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Influence of the Skin and Proximity

Effects on the Thermal Field in Flat

and Trefoil Three-Phase Systems with

Round Conductors. Energies 2024, 17,

1713. https://doi.org/10.3390/

en17071713

Academic Editor: Christopher

Micallef

Received: 12 March 2024

Revised: 30 March 2024

Accepted: 1 April 2024

Published: 3 April 2024

Copyright: © 2024 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

energies

Article

Influence of the Skin and Proximity Effects on the Thermal Field
in Flat and Trefoil Three-Phase Systems with Round Conductors
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Abstract: The passage of current generates heat and increases the temperature of electrical compo-
nents, which affects the environment, support insulators and contacts. Knowledge of the temperature
allows for the determination of important operational parameters. Time-varying currents result
in a nonuniform current density distribution due to the skin and proximity effects. As a result,
temperature and energy losses are increased compared to the uniform DC current density case. In this
paper, these effects are considered for three-phase systems with round conductors in flat and trefoil
arrangements. In the first step, the analytical expressions for current distributions are determined
and used to construct the heat source density. Then, a suitable Green’s function, which allows for
obtaining temperature distribution in analytical form, is used to evaluate temperature at any point
throughout the conductors. The temperature differences throughout individual wires are usually
negligible, whereas noticeable differences can be observed between the wires. The impact of various
parameters is examined, and an approximate closed formula is derived to assess the influence of
the skin and proximity effects. When the skin depth is not smaller than the wire radius, the skin
effect enlarges the temperature increase by around 2% compared to the DC case. As for the proximity
effect, the additional increase can be neglected if the distance is above around 10 wire radii, but for
closely spaced wires, it can reach up to around 17%, depending on the arrangement and the distance
between the wires. Such an additional increase may result in exceeding the permissible temperatures,
which damages particular components of the system; therefore, it is important to take it into account
at the design stage.

Keywords: temperature; cylindrical conductors; three-phase systems; Green’s function; heat conduc-
tion; skin effect; proximity effect; flat arrangement; trefoil arrangement

1. Introduction

Various configurations of three-phase systems are commonly used in electrical en-
gineering, especially in power systems. One of the fundamental quantities related to
individual phase conductors is their temperature. Too high a temperature threatens the
environment, the strength and quality of contact connections and support insulators. It
also affects the oxidation and corrosion of cables. The influence of temperature on the
mechanical strength of cables is also important, as it usually decreases after exceeding
a certain temperature value. For the above-mentioned reasons, temperature also has a
significant impact on the permissible current in a wire (ampacity).

The main factor generating heat is the flow of current in individual conductors. Due
to electromagnetic induction, the current density distribution in particular wires is not
uniform, but is affected by the skin effect and, to a lesser extent, by the proximity effect [1,2].
Both effects originate from eddy currents induced in conductors due to time-varying
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magnetic fields. The skin effect arises from current in the conductor under consideration
and results in the displacement of current density towards the outer surface of the wire.
In turn, the proximity phenomenon involves the induction of additional eddy currents
due to currents in nearby wires. Its impact on current density distribution is much more
complex than that of the skin effect and depends on the location of the neighboring wires
and their currents. In total, this causes an uneven distribution of current density in the cross-
sections of individual phases. For the above-mentioned reasons, the analysis of the skin
and proximity effects in three-phase systems has been the subject of discussion in numerous
works. For example, trefoil cable arrangements were studied in [3]. A two-dimensional
finite element method was used to assess the accuracy of the IEC standard (a calculation
of the loss factor in cables with non-magnetic armor). The results were improved using
the filament method. IEC 6287 [4] has been shown to lead to temperature overestimation,
especially in large cable sizes (up to 8%).

In Ref. [5], a three-phase system of insulated wires was tested. The heat conduction
equation was solved using the finite element method using the COMSOL Multiphysics
program. It has been shown that the configuration of the three-phase system and the type
of wire insulation have a significant impact on the system temperature. In the work [6], the
thermal field in a three-phase GIL (gas-insulated line) was analyzed. The finite element
method was also used. It has been shown that skin and proximity phenomena increase the
equivalent resistance of wires and their power losses by up to one-third compared to DC
current. Finite elements can be used in modeling coupled electromagnetic and thermal
problems; for example, irregular-shaped busbars were analyzed in [7].

In addition to finite elements, thermal-electric analogies are also used [8]. For example,
a thermal network model of a busbar system with lumped parameters was developed in [9].
It enabled the estimation of power and temperature losses in the tested system. Skin and
proximity effects were also taken into account when determining the AC resistance. The ob-
tained results were verified using the finite element method and laboratory measurements.
In turn, [10] presents a method for calculating the temperature in overhead transmission
lines, also based on the equivalent heat network. On this basis, a multi-parameter ther-
mal protection strategy for the system has also been proposed. Experimental verification
showed that the accuracy of the ETC (equivalent thermal circuit) method is higher than
the IEEE and CIGRE standards. The thermal-electric analogy method was also widely
used in [11–14]. The skin and proximity phenomena can also be approximately taken into
account using appropriate correction factors [15,16].

