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Abstract: In this paper, a numerical model for the analysis of electromagnetic transients in a power
system, based on the finite element technique, was developed. The simplicity of the finite element
technique is manifested in the fact that the problem of solving any mathematically described phenomena
in an area is reduced to solving those same phenomena in a small part of that area, i.e., finite elements.
Based on appropriate mathematical models, numerical models of the synchronous generator and other
parts of the power system have been developed. System of differential equations of each power system
element have been included in the numerical model in such a way that we employ numerical integration
of the differential equations using the generalized trapezoidal rule (ϑ-method) and reduce it to a system
of algebraic equations in each time step. In a practical sense, this method enables a very simple solution to
the problem of a real power system, i.e., a system with many generators, transformers, transmission lines
and other elements. The accuracy of the developed numerical model for the analysis of electromagnetic
transients in a power system has been confirmed by comparing the calculated results with the results
obtained using the EMTP software (version 3.3) package.

Keywords: finite element technique; electromagnetic transients; time domain analysis; ϑ method

1. Introduction

Analysis of electromagnetic transients in power systems is essential for understanding
how the power system behaves during sudden changes. Several software options are
available for this purpose [1–3]. Commonly used programs like EMTP [4,5], EMTDC [6],
SPICE [7], and MATLAB–SIMULINK [8,9] employ electromagnetic time domain transient
simulation techniques, utilizing methods such as mesh, state variables, and modified
nodal analysis (MNA). Among these, the Electromagnetic Transients Program (EMTP) is
widely preferred in scientific and engineering communities since it tackles a broad array
of electromagnetic transient problems using a blend of the trapezoidal rule, the method
of characteristics, and MNA, thus enabling accurate and robust simulation. This program
package will thus serve as an excellent generator of benchmark results which will be used
to compare results obtained by the numerical model proposed in this paper.

The proposed numerical model for the analysis of electromagnetic transients in the
power system is based on the finite element technique (FET). This technique has been widely
used for the solution of a great number of engineering problems in structural analysis and
various continuum field problems [10,11]. The simplicity of the FET is manifested in the fact
that the problem of solving any mathematically described phenomena in an area is reduced
to solving this phenomenon in a small part of that area, which is, in the FET terminology,
referred to as a finite element. The FET procedure has already been successfully applied to
power system fault studies [12] as well as used for numerically solving various transmission
line problems [13,14] and power system transients stability problems [15]. For example,
in [15], an advanced FET-based program for numerical analysis of power system transient
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stability has been developed where variables of each finite element are defined as dynamic
phasors (frequency domain) during the entire time-domain simulation.

As for the proposed numerical model for the analysis of electromagnetic transients
in the power system, the mathematical model of the synchronous generator in the time
domain has been developed which is defined and treated as a finite element with three
local nodes. This original model includes an already developed numerical model of the
excitation system as well as the model of the turbine governing system. Furthermore, based
on the appropriate mathematical models, an originally developed numerical models of
other parts of the power system (transformers, transmission lines, equivalent network
and load) have been developed. They are each treated as separate finite elements in the
computation process. The system of differential equations which encompasses all these
elements is in the model reduced to a system of algebraic equations using numerical
integration, more specifically, the generalized trapezoidal rule (ϑ-method). Although the
integration parameter ϑ is generally defined in the range from 0 to 1, there is restriction
of its value regarding the stability properties of the time-stepping scheme. It can be noted
here, for example, that various values of ϑ yield different finite difference schemes. These
include, for example, the forward difference (Euler) scheme (ϑ = 0), central difference
(Crank–Nicolson) method (ϑ = 1/2) and Galerkin scheme (ϑ = 2/3) and backward
difference scheme (ϑ = 1) to name a few. The influence of ϑ on the stability of one-step
time integration methods for the first-order initial value problems is discussed in [11,16],
where the stability behavior is investigated by examining the free response of the finite
element model. It was found that methods for which 0.5 ≤ ϑ ≤ 1 are unconditionally stable.
Specifically, in this paper and the proposed model, the Galerkin scheme (ϑ = 2/3) was
used for time integration to maintain high stability of the results. In summary, by using the
generalized trapezoidal rule, the system of differential equations is practically reduced to a
system of algebraic equations in each time step. Depending on the finite element type, each
finite element comprises a certain number of local nodes. The number of local nodes of
each finite element is equal to the number of the physical connections of the element to the
rest of the power system. In a practical sense, this method enables a very simple solution
to the problem of a real power system, i.e., a system with many generators, transformers,
transmission lines and other elements.

It is also important to note that the simultaneous simulation of both electromagnetic
and electromechanical transients has always posed a considerable challenge to scientists
and engineers. Previous efforts to tackle this problem are reported in [17–23]. Unlike EMTP,
the FET procedure encompasses an assembly procedure which based on the connectivity
matrix practically connects local nodes of finite elements to global nodes of the observed
electric power system. For example, in the case of multiconductor transmission line (MTL)
fast transient problems [14], finite element method analysis of a network with MTL and
lumped elements is performed in such a way that a part of the network with MTL is
subjected to the spatial discretisation into one-dimensional finite elements, whereas the
electrical lumped elements are treated as separate finite elements. The corresponding
connectivity matrix connects these elements into one global system.

2. Overview of the Developed Numerical Model

In this paper, we will demonstrate a successful application of the FET to modeling a
complex electric power system during transient states. By applying the FET, the electric
power system is divided into smaller parts, all of which are treated as separate finite
elements. Each individual finite element is described by a set of ordinary differential
equations which are solved numerically using the ϑ-method for a sufficiently small time
interval. In such a way, all ordinary differential equations are practically transformed into
algebraic equations which will be used to define the local system of equations for each
finite element. The number of local nodes per finite element will be equal to the number
of physical connections of that element to the electric power system. So for example, a
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synchronous generator finite element will have three local nodes, while the finite element
of a three-phase transformer of a connection group Dyn5 will have seven local nodes.

As the most significant part of the power system, in the first step, a numerical model
of the synchronous generator in the time domain has been developed, which is defined and
treated as a finite element with three local nodes. Armature winding on stator, excitation
and damping winding on a rotor are taken into account and are mutually coupled. The
time-domain model of the turbine governor (Appendix A) as well as excitation system
(Appendix B) have been already developed in [15] and incorporated into time-domain
synchronous generator finite element model suitable for electromagnetic transient analysis.
Single-phase and three-phase transformers are modeled as finite elements with four local
nodes in the case of a single-phase transformer and a different amount of local nodes
depending on the connection group in the case of a three-phase transformer. Single-phase
and three-phase star-connected loads are modeled as finite elements with two local nodes
and four local nodes for the single-phase and three-phase case, respectively. The equivalent
network is modeled as a finite element with three local nodes. The complete theory concern-
ing the synchronous generator, transformers, loads and equivalent network is originally
developed in this paper. The time-domain model of a multi-conductor transmission line
has been already developed in [14]. A three-phase transmission line as a finite element is
represented by six local nodes where the local matrix and vector suitable for the assembling
procedure with other power system elements have been defined in [14]. In this paper, we
modeled only the basic elements of the power system. It is important to emphasize that
it is possible to obtain a numerical model of any element of the power system. It is only
important to know its mathematical model to define it as a finite element with a certain
number of local nodes using the same procedure. The new approach enables, if necessary,
a more detailed modeling of a particular part of the power grid, so that depending on the
type of transient phenomena, different mathematical and therefore numerical models of a
particular part of the power system can be defined.

