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Abstract: This article is the authors’ last contribution to a trilogy of research papers submitted to
Energies’ Special Issue on Electromagnetic Field Computation, aimed at the theoretical analysis
and numerical computation of the frequency-dependent complex impedance of hemispherical elec-
trodes. In this work, we consider a pair of distant identical hemispherical electrodes buried in the
ground, whose constitutive parameters (conductivity and permittivity) are assigned diverse values.
Simulation experiments carried out using a full-wave finite element method, considering different
combinations of the earth’s constitutive parameters, reveal that the grounding impedance of the
electrode system can exhibit surprisingly varied frequency behavior. For frequencies close to zero,
the impedance can start out inductive or capacitive, then go through a number of resonant transitions
between inductive and capacitive states, finally tending towards purely resistive behavior. The results
are interpreted using theoretical approximations valid for low- and high-frequency regimes.

Keywords: hemispherical electrodes; complex grounding impedance; low- and high-frequency
approximations; electrode modeling; electromagnetic field computation

1. Introduction

Metal electrodes are common parts in measuring systems for detecting voltages and
in protection systems where electric currents are injected into material media. They have
numerous applications in science, from geophysics to electrical engineering.

Here, we are especially concerned with the subarea of power and energy systems,
within electrical engineering, where grounding electrodes play a key role in providing
electric protection and safety to people, buildings, and infrastructures; the most notable
example being the protection of tall structures, like wind turbines, overhead powers lines,
and towers, against lightning discharges (with high-frequency spectral content) [1–8],
where design mistakes may have costly consequences.

Another important aspect related to grounding electrodes is their use in dedicated
measurement systems designed to assess the electromagnetic properties of the soil in
which the electrodes are implanted. In fact, measurements of the grounding impedance
between electrodes (dependent on the geometry of the electrodes) are usually carried out
with the aim of extracting/predicting values of the conductivity and permittivity of the
soil as a function of frequency, from which empirical frequency-dependent soil models
can be developed [9–13]. If the conceived relationship between the electrode impedance
and the soil parameters is not physically sound, then the parameters predictions from the
measurements may be incorrect and the soil models based on them unreliable.
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The most common shape for grounding electrodes is the vertical rod. Hemispherical
electrodes are rare for earthing purposes; nonetheless, because of its very simple shape,
interest in this kind of geometry has been increasing recently.

The analysis of the DC grounding resistance of hemispherical electrodes was extended
to cone-shaped air/ground interfaces in [14,15]—a relevant issue for structures implanted
in hilly areas.

The analysis of the AC grounding impedance of hemispherical electrodes was devel-
oped for the first time, with more or less success, in a series of papers in [16–19]—a relevant
issue for high-frequency electrode modeling and for benchmark purposes.

This article, a continuation of [16,17], considers now a grounding system comprising
two equal hemispherical electrodes buried in the ground, one for the injected current and
another for the return current. For different combinations of the earth’s constitutive param-
eters, simulations carried out using a full-wave finite element method (FEM) reveal that the
grounding impedance of the electrode system can exhibit surprisingly varied frequency be-
havior. The revealed features are surprising because the hemispherical electrode geometry
has never been treated in-depth in the literature in the framework of time-varying regimes.
Ordinary zeroth-order approaches simulate the electrodes’ system using basic RC circuits;
magnetic induction effects created by soil currents have been neglected in the analysis,
and in at least one case, i.e., [18], the induction effects were even claimed as nonexistent.
The balance between capacitive and inductive effects changes along the frequency and
depends on the size of the grounding system; the larger the distance between electrodes,
the stronger the magnetic induction effects. In any case, for the limit situations of zero and
infinite frequencies, the grounding impedance turns purely real.