The examples of calculating the thermal field in power systems presented above
concern the use of numerical and semi-empirical methods. Analytical methods are used
much less frequently. In Ref. [17], the method of separation of variables was used to
calculate the temperature and stress in a cylindrical conductor carrying alternating current,
with a weak skin effect taken into account. In Ref. [18], the application of the method of
separation of variables was presented for various problems but not the considered one in
this paper. In Ref. [19], an analytical solution for a thin rectangular busbar was presented
(1D solution). Uniform current distribution was assumed, although it was possible to take
into account the effect of temperature on the resistivity. In Ref. [20], the temperature of
a single round wire was considered, with the skin effect taken into account. In Ref. [21],
the influence of wind speed on the thermal characteristics of ACCR (aluminum conductor
composite reinforced) lines was investigated. The individual elements of the system were
modeled as porous bodies. The problem was solved using the state superposition method
and the method of separation of variables. The obtained results were verified using the
finite element method. Another method was used in [22], where the thermal field of the
ACCC (aluminum conductor composite core) line was studied using the modified Green’s
method, adapted to the layered structure of the system. The heat source model took into
account the skin effect. Also, in [23], the Green’s function method was used to analyze
the influence of current frequency on the thermal field in an insulated busbar, taking into
account the skin effect.
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The above-cited and other works show that the impact of the proximity effect on the
temperature field has not been addressed analytically. The analytical results presented in
the literature focus on power losses or integral parameters like resistance and impedance
(e.g., [24]). Some works concerning analytical results for temperature take into account the
skin effect (e.g., [17,20]) but not the proximity effect. Therefore, it is desirable to analyze
the impact of this effect via analytical methods. Although analytical solutions are usually
obtained for idealized configurations, they have a number of advantages over numerical
ones. These include the final result in the form of a formula, which facilitates the discussion
on the impact of individual parameters and physical interpretation of the phenomenon.
They enable verification of numerical calculations using examples of asymptotic (simplified)
problems. Moreover, they reveal directions for further optimization and facilitate the
determination of scaling laws and quick estimation of the field at selected points in space.

The goal of this paper is to investigate analytically the skin and proximity effects on the
thermal field in typical three-phase systems with round conductors. A suitably constructed
Green’s function is used to determine a closed formula for temperature at any point
throughout the conductor. Compared to other analytical methods, the main advantage of
the proposed one is that there is no need to determine any particular solution to the Poisson
equation describing the temperature distribution. Moreover, Green’s function, by definition,
satisfies the boundary conditions and is independent of the source term. Therefore, it can
be easily used for various current densities, i.e., for various wire arrangements. A potential
disadvantage is that various shapes of wire cross-sections would require the construction
of other Green’s functions, which is often quite a complicated task.

The structure of the paper is as follows. In Section 2, the physical model and assump-
tions, as well as the mathematical model, are presented. In Section 3, the temperatures of
individual conductors in flat and trefoil three-phase configurations are determined. Then,
an analytical formula for mean surface temperature increase is obtained and the impact
of various parameters is examined. An approximate formula of closed form is derived to
assess the influence of the skin and proximity effects on the thermal field. Finally, numerical
examples are presented to illustrate the considerations. Due to quite a large number of
symbols occurring in the equations they were collected at the end of this manuscript.

2. Methodology
2.1. Physical Model

The main subject of the research is a three-phase system of conductors arranged in
two commonly used configurations: flat (Figure 1a) and an equilateral triangle (trefoil)
(Figure 1b). It was assumed that the system consisted of three identical parallel cylindrical
wires of radius R, spaced at the same distance d from each other, and that their length is
much larger compared to their cross-sectional extent.
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2.2. Current Density

In the analysis of the thermal field, it is necessary to know the current density dis-
tributions in individual phases of the conductors, taking into account the skin effect and
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proximity phenomena. For this purpose, appropriate dependencies given in [25] were used.
The formulas determining the current densities were found based on the solution of the
Helmholtz equation [26,27] with respect to the magnetic vector potential. The formulas
were obtained under assumptions that the electrical conductivity σ and relative magnetic
permeability µr of all conductors were independent of fields and the same in the whole
conductor. The conductors were assumed to carry symmetrical three-phase currents of a
positive sequence and frequency f . Based on [25], the current density distribution in i-th
wire can be expressed as follows:

Ji(r, φ) =
ΓI i
2πR

[
I0(Γr)
I1(ΓR)

+
∞

∑
n=1

(
R
d

)n In(Γr)
In−1(ΓR)

Ani(φ)

]
, 0 ≤ r ≤ R, 0 ≤ φ ≤ 2π, i = 1, 2, 3, (1)

where (r, φ) are local polar coordinates related to the wire,

Γ =
√

jωµrµ0σ = (1 + j)κ, κ =

√
ωµrµ0σ

2
, ω = 2π f , j =

√
−1, (2)

I1 = I , I2 = Ia2, I3 = Ia, a = ej2π/3, (3)

In(z) is the modified Bessel functions of the first kind of order n, µ0 = 4π × 10−7 H/m,
and functions Ani(φ) depend on the position and current phases of the neighboring wires.
For the case of the considered flat configuration, they take the following form:

An1(φ) =
[(

1 + 2−n)+ j
√

3
(
1 − 2−n)]cos nφ, (4a)

An2(φ) =
[(

1 + (−1)n)+ j
√

3
(
1 − (−1)n)]cos nφ, (4b)

An3(φ) = (−1)n
[(

1 + 2−n)− j
√

3
(
1 − 2−n)]cos nφ. (4c)

In turn, in the case of the trefoil configuration, they can be expressed as follows:

An1(φ) = −2
[
e−j2π/3cos nφ + ej2π/3cos n(φ − π/3)

]
, (5a)

An2(φ) = −2(−1)n
[
ej2π/3cos nφ + e−j2π/3cos n(φ + π/3)

]
, (5b)

An3(φ) = −2
[
(−1)ne−j2π/3cos n(φ − π/3) + ej2π/3cos n(φ + π/3)

]
. (5c)

The first component in Equation (1) determines the current density caused by the skin
effect, whereas the series results from the proximity phenomenon. It should be mentioned
that Equation (1) is an approximate solution obtained by replacing the neighboring wires
with current filaments. However, it was shown in [28] that the approximation error is below
1% if the skin depth is not less than the wire radius and the spacing between the wires is at
least one wire radius. The literature also offers other formulas describing current densities
in three-phase systems. In Ref. [29], for example, approximate relationships defining
current densities in the form of finite series with appropriately selected functions were
given, in which the unknown coefficients were determined using the matching method.
However, in this paper, the approach based on Equations (1)–(5) is considered.

