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Abstract: In the future, a high proportion of distributed generations (DG) will be integrated into
the distribution network. The existing active distribution network (ADN) planning methods have
not fully considered multiple uncertainties, differentiated regulation modes or the cost of multiple
types of interconnection switches. Meanwhile, it is difficult to solve large-scale problems at small
granularity. Therefore, an expansion planning method of ADN considering the selection of multiple
types of interconnection switches is proposed. Firstly, a probability distribution ambiguity set of DG
output and electrical-load consumption based on the Wasserstein distance is established for dealing
with the issue of source-load uncertainty. Secondly, a distributionally robust optimization model
for collaborative planning of distribution network lines and multiple types of switches based on the
previously mentioned ambiguity set is established. Then, the original model is transformed into a
mixed integer second-order cone programming (SOCP) model by using the convex relaxation method,
the Lagrangian duality method and the McCormick relaxation method. Finally, the effectiveness of
the proposed method is systematically verified using the example of Portugal 54. The results indicate
that the proposed method raises the annual net profit by nearly 5% compared with the traditional
planning scheme and improves the reliability and low-carbon nature of the planning scheme.

Keywords: expansion planning; soft open point (SOP); interconnection switches; distributionally
robust optimization; active distribution network

1. Introduction

As the global greenhouse effect continues to intensify, it has become the consensus of all
countries around the world to comprehensively promote carbon emission reduction under
the guidance of the United Nations Framework Convention on Climate Change (UNFCCC).
As an important form of energy terminal, the cleaner transformation of the power domain
will be directly related to the effect of global carbon emission reduction. Under this
background, the large-scale promotion of the construction of distributed generations (DG)
has become an important path for the cleaner transformation of power systems. However,
the volatility, intermittency and uncontrollability of DG bring great challenges to the safe
operation of power systems, which may cause a series of problems such as overvoltage and
line overload in the distribution network when a large number of DGs are integrated into
the distribution network [1,2]. The continuous power regulation ability of soft open points
(SOP) and the network reconfiguration based on sectional and interconnected switches
can fully consider the source-load timing matching between different feeders to change
the overall power flow, thus improving renewable energy accommodation, equipment
utilization and the safety of the distribution system [3]. Therefore, it is significant to study
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the collaborative planning of distribution lines, SOPs and interconnection switches, while
considering the economic cost and DG accommodation.

As a means of differentiated regulation in ADN, considering the collaborative planning
of SOPs and interconnection switches in the expansion planning can reduce the construction
demand of power equipment, and enhance the economics of the planning scheme. Ref. [4]
established a mathematical model for optimal configuration of interconnection switches
for distribution lines containing PV. Compared with the interconnection switch, a SOP
has more flexible power flow regulation capability, which is significant for enhancing the
accommodation of renewable energy and achieving Chinese “dual-carbon goal”. On this
basis, Refs. [5,6] studied the collaborative planning method of SOPs and DGs and proposed
a bi-level coordinated programming model. Ref. [7] proposed an ADN expansion planning
method with SOPs accessed, which can cooperatively plan the location and capacity of
devices such as lines, SOPs, and energy storage systems (ESS). SOP, as flexible switch, has a
stronger regulation ability than the step regulation of an interconnection switch. However,
most SOPs are based on power electronic equipment such as back-to-back converters,
which have relatively high construction costs [8,9]. If only important locations are installed
with SOPs, and interconnection switches are still installed in other locations, it can ensure
the optimized operation of the system and reduce planning costs. So, the collaborative
planning of SOPs and interconnection switches is more in line with the actual construction
demands. Ref. [10] proposed a collaborative planning model for SOPs and interconnection
switches based on a stochastic scenario to simultaneously determine the collaborative
planning scheme and optimal operating strategy of SOPs and interconnection switches, but
the paper did not consider line expansion planning. After referring to the literature, there
is currently scarce literature on the collaborative planning of distribution network lines and
multiple types of switches. Most of the literature only studied the collaborative planning
of SOPs and lines, or SOPs and interconnection switches, and considers the deployment
of lines or interconnection switches as the research boundary. The impact of collaborative
planning and regulation of SOPs and interconnection switches on expansion planning need
to be studied in the future.

In addition, the DG and load uncertainty is an important factor affecting the economy
and security of the expansion planning scheme, and the different ways of dealing with
the uncertainty will affect the evaluation of the net-load and then affect the location and
capacity of equipment [11]. Currently, stochastic optimization, interval optimization, robust
optimization, and distributionally robust optimization are commonly used in the study
of uncertainty. Among them, stochastic optimization relies on the probability distribution
of historical data [12,13], interval optimization is limited by the problem size [14,15], and
the plans resulting from using robust optimization are often too conservative [16], while
distributionally robust optimization can overcome the above shortcomings. The temporal
probability distribution curves can be obtained through a large amount of historical data,
but these are based on limited data statistics and there is still a gap between these curves
and the actual data. By using the distributionally robust optimization method, the optimal
scheduling under the worst scenario can be obtained within the allowable error range. On
one hand, it can obtain the temporal characteristics of the source and load like stochastic
optimization. On the other hand, it can also improve the robustness of the planning
scheme and enhance the reliability of the scheme under bad conditions. Refs. [17,18] both
established the distributionally robust optimization operation model for integrated energy
systems, and analyzed and verified the advantage of distributionally robust optimization.

