inductance. This
magnetization shunt branch is in parallel with the load current (see Figure 32, with Im
as Ix). Transformer models also handle the magnetization branch as a shunt-connected
inductance, which is directly relatable to Norton equivalent circuit models.

+

-

U

I

Bm

Re

Im

Im

Im
U

IL

IL IL

I

Figure 32. Transformer models have the magnetization inductance as a shunt branch, similar to the
Norton equivalent model.

The rotor field current is handled as an equivalent current on the armature winding
such that the rotor acts as a secondary side current source but transformed over to the
stator primary side.

The rotating magnetic flux of the field windings will appear as an alternating flux
from the perspective of the three-phases in the stator armature windings. The rotating flux
will then appear similar to an alternating secondary side such that the field current acts
similar to a secondary side current.
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The current source Īe has a magnitude set by the magnitude of the field current and a
phase angle based on the load angle such that the circuit equivalent of the current source

Īe =
Nr

Ns
Ī f (88)

which is similar to a transformed secondary side current of a transformer.

5.3. Comparison to Induction Motor Models

Induction motor models are often based on transformer models. The induced rotor
field current is handled as a secondary side and rewritten for the stator side as an equivalent
on the primary side (see Figure 33).

A Norton equivalent model of a synchronous machine is then following the same
analogy of induction machine models, where the magnetization inductance is handled as a
shunt branch and the rotor current is handled as an equivalent on the stator side.

+

-

U

I Ir

Lm Rr/s

Lr
Im

Re

Im

Im

U

Ir

I

Figure 33. Induction machines also have the magnetization branch as a shunt, similar to Norton
equivalent models of synchronous machines.

The magnetic field of the rotor is rotating based on a combination of the mechanical
angular speed of the rotor and the angular frequency of the alternating rotor current.
This is so that the magnetic field rotates synchronously while the mechanical rotation is
slipping behind asynchronously, illustrating the similarity between induction machines
and synchronous machines.

5.4. Equivalent Excitation Current

The rotating field current appears as a transformed alternating current source, that is

Īe =
Nr

Ns
Ī f (89)

with the complete stator current by

Ī =
Φ̄R̄

Ns
+

Nr

Ns
Ī f (90)

This model focuses on the currents and can then be related to how synchronous
machines behave depending on the power load and the excitation of the field current. This
is often studied by curves of the armature current as a function of the field current (often
referred to as V-curves), as shown in Figure 34. The field current controls the magnitude of
the equivalent current source, while the power load sets the angle (as the load angle). This
then acts in parallel to the element that represents the inductance so that a low-field current
is equivalent to a case where it only becomes an inductance. The current-equivalent model
consists of two parts: one magnetization current, and one current of the current source.

Ī = Īx + Īe (91)

The imaginary parts of the current (i.e., the out-of-phase components) will be opposed to
each other. Since the two components are opposed, they contribute differently to the phase
angle so that they can cancel each other when they have the same magnitude.
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Figure 34. A typical “V curve”, showing how the magnitude armature current I depends on the field
current I f .

The magnetization current is equivalent inductor, while the current source is depen-
dent on the field current. The two components can be compared, as seen in Figure 35,
which shows how magnetization current dominates for low-field currents, and the current
source dominates for high-field currents.
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C
u

rr
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t

Field current

Figure 35. The magnetization current is the same, but the current of the current source increases.
Assuming constant voltage and no load angle for illustrative purposes.

This current-based approach can be compared to classical phasors of Thevenin equiva-
lents, as performed in Figure 36. The Norton equivalent is consisting of a sum of currents,
as Ie, Ix, and I. The magnitude of the current source (| Īe|) is set by the magnitude of the field
current, and its angle is based on the load angle. The imaginary part of the armature current
is set by the sum of the two other imaginary parts, while the real part of the armature
current is set by the real part of the current source. Here, it could be worthwhile to note
that (the imaginary part of) the current source has an opposing phase angle relative to the
inductance and is similar to a capacitive current.
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Under-excitation Over-excitationUnity
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φ
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δ
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Figure 36. The phase angle of the current I = Ix + Ie is controlled by variations in the field current I f .
It can be illustrated by variations in the magnitude of the equivalent current source Ie, equivalent
to variations in the EMF E. (a) Under-excitation (motor, lagging p.f.). (b) Unity power factor.
(c) Over-excitation (motor, leading p.f.).
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Another feature is also that the equivalent current source Ie is not frequency-dependent,
as the case for the EMF E. This simplifies the representation of the excitation for various
speed drives.