The work is organized into five sections, the first being introductory. Section 2 offers
background material and reviews key results from [16,17]; in addition, the accuracy of the
quasi-stationary approximation employed in [17] is assessed by comparing it with a full-
wave approximation that accounts for displacement current effects. The core of the work,
Section 3, presents numerical results of the frequency-dependent resistance and reactance
of the grounding system in the 0–10 MHz range; results are obtained using the full-wave
FEM approach, considering simulation experiments where diverse combinations of the
ground parameters (conductivity and permittivity) are tested. The numerical results are
interpreted and discussed using theoretical approximations applicable to low frequencies
and high frequencies. In Section 4, we analyze graphically the trajectories of the complex
impedance in the complex plane when the frequency is continuously increased from zero to
infinity. Dedicated to the discussion of results and conclusions, Section 5 closes this article.

2. Background and Review

This article is the last of a set of research papers by the authors aimed at the calcu-
lation of the frequency-dependent complex impedance of hemispherical electrodes. This
section—indispensable background for the present work—is divided into two subsections.
In the first, we briefly review and summarize the results already published in the first two
papers of the trilogy, [16] (October 2023) and [17] (January 2024). In the second subsection,
we assess the accuracy of the results published in [17] based on a quasi-stationary approxi-
mation, comparing them with a full-wave approximation that takes into account the effects
of the displacement currents (ε ̸= 0).

2.1. Review of Recent Results

Figure 1 shows the electrode geometry utilized in [16], consisting of a solitary hemi-
sphere of radius a, buried just below the air/ground interface, the ground being character-
ized by its constitutive parameters (assumed invariant), conductivity σ, permittivity ε, and
permeability µ = µ0 = 1.257 µH/m. The remote electrode carrying the return current is
positioned at infinite distance. The hemisphere and the remote electrode are assumed to be
perfect electric conductors (PEC).
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Figure 1. Geometry of the solitary hemispherical electrode with azimuthal magnetic field H. The
electrode voltage U is obtained by integrating the E-field along the x-axis (z = 0) from r = a to
r = r∞ → ∞ where the remote electrode is located. (a) In the DC case, the E-field is purely radial
and U = Rdc I, where the resistance Rdc is finite. (b) In the AC case, the E-field is not purely radial (a θ

-component exists) and U = Z(ω)I, where the impedance Z(ω) goes to infinity.

For DC regimes, inside the ground, the radial electric field E varies with 1/r2 and,
consequently, the azimuthal magnetic field H varies with 1/r. Under these circumstances,
the electrode resistance, capacitance, and inductance, Rdc, Cdc, and Ldc, respectively, are
calculated through [16]
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The result Cdc = 2πaε corresponds to one half of the capacitance of a full sphere immersed
in a homogeneous medium with permittivity ε. The full sphere capacitance, in turn, is a
particularization of the most general case of the capacitance of an ellipsoid—see Appendix A.
The DC resistance in (1) is related to the DC capacitance through R−1

dc = Cdcσ/ε. Noteworthy
in (1) is the infinite value of the DC inductance of the solitary electrode, which results from
the infinite magnetic energy stored inside the infinite ground r ∈ [a, ∞].

While for DC regimes the electrode impedance is finite and purely real, for AC regimes
the impedance turns infinite for any non-null frequency [16]. In fact, for ω ̸= 0, the E-field
inside the ground, with radial and polar components, ceases to obey a simple 1/r2 law, the
latter being replaced by a radial dependency of the type [16]

1
r

jn(κr) (2)

where jn represents nth order spherical Bessel functions and κ is the frequency-dependent
complex wavenumber:

κ(ω) = (−jωµσ)1/2, where σ = σ + jωε = σ(1 + jωτC) = σ

(
1 + j

f
fr

)
(3)
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where τC denotes the ground relaxation time τC = ε/σ and fr is the associated relaxation
frequency fr = 1/(2πτC).

The line integral of the E-field, with the dependency in (2), along the x-axis from r = a to
r = ∞, diverges to infinity, i.e., U = ∞, Z = ∞. This means that the solitary hemispherical
electrode cannot support time-varying currents (and we believe that this holds true for
solitary electrodes of any shape); the solitary electrode is indeed an abstraction, i.e., a
non-physical concept [16].

Things are completely different when the remote electrode is located at a finite distance
from the no-longer solitary electrode. The impedance Z(ω) of the electrode pair is definable
and finite, but still dependent on the distance between the electrodes.