The distributionally robust optimization model has various types of ambiguity sets,
such as an ambiguity set based on generalized moment information and an ambiguity
set based on statistical distance [19,20]. Among them, the ambiguity set based on the
Wasserstein distance is more popular, and its probability distribution is contained in the
Wasserstein sphere with a certain confidence level [21]. Ref. [22] proposed a scenario-based
stochastic modeling approach based on the Wasserstein distance and K-medoids to deal
with the stochasticity of DG, and then built and solved a multi-objective collaborative
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planning model for ADN. Ref. [23] used a multi-scenario approach based on the Wasser-
stein distance to deal with DG uncertainty and proposed an AC/DC optimized extended
planning model for distribution networks from the perspective of the distribution system
operator (DSO). Ref. [24] used the optimal scenario generation technique based on the
Wasserstein distance to deal with the uncertainty of WT and PV and proposed an AND
planning method considering SOPs and the operating characteristics of DGs. However,
Refs. [22–24] only utilized the ability of the Wasserstein distance to measure probability
distribution differences and generated discretized scenes using the Wasserstein distance.
But these references did not introduce the Wasserstein distance into the ambiguity set of
the distributionally robust optimization model. Ref. [25] established a Wasserstein ambigu-
ity set for each uncertain factor in the carbon-oriented economic dispatch for day-ahead
market and proposed a carbon-oriented Wasserstein distributionally robust scheduling
model. It can be seen from the above references that distributionally robust optimization
based on the Wasserstein distance has certain advantages in dealing with the DG and
load uncertainty. Currently, research on ADN planning rarely use the distributionally
robust optimization model based on the Wasserstein distance to deal with source-load
uncertainty. If this method is applied to the multi-type interconnection switches and lines
expansion planning problem, it will better balance the economy and robustness of the
scheme. However, after considering the large-scale network reconfiguration requirements,
the distributionally robust model based on the Wasserstein distance will contain many
nonlinear terms, and further research is needed to deal with the nonlinear terms in model
relaxation that can guarantee the optimality and computational efficiency.

In summary, to solve the above problems, this paper proposes a cooperative expansion
planning method for distribution lines, SOPs and interconnection switches based on the
Wasserstein distance and dual relaxation. Firstly, in order to overcome the difficulty of
accurately obtaining the probability distribution of uncertainty in the power distribution
system, this paper establishes a probability distribution ambiguity set of DG and load based
on the Wasserstein distance and a min–max distributionally robust optimization model for
the collaborative planning of distribution lines and multi-type interconnection switches.
Secondly, in order to solve the problem caused by the model’s nonlinearities, the model is
transformed by the convex relaxation, duality method, and McCormick relaxation. Finally,
the effectiveness of the proposed method is systematically verified with the Portugal
54 nodes system, which improves the annual net profits by nearly 5% compared with
the traditional planning scheme and ensures the security and low-carbon nature of the
distribution network construction scheme, while the proposed relaxation method is able to
balance the relaxation margins with the solution speed.

2. Theoretical Basis
2.1. Principle and Physical Model of SOP and Interconnection Switch

An interconnection switch is connected between two radiating feeders and can achieve
load transfer between the two feeders. The main access mode of the SOP in the distribution
network is closed-loop connection between feeders to replace the normal open circuit point
or interconnection switch in the ADN. This paper considers the installation of a two-port
SOP and an interconnection switch between radiating feeders, as shown in Figure 1.
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In Figure 1, F1 and F2 are two radiating feeders, and S11, S12, S21, and S22 are the
sectionalizing switches used for network reconfiguration in the two feeders. Control of
the SOP is achieved by full-controlled power electronic devices, and back-to-back voltage
source converters are commonly used. The controllable variables of the SOP include the
active power and reactive power output from the port, while the interconnection switch can
only control the on–off state of the circuit. Compared with interconnection switches, SOPs
can accurately control power flow at lower operating costs, avoiding the risks caused by
frequent switch operations, and greatly improving the flexibility and speed of ADN control.

2.2. The Probability Distribution Ambiguity Set Based on Wasserstein Distance

The actual timing characteristics of probability distribution of DGs and loads are
often difficult to obtain directly from the real world. Optimization methods based on
probability distribution will have strong uncertainties. In order to reasonably deal with
the DG and load uncertainty, the distributionally robust optimization method assumes
that the distribution function is not explicit but is in an ambiguity set. The ambiguity set
is constructed by the incomplete distribution information of random variables, and it is
also necessary to ensure that the distributionally robust optimization model of the realistic
problem scale can be solved within the allowed time range. There are two main types of
distributionally robust optimization ambiguity sets, including ambiguity sets based on
generalized moment information and those based on statistical distance. The ambiguity set
based on the Wasserstein distance belongs to the second category. The Wasserstein distance
is used to describe the distance between the true distribution and the reference distribution,
which is suitable for the treatment of source-load uncertainty. Based on the above analysis,
this paper establishes a probability distribution ambiguity set of source and load timing
characteristics based on the Wasserstein distance for dealing with uncertainty.

Define the random variables sets as
∧

ξdg and
∧

ξ load, respectively, as the historical obser-

vations sets as

{ ∧
ξ

dg
1 ,

∧
ξ

dg
2 , · · · ,

∧
ξ

dg
L

}
and

{
∧

ξ load
1 ,

∧
ξ load

2 , · · · ,
∧

ξ load
L

}
for DG and load, where L

is the sample size. Notably, this modeling method is applicable to various types of DGs,
and the number of ambiguity sets is equal to the number of DG types. Due to the different
generation patterns of various types of DGs, the parameters and reference distributions
in the model are different, and thus the final ambiguity sets are also different. This article
mainly considers wind turbines and photovoltaics. We use the Dirac function to construct

the reference distributions P̂dg
REF and P̂load

REF for
∧

ξdg and
∧

ξload [26]:

P̂dg
REF =

1
L

L
∑

l=1
δ

dg
ξ̂l

P̂load
REF =

1
L

L
∑

l=1
δload

ξ̂l

(1)

where δ
dg
ξ̂l

and δload
ξ̂l

are the Dirac functions of
ˆ

ξ
dg
l,t and ˆξ load

l,t ;
ˆ

ξ
dg
l,t and ˆξ load

l,t are the energy
coefficients of DGs and loads at time t with sample l as the reference, which are historical
observation data.

The reference distribution can be viewed as an estimation of the true distribution. In
order to represent the gap between the true distribution and the reference distribution,
introduce the Wasserstein distance as follows:

dw1(P∗
dg,

∧
Pdg

REF) = inf

{∫
Ω2

∥∥∥∥∥ξdg −
∧
ξdg

∥∥∥∥∥Π(dξdg, d
∧
ξdg)

}

dw2(P∗
load,

∧
Pload

REF) = inf

{∫
Ω2

∥∥∥∥∥ξload −
∧

ξload

∥∥∥∥∥Π(dξload, d
∧

ξload)

} (2)
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where dw(·) denotes the Wasserstein distance; ξdg and ξload are the random variables sets

obeying the true distributions P∗
dg and P∗

load; Π(dξdg, d
∧
ξdg) denotes the joint probability

distribution of dξdg and d
∧
ξdg, and Π(dξload, d

∧
ξload) is the same; ∥•∥ denotes the first-order

norm; dξdg and dξload are the differentials of ξdg and ξload; Ω2 denotes the support space
of the random variables; inf{•} denotes the infimum function.