Figure 2 shows exemplary distributions of current density modulus in individual
phase conductors for the considered flat and triangular configuration. The following values
for parameters were used to prepare the plots: current RMS I = 595.46 A, frequency
f = 50 Hz, copper wires (σ = 55 MS/m, µr = 1) of radius R = 9.77 mm (cross-section
area 300 mm2), d = 50 mm. The plots in Figure 2 show that the current density distributions
in individual phases are nonuniform and depend on the radial coordinate r and the angular
coordinate φ. Moreover, in the flat configuration, they differ between the conductors;
therefore, the temperature distributions will be different, too.
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2.3. Mathematical Model of Thermal Field

It was assumed that the configuration was placed at an ambient temperature of
T0 and protected from direct sunlight. The mathematical model of the thermal field
in one conductor was defined using the thermal increase ϑ = T − T0, where T is the
temperature. The temperature increase in the i-th wire satisfied the classical thermal
conductivity equation [30,31] of the following form:

∂2ϑi
∂r2 +

1
r

∂ϑi
∂r

+
1
r2

∂2ϑi
∂φ2 = − gi(r, φ)

λ
, 0 ≤ r ≤ R, 0 ≤ φ ≤ 2π, i = 1, 2, 3, (6)

where λ is the thermal conductivity of the wire material (assumed constant), and gi(r, φ) is
the efficiency of the heat source. In this case, it equals the power loss density caused by
current passage:

gi(r, φ) =
Ji(r, φ)J∗i (r, φ)

σ
, (7)
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where Ji(r, φ) is the current density in i-th wire given by Equation (1). To solve Equation
(6), it is necessary to pose boundary conditions. It was assumed that the outer surface of the
wires exchanged thermal energy in accordance with Newton’s law [31,32], and the thermal
influence of the neighboring wires was neglected. The above-mentioned energy exchange
is described by the Hankel boundary condition, as follows:

λ
∂ϑi
∂r

∣∣∣∣
r=R

= −αϑi(R, φ), 0 ≤ φ < 2π, i = 1, 2, 3, (8)

where α is the heat transfer coefficient.

2.4. Solving Methodology

To solve Equation (6) with the boundary condition (8), an analytical method based on
the Green’s function [33–35] was used. There are many advantages to its use. First,
in Green’s method, there is no need to determine the particular integral of the non-
homogeneous Equation (6), which is difficult to determine in the analyzed case. Second,
the Green’s function does not depend on the excitation (heat source); therefore, it is a
convenient tool for analyzing fields with non-uniform sources. In accordance with the
method of Green’s function, the solution of Equation (6) can be represented by the following
integral [33–35]:

ϑi(r, φ) =
1
λ

∫ R

ξ=0

∫ 2π

θ=0
gi(ξ, θ)G(r, φ; ξ, θ)ξdξdθ, 0 ≤ r ≤ R, 0 ≤ φ < 2π, i = 1, 2, 3, (9)

where gi(ξ, θ) is given by Equation (7), G(r, φ; ξ, θ) is a Green’s function for the problem
defined by Equations (6) and (8). It is worth noting that this function is independent of the
heat source and the conductor position.

The condition for using Equation (9) is prior knowledge of the Green’s function. It is a
solution to the following problem [33,35]:

∂2G
∂r2 +

1
r

∂G
∂r

+
1
r2

∂2G
∂φ2 = − δ(r − ξ)

r
δ(φ − θ), 0 ≤ r, ξ ≤ R, 0 ≤ φ, θ ≤ 2π, (10)

and satisfies the boundary condition as follows:

λ
∂G
∂r

∣∣∣∣
r=R

= −αG(R, φ; ξ, θ), 0 ≤ ξ ≤ R, 0 ≤ φ, θ < 2π, (11)

where δ(. . .) is the Dirac delta distribution. The Green’s function was previously found
in [36], where an expansion into a series of eigenfunctions with respect to the angular
coordinate φ was used, whereas direct integration of Equation (10) with respect to the
radial coordinate was performed on both sides of the pulse δ(r − ξ). After using the
properties of the Green’s function, its continuity at point (ξ, θ) and the discontinuity of
its derivative at this point (due to the Dirac impulse), the result can be expressed with
individual expressions for r ≤ ξ and for r ≥ ξ, as follows:

G(r, φ; ξ, θ) = − 1
2π

(
ln

ξ

R
− λ

αR

)
+

∞

∑
n=1

1
2nπ

[(
ξr
R2

)n nλ − αR
nλ + αR

+

(
r
ξ

)n]
cos n(φ − θ), 0 ≤ r ≤ ξ, 0 ≤ φ, θ < 2π, (12a)

G(r, φ; ξ, θ) = − 1
2π

(
ln

r
R
− λ

αR

)
+

∞

∑
n=1

1
2nπ

[(
ξr
R2

)n nλ − αR
nλ + αR

+

(
ξ

r

)n]
cos n(φ − θ), ξ ≤ r ≤ R, 0 ≤ φ, θ < 2π. (12b)

3. Results and Discussion
3.1. Temperature Distributions in Wires

After substituting Equations (12a) or (12b) and (7) into (9), the temperature increment
distributions in individual wires can be obtained as follows:
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ϑi(r, φ) =
1
λ

[∫ r

ξ=0

∫ 2π

θ=0
gi(ξ, θ)G(r, φ; ξ, θ)ξdξdθ +

∫ R

ξ=r

∫ 2π

θ=0
gi(ξ, θ)G(r, φ; ξ, θ)ξdξdθ

]
, (13)

where the first and second integrals use the G function defined by Equations (12a) and
(12b), respectively. Due to the rather complicated form of the integrands, it is impossible to
fully calculate the integrals in Equation (13) analytically. Nevertheless, the equation is the
basis for obtaining approximations or simplified solutions, e.g., by using the expansion of
the Bessel function into appropriate series [37]. Such an approach is presented in this paper
in the subsequent sections.