In our second work [17], making use of the finite element method, we carried out
the numerical evaluation of the frequency-dependent impedance of the hemispherical
electrode, taking into account the presence of a remote concentric electrode with large, but
finite, radius rext.

To that end, a new variational formulation for the electromagnetic field was developed
for 2D axisymmetric geometries with azimuthal magnetic fields (ι-form [17]) and installed
into a commercial FEM tool (COMSOL, v6.0)—later validated using complete vector 3D
H-form software.

FEM computations of the impedance, resistance, reactance, and inductance of the
hemispherical grounding electrode (surrounded by a concentric remote electrode of radius
rext) were performed considering an electrode of radius a = 1 m, a soil conductivity of
σ = 10 mS/m, and a frequency sweep in the range 0–10 MHz (ordinary range for the analy-
sis of very fast transients, as in lightning discharges). In our calculations, we considered the

complex conductivity in (3) to be real σ = σ +
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, i.e., we neglected displacement current
effects, assuming the quasi-stationary approximation ∇× H = σE to be valid. In this case,
the complex wavenumber in (3) can be rewritten as follows:

κ(ω) = (−jωµ0σ)1/2 =
1 − j

δ
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√
2
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where δ denotes the field penetration depth in the ground (skin depth), a ubiquitous
parameter in skin effect studies.

For soil with ε = ε0 and σ = 10 mS/m, we see from (3) that the relaxation frequency
of the ground fr is 180 MHz, well above the upper limit of 10 MHz, thus supporting the
quasi-stationary hypothesis. Furthermore, from (4), we see that the smallest value of the
skin depth is δ = 1.6 m at 10 MHz, (with a/δ = 0.63 < 1), meaning that with these data the
skin effect phenomenon is not strong. In Section 2.2, we will closely examine the accuracy
of the quasi-stationary approximation.

A sample of the simulation results obtained in [17] is presented in the next figures.
Figure 2, with two parts, concerns the electrode normalized inductance, Ln = L/Ldc, which
is plotted against rext/a (on the left) and against a/δ (on the right). The normalization factor
is the DC inductance Ldc = 7.73 µH, for the considered base case rext = 100 a.

Figure 2a shows, for a set of selected frequencies, that the electrode inductance is an
ever-increasing function of the distance between the hemisphere and the remote electrode.

Figure 2b shows that the inductance decreases with the frequency (note that the
horizontal scale is proportional to the square root of the frequency, the value a/δ = 0.63
corresponding to f = 10 MHz). The decreasing of L with ω is easily explained by taking into
account that the electromagnetic field is expelled from the depths of the ground toward
its surface as the skin effect builds up when the frequency increases, hence reducing the
net volume for magnetic energy storage. In relative terms, the reduction rate is more
pronounced at lower frequencies. In fact, from 0 to 100 kHz, the inductance decreases by
48% and, from 100 kHz to 1 MHz, it only decreases by a further 29%.
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following set of frequencies: 50 Hz, 100 kHz, 1 MHz, and 10 MHz. (b) Plot against the ratio a/δ, for
the geometry characterized by rext/a = 100; the four circles identify the points corresponding to the
selected frequencies 50 Hz, 100 kHz, 1 MHz, and 10 MHz.

Also, for the base case rext = 100 a, Figure 3 shows the real and imaginary parts
of the electrode impedance against a/δ. The curves are normalized such that Rn(ω) +
jXn(ω) =Z(ω)/Z(0), with Z(0) = Rdc = 15.9 Ω. For high frequencies, the resistance and
reactance tend asymptotically to one another, both increasing with the square root of the
frequency, with a rate determined by the slope of the dotted line in Figure 3, which is
provided by [17] {

Z(ω) = (1 + j) R(ω)

R(ω) =
(

1
2πaσ ln rext

a

)
a
δ = 1

2π

√
ωµ0
2σ ln

( rext
a
) (5)

which suggests that, when currents flow very near to the air/ground surface (strong skin
effect), the electrode impedance can be calculated by substituting the whole ground volume
with an equivalent thin disk of thickness δ (the skin depth) around the electrode of radius a,
with outer radius rext [17].
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2.2. Validity of the Quasi-Stationary Approximation

To conclude Section 2, we assess the validity/accuracy of the quasi-stationary approxi-
mation employed in [17].