Based on the above, construct the Wasserstein sphere centered on the reference distri-
bution P̂dg

REF and P̂load
REF with radius as εdg and ε load, the equation is shown below:

Bεdg

(
P̂dg

REF

)
=
{

P∗
dg ∈ Γdg

∣∣∣dW(P∗
dg, P̂dg

REF) ⩽ εdg

}
Bε load

(
P̂load

REF

)
=
{

P∗
load ∈ Γload

∣∣∣dW(P∗
load, P̂load

REF) ⩽ ε load

} (3)

Among them, Γdg is the space of all values supporting P∗
dg and Γload is the same.

Equation (3) indicates that the Wasserstein distance between the true and reference distri-
bution of DG and load is no more than the sphere radius.

Relevant references prove that the radius εdg and ε load of the Wasserstein sphere is a
function of the sample size L and the confidence level αdg. Confidence level is a concept used
to indicate the level of confidence in parameter estimates. The confidence level is usually
a number between 0 and 1. When the confidence level is set to 0, distributionally robust
optimization degenerates into stochastic optimization, and when set to 1, it degenerates into
robust optimization. By adjusting the confidence level, the robustness of the distributionally
robust optimization can be adjusted to balance economy and robustness. The relevant
equations are as follows:

P(dw(P∗
dg, P̂dg

REF) ⩽ εdg) = 1 − exp(− (εdg)
2

2S2 L)

P(dw(P∗
load, P̂load

REF) ⩽ εload) = 1 − exp(− (εload)
2

2S2 L)

εdg(L, αdg) = S
√

2
L ln( 1

1−αdg )

εload(L, αload) = S
√

2
L ln( 1

1−αload )

(4)

where P (•) is the spherical probability function; S defines the maximum Wasserstein
distance between any two elements in Ω2, calculated as follows:

S = min
µ⩾0

2

√√√√ 1
2µ

(1 + ln(
1
L

L

∑
l=1

exp(µ∥ξ̂l − κ̂∥))) (5)

Among them, κ̂ is the mean value of samples, and µ is a variable greater than 0.

3. Distributionally Robust Collaborative Planning Model Based on
Wasserstein Distance

Considering the effect of the source-load uncertainty in planning and operation is
beneficial to improve the practical value of planning and operation results. Therefore, this
section combines the ambiguity set of probability distribution based on the Wasserstein dis-
tance established in the previous section to establish a distributionally robust collaborative
planning model based on the Wasserstein distance. In this model, the planning variables
include the planning location and capacity of SOPs, the location of interconnection switches,
and the situation of the expansion lines. Additionally, the operational variables include
the power flow situation, the operation status of devices which include the ESS, SOPs, and
interconnection switches, the response power of demand response (DR), the reduction
power of DG and the uncertainty variables of the Wasserstein distance.
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3.1. Objective Function

After considering the source-load uncertainty, the objective function is of the min-
max type, which means to find the solution with the best economics under the worst
scenario. The objective function is to minimize the annual net cost during the planning
period, including the investment cost Cinv and the operation cost Cope. The investment
cost includes the equivalent annual construction cost of SOPs, interconnection switches,
and lines. The operation cost includes the SOPs operation and maintenance cost Com

sop, the
interconnection switches action cost Com

switch, the ESS operation and maintenance cost Com
ess ,

the demand response cost CDR, and the penalty cost for wind and solar power discard
CDG, the power loss cost Closs, the purchase and sale net cost Cbuy − Csell . The calculation
equation is shown below:

min
Y

max
B

C = Cinv + Cope (6)

Cinv = Cinv
sop + Cinv

switch + Cinv
line (7)

Cope = Com
sop + Com

switch + Com
ess + CDR + Closs + Cbuy − Csell (8)

Among them, Y denotes the set composed of deterministic variables during the
planning and operation process, such as the planning location and capacity of SOPs and
the planning location of interconnection switches; B =

{
∆ξ load

l,t , ∆ξ
dg
l,t

}
is the set composed

of the deviation between the true distribution and the reference distribution of the source-
load timing characteristics, which is uncertainty variable. The equation for each cost is
shown below:

Cinv
sop = τsop ∑

ij∈Ψsop

csopSsop
ij (9)

Cinv
switch = τswitch ∑

ij∈Ψswitch

cswitchYswitch
ij (10)

Cinv
line = τline ∑

Lij∈Ψline

clineYline
ij Lij (11)

τx =
r(1 + r)bx

(1 + r)bx − 1
(12)

Com
sop = λsop ∑

ij∈Ψsop

csopSsop
ij (13)

Com
switch = λswitch ∑

ij∈Ψswitch

cswitch

(
T

∑
t=1

∣∣∣αswitch
ij,t − αswitch

ij,t−1

∣∣∣) (14)

Com
ess = ∑

i∈Ψess

T

∑
t=1

cP
ess

(
ηessch

p Pessch
i,t − Pessdch

i,t /ηessdch
p

)
(15)

CDR = ∑
i∈Ψload

T

∑
t=1

cDR∆PDR
i,t (16)

CDG = ∑
i∈Ψdg

T

∑
t=1

cDGPdgcut
i,t (17)

Closs = closs

 ∑
ij∈Ψb

T

∑
t=1

I2
ij,trij + ∑

i∈Ψsop

T

∑
t=1

PSOP,L
i,t

 (18)

In this case, the cost of purchasing electricity from the higher grid Cbuy and the revenue
from electricity sales Csell contain uncertainty variables, as shown in the following equations:
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Cbuy = cbuy ∑
i ∈ Ψnode
ij ∈ Ψb

T

∑
t=1

(
∼

Pload
i,t + I2

ij,trij +
T

∑
t=1

PSOP,L
i,t − ∆PDR

i,t −
∼

Pdg
i,t + Pdgcut

i,t + Pessch
i,t − Pessdch

i,t

)
(19)