5.5. Current Equivalent of Permanent Magnets

Permanent magnets may seem very different from field currents in the way that they
cannot obviously be treated similarly to the current of field windings. However, permanent
magnets are still also easily modeled by equivalent currents based on reluctance circuit
MMFs. So, permanent magnets can be integrated in both reluctance circuits and electrical
circuit models [56–61].

Consider that a magnetization can be represented by an equivalent current density
based on ampere’s law such that a remnant magnetization Mr (with a relative recoil
permeability µrec) of a permanent magnet would be equivalent to a current density as

J⃗m = ∇× M⃗r/µrec (92)

The adoption as an MMF in a reluctance circuit based on the magnet length ℓ is then written as

F =
Mr

µrec
ℓ (93)

and it can be adopted as an equivalent current in the electrical stator circuit, based on the
number of armature windings of the stator, by writing

Ieq =
1

Ns

Mr

µrec
ℓ (94)

This part is linked to the excitation torque of a permanent magnet based rotor. There is
also an impact by the permeability (µrec) of the magnet, so that it could effect the rotor pole
saliency, and contribute to the reluctance torque. Where an internal permanent magnet in
the rotor could decrease the inductance for the magnetic flux in the d-direction.

6. Salient Pole Machine Modeling

A circuit model can be introduced that considers the rotor pole saliency by considering
the power of salient pole synchronous machines. This section will describe such a model, by
starting from the active and reactive power of both the excitation torque and the reluctance
torque. The active power is

P =
UE
Xd

sin δ︸ ︷︷ ︸
Pem f

+
U2

2

(
1

Xq
− 1

Xd

)
sin 2δ︸ ︷︷ ︸

Prel

(95)

and the reactive power is

Q =
UE
Xd

cos δ︸ ︷︷ ︸
Qem f

− U2

2

(
1

Xq
− 1

Xd

)
cos 2δ︸ ︷︷ ︸

Qrel

− U2

2

(
1

Xq
+

1
Xd

)
︸ ︷︷ ︸

Qx

(96)

The torque is easily related to the active power by

τ =
P

ωmek
=

P
2ω/p

(97)

such that the torque consists of both the excitation torque and the reluctance torque, which
are the components from the excitation system and the reluctance tor que.
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τ = 3
p
2

(
UE

ω2Ld
sin δ +

U2

2ω2

(
1
Lq

− 1
Ld

)
sin 2δ

)
(98)

One approach to the torque is to write it similar to a Lorentz force based on the dq-
components [49,62]. The torque is then

τ = 3
p
2
(
ψd Iq − ψq Id

)
(99)

The torque depends on the load angle δ, as shown in Figure 37. Illustrating the
excitation torque of a magnetized rotor, with the maximum torque at an orthogonal load
angle at δ = 90◦.

180°
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0°

T
o
rq
u
e

45°

 δ

135°

Figure 37. The torque of a magnetized rotor (acting like a magnetic dipole) in a magnetic flux from
a stator.

The angular dependence is different for the reluctance torque, with the maximum
torque at the load angle δ = 45◦, as in Figure 38. It is also contributing with different
directions above and below the load angle δ = 90◦.

T
o
rq
u
e

 δ0°

45°
90°

135°

180°

Figure 38. The reluctance torque depending on the rotor position relative to the magnetic flux from
the stator.

The complete torque will be a combination of both the excitation torque and the
reluctance torque, as shown in Figure 39, where the excitation torque is established by
field windings or permanent magnets and the reluctance torque is caused by the pole
saliency. There are also machines with a reverse saliency, where the contribution of the
reluctance torque is the opposite of the common reluctance torque, as seen in Figure 40.
The pole saliency in classical field wound synchrnous machines use to have an increased
saliency in the direction of the poles (Ld > Lq), due to the high permeability of the the steel.
Permament magnets based rotors could instead have the saliency in the opposite direction
(Ld < Lq), due to the low permeability of the permanent magnets. But the saliency is
dependent on the rotor design, and modifications to the angular direction of the magnetic
flux paths in the rotor could instead give an angular displaced or reverse saliency [7–10].
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Figure 39. An example of a torque curve, with the torque as a function of the load angle. The complete
torque is a combination of the excitation torque (from the field windings or permanent magnets) and
the reluctance torque (from the pole saliency).
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Figure 40. An example of a torque curve with reverse saliency. The reluctance torque contribute to
the combined torque in an opposite way in comparison to common reluctance torque.