The behavior of the grounding system can be interpreted as a combination of two
physical mechanisms, magnetic induction effects (skin effect) and electric induction effects
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(displacement currents). If the ground permeability is set to zero (µ = 0), magnetic induction
cannot occur; likewise, if the ground permittivity is set to zero (ε = 0), electric induction
cannot occur. The results published in [17] are based on the assumption ε = 0, that is, they
can only describe part of the problem.

To assess the limits of the validity of the quasi-stationary approximation in [17], we re-
peated the computation procedure that led to Figure 3, with σ = 10 mS/m, in the 0–10 MHz
range, but now we consider a full-wave approach with non-zero values of the ground
permittivity, namely, ε/ε0 = 1 and ε/ε0 = 10. The new results for the normalized resistance
and reactance against frequency are presented in Figure 4, where the normalization factor
is the electrode DC resistance (15.9 Ω).

Impedance values produced by both approaches have been compared and the relative
error incurred by using the quasi-stationary approximation was calculated:

eQS
Z (ω) =

∣∣∣∣∣ZQS − ZFW

ZFW

∣∣∣∣∣ × 100% (6)

where subscripts QS and FW are reminders for quasi-stationary and full-wave approaches,
respectively. Figure 5, in the complex plane, permits the interpretation of the relative
impedance error introduced in (6).

The graphs in the left column (Figure 4a) were obtained for the case ε/ε0 = 1, and those
on the right column (Figure 4b) for the case ε/ε0 = 10. The plots on the top are normalized
graphs of the real and imaginary parts of the full-wave impedance (solid lines) superposed
to the corresponding graphs of the quasi-stationary impedance (dotted lines). The plots on
the bottom depict the impedance deviations defined in (6). All the graphs utilize a square
root scale in the horizontal frequency axis.

The appropriateness of the quasi-stationary approximation is dependent on the con-
dition that the ratio f / fr is small, where fr = σ/(2πε) is the relaxation frequency of the
ground medium. For a soil with σ = 10 mS/m, we have fr = 180 MHz if ε = ε0; however,
for ε = 10ε0, the relaxation frequency decreases to fr = 18 MHz, which is too close to the
upper limit (10 MHz) of the observation window.
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Figure 4. Comparison of quasi-stationary and full-wave results regarding the electrode impedance
against the frequency. (a) For the case ε = ε0. (b) For the case ε = 10ε0. On the top: graphs of the
normalized real and imaginary parts of the electrode impedance calculated using the full-wave
approach (solid lines) and using the quasi-stationary approach (dotted lines). On the bottom: graphs
of the impedance error, expressed in percentage, as defined in (6).
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Figure 5. Interpretation of the impedance relative error defined in (6). Let ZFW = Zejϕ be the ‘exact’
impedance obtained using the full-wave FEM approach. If the approximated complex impedance
vector ZQS has its tip inside the shaded circle of radius ρ then the incurred error is smaller than n%.

The curves in Figure 4a, for the case ε/ε0 = 1, clearly show that the quasi-stationary
approximation performs adequately up to 10 MHz, as errors smaller than 3% are observed.
However, the curves in Figure 4b, for the case ε/ε0 = 10, reveal that such a good agree-
ment between approximations can only be observed for frequencies below 1 MHz. For
higher frequencies, the disagreement between the two approaches becomes more and more
notorious; at 10 MHz, the errors are roughly ten times larger.

The QS approximation predicts that the functions R(ω) and X(ω) tend toward one
another as the frequency increases but, as the results of the full-wave approximation show,
that is not exactly true. As can be seen in Figure 4b, the curves of R(ω) and X(ω) begin to
diverge at about 1 MHz.