Csell = csell ∑
i ∈ Ψnode
ij ∈ Ψb

T

∑
t=1

(
∼

Pload
i,t − ∆PDR

i,t −
∼

Pdg
i,t + Pdgcut

i,t − Pessdch
i,t + Pessch

i,t

)
(20)

where
∼

Pload
i,t and

∼
Pdg

i,t are the actual value of load electric use and DG output in node i for
time t. τx denotes the equal annual value coefficient of equipment x; r is the discount
rate; b is the service life of the equipment; and x is the type of equipment, including SOPs,
interconnection switches, and lines; cSOP denotes the SOP construction cost of per capacity
unit; cswitch denote the per-unit construction cost of interconnection switch; cline denotes the
line construction cost per length unit; cP

ess denotes the operating cost per power unit; cDR
denotes the unit price of DR incentives; cDG denotes the unit penalty price of abandoning
wind and electricity; cbuy and csell represent the unit price for purchasing power from the
higher-level grid and for selling power to customers; ΨSOP, ΨSwitch and Ψline represent
the candidate sets of SOPs, interconnection switches and lines construction locations; Ψess,
Ψload, Ψb and Ψnode represent the set of the ESS and loads locations, the set of branches, and
the set of nodes; Ssop

ij represents the capacity of an SOP between the node i and j; Yswitch
ij is

a 0–1 variable, and 1 indicates that a new interconnection switch is built between the node i
and j; Yline

ij is a 0–1 variable, and 1 indicates that a line between the node i and j, the length
of the expansion line is Lij; λsop and λswitch are the annual operation and maintenance
cost coefficients for SOPs and interconnection switches; αswitch

ij,t is the on/off state of the
interconnection switch between the node i and j for time t, where 0 represents open and 1
represents closed; Eess

i , Pessch
i,t and Pessdch

i,t , respectively, represent the ESS capacity, charging
and discharging power of node i connected fot time t; ηessch

p , ηessdch
p are efficiency coefficients

for energy storage charging and discharging; ∆PDR
i,t is the demand response reduction in

the load accessed to node i at time t; I2
ij,t and rij denote the current square and resistance of

branch ij at time t; PSOP,L
i,t denotes the loss power of the SOP port connected to node i at

time t; Pdgcut
i,t denotes the reduction in DG connected to node i at time t.

3.2. Constraints
3.2.1. Planning Constraints

(1) New line state:

Yline
ij ∈ {0, 1}, ∀ij ∈ Ψline (21)

This equation constrains the 0–1 variable Yline
ij , 1 means that the line between node

i and j is subjected to be expansion planning, and 0 means not; Ψline is the set of line
expansion candidate locations.

(2) SOP installation location and capacity: 0 ≤ msop
ij ≤ msop

max

Ssop
ij = msop

ij Ssop
rated

, ∀ij ∈ Ψsop (22)

where msop
ij is a non-negative integer variable indicating the number of SOP units installed

between node i and j; msop
max is the maximum number of units installed; Ssop

rated is the SOP
unit capacity, and SOP capacity Ssop

ij is msop
ij times the SOP unit capacity.
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(3) Interconnection switch installation location:

Yswitch
ij ∈ {0, 1}, ij ∈ Ψswitch (23)

The above equation constrains the 0–1 variable Yswitch
ij , 1 means that a switch will

be built between node i and j, and 0 means not, and the set of candidate locations for
interconnection switch is Ψswitch.

(4) Network topology constraints:

Yline
ij + Yswitch

ij + Ysop
ij ≤ 1, ∀i, j ∈ Ψnode, i ̸= j (24)

βij,t + β ji,t = αline
ij,t + αswitch

ij,t , ∀i, j ∈ Ψnode, i ̸= j (25)

∑
j∈Ψload

βij,t = 1

∑
j∈Ψsta

βij,t = 0
(26)

0 ≤ αline
ij,t ≤ Yline

ij

0 ≤ αswitch
ij,t ≤ Yswitch

ij

(27)

Equation (24) means that the lines, interconnection switches and SOPs should not be
duplicated in construction. Equations (25) and (26) mean that the substation has no parent
node and the rest nodes have only one parent node, Ψsta is the set of substation nodes. βij
is a binary variable indicating whether node i is the parent node of node j, and it takes 1
when node i is the parent node of node j, otherwise it takes 0; αline

ij,t and αswitch
ij,t indicate the

on/off status of the branch ij at time t, and it equals to 1 indicating the connection, and it
equals to 0 indicating the disconnection.

3.2.2. Operational Constraints

(1) Power flow and power balance constraints:

∑
j∈κ(i)

Pij,t − ∑
k∈ρ(i)

(
Pki,t − rki I′ki,t

)
= Pin

i,t , ∀i ∈ ΨN

∑
j∈κ(i)

Qij,t − ∑
k∈ρ(i)

(
Qki,t − xki I′ki,t

)
= Qin

i,t, ∀i ∈ ΨN
(28)

Pin
i,t = Psta

i,t +

∼
Pdg

i,t − Psop
i,t − Pessch

i,t + Pessdch
i,t −

∼
Pload

i,t + ∆PDR
i,t − Pdgcut

i,t
Qin

i,t = Qsta
i,t − Qsop

i,t − Qload
i,t

(29)

I′ij,tVi,t − P2
ij,t − Q2

ij,t = 0, ∀ij ∈ Ψline (30)

where Pij,t and Qij,t are the active and reactive power on branch ij at time t; I′ki,t is the square
of the current of branch ki at time t; Vi,t is the square of the voltage of node i at time t; Pin

i,t
and Qin

i,t are the injected active and reactive power at node i at time t; κ(i) and ρ(i) denote
the set of child nodes and the set of parent nodes of node i; Psta

i,t and Qsta
i,t are the injected

active and reactive power of the substation. Constraint (29) contains uncertainty variables.

(2) Voltage-drop constraints considering network reconfiguration:

Vi,t − Vj,t ≥ 2(rijPij,t + xijQij,t)− (r2
ij + x2

ij)I2
ij,t − M(1 − αline

ij,t ), ∀ij ∈ Ψline

Vi,u,t − Vj,u,t ≤ 2(rijPij,t + xijQij,t)− (r2
ij + x2

ij)I2
ij,t + M

(
1 − αline

ij,t

)
, ∀ij ∈ Ψline

(31)
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where M is a very large number, indicating that if network reconfiguration results in
the disconnection of original lines, the voltage drop between the two nodes can take
any arbitrary value, otherwise it must satisfy conventional constraints; rij and xij are the
resistance and reactance of the branch ij.