Current-Equivalent Model for Salient Pole Machines

The current of a salient pole synchronous machine can be seen based on the active and
reactive power.

Ī = Ir + jIi =
P − jQ

U
(100)

with the real part of the current equivalent to the active power

Ir =
E

Xd
sin δ +

U
2

(
1

Xq
− 1

Xd

)
sin 2δ (101)

and the imaginary part of the current equivalent to the reactive power

Ii =
E

Xd
cos δ − U

2

(
1

Xq
− 1

Xd

)
cos 2δ − U

2

(
1

Xq
+

1
Xd

)
(102)

This current could be related to circuit elements. An equivalent circuit model for
a salient pole synchronous machine is seen in Figure 41. Here, the pole saliency can be
handled as a special separate current source, as in Figure 41a. Then, similar to the method
in Section 3.1 by Ahmed-Zaid and Oteafy [5]. But a version with an equivalent current
source can instead be rewritten even further. This can alternatively be seen as a susceptance
model, as in Figure 41b, where an equivalent resistance represents the reluctance torque.

B2G2Ie

+

-

U

I

B0 B0Irel
Ie

+

-

U

I

(a) (b)

Figure 41. Circuit models of salient pole synchronous machine. (a) Model with a variable current
source representing the saliency Īrel. (b) Model with a susceptance Ȳ2 = G2 + jB2 representing
the saliency.

The magnetization current ( Īm = Īx + Īrel) is dependent on the direction in the dq-plane.
This can be illustrated for a salient pole machine in Figure 42a and reluctance machine in
Figure 42b, showing the feasible magnetization current as region in the dq-plane.



Energies 2024, 17, 1015 27 of 37

d

q

++ Ie

(a)

d

q

+

(b)

ω2>ω1
ω1
ω2

ω2>ω1
ω1
ω2

Figure 42. Current limitations for field weakening, considering voltage limitations for different
frequencies. (a) For a Salient pole synchronous machine (Ld > Lq). (b) Reluctance machine (Ld > Lq).

Current source equivalent with two current sources (one classical and one for the
saliency), together with an inductance, is

Ī = Īx + Īrel + Īe (103)

The classical current source (representing the excitation current) is

Īe =
E

Xd
sin δ + j

E
Xd

cos δ (104)

The current of the equivalent (average) reactance is

Īx = −j
U
2

(
1

Xq
+

1
Xd

)
(105)

the equivalent current of the reluctance torque is

Īrel =
U
2

(
1

Xq
− 1

Xd

)
sin 2δ − j

U
2

(
1

Xq
− 1

Xd

)
cos 2δ (106)

The current of the average susceptance and the saliency susceptance are illustrated in
Figure 43. The average susceptance is always 90◦ from the voltage. The saliency susceptance
is different and instead reflected in the line −q = d, equivalent to a rotation of 90◦ − 2δ. Its
dependence on the load angle is shown in Figure 44, showing the saliency susceptance for
δ = 0◦ (Figure 44a) and δ = 45◦ (Figure 44c).
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Figure 43. Phasors of the magnetization current and the saliency current. (a) The average susceptance
gives a contribution of an inductive current Ix, placed −90◦ from the voltage. (b) The saliency
susceptance gives a current contribution Irel based on a reflection of the voltage in the line −d = q.
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Figure 44. Phasor representation of the current of the saliency susceptance. (a) Minimum load angle
δ = 0◦. (b) Any load angle δ. (c) Maximum load angle δ = −45◦.
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The active and reactive power of the reluctance torque can be seen as a resistance in
parallel with an inductance, where the current is dependent on the load angle, similar to
the equivalent of the EMF, with a difference in that the reluctance torque is modeled by
passive circuit component in contrast to EMF, which is seen as an active circuit component.