To be more specific, let us consider the wires of a cross-section area 300 mm2

(R = 9.77 mm) made of copper (σ = 55 MS/m, µr = 1, λ = 360 W/mK). The wires
are placed at an ambient temperature of 20 ◦C, and the heat transfer coefficient α is as-
sumed to be 7 W/m2K. The permissible temperature for a standalone wire is assumed
to be 70 ◦C, which corresponds to the permissible DC current I = 595.46 A. However, if
this current is applied in a three-phase system at a frequency of 50 Hz, the temperatures
will be higher than 70 ◦C due to the skin and proximity effects. Figure 3a,c show the
temperature distributions for d = 50 mm (R/d ≈ 0.195), calculated using Equation (13)
for flat and trefoil configurations by means of Wolfram Mathematica 11.1.1 software [38].
For comparison, COMSOL 6.2 software [39] was used to find the temperature distribution
in the flat configuration, too (Figure 3b). The results obtained from Equation (13) and
COMSOL agree very well. The differences occur at the 5th significant digit and are below
0.006 ◦C. They can be attributed to numerical errors related to finite elements in COMSOL.
Thus, the proposed methodology should be considered correct.
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comparison, COMSOL 6.2 software [39] was used to find the temperature distribution in 
the flat configuration, too (Figure 3b). The results obtained from Equation (13) and 
COMSOL agree very well. The differences occur at the 5th significant digit and are below 
0.006 °C. They can be attributed to numerical errors related to finite elements in COMSOL. 
Thus, the proposed methodology should be considered correct. 
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Figure 3. Cont.
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COMSOL, (c) trefoil configuration—Equation (13).

3.2. Temperature on Wire Surface

The plots shown in Figure 3 reveal very small differences in temperature throughout
the wire cross-sections, but noticeable differences between the wires themselves. In typical
situations, it seems enough to determine the temperature on the wire surface, because
this temperature directly affects the surrounding region, and it hardly differs from that
inside the wire. Therefore, although Equation (13) can be used to determine temperature at
any point of any wire for any material, excitation and thermal parameters, it is reasonable
to focus on the wire surface. Putting r = R in Equation (13) results in considerable
simplification of the formula so that

ϑi(R, φ) =
1

2παR

∫ R

ξ=0

∫ 2π

θ=0
gi(ξ, θ)

{
1 +

αR
λ

∞

∑
n=1

(
ξ

R

)n 2
n + αR/λ

cos n(φ − θ)

}
ξdξdθ. (14)

Let us introduce a dimensionless quantity Bi = αR/λ, called the Biot number, and the
normalized radial coordinate ρ = ξ/R. In addition, the dummy index n is changed into p
to avoid further conflict of symbols. Then, it follows that

ϑi(R, φ) =
R2

2παR

∫ 1

ρ=0

∫ 2π

θ=0
gi(Rρ, θ)

∞

∑
p=0

Bpρp+1cos p(φ − θ)dρdθ, (15)

where
Bp =

(
2 − δp

) Bi
Bi + p

, p = 0, 1, 2, . . . , (16)

where δp is used to denote briefly the Kronecker delta δp,0.
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Now, it is necessary to use gi(Rρ, θ), defined with Equation (7). Since I−1(z) = I1(z),
Equation (1) can be rewritten as follows:

Ji(Rρ, φ) =
γI i

2πR2

∞

∑
n=0

(
R
d

)n In(γρ)

In−1(γ)
Ani(φ), (17)

where γ = ΓR, A0i(φ) = 1, and Ani(φ) for n = 1, 2, 3, . . . are defined with Equations (4) or
(5). Using this in Equation (7) and calculating the product of infinite series allows us to
rewrite gi(Rρ, θ) in the following form:

gi(Rρ, θ) =
1
σ

(
I

πR2

)2 ∞

∑
m=0

(
R
d

)m m

∑
n=0

γγ∗

4
Im−n(γρ)In(γ∗ρ)

Im−n−1(γ)In−1(γ∗)
Am−n,i(θ)A∗

n,i(θ). (18)

Substituting this expression into Equation (15) yields

ϑi(R, φ) = ϑDC

∞

∑
p=0

Bp

∞

∑
m=0

(
R
d

)m m

∑
n=0

Ci,m−n,n,p(φ)Dm−n,n,p, (19)

where

ϑDC =
πR2

2παR
1
σ

(
I

πR2

)2
=

I2

2π2σαR3 , (20)

Ci,m−n,n,p(φ) =
1
π

∫ 2π

0
Am−n,i(θ)A∗

n,i(θ)cos p(φ − θ)dθ, (21)

Dm−n,n,p =
γγ∗

4

∫ 1

0

Im−n(γρ)In(γ∗ρ)

Im−n−1(γ)In−1(γ∗)
ρp+1dρ. (22)

It is worth mentioning that ϑDC represents the steady state incremental temperature
for direct current I . Indeed, in the DC case, the current density is uniform, so the total
power losses inside the wire equal P = 1/σ × I2/

(
πR2)2 × πR2l (l—wire length). In

steady state, these losses are transferred out of the wire, i.e., heat flux across the wire
surface equals q = P/(2πRl). Moreover, Newton’s law yields q = αϑDC. Combining the
above expressions, one obtains Equation (20).

To calculate Ci,m−n,n,p, it is convenient to represent Ani(θ) given by Equations (4) or (5)
as follows:

Ani(φ) = cnicos nφ + snisin nφ, (23)

where coefficients cni and sni for flat and trefoil configurations are summarized in
Table 1. The final formulas for Ci,m−n,n,p and Dm−n,n,p are derived and presented in
Appendix A—Equations (A9) and (A18). It is worth noting that Ci,m−n,n,p depends on
the angular coordinate φ, whereas Dm−n,n,p is a function of κR, only.