(3) Voltage security and branch current constraint:

V2
min,i ≤ Vi,t ≤ V2

max,i, i ∈ Ψnode (32)

0 ≤ I′ij,t ≤
(

αline
ij,t + αswitch

ij,t

)
I2
max,ij, ∀ij ∈ Ψline (33)

where V2
min,i and V2

max,i are the minimum and maximum values of the voltage at node
i; I2

max,ij is the maximum value of the current at branch ij. Equation (33) shows that if
the branch is connected, the current satisfies the normal constraint, otherwise the current
is zero.

(4) SOP operation constraints:

PSOP
i,t + PSOP

j,t + PSOP,L
i,t + PSOP,L

j,t = 0 (34)


PSOP,L

i,t = ηsop

√
(PSOP

i,t )
2
+ (QSOP

i,t )
2

PSOP,L
j,t = ηsop

√
(PSOP

j,t )
2
+ (QSOP

j,t )
2

(35)


√
(PSOP

i,t )
2
+ (QSOP

i,t )
2 ≤ SSOP

ij√
(PSOP

j,t )
2
+ (QSOP

j,t )
2 ≤ SSOP

ij

(36)

In the equations, if the SOP is installed between nodes i and j, PSOP
i,t and PSOP

j,t represent
the active power flowing into the SOP from nodes i and j at time t, and if it is negative,
it represents the outflow power; PSOP,L

i,t represents the power loss caused by the inflow
or outflow of the SOP from node i at time t; QSOP

i,t and QSOP
j,t represent the reactive power

flowing into the SOP from nodes i and j at time t, and if it is negative, it represents the
outflow reactive power; ηsop is the loss coefficient of the SOP; SSOP

ij represents the capacity
of the SOP between nodes i and j.

(5) ESS operation constraints:  0 ⩽ Pessch
i,t ⩽ Pessch

max

0 ⩽ Pessdch
i,t ⩽ Pessdch

max

(37)

Eess
i,t+1 = Eess

i,t (1 − ηess
e ) + ηessch

p Pessch
i,t −

Pessdch
i,t

ηessdch
p

(38)

0.2Eess
max ⩽ Eess

i,t ⩽ 0.9Eess
max (39)

In the equation, Pessch
max and Pessdch

max are the ESS maximum power of charging and
discharging; ηess

e , ηessch
p and ηessdch

p are the battery loss coefficient, charging, and discharging
efficiency coefficient of energy storage; Eess

max is the upper limit of power storage, and the
storage power at each moment cannot be more than 90% of the upper limit, and cannot be
less than 20%.

(6) Network reconfiguration constraint:

∑
ij∈Ψline

(
αline

ij,t + αswitch
ij,t

)
= Nnode − Nsta (40)

where Nnode and Nsta are the number of nodes and substations.
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(7) Constraint of the maximum allowable number of switching operations:

∑
ij∈Ψswitch

T

∑
t=1

∣∣∣αswitch
ij,t − αswitch

ij,t−1

∣∣∣ ≤ Nswitch
max (41)

where Nswitch
max is maximum allowable number of switching operations in a cycle. In order

to reduce the abrasion caused by multiple reconfigurations, the number of switching
operations is limited here.

(8) Wind and light abandonment constraint:

Pdgcut
i,t ≤ kdg

max

∼
Pdg

i,t (42)

where kdg
max is the maximum reduction ratio of DG.

(9) Demand response constraints:
−ηdr

∼
Pload,trans

i,t ≤ ∆PDR,trans
i,t ≤ ηdr

∼
Pload,trans

i,t

∑
i∈Ψtrans

T
∑

t=1
∆PDR,trans

i,t = 0
(43)

0 ≤ ∆PDR,cut
i,t ≤ ηdr

∼
Pload,cut

i,t (44)

∆PDR
i,t = ∆PDR,trans

i,t + ∆PDR,cut
i,t (45)

where
∼

Pload,trans
i,t and

∼
Pload,cut

i,t are the real power demand of transferable load and curtailable

load at node i at time t, respectively; ∆PDR,trans
i,t and ∆PDR,cut

i,t are the response power
of transferable load and curtailable load at node i at time t; ηdr is the contract signing
proportion of the demand response.

3.2.3. Uncertainty Constraints

Since this model uses distributionally robust optimization based on the Wasserstein
distance to deal with uncertainty, it has to satisfy the Wasserstein ambiguity set constraints
as shown in Equations (1)–(5). In addition, the following constraints need to be satisfied for
the actual energy output/usage of DG and load:

∼
Pdg

i,t = Pdg
i,t ξ

dg
l,t

ξ
dg
l,t =

ˆ
ξ

dg
l,t + ∆ξ

dg
l,t

(46)

∼
Pload

i,t = Pload
i,t ξ load

l,t

ξ load
l,t = ˆξ load

l,t + ∆ξ load
l,t

(47)

where ξ
dg
l,t and ξ load

l,t are the actual energy output/usage coefficients of DG and load at time

t with sample l as the reference, and
ˆ

ξ
dg
l,t and ˆξ load

l,t are the referential energy output/usage
coefficients of DG and load at time t with sample l as the reference.

In summary, the distributionally robust planning model based on the Wasserstein
distance can be organized in the following form:

min
Y

max
B

C = Cinv + Cope

s.t.
{

(1) ∼ (5)
(21) ∼ (47)

(48)
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4. Solution Method
4.1. Overall Solution Framework

Since the distributionally robust planning model established in this paper is a bi-level
mixed integer nonconvex nonlinear model, it is difficult to solve it directly and effectively.
Here, we propose a solution method. First, the constraints should be transformed, and the
nonlinear constraints of the original model should be transformed into second-order cone
constraints, and the Wasserstein constraints need to be equivalently transformed. Then,
the max function in the inner layer of the objective function is transformed by Lagrange
duality into the min function, and then the inner and outer layers are merged to obtain
a single-layer model with a min-type objective function. Finally, the nonlinear terms in
the objective function are transformed, and the original model is transformed into the
MISOCP model, which can be solved by solvers. The overall solution framework is shown
in Figure 2.
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4.2. Specific Solution Method

Next, the specific steps of the overall solution framework will be described in detail,
which are mainly divided into the transformation of the constraints, the duality of the inner
max-type function, and the transformation of the bilinear term of the final function.