The magnetization current in a salient pole machine is given by two terms, with one
for the average susceptance and another for the salient susceptance. That is

Ī = Īx + Īrel (107)

The current is angularly dependent based on the load angle δ such that the current is
given by

Ī = Ū|Ȳ0|ej(−90◦) + Ū|Ȳ2|ej(90◦+2δ) (108)

So, the magnetization current is defining an ellipse in the dq-plane via the pole saliency.
The radius is not just set by the angularly independent Ix; it is also set by the angularly
dependent Irel , which is based on the load angle. The current is decreased in the d-direction
(for Ld > Lq) and increased in the q-direction (for Ld > Lq).

The angular dependence can also be expressed in the voltage reference frame (ri-plane)
instead of the rotor reference frame (dq-plane)

The susceptance is then written as

Ȳ = Ȳ0 + Ȳ2 = |Ȳ0|ej(−90◦) + |Ȳ2|ej(90◦+2δ) (109)

such that the complex power is

S̄ = Ū(ŪȲ0 + UȲ2 + Īe) (110)

The active power is then given by

P = U2G2 + UIe sin(2δ) (111)

and the reactive power is given by

Q = U2B0 + U2B2 + UIe cos(2δ) (112)

7. Reluctance Machine Model

The model of the reluctance torque within the circuit model is handled by a complex
susceptance. Complex susceptance models (inverse complex inductance models) have
been used in other previous studies to model the impact of salient poles [63–65]. Simi-
larly, they have been used in models of nonlinear magnetization to include the impact of
saturation [66].

The locus of the magnetization current in a reluctance machine is shown in Figure 45.
An increased saliency can be used to improve the power factor [67–69].
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Figure 45. (a) Possible magnetization currents I of a reluctance machine expressed as a region
in the dq-plane. (b) Example of currents in two parts at δ = −45◦, (c) rewritten in the voltage
reference frame.
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The magnetization current expressed by two currents can be seen as two components
(see Figure 46): one component is the same for all load angles while the other depends on
the load angle.
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I=Ix+Irel
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I=Ix+Ireli

δ

Figure 46. Magnetization Current for different load angles. Expressed as I = Ix + Irel . (a) δ = 0◦,
(b) δ = −45◦, (c) δ = −90◦ (unstable).

7.1. The Complex Saliency Susceptance Model

The equivalent susceptance of the pole saliency is given by

Ȳ2 =
1
2

(
1

Xq
− 1

Xd

)
sin 2δ − j

1
2

(
1

Xq
− 1

Xd

)
cos 2δ (113)

such that it is a complex number in a Cartesian form by

Ȳ2 = G2 + jB2 (114)

The susceptance have two components, which depend on the magnitude of |Ȳ2| and the
load angle δ

G2 =
1
2

(
1

Xq
− 1

Xd

)
sin 2δ = |Ȳ2| sin(2δ) (115)

B2 =
1
2

(
1

Xq
− 1

Xd

)
cos 2δ = |Ȳ2| cos(2δ) (116)

(note that this refers to the circuit component B2 and not to a flux density).

Ȳ2 =
1
2

(
1

Xq
− 1

Xd

)
(sin(2δ) + j cos(2δ)) (117)

It can also be written in polar coordinates as magnitude

|Ȳ2| =
1
2

(
1

Xq
− 1

Xd

)
(118)

with the angle based on the load angle

∡(Ȳ2) = 90◦ + 2δ (119)

The equivalent susceptance of the pole saliency (i.e., the reluctance torque) is de-
pendent on the load angle, as illustrated in Figure 47. It is purely imaginary at δ = 0◦

and purely real at δ = −45◦. All values in between are described as combinations of real
and imaginary components.

The plots of the susceptance share similarities with admittance plots for Nyquist plots.
However, there is a notable difference: in this case, both the susceptance and conductance
are frequency-dependent, while classical conductance is not frequency-dependent. This
is because this conductance (G2) is not a real ohmic resistance, and instead related to an
imaginary component of the magnetic flux. Then, it instead acts as an imaginary part of
the inductance or an imaginary part of the reluctance.



Energies 2024, 17, 1015 30 of 37

+

-

U

I

+

-

I

+

-

I

B0U B2U G2B0 B2 G2 B0 B2 G2

δ=−45°
B0B0Y2B0 Y2=G2+jB2

δ=−22.5°δ=0°

Y2 Y2

Im{Y}
Re{Y}

Im{Y}

(b)(a) (c)

Re{Y}
Im{Y}

Re{Y}

Figure 47. Circuit model with a saliency susceptance (a) case at 0◦ when the susceptance only is an
imaginary part. (b) A case at 22.5◦ with both a real and an imaginary part. (c) A case at 45◦ where the
saliency susceptance only is a real part.