Before the start of the transient analysis of the observed electric power system (t = 0),
it is necessary to initialize real initial conditions in the system itself. The initialization
procedure is accomplished in a way that the real and reactive powers of generators are
prescribed, whereas all other currents and voltages in the system are set to zero. The
real powers of generators are prescribed in per-unit values via the mechanical turbine
moments, whereas the reactive powers of generators are prescribed indirectly via the
excitation regulator, i.e., the previously computed initial excitation voltage. Based on the
known initial conditions and based on known (and previously derived) local systems of
equations for all finite elements in the observed electric power system, assembling of these
local systems into a global system of the power system is performed via the connectivity
matrix which practically connects local nodes of finite elements to global nodes of the
observed electric power system. This connectivity matrix is individual to each observed
electric power system. This is standard FET assembling procedure [10,11]. To carry out
assembling procedure the local systems of each finite must be set in the general form of

{iloc}+ = [Aloc] · {φloc}+ + {Bloc} (1)

where {iloc}+ is the vector of local nodal currents at the end of the integration interval,
[Aloc] is the local matrix of the finite element, {Bloc} is the local vector of the finite element,
and {φloc}+ is the vector of local nodal potentials at the end of the integration interval.

By assembling all finite elements (parts of the power system), the following global
system is obtained: [

Aglob

]
·
{

φglob

}+
=

{
Bglob

}
(2)

where
[

Aglob

]
and

{
Bglob

}
are the global matrix and vector which are formed by assembling

all local matrices and vectors using the connectivity matrix,
{

φglob

}+
is the vector of global

potentials at the end of the integration interval.
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By solving the global system of equations, unknown global potentials are obtained.
After solving the global system of equations, global potentials are inserted back into finite
elements to obtain local potentials again via the connectivity matrix. On the basis of known
potentials of finite elements on the start and the end of the time interval, and the known
currents at the beginning of the time interval, all unknown currents at the end of the time
interval are computed along with all other additional variables of each finite element.
The procedure is repeated for the next time increment bearing in mind that the quantities
computed at the end of the previous time interval are now quantities at the beginning of
the next time interval.

Based on the presented theory, a MATLAB program for electromagnetic transient
analysis of power system has been developed. The accuracy of the computer program,
based on the observed electric power system in test example, has been compared with
solutions obtained by a well-known and established EMTP simulation tool, where a very
good correlation has been demonstrated.

3. Power System Parts Modeled as Finite Elements
3.1. Synchronous Generator Modeled as a Finite Element

We will observe a three-phase synchronous generator with an armature winding on
the stator, and a field winding (excitation winding) and a damping winding on the rotor.
The damping winding is further divided into an equivalent winding in the d-axis and an
equivalent winding in the q-axis. The spatial distribution of all windings on the rotor and
stator is depicted in Figure 1.

Note that the proposed mathematical model of a synchronous generator will employ
a system of natural coordinates (a, b, c) depicted on Figure 1.

Figure 1. Electrical schematic of a three-phase synchronous generator with a salient pole rotor.

According to Figure 1, we can write equations for all flux linkages (Ψ) in matrix form
taking into account mutual inductances between different windings as
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

Ψa
Ψb
Ψc
Ψ f
ΨD
ΨQ


=



La(γ) Lab(γ) Lac(γ) La f (γ) LaD(γ) LaQ(γ)
Lba(γ) Lb(γ) Lbc(γ) Lb f (γ) LbD(γ) LbQ(γ)
Lca(γ) Lcb(γ) Lc(γ) Lc f (γ) LcD(γ) LcQ(γ)
L f a(γ) L f b(γ) L f c(γ) L f (γ) L f D(γ) 0
LDa(γ) LDb(γ) LDc(γ) LD f (γ) LD(γ) 0
LQa(γ) LQb(γ) LQc(γ) 0 0 LQ(γ)


·



ia
ib
ic
i f
iD
iQ


(3)

where

Ψ represents the flux linkage of individual generator winding;
L represents the inductance of individual generator winding and mutual inductances
between different generator windings;
γ is the electrical angle of the rotor position;
i is the current flowing through an individual winding;
a, b, c are indexes associated with the armature winding on the stator (see Figure 1);
f is an index associated with the excitation winding on the rotor (see Figure 1);
D, Q are indexes associated with the damping winding on the rotor (see Figure 1).

In the second step of deriving the mathematical model of the generator, we employ the
well-known voltage equations of the stator and rotor windings in the natural coordinates
and write them in matrix form as follows:

ua
ub
uc
u f
0
0


=



ra 0 0 0 0 0
0 rb 0 0 0 0
0 0 rc 0 0 0
0 0 0 r f 0 0
0 0 0 0 rD 0
0 0 0 0 0 rQ

 ·



ia
ib
ic
i f
iD
iQ


+

d
dt



Ψa
Ψb
Ψc
Ψ f
ΨD
ΨQ


(4)

where r represents the resistance of the individual winding. Note that the voltages of
equivalent damping windings D and Q are zero since the winding is short-circuited. The
previous matrix equation can be written more concisely as follows:

{u} = [R] · {i}+ d
dt
[Ψ] (5)

In the finite element terminology, the number of local nodes of the finite element model
of the synchronous generator will equal the number of physical connections of that finite
element to the electric power system. In this case, there will be three local nodes depicted
in Figure 2. As seen from the same figure, to each local node, a corresponding current will
be joined as well as a corresponding voltage.

Figure 2. Synchronous generator as a finite element.

In addition to Equation (5), three additional swing equations are needed to obtain the
local system of equations of the finite element model of a synchronous generator. These are



Energies 2024, 17, 2517 6 of 27

needed since the matrix of inductances (3) is directly dependent upon the rotor position,
i.e., the rotor movement:

ωr =
dγ

dt
(6)

Tm · dωr

dt
= mm − mel (7)

s = 1 − ωr =
dδ

dt
(8)

where

s is the synchronous generator rotor slip in p.u.;
ωr is the rotor angular frequency in p.u.;
δ is the rotor angle in rad;
Tm is the mechanical time constant in rad;
mm is the per-unit (p.u.) mechanical moment of the generator;
mel is the p.u. electrical moment of the generator.