4.2.1. Constraint Transformation

Some constraints within the distributionally robust planning model are nonlinear and
must be reformulated as second-order cone constraints using the convex relaxation method
to simplify computations. In addition, Wasserstein constraints also need to be transformed
equivalently. The transformation equations are shown below.

The original power flow constraint (28) and the SOP operation constraint (35)–(36) are
rewritten after convex relaxation [27], as shown in Equations (49)–(51):∥∥∥∥[2Pij,t2Qij,t I′ij,t − Vi,t

]T
∥∥∥∥

2
≤ I′ij,t + Vi,t (49)
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
∥∥∥∥[PSOP

i,t QSOP
i,t

]T
∥∥∥∥

2
≤ 2

PSOP,L
i,t√
2ηsop

PSOP,L
i,t√
2ηsop∥∥∥∥[PSOP

j,t QSOP
j,t

]T
∥∥∥∥

2
≤ 2

PSOP,L
j,t√
2ηsop

PSOP,L
j,t√
2ηsop

(50)


∥∥∥∥[PSOP

i,t QSOP
i,t

]T
∥∥∥∥

2
≤ 2

SSOP
ij√

2

SSOP
ij√

2∥∥∥∥[PSOP
j,t QSOP

j,t

]T
∥∥∥∥

2
≤ 2

SSOP
ij√

2

SSOP
ij√

2

(51)

If the objective function is monotonically increasing with respect to the slack viables,
the SOCP relaxation is accurate, which has been proved. In addition to that, the computa-
tional complexity is relatively small in the radiation distribution network [28]. If the slack
gap is small enough, we consider that SOCP relaxation meets the accuracy requirements.

The equivalent transformation of Wasserstein constraints (1)–(5) are as follows [29]:

1
L ∑

l∈L

∣∣∣∆ξ
dg
l,t

∣∣∣ ≤ εdg∀t

1
L ∑

l∈L

∣∣∣∆ξ load
l,t

∣∣∣ ≤ ε load∀t
(52)

4.2.2. Duality of Inner Function

Due to the uncertain variables in objective function and constraints, the model needs
to be organized into the following form before duality:

max
∆ξ

FTx

s.t.



J1x + (
∧
ξ l,t + ∆ξl,t)J2x = J3 ∀t, ∀l, πl,t

G1x + (
∧
ξ l,t + ∆ξl,t)G2x ⩽ G3 ∀t, ∀l, µl,t

1
L

L
∑

l=1

∣∣∆ξl,t
∣∣ ⩽ ε ∀t, χt

(53)

where F is the price coefficients matrix of the objective function; x is the planning and
operational variables to be decided; J1 and G1 are the first coefficient matrices of the equality
and inequality constraints, which are multiplied by the decision variable x and do not
contain the uncertainty variables of DG and load; J2 and G2 are the second coefficient
matrices of the equality and inequality constraints, which are multiplied by the decision
variable x and contain the uncertainty variables of DG and load; J3 and G3 are the con-
stant term matrices for the equality and inequality constraints; πl,t, µl,t and χt are the
Lagrange duality multipliers for the equality constraints, inequality constraints and the
Wasserstein constraints.

The constraints related to uncertainty variables in this model include Wasserstein
constraints, DG and load actual energy output/usage constraints, power balance con-
straints, wind and light abandonment constraints, and demand response constraints. Other
constraints are not considered in duality. Constraints containing uncertainty variables are
organized as Equation (53).

The max-type function, which represents the worst scenario, is converted into a min-
type function using the Lagrange duality method and merged with the outer min-type
function. The model is transformed into the following form:

min
x,πl,t ,µl,t ,χt

C =
L
∑

l=1

T
∑

t=1
[πl,t J1 + πl,t ξ̂l,t J2 + µl,tG1 + µl,t ξ̂l,tG2]x

+Fx −
L
∑

l=1

T
∑

t=1
(πl,t J3+µl,tG3)−

T
∑

t=1
χtε

(54)
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s.t.


µl,t ≥ 0 ∀t, ∀l
χt ≥ 0 ∀t
χt ≥ L(πl,t J2 + µl,tG2)x ∀t, ∀l

(55)

4.2.3. Transformation of Nonlinear Terms Based on McCormick Relaxation Method

However, the duality transformed model contains bilinear terms πl,tx and µl,tx, it
cannot be solved directly. In this paper, McCormick relaxation method is utilized to rewrite
it into a linear model [30], and the transformation equation of McCormick relaxation
method is as follows:

w = zy
zmin ⩽ z ⩽ zmax
ymin ⩽ y ⩽ ymax
w ⩽ zymax + zminy − zminymax
w ⩽ zmaxy + zymin − zmaxymin
w ⩾ zmaxy + zymax − zmaxymax
w ⩾ zminy + zymin − zminymin

(56)

Equation (56) introduces a new variable w to replace the original bilinear term zy, with
constraints to define the range of w. So far, the distributionally robust model has been
rewritten as a MISOCP model that can be solved using the solver.

5. Examples
5.1. Overview of the Algorithm

The computer processor utilized for the arithmetic tests in this paper is i5-13600KF,
operating at 3.50 GHz with 32.0 GB of RAM. The proposed method was implemented using
the YALMIP optimization toolbox within MATLAB R2019a, and solved using IBM ILOG
CPLEX 12.8.0.

In order to verify the feasibility of the proposed expansion planning method, this paper
employs the Portugal 54 nodes system for analysis, with the topology shown in Figure 3,
which contains four substations and 54 source-load nodes. In the figure, blue nodes
represent new source-load nodes, solid lines denote existing lines, dotted lines indicate
candidate locations for to-be-built lines, and red lines mark the potential installation
sites for SOPs and interconnection switches. The project period for this example is set at
20 years, with a discount rate of 0.03. The unit price for demand response incentives is
0.3 CNY/kW, the maximum contract signing ratio is 50%, the price of purchasing power
from the superior grid is 0.5 CNY/kW, and the price of selling power to the customers is
0.7 CNY/kW. Parameters of nodes and lines are described in detail in Ref. [31]. In addition,
this paper utilizes three-year historical data of DG and various types of loads in a park
in Zhongshan City in China’s Guangdong Province to construct reference distributions
for their temporal characteristics, and the data sampling accuracy is 15min. The relevant
parameter settings for devices are shown below.