7.2. Imaginary Reluctance Compared to Resistance

A salient pole rotor can be described by a complex reluctance when it is adopted in
a phasor model, with the reluctance dependent on the load angle as in Figure 48. This
is equivalent to the load angle-dependent susceptance, as seen in Figure 48, where the
imaginary part of the complex reluctance is a real-valued part of the susceptance.

The current of an inductor is usually in phase with the flux, and thus phase shifted
from the voltage. A complex-valued reluctance changes this relation and introduces a phase
shift between the magnetic flux and the current such that the current and the magnetic flux
are angularly displaced relative to each other.

A clear difference between common resistances and imaginary reluctances is fre-
quency dependency: resistors are not frequency-dependent, but imaginary reluctances are
equivalent to a frequency-dependent conductance.
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Figure 48. (a) Phase diagram of the complex reluctance, modeling the reluctance torque. (b) Adopted
as a susceptance.

7.3. Comparison to Hysteresis Models

The model of the reluctance torque is in many ways resembling the modeling of iron
losses, where the losses are equivalent to a sum of currents and each term is based on a
specific frequency dependency.

Here, the term “frequency dependency” is used a bit different in iron loss modeling
as compared to circuit theory. This is because iron losses used to be analyzed as energy
loss per period based on the magnetic flux density while in circuit theory, the frequency
dependency is different, with losses expressed as a power and with resistance seen as a
frequency-independent circuit element. Impedances are then instead frequency dependent.

Iron losses can, at the simplest level, be split in to hysteresis losses and eddy current
losses, following the simplest form of Steinmetz equation [70–72] with the average power
loss per period expressed by

P = khBβ f V + keB2 f 2V (120)



Energies 2024, 17, 1015 31 of 37

This is calculated for a flux density B, a volume V, the parameters kh, ke, and β with hys-
teresis losses Ph as the term proportional to the frequency, as eddy current losses, and Pe
as the term dependent on the square of the frequency. It can be replaced by an expression
based on the magnetic flux (instead of the flux density) by using modified parameters and
then as

P = Ph + Pe = KhΦβ f + KeΦ2 f 2 (121)

For simplicity, we can assume β=2 and then have

P = Ph + Pe = KhΦ2 f + KeΦ2 f 2 (122)

To fit better with circuit theory, it can then be expressed as a function of the voltage instead
of the magnetic flux with a small modification of the parameters such that we have

P = Ph + Pe =
κh
f

U2 + κeU2 (123)

with the equivalent hysteresis conductance Gh = κh/ f and the equivalent eddy current
conductance Ge = κe such that it can be adopted for circuit components with

Ploss = GhU2 + GeU2 (124)

The relation between magnetic field strength H and the magnetic flux density B can at the
most basic level be described by a linear relation based on the reluctivity ν as the inverse of
µ.

H = νB (125)

When including hysteresis losses in the magnetization of the iron, the model can be rewrit-
ten with a complex reluctivity (similar to complex permeability models [73–75]) as

H̄ = ν̄B̄ = (ν′ + jν′′)B̄ (126)

When a third term is added based on the induced eddy currents considering conductivity
σ and the iron core lamination coefficient k as

H̄ = (ν′ + jν′′ + jωkσ)B̄ (127)

an equivalent approach expressed by magnetic circuit elements would then be an expression
for the relation between the MMF F̄ and magnetic flux using the complex reluctance model
R′ + jR′′ of the iron magnetization and a conductance Ge for the induced eddy currents,
that is

F̄ = (R′ + jR′′)ϕ + jωGeϕ̄ (128)

In an electric circuit model, the complex reluctance is instead adopted as a complex suscep-
tance. So, the relation between the current I and the voltage U is

Ī =
(
R′ + jR′′

jωN2
s

+
Ge

N2
s

)
Ū (129)

The model of the magnetization is then a sum of equivalent currents such that a circuit
element is written as

Ī = (jBm + Gh + Ge)Ū (130)

as the magnetization admittance, with Bm in parallel to the equivalent iron loss conduc-
tances Gh + Ge.