As mentioned before, numerical integration will be employed to obtain simple alge-
braic equations of the generator instead of differential equations given by (5)–(8). These
differential equations are firstly written implicitly and prepared for numerical integration
over a sufficiently small time increment starting from t and ending at t+:

∫ t+

t
(

d
dt
[Ψ] + [R] · {i} − {u}) · dt = 0 (9)

∫ t+

t
(

dγ

dt
− ωr) · dt = 0 (10)

∫ t+

t
(Tm · dωr

dt
− mm + mel) · dt = 0 (11)

∫ t+

t
(

dδ

dt
− s) · dt = 0 (12)

Time integration of Equations (9)–(12) by the ϑ-method [10,11] yields the following equations:

{Ψ}+ − {Ψ}+ [R] · ϑ · ∆t · {i}+ + [R] · (1 − ϑ) · ∆t · {i} − ϑ · ∆t · {u}+ − (1 − ϑ) · ∆t · {u} = 0 (13)

γ+ = γ + ωr · ∆t (14)

ω+
r =

ϑ · ∆t
Tm

· m+
m +

(1 − ϑ) · ∆t
Tm

· mm − ϑ · ∆t
Tm

· m+
el −

(1 − ϑ) · ∆t
Tm

· mel + ωr (15)

δ+ = δ + s+ · ϑ · ∆t + s · (1 − ϑ) · ∆t (16)

Note that the “+” sign denotes electromagnetic quantities at the end of the time
interval. In Equation (13), substituting the vector of flux linkages with a inductance matrix
multiplied by the current vector (see Equation (3)) both at the beginning and at the end of
the time interval yields the following equation:

([R] · ϑ · ∆t + [L]+) · {i}+ + ([R] · (1 − ϑ) · ∆t − [L]) · {i} − ϑ · ∆t · {u}+ − (1 − ϑ) · ∆t · {u} = 0 (17)

In order to obtain a complete local system of equations of the synchronous generator
finite element model, one must rewrite the previous equation in a simpler form:

{i}+ = [D] · {u}+ + (
1
ϑ
− 1) · [D] · {u}+ [E] · {i} (18)
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where the auxiliary matrices are

[D] = [F]−1 · ϑ · ∆t (19)

[E] = [F]−1 · ([L]− [R] · (1 − ϑ) · ∆t) (20)

[F] = [L]+ + [R] · ϑ · ∆t (21)

It is important to note here that the generator was modeled as a finite element with
three local nodes which means that it must be assembled with the rest of the power system
elements as such. For that purpose, the matrix equation given by (18) must be written so
that the stator quantities are separated from the rotor quantities. This will be accomplished
using submatrices:{

{i1}+

{i2}+
}

=

[
[D11] [D12]
[D21] [D22]

]
·
{
{u1}+

{u2}+
}
+ (

1
ϑ
− 1) ·

[
[D11] [D12]
[D21] [D22]

]
·
{
{u1}
{u2}

}
+

[
[E11] [E12]
[E21] [E22]

]
·
{
{i1}
{i2}

}
(22)

where the newly introduced vectors are parts of previously defined vectors:

{u1} =


ua
ub
uc

 {i1} =


ia
ib
ic

 {u2} =


u f
0
0

 {i2} =


i f
iD
iQ

 (23)

The system of Equation (22) can be separated into two matrix equations of which only
one is needed to be assembled with the rest of the power system elements and practically
represents the local system of equations of the synchronous generator:

{i1}+ = [D11] · {u1}+ + [D12] · {u2}+ + (
1
ϑ
− 1) · [D11] · {u1}+ (

1
ϑ
− 1) · [D12] · {u2}+ [E11] · {i1}+ [E12] · {i2} (24)

Note that the vector {u2}+ which practically represents the field winding voltage
at the end of the time interval is determined on the basis of the voltage field regulator
which is explained in Appendix B, while the mechanical moment of the generator mm is
determined on the basis of the turbine regulator which is explained in Appendix A. The
output mechanical power from the turbine regulator (Pm) is equal in unit values to the
mechanical moment of the generator (mm) since the rotor angular frequency (ωr) is also
defined in p.u. and has the value 1 after the initialization procedure, i.e., at the time t = 0.

3.2. Network Equivalent Modeled as a Finite Element

If a part of a power system is observed within one larger power system, it is necessary
to separate the observed part of the power system from the remainder of the power
system. This is accomplished by modeling the remaining power system using a network
equivalent. Generally, to accurately model any network equivalent, it is necessary to know
the following:

• Un—nominal voltage of the network;
• S′′

k3—Three-phase subtransient short circuit power;
• S′′

k1—Single-phase subtransient short circuit power.

Based on this input data, one can determine the direct, inverse and zero sequence
components of the equivalent reactance of the network:

Xmd = Xmi =
U2

n
S′′

k3
(Ω) (25)

Xm0 = 3 · U2
n

S′′
k1

− 2 · U2
n

S′′
k3
(Ω) (26)
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where

Xmd is the direct sequence network reactance;
Xmi is the inverse sequence network reactance;
Xm0 is the zero sequence network reactance.

Using the now-known symmetrical component reactances, one can determine the
reactances, i.e., inductances in the natural a, b, c system:

Xv = Xa = Xb = Xc =
Xm0 + 2 · Xmd

3
(27)

Xm = Xab = Xac = Xbc =
Xm0 − Xmd

3
(28)

It follows that that the inductances can be calculated by

Lv =
Xv

2 · π · f
(29)

Lm =
Xm

2 · π · f
(30)

This can be written in matrix form as

[L] =

Lv Lm Lm
Lm Lv Lm
Lm Lm Lv

 (31)

The network equivalent as a finite element is depicted in Figure 3. The equivalent
was modeled as a serial combination of electromotive forces and inductances taking the
mutual inductance into account. Based on Figure 3, it is necessary to define a local system
of equations for the finite element which consists of three local nodes.

Figure 3. Network equivalent as a finite element.

The theoretical basis for forming the local system of equations for the network equiva-
lent is the voltage equation:

{φ} − {u} = [L] · d{i}
dt

(32)

where the potential, current and voltage vectors are given by

{φ} =


φ1(t)
φ2(t)
φ3(t)

 {u} =


ua(t)
ub(t)
uc(t)

 {i} =


i1(t)
i2(t)
i3(t)

 (33)
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Using the ϑ-method, numerical integration of (32) is performed which yields the
following result:

{φ}+ · ϑ · ∆t + {φ} · (1 − ϑ) · ∆t − {u}+ · ϑ · ∆t − {u} · (1 − ϑ) · ∆t − [L] · ({i}+ − {i}) = 0 (34)

Rearranging (34) in a way that the current vectors at the end of the time interval are
placed on the left-hand side, whereas all other quantities are placed on the right-hand side
of the equation, the following is obtained:

{i}+ = [L]−1 · ϑ · ∆t · {φ}+ + [L]−1 · (1 − ϑ) · ∆t · {φ} − [L]−1 · ϑ · ∆t · {u}+ − [L]−1 · (1 − ϑ) · ∆t · {u}+ {i} (35)

The system of equations provided in (35) represents the complete local system of
equations of the network equivalent when modeled as a finite element.