Table 1. Cosine and sine coefficients in Ani for flat and trefoil configurations.

n,i
Flat Trefoil

cni sni cni sni

n = 0 1 0 1 0
n > 0, i = 1 −2a

(
2−n + a

)
0 −2a

(
a + cos nπ

3
)

−2asin nπ
3

n > 0, i = 2 −2a
(
(−1)n + a

)
0 −2a

(
(−1)n + acos 2nπ

3

)
−2a2sin 2nπ

3

n > 0, i = 3 −2a2(−1)n(2−n + a2) 0 −2a
(

cos nπ
3 + acos 2nπ

3

)
2a
(

sin nπ
3 + asin 2nπ

3

)

As shown in Equation (19), the temperature increase in a wire depends on three
parameters: R/d, related to the distance between the wires, κR, related to the skin effect
strength and Bi, related to thermal processes. Figures 4 and 5 show the relative tempera-
ture increase ϑS/ϑDC vs. the angular coordinate φ of individual phase wires for various
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parameter values in flat and trefoil configurations, respectively. The inset tables show
the minimum, maximum, mean and range (equal to max–min) of temperature values for
individual conductors. It can be observed that the temperatures in the flat configuration
are different for different wires. The temperatures of the left and right wires are slightly
different, but similar. Moreover, their means are equal. However, the middle conductor
has a considerably higher temperature. The temperatures in the trefoil configuration for all
phases are the same, but they are shifted by 120◦ due to symmetry.
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(c) the effect of distance between of wires; (d) the effect of Biot number.

When κR is enlarged, the wire temperatures rise considerably (Figure 4b compared
with Figure 4a, and Figure 5b compared with Figure 5a), and, also, their ranges for indi-
vidual wires are greater the higher the κR. This is a result of both the skin and proximity
effects. The temperatures get lower with a decrease in R/d ratio (see Figures 4c and 5c
compared with Figures 4a and 5a, respectively). Hence, the greater the distance between
the wires, the lower the temperatures and their variation. The Biot number also affects the
temperature distribution. The higher the Biot number, the higher the variations in wire
temperatures. However, the mean values of wire surface temperature are not affected by
the Biot number.

3.3. Mean Temperature on Wire Surface

Equation (19) can be used to calculate the temperature at any point on the wire surface.
When the Biot number is low enough (much below 0.1), the temperature variations are
small, as shown in Figures 4 and 5. This is the case encountered in practical applications.
For example, the thermal conductivity of copper is around 360 W/mK, and the heat transfer
coefficient is assumed at a level of 7 W/m2K. This results in a Bi much below 0.01, i.e.,
the temperature variations are negligible. This is clearly observed in Figure 3, which was
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obtained for parameters resulting in Bi = 0.00019. Therefore, it would be desirable to
calculate the average temperature of the wire surface, i.e.,:

ϑSi
ϑDC

=
1

2π

∫ 2π

0
ϑi(R, φ)dφ =

∞

∑
p=0

Bp

∞

∑
m=0

(
R
d

)m m

∑
n=0

Ci,m−n,n,pDm−n,n,p. (24)

Taking into account Equation (A9), it follows that

Ci,m−n,n,p = δp[(δm−2n + δm)cm−n,ic∗ni + (δm−2n − δm)sm−n,is∗ni]. (25)

Hence, Ci,m−n,n,p is nonzero only if p = 0. Therefore, terms with p = 0 are responsible
for the mean temperature on the conductor surface, whereas terms with p > 0 describe
deviations from the mean temperature. Moreover, m = 0 or n = m/2 are required to obtain
a non-zero result, i.e., m must be an even, non-negative integer. As a result, after some
transformations, Equation (24) can be rewritten as follows:

ϑSi
ϑDC

= 2D0,0,0 +
∞

∑
n=1

Mni

(
R
d

)2n
Dn,n,0, (26)

where Mni = |cni|2 + |sn,i|2. The values of these coefficients for n ≤ 10 are presented in
Table 2. The term 2D0,0,0 is responsible for the temperature increase due to the skin effect,
whereas the series term is related to the proximity effect. Since the largest value of R/d
equals 0.5, the series is quickly convergent; therefore, usually only a few terms can be taken.
Importantly, integral Dn,n,0 can be found analytically. Equations (A10) and (A13) allow the
following relationship to be obtained:

Dn,n,0 =
γγ∗

4
I[γIn(γ∗)In+1(γ)]

I[γ2]In−1(γ)In−1(γ∗)
. (27)

Table 2. Coefficients Mni for wires in flat and trefoil configurations for 0 ≤ n ≤ 10.

n 0 1 2 3 4 5 6 7 8 9 10

Left/right flat 1 3 3.25 3.5625 3.7656 3.8789 3.9385 3.9690 3.9844 3.9922 3.9961
Middle flat 1 12 4 12 4 12 4 12 4 12 4

Trefoil 1 6 10 12 10 6 4 6 10 12 10

Figure 6a–c show the influence of κR (ratio of R and skin depth) and R/d on the mean
surface temperature increment ϑS for individual phase conductors. If the wires are far
enough apart, the proximity effect is negligible, and the temperature of all the wires is the
same (light green trace labeled “skin effect only”). However, the closer the wires, the higher
the wire temperature. Moreover, the temperature depends on the wire position. In the case
of the flat configuration, the temperature of the middle conductor is clearly higher than
that of the outer ones. Interestingly, despite different distributions of current density in the
outer left and right wires, the mean surface temperature increase is the same in both wires.
The trefoil configuration results in equal temperatures in all conductors. When compared
with the flat configuration, the temperature is higher than that of the outermost wires in
the flat configuration but lower than that of the middle wire.
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Figure 6. The effect of κR and R/d on the mean surface temperature increment ϑS of individual
wires: (a) left and right wires in flat configuration, (b) middle wire in flat configuration, (c) all
wires in trefoil configuration, (d) the effect of R/d for κR = 1 (thick lines—exact Equation (26), thin
lines—approximation Equation (29)).