A classical core model of a transformer is usually only a shunt branch consisting of
the magnetization flux admittance Bm and the core loss conductance Gc = Ge [76] (seen in
Figure 49a). This can then be adopted to include loss separation, with both hysteresis and
eddy current losses (Gc = Gh + Ge), according to the circuit in Figure 49b.
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Figure 49. (a) A circuit element model of the magnetization of iron considering hysteresis and eddy
currents. (b) The frequency of the conductance in hysteresis modeling resembles that of the salient
pole model.

8. Extended Circuit Model

A more detailed model of the magnetic circuit in a machine would treat the leakage
flux Ll as separated from the magnetizing flux Lm [57], as seen in Figure 50a. This can also
be extended with the resistive stator copper losses, expressed by the resistance Rs (also in
Figure 50a). These two series-connected elements (Ll and Rs) will appear more separated in
a Norton equivalent model (as in Figure 50b) since the magnetization branch is in parallel
with the current source.
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+
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Figure 50. (a) Classical Thevenin equivalent model, extended with series stator resistance and leakage
flux inductance. (b) The model rewritten as a Norton equivalent, also with series stator resistance
and leakage flux inductance.

The separation between the leakage inductance Ll and the magnetization inductance
Lm can be included in the two circuit equivalents of the two-reaction theory, as shown in
Figure 51a. Then, it can be further rewritten as two Norton equivalents, similar to Rahman
et al. [56,58] and Sebastian et al. [57] (illustrated in Figure 51b).
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Figure 51. (a) Classical Thevenin equivalent model with separate dq-components, extended with
series stator resistance and leakage flux inductance. (b) The two dq-components in the model rewritten
as Norton equivalents.

Another approach is to include the leakage inductance Ll and the stator winding
resistance Rs in the salient pole machine model discussed in this paper, then with a circuit
according to Figure 52.
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Figure 52. (a) Classical model with series components. (b) The model of this paper, extended with
leakage inductance and stator series resistance.

Circuit models of the core loss resistances are common for transformers but have
also been adopted for machine circuits based on Thevenin equivalents [77–81], similar to
how iron losses can be adopted in transformer models [82]. With a Norton equivalent, it
becomes more similar based on the shunt-connected magnetizing branch Ix such that the
core losses can be included as an extension in parallel to the magnetizing branch. Such a
detailed circuit model can be seen in Figure 53, which includes the core loss resistance Gc
(which also can be written as Gc = Gh + Ge).

Ic

B0

+

-

U

I

B2G2

IeIx Irel

Gc

Rs Ll

Figure 53. A more detailed model of a salient pole synchronous machine, including leakage flux
inductance, stator copper loss resistance, and iron loss resistance.

9. Conclusions

This paper has shown how reluctance torque can be included in circuit models. The ef-
fect of the salient poles can be included as its own passive circuit element, as a simple
susceptance (Y2 = G2 + jB2), representing the angular variation in reluctance.

The model can be derived by relating the rotating dq-frame of machine modeling to
circuit models, where the rotor reference frame is based on the rotor angle while the voltage
reference frame is based on the voltage angle.

The proposed model is giving an alternative approach to dq-components in modeling.
It is derived by Clarke and Park transforms but can be used without the rotor reference
frame. This makes it different compared to the classical approach to salient poles and can
simplify the model.

A Norton equivalent is more similar to other circuit models since the inductance of
the magnetization is handled as a shunt branch, in parallel with the other components.
Such as the magnetization current shunt branch of transformers and induction machines.
The approach with a sum of currents also relates better to hysteresis modeling and iron loss
modeling. The structure of Norton equivalents is better agreeing with reluctance networks
(and Ampere’s law) since series-connected reluctances are equivalent to parallel (shunt)
inductors in an electrical circuit.

A Norton equivalent circuit is based on a sum of currents instead of a sum of voltages.
This is convenient for simple representation of motor applications when the magnetic flux
is set by the stable voltage and frequency of a strong grid or when the magnetic flux is
set by flux control of variable speed drives. The formation of the voltage is not in focus,
but instead the phase angle of the current.

When synchronous machines with pole saliency become more common in new appli-
cations, it is important that the models can handle all types of systems so that all machine
designs can be adopted and studied based on basic circuit theory.
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