(1) Line

The construction cost of the line is 150,000 CNY/km, the capacity is 7.27 MW, the
length is the straight-line distance between the two nodes, and the line resistance and
reactance per unit length are 0.307 Ω/km and 0.38 Ω/km.

(2) SOP

The unit installation capacity is 10 kW, the investment cost is 1000 CNY/kW, the loss
coefficient is 0.02, the annual operation and maintenance cost coefficient is 0.01, and the
maximum SOP installation capacity of each line is 1 MW.

(3) Interconnection switch

The investment cost for per unit is CNY 100,000, and the annual operation and main-
tenance cost coefficient is 0.05.
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(4) DG

The penalty cost for abandoned wind and solar power is 0.15 CNY/kW, and the
maximum reduction ratio is 0.5. The integrated situation is shown in Table 1.

(5) ESS

The annual operation and maintenance cost is 0.35 CNY/kW, the charging and dis-
charging efficiency coefficients are both 0.86, the battery loss coefficient is 0.1, and the
maximum and minimum power storage states are 1 and 0.2. The integrated situation is
shown in Table 2.
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Table 1. Integrated situation of DGs.

Access Node Maximum
Power (kW) Access Node Maximum

Power (kW) Access Node Maximum
Power (kW)

1 3900 12 4100 30 3800
5 3500 14 2800 33 4100
9 3600 22 3500 47 4000

Table 2. Integrated situation of ESS.

Access Node Rated Capacity
(kW·h)

Maximum Charging
Power (kW)

Maximum Discharge
Power (kW)

8 1500 500 500
9 1100 400 400
13 1000 400 400
32 800 300 300
50 900 300 300

5.2. Planning Results and Analysis

In this paper, three planning cases are set up, and their planning results are shown
in comparison.

Case 1: Lines expansion planning considering SOPs and interconnection switches;
Case 2: Lines expansion planning considering only SOPs;
Case 3: Lines expansion planning considering only interconnection switches.
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After the optimization calculation, the network structures of the three planning
schemes are shown in Figures 4–6, the corresponding planning results are shown in Table 3,
and the specific costs are shown in Table 4.
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Table 3. Corresponding planning results of the three cases.

Case 1 Case 2 Case 3

SOP Planning Location and
Capacity (kW)

6–28 (530)
9–22 (610)

30–43 (2150)

6–28 (530)
9–22 (610)

30–43 (2150)
33–39 (450)
46–47 (390)
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Interconnection Switch
Planning Location
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Table 4. Specific costs of the three cases.

Annual Cost (CNY 104) Case 1 Case 2 Case 3

Lines Equivalent Annual Investment Cost 146.14 146.13 165.23
SOP Equivalent Annual Investment Cost 22.11 27.76 0.00

Interconnection Switches Equivalent Annual Investment Cost 1.34 0.00 2.69
SOP Operation and Maintenance Costs 0.22 0.28 0.00
Interconnection Switches Action Costs 0.07 0.00 0.13
ESS Operation and Maintenance Costs 129.38 131.23 125.56

DR Costs 324.47 323.15 345.25
Wind and Solar Power Penalty Costs 2.51 0.00 18.06

Network and SOP Loss Costs 418.43 417.74 493.87
Revenue from the Purchase and Sale of Electricity 5972.86 5973.29 5839.94

Net Profit of One Year 4928.18 4927.00 4689.15

A comparative analysis of the three cases presented in Table 4 reveals the follow-
ing conclusions:

(1) Case 2 has the highest annual investment cost and the highest operational profits.
Case 3 has the lowest annual investment cost and the lowest operational benefits. Overall,
Case 1 has the highest annual net benefit. Compared to that of Case 3, Case 1 has a profit
improvement of more than 5%. (2) The DG consumption of Case 1 and Case 2 are better
than Case 3. Compared with Case 3, Case 1 and Case 2 increase the annual revenue of
purchased and sold electricity and decrease the costs of loss. This demonstrates the role
of the SOP in operation. SOPs can adjust the operation and control strategy in real time
for each time period, with flexible regulation and control characteristics. (3) The annual
investment cost of Case 2 is 2.5% higher than Case 1, yet its operation benefit is only 0.6%
higher than Case 1, demonstrating the economic advantage of the interconnection switches.

5.3. Impact of SOPs on Distribution Network Operation

All SOPs in Case 1 were replaced with interconnection switches to obtain Case 4, and
the planning scheme of Case 4 was simulated. Assuming that the maximum DG curtailment
rate is 1, the optimal operation costs of the two cases are shown in Table 5. The impact of
SOPs on operation was further analyzed, and the two cases were evaluated and compared
in terms of three indicators, including network and SOP loss, DG accommodation rate, and
average line loading rate, and the results are shown in Figure 7.
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Table 5. Comparison of the optimal operation costs of case1 and case 4.

Annual Cost (CNY 104) Option 1 Option 4

SOP Operation and Maintenance Costs 0.22 0
Interconnection Switches Action Costs 0.07 0.175
ESS Operation and Maintenance Costs 129.38 124.86

Demand Response Costs 324.47 343.81
Wind and Solar Power Penalty Costs 2.51 19.37

Net Loss and SOP Loss Costs 418.43 501.35
Revenue from the Purchase and Sale of Electricity 5972.86 5796.72

Annual Operating Income 5097.78 4807.155
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From Table 5, it can be seen that Case 4 has lower operation profit, which is reduced
by more than 6% compared to Case 1. From Figure 7, Case 1 has less network loss and SOP
loss. The application of SOPs makes the network power distribution of Case 1 better than
Case 4. Compared with Case 4, the average line load rate in Case 1 increases from 42.19% to
51.36%, which is because the SOPs in Case 1 improve the power flow distribution and load
distribution of branches, and enhance the line power supply capacity. From the perspective
of low-carbon, Case 1 basically realizes the complete consumption of new energy, while
that of Case 4 is only 96.05%, which is due to the fact that an SOP can flexibly regulate
the DG injected power among lines, thus it can better realize the consumption of DG and
reduce the carbon emission.