Usually, the wire radius is kept at a level of skin depth so that κR ≈ 1. Therefore, it
is desirable to obtain approximations for low κR. By expanding the functions Dn,n,0 into
power series with respect to κR around point 0, it follows that

D0,0,0 =
1
2
+

1
96

(κR)4 − 1
5760

(κR)8 + O(κR)12, n = 0, (28a)

Dn,n,0 =
(κR)4

8n2(n + 1)
− (6 + 5n)(κR)8

32n4(n + 1)2(n + 2)(n + 3)
+O(κR)12, n = 1, 2, 3, . . . (28b)

Taking into account that R/d < 0.5, only terms up to O(R/d)2 and O(κR)8 can be retained
in Equation (26) to keep satisfactory accuracy. As a result, the following approximation for
the temperature increase is obtained:

ϑsi
ϑDC

≈ 1 +
1

48

[
1 − 1

60
(κR)4

]
(κR)4︸ ︷︷ ︸

skin effect

+
M1i
16

[
1 − 11

96
(κR)4

]
(κR)4

(
R
d

)2

︸ ︷︷ ︸
proximity effect

, κR
∼
< 1, (29)

where M1i equals 3, 12 and 6 for the side wires in the flat configuration, the middle wire in
the flat configuration, and all wires in the trefoil configurations, respectively (see Table 2).
The maximum error of this approximation does not exceed 0.75% for κR ≤ 1 and R/d ≤ 0.5.
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Figure 6d shows a comparison between the approximation given by Equation (29) and the
exact theoretical value given by Equation (26). It can be observed that both equations yield
practically the same values, although Equation (29) results in slightly decreased values
compared to the exact Equation (26), because the omitted terms O(κR)12 and O(R/d)4

are positive. Assuming κR = 1, the temperature increase due to the skin effect is around
2% compared to that for the DC case. However, depending on the wire arrangement and
spacing, the proximity effect can result in a temperature increase up to 4.5%, 9% and 17% for
the outer wires in the flat, all wires in trefoil, and the middle wire in the flat configuration,
respectively.

3.4. Comparison with Other Methods

As mentioned in the introduction, the literature is scarce for analytical methods related
to temperature and the proximity effect. Therefore, the results obtained in this work are
compared with those obtained via finite elements (COMSOL). The results are presented in
Table 3. The differences do not exceed 0.006 ◦C, which corresponds to a relative percentage
error below 0.01%. They can be attributed mainly to numerical errors related to finite
elements and, to a lesser degree, to the errors of numerical integration of Equation (13) or
neglecting the higher order reactions in Equation (1) for current density. Nevertheless, the
relative error below 0.01% means a very high consistency.

Table 3. Comparison of the results at selected points of flat configuration (numerical values of
parameters, as in Figure 3).

Phase Point
Temperature, ◦C

T−TFEM, ◦C T−TFEM
TFEM

100%Equation (13) FEM

L1 (0, 0) 71.450 71.445 0.0048 0.0067
(R, 0) 71.445 71.441 0.0048 0.0067
(R, 90◦) 71.445 71.441 0.0047 0.0066

L2 (0, 0) 72.480 72.474 0.0056 0.0077
(R, 0) 72.472 72.466 0.0056 0.0077
(R, 90◦) 72.475 72.469 0.0056 0.0077

L3 (0, 0) 71.450 71.445 0.0048 0.0067
(R, 0) 71.444 71.440 0.0047 0.0066
(R, 90◦) 71.445 71.441 0.0048 0.0067

In addition, the results are compared with those given by the formula presented in [20],
where the skin effect was taken into account in a single round wire. The formula, although
with somewhat different designations, is as follows:

ϑS

ϑDC
=

1F4

(
1
2 ; 1, 1, 3

2 , 3
2 ; p4

64

)
+ p4

144 1F4

(
3
2 ; 2, 2, 5

2 , 5
2 ; p4

64

)
0F3

(
; 3

2 , 1, 2; p4

64

) , (30)

where p =
√

2κR, and mFn(a1, a2, . . . am; b1, b2, . . . , bn; z) is the generalized hypergeometric
function. This case corresponds to d → ∞ . The results are presented in Table 4. It follows
that the results are identical to those given by Equation (26) for R/d = 0. It can be shown
that Equation (30) is another mathematical form of integral 2D0,0,0, which represents the
temperature increase due to the skin effect.

Table 4. Comparison of the relative temperature increase ϑS/ϑDC on wire surface for d → ∞ (skin
effect only).

κR 0 1 2 3 4 5

ϑS
ϑDC

[20]—Equation (30) 1.0000 1.0205 1.2647 1.7681 2.2738 2.7681
This work—Equation (26) 1.0000 1.0205 1.2647 1.7681 2.2738 2.7681
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3.5. Numerical Examples

Let us consider the same numerical values of parameters as in Section 3.1. They result
in the following values of the dimensionless parameters:

• R/d ratio: 0.195,
• the skin effect parameter κR = 1.02,
• the Biot number Bi = 0.00019.

They also result in the DC temperature increase ϑDC = 50 ◦C. Figure 7 presents
temperature distributions of wire surfaces calculated via Equation (19). The mean values
of the temperatures on surfaces, calculated using exact Equation (26) and approximate
Equation (29), are presented in Table 5. Although the differences in temperature on the
wires’ surfaces are negligible, there are noticeable differences between the wires, and the
temperature rise due to the skin and proximity effect is clearly visible.
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Figure 7. Theoretical temperature distributions for the considered parameters: (a) L1 and L3 conduc-
tors in flat configuration, (b) L2 conductor in flat configuration, (c) trefoil configuration.

Table 5. Temperature on the wire surface for parameters, as in Section 3.1.