3.3. Transformers Modeled as Finite Elements

The complete local system of equations for a single-phase transformer (without taking
into account the transversal branch) will be derived starting from the equivalent scheme
with the reduced secondary quantities, as depicted in Figure 4.

Figure 4. Single-phase transformer with reduced secondary quantities.

In the equivalent scheme of the single-phase transformer depicted in Figure 4, the
following electromagnetic quantities are used:

Up(t) and Us(t)—voltages on the primary and secondary windings;
U′

s(t)—voltage on the secondary winding reduced to the primary side;
ip(t) and i′s(t)—current through the primary winding and the current through the
secondary winding reduced to the primary side;
R1 and R′

2—resistance of the primary winding and the resistance of the secondary
winding reduced to the primary side;
Lσ1 and L′

σ2—leakage inductance of the primary winding and the leakage inductance
of the secondary winding reduced to the primary side.

The transformation ratio of the single-phase transformer equals

a =
N1

N2
(36)

with N1 and N2 being the number of windings on the primary and secondary side. Using
this ratio, one can describe the secondary side electromagnetic quantities reduced to the
primary side as

U′
s(t) = a · Us (37)

R′
2 = a2 · R2 (38)

L′
σ2 = a2 · Lσ2 (39)

The basis for forming the local system of equations for a single-phase transformer
is the following differential equation, which represents the mathematical model of the
single-phase transformer according to (Figure 4):

Up(t)− U′
s(t) = ip(t) · (R1 + R′

2) + (Lσ1 + L′
σ2) ·

dip(t)
dt

(40)
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Instead of solving this differential equation, one can choose a sufficiently small time
increment over which numerical integration can be performed on (40) while maintaining a
high degree of accuracy. This yields a simple algebraic equation instead of the differential
equation. Specifically, time integration of Equation (40) is performed from some starting
time t to an ending time t+:

∫ t+

t
(Up(t)− U′

s(t)− ip(t) · (R1 + R′
2)− (Lσ1 + L′

σ2) ·
dip(t)

dt
)dt = 0 (41)

Introducing Equation (37) into (41) and applying the ϑ-method on (41), the following
equation is obtained after a certain amount of rearrangement to simplify the expression

i+p = G · U+
p − a · G · U+

s + G · ( 1
ϑ
− 1) · Up − a · G · ( 1

ϑ
− 1) · Us + H · ip (42)

where
G =

ϑ · ∆ t
( R1 + R2

′) · ϑ · ∆ t + (Lσ1 + Lσ2
′)

(43)

H =
( Lσ1 + Lσ2

′) − ( R1 + R2
′) · (1 − ϑ) · ∆ t

( R1 + R2
′) · ϑ · ∆ t + ( Lσ1 + Lσ2

′)
(44)

Quantities marked with a superscript “+” are quantities at the end of the time interval,
while those without the “+” sign are those at the beginning of the time interval.

According to the finite element technique, the single-phase transformer can be mod-
eled as one finite element with four local nodes (Figure 5). The electrical scheme on Figure 5
contains nodal currents and potentials. Note that the secondary side quantities are reduced
to the primary side.

Figure 5. Single-phase transformer as one finite element.

According to Figure 5 and the finite element technique terminology, voltage on the
primary winding and the voltage on the secondary winding can be described by the
following difference of local node potentials (this also extends to the quantities at the end
of the time interval):

Up(t) = φ1(t)− φ2(t) (45)

Us(t) = φ3(t)− φ4(t) (46)

Furthermore local nodal currents of the finite element model are connected straightfor-
wardly to the currents through the primary and secondary winding as follows:

i1 = ip (47)

i2 = −ip (48)

i3 = a · i′3 = −a · ip (49)

i4 = a · i′4 = a · ip (50)

Taking all of this into account and introducing Equations (45) to (50) into Equation (42),
the following complete local system of equations of the four-node finite element of the
single-phase transformer is obtained:
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
i1
i2
i3
i4


+

= G ·


1 −1 −a a
−1 1 a −a
−a a a2 −a2

a −a −a2 a2

 ·


φ1
φ2
φ3
φ4


+

+

G · ( 1
ϑ
− 1) ·


1 −1 −a a
−1 1 a −a
−a a a2 −a2

a −a −a2 a2

 ·


φ1
φ2
φ3
φ4

+ H ·


i1
i2
i3
i4


(51)

Now, in order to obtain the complete local system of equations for a three-phase trans-
former, one can assemble three single-phase transformers, depending on the connection group.
The procedure of forming a complete local system of equations for a three-phase transformer
will be elaborated on a Dy5 connected transformer which is often used in practice.

This Dy5 connected transformer will be modeled as a finite element with seven local
nodes as depicted in Figure 6.

Figure 6. Three-phase transformer Dy5 as a finite element.

The three-phase Dy5 transformer is separated into three single-phase transformers as
depicted in Figure 7.

Figure 7. Depiction of a three-phase transformer separated into three pairs of windings.
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According to Equation (51) and Figures 6 and 7, the complete local system for the first,
second and third pair of windings, respectively, can be written as follows:


i11
i21
i71
i41


+

= G ·


1 −1 −a a
−1 1 a −a
−a a a2 −a2

a −a −a2 a2

 ·


φ1
φ2
φ7
φ4


+

+

G · ( 1
ϑ
− 1) ·


1 −1 −a a
−1 1 a −a
−a a a2 −a2

a −a −a2 a2

 ·


φ1
φ2
φ7
φ4

+ H ·


i11
i21
i71
i41


(52)


i22
i32
i72
i52


+

= G ·


1 −1 −a a
−1 1 a −a
−a a a2 −a2

a −a −a2 a2

 ·


φ2
φ3
φ7
φ5


+

+

G · ( 1
ϑ
− 1) ·


1 −1 −a a
−1 1 a −a
−a a a2 −a2

a −a −a2 a2

 ·


φ2
φ3
φ7
φ5

+ H ·


i22
i32
i72
i52


(53)


i33
i13
i73
i63


+

= G ·


1 −1 −a a
−1 1 a −a
−a a a2 −a2

a −a −a2 a2

 ·


φ3
φ1
φ7
φ6


+

+

G · ( 1
ϑ
− 1) ·


1 −1 −a a
−1 1 a −a
−a a a2 −a2

a −a −a2 a2

 ·


φ3
φ1
φ7
φ6

+ H ·


i33
i13
i73
i63


(54)