5.4. Impact of SOP and Interconnection Switch Cost on Planning Result

Although the flexible regulating ability of an SOP has an advantage over the rigid
regulating ability of an interconnection switch, the high investment cost of an SOP leads to
its limited use. In order to study the impact of SOP and interconnection switch investment
cost on planning result, 10 cases are designed here, in which the unit capacity investment
cost of an SOP gradually decreases from 1000 CNY/kW to 100 CNY/kW in steps of
CNY 100, the investment cost of one interconnection switch is CNY 100,000, and the rest of
the parameters remain unchanged. This case setup allows the SOP cost to gradually equal
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or even outperform interconnection switches in the middle and late stages of investment.
The planning schemes are shown in Figure 8.
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As can be seen from Figure 8, the SOP installed capacity gradually increases as the
investment cost of per unit capacity decreases, and the capacity no longer changes after
a certain level. The number of interconnection switches gradually decreases. This is due
to the fact that in the early stage of SOP development, its installed capacity is limited by
the investment cost. As the development of the SOP, the interconnection switches are
all replaced by SOPs, and the installed capacity of the SOP grows slowly. As the SOP
installed capacity increases, the annual net profit gradually increases. This is because the
distribution network optimizes the operation status of the ESS and other devices through
the SOP, increases the DG accommodation rate and reduces the cost of purchasing power
from the main grid.

5.5. Validity Analysis of Distributionally Robust Optimization Method

This paper introduces a distributionally robust collaborative planning method based
on the Wasserstein distance. The comparative results with deterministic optimization and
robust optimization are presented in Table 6. Deterministic optimization here refers to
stochastic optimization based on multiple scenarios.

Table 6. Comparison of results of different methods.

Annual Cost (CNY 104) Deterministic Optimization Robust Optimization Distributionally Robust
Optimization

Lines Equivalent Annual Investment Cost 146.14 146.14 146.14
SOP Equivalent Annual Investment Cost 16.11 30.48 22.11

Interconnection Switches Equivalent Annual
Investment Cost 1.34 1.34 1.34

SOP Operation and Maintenance Costs 0.16 0.30 0.22
Interconnection Switches Action Costs 0.07 0.07 0.07
ESS Operation and Maintenance Costs 123.83 138.49 129.38

DR Costs 291.35 342.75 324.47
Wind and Solar Power Penalty Costs 0 5.28 2.51

Network and SOP Loss Costs 391.37 449.43 418.43
Revenue from the Purchase and Sale of

Electricity 6059.86 5884.29 5972.86

Net Profit of One Year 5089.49 4770.01 4928.18
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As shown in Table 6, the deterministic optimization method has the highest annual
net profit. However, it is too ideal to ensure the reliability of system operation. The robust
optimization method is more conservative and ensures the reliability of system operation,
but has the least profit. The distributionally robust optimization method properly portrays
the worst scenario, and its annual net profit is between the other two methods, which not
only overcomes the conservation of the robust optimization, but also ensures the reliability
of the system operation. Compared with the traditional robust method, its annual net profit
is improved by more than 3%.

5.6. Validity Analysis of the McCormick Relaxation Method

Compared with the original bilinear model, the use of McCormick relaxation method
inevitably introduces some approximation in the computation of bilinear terms πl,tx and
µl,tx. The power injection of SOPs at each moment is selected, and the maximum relative
error of the power injection of SOPs is calculated at all nodes separately, and the calculation
equation is shown below:

ηerror = maxi∈Ψnode


∣∣∣PSOP

i,t − PSOP,ref
i,t

∣∣∣
PSOP,ref

i,t

× 100%

 (57)

where PSOP,ref
i,t is the reference value obtained by using the nonlinear equation. Comparing

the results processed by McCormick relaxation with the reference values and yields the
maximum relative error of SOP power injection in a day as shown in Figure 9.
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As can be seen in Figure 8, the maximum relative error between the calculated value
and the reference value for each time period does not exceed 1.55%, which is within the ac-
ceptable error range [32], validating the effectiveness of the McCormick relaxation method.

To verify the superiority of McCormick method in this model, it is compared with
IPOPT [33] (Interior Point Optimizer) and the bilinear-removed method [30]. Table 7
demonstrates the performance of the three methods, including the annual net profit and
the computing time.

Table 7. Performance comparison of three methods.

IPOPT Bilinear-Removed McCormick

Annual Net Profit (CNY 107) -- 3.75 4.93
Computing Time (h) >5 1.59 2.52
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As can be seen in Table 7, the McCormick method computes the most annual net
profit for the optimal solution. Due to the large size of the problem and the large number
of both continuous and 0–1 variables, IPOPT was unable to obtain an optimal solution
within 5 h. Since there is more than one bilinear term in the objective function, although the
bilinear-removed method takes the least amount of time, its computational result is only
76% of that of McCormick method. The superiority of the McCormick relaxation method
is verified.

6. Conclusions

This paper introduces an expansion planning method capable of achieving the coordi-
nated planning of SOPs, interconnection switches and lines. Compared with the planning
schemes considering only interconnection switches or SOPs, the planning scheme obtained
by this method had better economy. This method can optimize the system operation and
improve the system reliability while improving the economy by nearly 5%.

Considering the uncertainty of the source-load timing characteristics, this paper pro-
poses a distributionally robust collaborative planning model based on the Wasserstein
distance, which is an uncertainty handling method. This method guarantees the reliability
of the system while improving the economy by more than 3% compared to the traditional
robust method. Further, in this paper, the model is solved analytically using various
methods such as Lagrange duality and McCormick relaxation method.

There are still some deficiencies in this paper. This paper only considers the installation
of a two-port SOP and does not comprehensively consider the provisions of existing
planning and design guidelines for feeder connection forms. In the future, with the
development of new power electronic technology and flexible distribution network, it is
necessary to study multi-port SOPs and more complex expansion planning scenarios, and
to seek more accurate and efficient solution algorithms.
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