Phase
Temperature on Wire Surface, ◦C

Min Max Mean—Equation (26) Mean—Equation (29) Range

Distance between the wires’ axes d = 50 mm
Flat L1 71.444 71.444 71.444 71.436 <0.001
Flat L2 72.470 72.476 72.473 72.448 0.006
Flat L3 71.443 71.445 71.444 71.436 0.003
Trefoil 71.791 71.794 71.792 71.773 0.003

Distance between the wires’ axes d = 30 mm
Flat L1 72.072 72.072 72.072 72.036 <0.001
Flat L2 74.931 74.941 74.935 74.848 0.010
Flat L3 72.070 72.074 72.072 72.036 0.005
Trefoil 73.065 73.071 73.068 72.973 0.006

In the next example, the effect of spacing between busbars in a three-phase busduct
with round conductors is considered for typical wire materials and heat transfer coeffi-
cients. Two typical materials were taken into account: copper (σ = 55 MS/m, µr = 1,
λ = 360 W/mK) and aluminum (σ = 34 MS/m, µr = 1, λ = 237 W/mK). The wire
radius was assumed to be R = 10 mm and the current I = 480 A. The calculations were
performed for two typically assumed values for heat transfer coefficients α equal to 7 and
10 W/m2K. The results are presented in Figure 8. The dashed line “skin effect” indicates
the temperature increment due to the skin effect only. In the considered cases, it is around
1 ◦C compared to the DC case. The temperature increment due to the proximity effect
reaches several degrees Celsius and strongly depends on the spacing between the wires.
When the spacing is above 80 mm, i.e., the distance between the wires’ axes is above
100 mm, which corresponds to R/d ratio below 0.1, the proximity effect can be neglected.
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Figure 8. Mean surface temperature vs. spacing between the wires (equal to d − 2R) for typical cases;
the following parameters were assumed: R = 10 mm, I = 480 A, f = 50 Hz, ambient temperature
T0 = 20 ◦C; DC temperature level and the skin effect temperature are shown; bold traces correspond
to exact theoretical values via Equation (26); thin traces—approximate values via Equation (29);
(a) copper busbars, α = 7 W/m2K; (b) copper busbars, α = 10 W/m2K; (c) aluminum busbars,
α = 7 W/m2K; (d) aluminum busbars, α = 10 W/m2K.

4. Conclusions

An analytical method for determining the temperature distribution in three-phase
lines with round conductors arranged in two typical configurations (flat and trefoil) was
developed. For this purpose, a two-dimensional equation of heat conduction was solved.
The efficiency of the heat sources was related to the current density distribution in the
wires, with the skin and proximity effects taken into account. Typical excitation (balanced
currents) and cooling conditions (natural convection) were assumed. The corresponding
boundary problem was solved using a suitably constructed Green’s function. The obtained
expression for temperature is fully analytical and allows for determining the temperature
at any point throughout the wires. In general, evaluation of the integral may require
numerical calculations; however, the mean surface temperature can be expressed in a
compact and useful analytical form. The obtained expressions were used to analyze the
impact of individual parameters on the temperature increase. Based on the analysis, the
following conclusions can be formulated:

• The maximum values of the temperature field are shifted towards the highest current
densities.

• Current density changes are significantly greater than temperature changes in the wire
cross-sections. From the physical side, this is due to the high thermal conductivity
of copper (or aluminum), which causes a significant equalization of the temperature
values throughout the wire cross-section.

• In a flat configuration, the temperature of the central conductor is noticeably higher
than that of the adjacent ones. In turn, in the trefoil configuration, all the wires heat up
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to approximately the same temperature due to symmetry. It is worth noting that the
average temperature in both configurations is approximately the same.

• The temperature increase due to the skin and proximity effects for the skin depth
greater than the wire radius can reach around 2% and up to 17% compared to the DC
case, respectively. Typically, this may result in an increase of around 1 ◦C and up to
6 ◦C, respectively.

• The results of the calculations performed using the Green’s method and finite element
methods are consistent. Numerical examples show that temperature distributions
by both methods are very similar, with differences below 0.006 ◦C, which can be
attributed to numerical errors or neglecting the higher order reactions in the expression
for current density.

• The increase in temperature on the conductor surface depends on the busbar arrange-
ment and three dimensionless parameters: radius to skin depth ratio (κR), radius to
distance between conductors’ axes ratio (R/d), and the Biot number Bi related to heat
transfer conditions; however, the mean temperature increase on the conductor surface
is independent of the Biot number.

• In typical excitation conditions (symmetrical currents, skin depth greater than wire
radius) and cooling conditions (natural convection), the differences in temperature
across the conductors’ cross-sections are negligible, whereas the differences between
individual wires are clearly noticeable.

• For a skin depth greater than or equal to the wire radius, the temperature increase can
be evaluated using the derived approximate formula with an error below 1%.

• The proximity effect can be neglected if the skin depth is greater than the wire radius
and the distance between the conductors’ axes is greater than ten wire radii.

It is worth noting that the above results were obtained for naked round wires carrying
symmetrical three-phase currents of a positive sequence. In future research, more realistic
situations will be considered, like insulated wires or distorted currents.
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Nomenclature

Ani coefficients related to wire arrangement and currents,
a operator of complex rotation by 120◦, = ej120◦ ,
Bi Biot number,
Bp coefficients of temperature distribution,
Ci,m−n,n,p function related to integration over angular coordinate,
cni coefficients related to wire arrangements,
Dm−n,n,p coefficients related to integration over radial coordinate,
d distance between the wires, m,
f frequency of currents, Hz,
G Green’s function for the temperature in round wire,
g heat source density, W/m3,
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I current root mean square value, A,
In(z) modified Bessel function of the first kind of order n,
Iz imaginary part of z,
J current density modulus, A/m2,
j imaginary unit, =