According to Figures 6 and 7, the following relations between nodal currents of the
three-phase transformer relative to currents of local nodes of each of the winding pairs can
be defined as follows:

i+1 = i+11 + i+13

i+2 = i+21 + i+22

i+3 = i+32 + i+33

i+4 = i+41

i+5 = i+52

i+6 = i+63

i+7 = i+71 + i+72 + i+73

(55)

So, by adding the contributions of all winding pairs, one can obtain a complete local
system of equations of the Dy5 transformer as a finite element:
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

i1
i2
i3
i4
i5
i6
i7



+

= G ·



2 −1 −1 a 0 −a 0
−1 2 −1 −a a 0 0
−1 −1 2 0 −a a 0
a −a 0 a2 0 0 −a2

0 a −a 0 a2 0 −a2

−a 0 a 0 0 a2 −a2

0 0 0 −a2 −a2 −a2 3 · a2


·



φ1
φ2
φ3
φ4
φ5
φ6
φ7



+

+

G · ( 1
ϑ
− 1) ·



2 −1 −1 a 0 −a 0
−1 2 −1 −a a 0 0
−1 −1 2 0 −a a 0
a −a 0 a2 0 0 −a2

0 a −a 0 a2 0 −a2

−a 0 a 0 0 a2 −a2

0 0 0 −a2 −a2 −a2 3 · a2


·



φ1
φ2
φ3
φ4
φ5
φ6
φ7


+ H ·



i1
i2
i3
i4
i5
i6
i7



(56)

Any kind of three-phase transformer group can be modeled by using this procedure.

3.4. Loads Modeled as Finite Elements

Loads in the electric power system are generally defined by the real and reactive
power. With the purpose of modeling loads in the electric power system, in this paper,
we will derive local systems of equations for a single-phase load and a three-phase star-
connected load.

Single-phase load as a finite element is depicted in Figure 8. The single-phase load was
modeled as a serial connection of a resistor, capacitor and a coil—in such a way enabling
accurate modeling of different types of loads regarding its reactive character.

Figure 8. Single-phase load as a finite element.

The starting point for modeling a single-phase load as a finite element are the following
voltage differential equations. They are written using the branch current flowing through
the single-phase load—i(t) (Figure 8):

φ1(t)− φ2(t) = R · i(t) + L · di(t)
dt

+ Uc(t) (57)

i(t) = C · dUc(t)
dt

(58)

In the following step, time-integration of these equations is needed, since in that
way, instead of ordinary differential equations, we obtain a system of algebraic equations.
Again, by performing the numerical time-integration of Equations (57) and (58), from some
starting instant t to some ending instant t+, we obtain:

∫ t+

t

[
φ1(t)− φ2(t)− R · i(t)− L · di(t)

dt
− Uc(t)

]
· dt = 0 (59)

∫ t+

t

[
i(t)− C · dUc(t)

dt

]
· dt = 0 (60)
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Applying the ϑ-method on Equations (59) and (60), the following is obtained:

φ1 · (1 − ϑ) · ∆t + φ+
1 · ϑ · ∆t − φ2 · (1 − ϑ) · ∆t − φ+

2 · ϑ · ∆t−
R · (1 − ϑ) · ∆t · i − R · ϑ · ∆t · i+ − L · i+ + L · i − Uc · (1 − ϑ) · ∆t − U+

c · ϑ · ∆t = 0
(61)

U+
c = Uc +

(1 − ϑ) · ∆t
C

· i +
ϑ · ∆t

C
· i+ (62)

Introducing (62) into (61), we obtain the following after a certain amount of rearrangement:

i+ = K · φ+
1 − K · φ+

2 + K · ( 1
ϑ
− 1) · φ1 − K · ( 1

ϑ
− 1) · φ2 −

K
ϑ
· Uc + N · i (63)

K =
ϑ · ∆t

L + R · ϑ · ∆t + ϑ2·∆t2

C
(64)

N =
L − R · (1 − ϑ) · ∆t − ϑ·(1−ϑ)·∆t2

C

L + R · ϑ · ∆t + ϑ2·∆t2

C

(65)

Based on the previous equation, we can write the complete local system of equations
for the single-phase load using the local nodal currents i1(t) and i2(t):{

i1
i2

}+

= K ·
[

1 −1
−1 1

]
·
{

φ1
φ2

}+

+ K · ( 1
ϑ
− 1) ·

[
1 −1
−1 1

]
·
{

φ1
φ2

}
− K

ϑ

{
1
−1

}
· Uc +

[
N 0
0 N

]
·
{

i1
i2

}
(66)

Let us extend the single-phase load to a star-connected three-phase load depicted in
Figure 9.

Figure 9. Three-phase star-connected load.

Observing Figure 9 and Equation (63), we can write the following equations for the
three-phase load:

i+1 = K1 · φ+
1 − K1 · φ+

4 + K1 · (
1
ϑ
− 1) · φ1 − K1 · (

1
ϑ
− 1) · φ4 −

K1

ϑ
· Uc1 + N1 · i1 (67)

i+2 = K2 · φ+
2 − K2 · φ+

4 + K2 · (
1
ϑ
− 1) · φ2 − K2 · (

1
ϑ
− 1) · φ4 −

K2

ϑ
· Uc2 + N2 · i2 (68)

i+3 = K3 · φ+
3 − K3 · φ+

4 + K3 · (
1
ϑ
− 1) · φ3 − K3 · (

1
ϑ
− 1) · φ4 −

K3

ϑ
· Uc3 + N3 · i3 (69)

i+4 = −(i+1 + i+2 + i+3 ) (70)
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In Equations (67)–(69), quantities Ki and Ni, i = 1, 2, 3 are obtained from Equations (64) and
(65) by introducing appropriate values of resistance, inductance and capacitance for that
particular branch.

Previous system of equations can be written in matrix form which is actually necessary
to conform to the finite element method terminology:


i1
i2
i3
i4


+

=


K1 0 0 −K1
0 K2 0 −K2
0 0 K3 −K3

−K1 −K2 −K3 K1 + K2 + K3

 ·


φ1
φ2
φ3
φ4


+

+ (
1
ϑ
− 1) ·


K1 0 0 −K1
0 K2 0 −K2
0 0 K3 −K3

−K1 −K2 −K3 K1 + K2 + K3

 ·


φ1
φ2
φ3
φ4

−

1
ϑ
·


K1 0 0
0 K2 0
0 0 K3

−K1 −K2 −K3

 ·


Uc1
Uc2
Uc3

+


N1 0 0
0 N2 0
0 0 N3

−N1 −N2 −N3

 ·


i1
i2
i3



(71)

According to Equation (62), expressions for voltages on each of the capacitors of the three-
phase star-connected load can now be written as

U+
c1 = Uc1 +

(1 − ϑ) · ∆t
C1

· i1 +
ϑ · ∆t

C1
· i+1 (72)

U+
c2 = Uc2 +

(1 − ϑ) · ∆t
C2

· i2 +
ϑ · ∆t

C2
· i+2 (73)

U+
c3 = Uc3 +

(1 − ϑ) · ∆t
C3

· i3 +
ϑ · ∆t

C3
· i+3 (74)

The system of equations given by (71) represents the complete local system of equations
of the finite element of the three-phase star-connected load. Equations (72)–(74) are used
for computing the capacitor voltages at the end of the time interval.

4. Test Example

Based on the presented theory, a MATLAB program for power system electromagnetic
transient analysis has been developed. To verify the proposed method, electromagnetic
transient analysis of the observed power system, shown in Figure 10, has been analyzed.
The observed power system, shown in Figure 10, consists of four generators connected via
four block-transformers (Dy5) to the power system, four three-phase transmission lines,
load and a network equivalent.
The generator data are as follows:

• Sn = 120 MVA, Pn = 108 MW, Qn = 52.3 MVAr;
• Un = 14.4 kV, In = 4811 A;
• I f 0 = 690 A;
• I f n = 1192 A.

The available parameters of generators are as follows:

• xd = 1.01 p.u., xq = 0.666 p.u., x′′q = 0.287 p.u., x′d = 0.421 p.u., x′′d = 0.268 p.u.;
• xσ = 0.198 p.u., r = 0.00236 p.u., T′

d = 3.4 s, T′
d0 = 7.5 s, T′′

d = 0.0554 s; T′′
q = 0.0876 s,

TmG = 8.63 s.

Turbine governor data are as follows:

• Tp = 0.02 s, Tr = 4.5 s, Tw = 2.9 s, Tg = 0.5 s;
• qv_open = 0.15, qv_close = 0.08, qmax = 0.8, qmin = 0.1;
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• σ = 0.04, δ1 = 0.378, kp = 15, ki = 0.8, kd = 1.5, Td = 5 s;
• a11 = 0.5, a13 = 1, a21 = 1.5, a23 = 1.

Excitation system data are as follows:

• Tr = 0.02 s, Ta = 0.001 s, Te = 0.1 s, Tf = 0.1 s;
• kr = 1, ka = 50, ke = 1, k f = 0.001.

Step-up transformer data are as follows:

• Sn = 120 MVA, Dy5;
• Un1/Un2 = 10.5/220 kV, uk = 12.06%, Pk = 270 kW.

Load data are as follows:

• Pn = 120 MW, Qn = 0, Un = 220 kV.

Network equivalent data are as follows:

• Un = 220 kV, I′′k3 = 15.15 kA, I′′k1 = 16.46 kA.

Three phase transmission line data for a, b and c phases are as follows: ℓ = 41 km

[R] =

0.18 0.09 0.09
0.09 0.18 0.09
0.09 0.09 0.18

(Ω/km) [L] =

 2.2 0.796 0.796
0.796 2.2 0.796
0.796 0.796 2.2

(mH/km) [C] =

 7.76 −0.76 −0.76
−0.76 7.76 −0.76
−0.76 −0.76 7.76

(nF/km).

Figure 10. Single line diagram of an observed electric power system.

In order to perform the FET procedure, the observed power system (Figure 10) has
been divided into 15 finite elements (Figure 11). According to FET terminology, each power
system element (generator, transformer, etc.) is represented as a finite element where the
local matrices and vectors suitable for assembling the procedure with the other power
system elements have been defined by corresponding local systems of equations.

To perform the assembling procedure, based on Figure 11, a connectivity matrix with
27 global nodes can be defined (Table 1).
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Figure 11. The observed power system divided into finite elements.

Table 1. Connectivity matrix.

Local Nodes
Type Finite Element 1 2 3 4 5 6

Generator 1 1 1 2 3
Generator 2 2 4 5 6
Generator 3 3 10 11 12
Generator 4 4 13 14 15

Transformer 1 5 1 2 3 7 8 9
Transformer 2 6 4 5 6 7 8 9
Transformer 3 7 10 11 12 16 17 18
Transformer 4 8 13 14 15 16 17 18

Line 4 9 7 8 9 25 26 27
Line 4 10 16 17 18 25 26 27
Line 2 11 19 20 21 22 23 24
Line 3 12 16 17 18 19 20 21
Line 1 13 7 8 9 22 23 24

Equivalent network 14 19 20 21
Load 15 22 23 24
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Based on the connectivity matrix, the global system of equations is obtained by as-
sembling the local system of equations of each finite element according to the standard
assembling procedure [10,11]. In the first step, initial conditions are initialized based on
operating modes of each generator. At the beginning of the simulation, generator 1 and gen-
erator 4 are in the operating mode with P = 108 MW (0.9 p.u.) and Q = 0 MVAr (0 p.u.),
while generator 2 and generator 3 are in operating mode with P = 84 MW (0.7 p.u.) and
Q = 52.3 MVAr (0.436 p.u.). The initialization of active power (P) is accomplished using
the governing system where the referent value of the generator mechanical moment (mm)
is defined. Initialization of reactive power (Q) is accomplished using the excitation system
where referent field voltage (u f ) is defined. At the moment t = 0.8 s, a three-phase fault is
set to occur at the middle of transmission line 4 (Figure 10). A three-phase fault has been
set by imposing boundary conditions at t = 0.8 s (potentials of global nodes 25, 26 and 27
are set to zero). The duration of the fault is taken to be 100 ms.

In order to demonstrate the accuracy of the proposed method, results obtained by
the proposed numerical method have been compared to the solutions obtained by the
well-known and established EMTP simulation tool where very good correlation has been
demonstrated. Figures 12 and 13 show the currents of phases a, b and c in the transmission
line 4 from the direction of busbars A and B in the case of a temporary three-phase short
circuit calculated using the FET procedure and compared with the EMTP software package.

(a)

(b)

Figure 12. Cont.
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(c)
Figure 12. Currents in transmission line 4 from the direction of busbar A during transient operation
for (a) Phase a, (b) Phase b, (c) Phase c.

(a)

(b)

(c)
Figure 13. Currents in transmission line 4 from the direction of busbar B during transient operation
for (a) Phase a, (b) Phase b, (c) Phase c.
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As can be seen from Figures 12 and 13, subtransient short-circuit currents of each
phase depend on the moment of occurrence of the three-phase short circuit, that is, on the
value of the voltage of that phase at the moment of occurrence of the three-phase short
circuit. It is a well-known theoretical fact that the largest subtransient current in each
phase will appear at the moment when the voltage of that phase is zero. It can be seen that
the highest value of the subtransient current occurs in phase b regardless of whether the
current has direction from busbar A or B. We can conclude that the voltage of phase b was
the lowest at the moment when the three-phase short circuit occurred. In addition, a drop
in the direct current (DC) component of the three-phase short-circuit current in all three
phases is also clearly visible.