√
−1,

Mni coefficients related to the proximity effect,
R wire radius, m,
r radial coordinate in cylindrical coordinates, m,
sni coefficients related to wire arrangements,
T temperature, ◦C,
T0 ambient temperature, ◦C,
z∗ conjugate of z,
α heat transfer coefficient between wires and the surrounding medium, W/Km2,
Γ electromagnetic field penetration coefficient, 1/m,
γ dimensionless coefficient of electromagnetic field penetration,
δ(x) Dirac delta,
δp Kronecker delta,
θ angular coordinate,
ϑ temperature increase above ambient temperature, ◦C,
ϑDC temperature increase for DC (uniform) current density distribution, ◦C,
ϑS mean temperature increase on wire surface, ◦C,
κ skin depth parameter equal to skin depth reciprocal, 1/m,
λ thermal conductivity, W/mK,
µ magnetic permeability of wire material, H/m,
µ0 magnetic permeability of vacuum, = 4π · 10−7 H/m,
µr relative magnetic permeability of wire material,
ξ radial coordinate, m,
ρ normalized dimensionless radial coordinate,
σ electrical conductivity of wire material, S/m,
φ angular coordinate in cylindrical coordinates,
ω angular frequency of current, rad/s.

Appendix A. Coefficients Ci,m−n,n,p and Dm−n,n,p

Coefficient Ci,m−n,n,p is given by Equation (21). Using Equation (23) leads us to the
following expression:

Ci,m−n,n,p(φ) = cm−n,ic∗niTcc + cm−n,is∗niTcs + sm−n,ic∗niTsc + sm−n,is∗niTss, (A1)

where

Tcc =
1
π

∫ 2π

0
cos (m − n)θcos nθcos p(φ − θ)dθ, (A2)

Tcs =
1
π

∫ 2π

0
cos (m − n)θsin nθcos p(φ − θ)dθ, (A3)

Tsc =
1
π

∫ 2π

0
sin (m − n)θcos nθcos p(φ − θ)dθ, (A4)

Tss =
1
π

∫ 2π

0
sin (m − n)θsin nθcos p(φ − θ)dθ. (A5)

Let us focus on Tcc. By elementary trigonometrical relationships, the integrand can be
expressed as follows:

1
4
[cos((m − 2n − p)θ + pφ) + cos((m − 2n + p)θ − pφ) + cos((m − p)θ + pφ) + cos((m + p)θ − pφ)]. (A6)
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Now, it can be easily integrated. The elementary result,

∫ 2π

0
cos(kθ + pφ)dθ =

{
0 for k = ±1,±2,±3, . . .
2πcos pφ for k = 0

(A7)

can be rewritten briefly as 2πδk,0cos pφ, where δk,0 is the Kronecker delta. For further
brevity, the second subscript in δk,0 will be dropped when equal to 0 (δk may be understood
as discrete Dirac delta—it is equal to 1 for k = 0 and 0 for the other integer k). Hence, it
follows that

Tcc =
1
2
(
δm−2n−p + δm−2n+p + δm−p + δm+p

)
cos pφ. (A8)

The integrals represented by Tcs, Tsc and Tss are calculated in the same manner. As a
result, the following formula is obtained:

Ci,m−n,n,p(φ) =
cm−n,ic∗ni

2
[
δm−2n−p + δm−2n+p + δm−p + δm+p

]
cos pφ

+
sm−n,is∗ni

2
[
δm−2n−p + δm−2n+p − δm−p − δm+p

]
cos pφ

+
cm−n,is∗ni

2
[
−δm−2n−p + δm−2n+p + δm−p − δm+p

]
sin pφ

+
sm−n,ic∗ni

2
[
δm−2n−p − δm−2n+p + δm−p − δm+p

]
sin pφ.

(A9)

As for integral Dm−n,n,p, Equation (22) yields

Dm−n,n,p =
1
4

γγ∗

Im−n−1(γ)In−1(γ∗)
Im−n,n,p, (A10)

where

Im−n,n,p =
∫ 1

0
Im−n(γρ)In(γ

∗ρ)ρp+1dρ. (A11)

Unfortunately, there is no closed formula for this integral for arbitrary m, n and p. One
important exception is the case m − n = n and p = 0. In such a situation, ref. [40] yields∫

In(ax)In(bx)xdx =
x[aIn(bx)In+1(ax)− bIn(ax)In+1(bx)]

a2 − b2 (A12)

so that after some transformations, it follows that

In,n,0 =
I[γIn(γ∗)In+1(γ)]

I[γ2]
. (A13)

In general, however, the integral Im−n,n,p has to be calculated either numerically or by
expansion into power series. Tests performed with the two approaches showed that the
second approach is reasonable, because the calculations are much quicker. Additionally,
the result is analytical. The main points of the derivation are presented below.

Using a series expansion of function In(z) [37],

In(z) =
∞

∑
k=0

1
k!(k + n)!

( z
2

)2k+n
(A14)

allows the integral to be rewritten as follows:

Im−n,n,p =
∞

∑
k=0

k

∑
l=0

( γ
2
)2(k−l)+m−n

(k − l)!(k − l + m − n)!

(
γ∗

2

)2l+n

l!(l + n)!

∫ 1

0
ρ2(k−l)+m−n+2l+n+p+1dρ. (A15)
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The integral with respect to ρ yields∫ 1

0
ρ2(k−l)+m−n+2l+n+p+1dρ =

1
2k + m + p + 2

. (A16)

Using symbols defined in Equation (2), it follows that

(γ

2

)2(k−l)+m−n
(

γ∗

2

)2l+n
=

(√
2κR
2

)2k+m

ej π
4 (2k−4l+m−2n) (A17)

so that the final formula for Im−n,n,p takes the following form:

Im−n,n,p = ej π
4 (m−2n)

(
κR√

2

)m ∞

∑
k=0

jk(κR)2k

2k(2k + m + p + 2)

k

∑
l=0

(−1)l

(k − l)!(k − l + m − n)!l!(l + n)!
. (A18)

This approach was implemented in adaptive form to obtain the relative error below a
presumed value. The series is quickly converging, so that for κR ≤ 5 it is enough to take a
maximum of 15 terms of the lowest order to obtain the relative error below 10−6.
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