Figure 14 shows the voltage of phase a at the busbar A in the case of a temporary
three-phase short circuit calculated using the FET procedure and compared with the EMTP
software package.

Figure 14. Voltage of phase a at the busbar A during the transient operation.

As can be seen from Figure 14, the voltage of phase a on busbar A dropped to 30% of
its value due to the occurrence of a three-phase short circuit. Note here that voltage drops
occurred on busbars B, C, and D; although, they were not shown in this example. The
smallest voltage drop is naturally on busbar C since it is connected directly to a relatively
strong equivalent network.

Figure 15 shows the field voltage (u f ) of generator 1 obtained using the excitation
system (Appendix B) and compared with the EMTP software package.

Figure 15. Generator 1 field voltage (u f ) during the transient operation.

Figure 16 shows the rotor angle (δ) of all generators obtained using Equation (16) of
the generator finite element and compared with the EMTP software package.
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(a)

(b)

(c)

(d)
Figure 16. Rotor angles (δ) during the transient operation for: (a) Generator 1, (b) Generator 4,
(c) Generator 2, (d) Generator 3.
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5. Discussion

After an exhaustive theoretical derivation of the proposed finite-element-based nu-
merical model for the analysis of electromagnetic transients in the electric power system, a
scenario was chosen to demonstrate the calculation possibilities of the proposed model. In
the proposed scenario, an electromagnetic transient analysis is performed of the considered
power system which consists of four generators connected via four block-transformers
(Dy5) to the power system, four three-phase transmission lines, load and network equiva-
lents. At the moment t = 0.8 s, a three-phase fault of duration 100 ms has been simulated
in the middle of transmission line 4.

It is a well-known fact that for a relatively short (100 ms) three-phase short circuit,
the turbine regulator plays no role in this electromagnetic transient phenomenon due to
its extremely large time constants. Therefore, the previously defined mechanical moment
(mm) was considered constant for all generators during the entire transient event. As
can be seen from the attached Figures 12 and 13, the current values of the three-phase
short circuit are significantly larger compared to the rated current before the occurrence
of the short circuit, regardless of whether the short circuit location is flowing from busbar
A or B. As shown in Figure 14, during the short circuit duration, the voltage at busbar
A dropped to cca 30% of its rated value. This significantly affected the rotor angle of
generators 1 and 2, as can be seen in Figure 16a,c. Although we did not show them in the
Figures, the fact is that there was a voltage drop on busbars B, C and D. Voltage drop on
busbar B (see Figure 10) is significantly affected by the rotor angles of generators 3 and 4
as shown in Figure 16b,d. Figure 15 shows the excitation regulator response for generator
1 during the transient event. The fact is that due to its fast time constants, the excitation
regulator significantly contributes to maintaining the stability of generator 1, unlike the
slow response of the turbine regulator. The same applies to the other three generators.
It is also evident that generators 1 and 4 have different load angle responses, given that
they have identical parameters as well as initial active and reactive power. The reason
is that generator 4 is much closer to the equivalent grid, resulting in less load angle slip
due to the smaller voltage drop at busbar B during the first swing. The same applies to
generator 2 compared to generator 1. In the case of a longer lasting transient three-phase
short circuit, the situation would certainly be more unfavorable, requiring much more
time to establish a new steady state. In perspective, we could also consider the action of
protection by simulating the disconnection of line 4 from the system. The most unfavorable
situation from the perspective of generators 1 and 2 is the three-phase short circuit at busbar
A, where they lose interconnection with the rest of the grid. The same applies to generators
3 and 4 in the case of a three-phase short circuit at busbar B.

6. Conclusions

A numerical model for the analysis of electromagnetic transients in a power system,
based on the finite element technique, was developed. In this paper, we modeled only the
basic elements of the power system. These include numerical models of the synchronous
generator (including excitation system and the turbine governing system), transformer,
network equivalent, transmission line and load. It is important to emphasize that it is
possible to obtain a numerical model of any element of the power system. It is only
important to know its mathematical model to define it as a finite element with a certain
number of local nodes using the same procedure as outlined in this paper. This new
approach enables, if necessary, more detailed modeling of a particular part of the power
grid, so that depending on the type of transient phenomena, different mathematical and
therefore numerical models of a particular part of the power system can be defined. Based
on the presented theory, a MATLAB program for electromagnetic transient analysis of
the power system has been developed. The accuracy of the computer program has been
validated by comparing it to results obtained by a well-known and established EMTP
simulation tool. Excellent agreement of results was found thus confirming the accuracy
of the proposed model. EMTP was used as a benchmark tool since it is widely used in
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scientific and engineering communities and considered to be a most accurate and robust
simulation tool.
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Nomenclature
The following quantities and their abbreviations are used in this manuscript:

a, b, c indexes associated with the armature winding on the stator
a11, a13, a21 turbine coeficients
a23 turbine gain
a transformation ratio of single-phase transformer
C single-phase load capacitance
D, Q indexes associated with the damping winding on the rotor
f index associated with the excitation winding on the rotor
I f 0 open circuit generator field coil current
I f n nominal generator field coil current
I′′k3 three-phase subtransient short circuit current
I′′k1 single-phase subtransient short circuit current
ia phase a generator current
ib phase b generator current
ic phase c generator current
i f field coil current
iD damper winding current in axes d
iQ damper winding current in axes q
ip(t) current through the primary winding
i′s(t) current through the secondary winding reduced to the primary side
kp PID controller proportional gain
ki PID controller integral gain
kd PID controller derivative gain
ka, kr, k f , ke regulator amplification factors
ℓ three-phase transmission line length
La(γ) phase a stator inductance depending on rotor position
Lb(γ) phase b stator inductance depending on rotor position
Lc(γ) phase c stator inductance depending on rotor position
L f (γ) field coil inductance depending on angle of rotor position
LD(γ) damper winding inductance in axis d depending on angle of rotor position
LQ(γ) damper winding inductance in axis q depending on angle of rotor position

Lij(γ)
mutual inductances between windings i and j depending on rotor position (i, j)
= a, b, c, f, D, Q

L single-phase load inductance
Lm equivalent network mutual inductance in the natural a, b, c system
Lv equivalent network inductance in the natural a, b, c system
Lσ1 leakage inductance of the primary winding
L′

σ2 leakage inductance of the secondary winding reduced to the primary side
mm mechanical moment of the generator in p.u.
mel electrical moment of the generator in p.u.
Pk step up transformer short-circuit active power
Pn nominal active power
Pre f referent value of mechanical power
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Pm mechanical power
Qn nominal reactive power
qv_open gate max opening speed
qv_close gate min closing speed
qmax maximal gate position
qmin minimal gate position
r generator armature (stator) resistance
ra phase a stator resistance
rb phase b stator resistance
rc phase c stator resistance
r f field coil resistance
rD damper winding resistance in axis d
rQ damper winding resistance in axis q
R single-phase load resistance
R1 resistance of the primary winding
R′

2 resistance of the secondary winding reduced to the primary side
s the synchronous generator rotor slip in p.u.
S′′

k3 three-phase subtransient short circuit power
S′′

k1 single-phase subtransient short circuit power
Sn nominal apparent power
t time
Ta, Tr, Tf , Te time constants
Td PID controller derivative time constant
Tm the generator mechanical time constant in rad
Tp pilot time constant
Tr transient droop time constant
Tw water inertia time constant
Tg gate time constant
TmG the generator mechanical time constant
T′

d, T′
d0, T′′

d , T′′
q transient and subtransient open- circuit time constants in d and q axes

ua phase a generator voltage
ub phase b generator voltage
uc phase c generator voltage
u f field coil voltage
u f 0 initial field voltage
Un nominal voltage
Uc(t) single-phase load capacitance voltage
Up(t) voltage on the primary winding of the single-phase transformer
Us(t) voltage on the secondary winding of the single-phase transformer

U′
s(t)

voltage on the secondary winding of the single-phase transformer reduced to
the primary side

Un1/Un2 step up transformer nominal voltage ratio
uk step up transformer short-circuit voltage in in percentages
vT , v f , vR, vC regulator signals
vt phase voltage
vREF referent phase voltage
xd, xq, x′d, x′′d , x′′q synchronous, transient and subtransient reactances in d and q axes
xσ synchronous generator leakage reactance
Xmd direct sequence network reactance
Xmi inverse sequence network reactance
Xm0 zero sequence network reactance
Xv, Xa, Xb, Xc equivalent network reactance’s in the natural a, b, c system
Xm, Xab, Xac, Xbc equivalent network mutual reactance’s in the natural a, b, c system[

Aglob

] global matrix formed by assembling all local matrices using the connectivity
matrix

[Aloc] local matrix of the finite element
[A] inductance matrix
[C] capacitance matrix
[R] resistance matrix
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{
Bglob

} global vector formed by assembling all local vectors using the connectivity
matrix

{Bloc} local vector of the finite element{
i+loc

}
vector of local nodal currents at the end of the integration interval

{i1} vector of generator stator winding currents
{i2} vector of generator rotor winding currents
{i} vector of currents
{u1} vector of generator stator winding voltages
{u2} vector of generator rotor winding voltages
{u} vector of voltages
γ electrical angle of rotor position
δ1 temporary droop coefficient
δ the rotor angle in rad
∆t time increment
ϑ interpolation factor
σ permanent droop coefficient
{φ} vector of potentials{

φglob

}+
vector of global potentials at the end of the integration interval

{φloc}+ vector of local nodal potentials at the end of the integration interval
Ψa phase a stator flux linkage
Ψb phase b stator flux linkage
Ψc phase c stator flux linkage
Ψ f field coil flux linkage
ΨD damper winding flux linkage in axis d
ΨQ damper winding flux linkage in axis q
[Ψ] magnetic flux matrix
ωr rotor angular frequency in p.u.

Appendix A. Model of Turbine Governor

The time-domain numerical model of a turbine governor has been developed in [15]
and incorporated into the originally developed synchronous generator finite element model.
According to [15], the block scheme of the employed turbine control system is given in
Figure A1.

Figure A1. Block scheme of a turbine control system.

The time-domain numerical model of a turbine governor has been derived in detail
in [15]. As in this paper, differential equations were reduced to algebraic equations by
utilizing the ϑ-method. The resulting equations are given here in a more compact form,
and along with the block scheme given in Figure A1, they form a complete system of
algebraic equations of the turbine governor used in the finite element model of the syn-
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chronous generator. The meaning of used variables are given in the nomenclature section
for clarity purposes.

P+
sc =

[Td − (1 − ϑ) · ∆t] · Psc + kd · P+
s − [(1 − ϑ) · ∆t] · Ps

Td + ϑ · ∆t
(A1)

q+v =

[
Tg · Tp − Tg · (1 − ϑ) · ∆t

]
· qv + ϑ · ∆t · P+

s1 + (1 − ϑ) · ∆t · Ps1

Tg · Tp + Tg · ϑ · ∆t
(A2)

q+ = q + ϑ · ∆t · q+v + (1 − ϑ) · ∆t · qv (A3)

P+
sb = Psb + ki · ϑ · ∆t · P+

s + ki f · (1 − ϑ) · ∆t · Ps (A4)

P+
gσ2

=
[Tr − (1 − ϑ) · ∆t] · Pgσ2 + δ1 · Tr · q+ + δ1 · Tr · q

Tr + ϑ · ∆t
(A5)

P+
m =

[a11 · Tw − (1 − ϑ) · ∆t] · Pm + [a23 · ϑ · ∆t + a23 · a11 · Tw − a13 · a21 · Tw] · q+

ϑ · ∆t + a11 · Tw
+

[a23 · (1 − ϑ) · ∆t + a13 · a21 · Tw − a23 · a11 · Tw] · q
ϑ · ∆t + a11 · Tw

(A6)

Appendix B. Model of the Excitation System

As was the case with the turbine governor, the time-domain numerical model of
synchronous generator excitation system has been developed and incorporated into syn-
chronous generator finite element model. According to [24], the block scheme of excitation
system model is given in Figure A2.

Figure A2. Block scheme of synchronous generator excitation system.

The time-domain numerical model of the excitation system has been derived in detail
in [15]. The resulting algebraic equations are given here in a more compact form, and
along with the block scheme given in Figure A2, they form a complete system of algebraic
equations of the excitation system used in the finite element model of the synchronous
generator. The meaning of used variables are again given in the nomenclature section for
clarity purposes.

v+T =
[Tr − (1 − ϑ) · ∆t] · vT + kr · ϑ · ∆t · v+t + kr · (1 − ϑ) · ∆t · vt

Tr + ϑ · ∆t
(A7)

v+R =
[Ta − (1 − ϑ) · ∆t] · vR + ka · ϑ · ∆t · v+C + ka · (1 − ϑ) · ∆t · vC

Ta + ϑ · ∆t
(A8)

u+
f =

[Te − ke · (1 − ϑ) · ∆t] · u f + ϑ · ∆t · v+R + (1 − ϑ) · ∆t · vR

Te + ke · ϑ · ∆t
(A9)



Energies 2024, 17, 2517 27 of 27

v+f =

[
Tf − (1 − ϑ) · ∆t

]
· v f + k f · u+

f − k f · u f

Tf + ϑ · ∆t
(A10)
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