The QS approximation predicts electrode resistance values smaller than they are, and
electrode reactance values higher than they are. Discrepancies increase with the frequency
and predominantly affect the electrode reactance, which is understandable, as the reactance
is proportional to the subtraction of the average values of stored energies (Wm − We)av. In
fact, by definition, the QS approximation, with ε = 0, can only take into account the magnetic
energy inside the soil (inductive effects, positive reactance). The full-wave approximation,
in addition to the magnetic energy, also accounts for the electric energy (capacitive effects,
negative reactance).

3. Grounding Impedance of a Pair of Hemispherical Electrodes

Now, in this section, we present numerical results for the frequency-dependent resis-
tance and reactance of the grounding system in Figure 6, obtained by the application of the
full-wave FEM approach to various combinations of the ground parameters.

Ignoring proximity effects (d >> a), considering the current sources as point sources
located at the hemispheres centers, allows a simple application of the superposition prin-
ciple to obtain the overall field solution of the system by summing the fields originated
by each of the electrodes with opposite currents, [17]. Consequently, the impedance of the
two-electrode system can be easily determined from the impedance of the single electrode
(with a concentric remote electrode of radius rext) by simply substituting rext with d and,
finally, multiplying the result by 2.

Here we resort to the same formulation for the electromagnetic field (ι-form, FEM)
and the same software tool that we employed in [17]. The key difference is the ab initio
adoption of the full-wave approximation. We abandon the quasi-stationary approach and
assign a complex conductivity to the ground σ = σ + jωε, as in (3), and insert the latter in
(4) for redefining the complex wavenumber as follows:

κ(ω) = (−jωµσ)1/2 =
√

ω2µε − jωµσ (7)

where the real term under the square root symbol is related to wave propagation in the
medium. With this approach, magnetic induction phenomena (inductive behavior) and
displacement current effects (capacitive behavior) are encompassed together.
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Figure 6. Grounding system consisting of two identical hemispherical electrodes, with radius a = 1 m,
and separation d = 100 a.

3.1. Simulation Experiments

Full-wave FEM numerical simulations were carried out for determining the resistance
R(ω) =Re(Z) and reactance X(ω) = Im(Z) of the grounding system in the range 0–10 MHz.
Results were obtained considering three increasing values of the soil conductivity, σ ∈ {0.5, 5.0,
50} mS/m, corresponding to dry, moist, and wet soils, respectively, and, for each of them, two
values of the permittivity were examined, ε/ε0 ∈ {1, 10} totaling six distinct cases, namely,

Case (1a) : σ = 0.5 mS/m, ε = ε0. Case (1b) : σ = 0.5 mS/m, ε = 10ε0
Case (2a) : σ = 5.0 mS/m, ε = ε0. Case (2b) : σ = 5.0 mS/m, ε = 10ε0
Case (3a) : σ = 50 mS/m, ε = ε0. 9 Case (3b) : σ = 50 mS/m, ε = 10ε0

Our simulation experiments produced the results for R(ω) and X(ω) displayed in
Figure 7, where a linear scale in the horizontal frequency axis is employed (note that
the square root scale is particularly appropriate for graphical results related to the quasi-
stationary approximation, which we have abandoned).

Considering the electrode geometry being analyzed (d/a = 100, a = 1 m), observation
of the six cases illustrated in Figure 7, for the window 0–10 MHz, permits the following
general comments:

– For ω = 0, the impedance is purely real (X = 0), the value of R decreasing with
increasing ground conductivity (case sequence 1-2-3).

– The grounding impedance can be found in the 1st or 8th octants of the complex plane,
i.e., R > |X| > 0. For dry soils (cases 1a and 1b), the impedance is found predominantly
in the 8th octant, the reactance is negative, and the electrode system exhibits capacitive
behavior, (We)av > (Wm)av. For moist and wet ground (cases 2a, 2b, and 3a, 3b), the
impedance is found predominantly in the 1st octant, the reactance is predominantly
positive, and the electrode system exhibits inductive behavior, (Wm)av > (We)av.

We emphasize the word “predominantly” because a closer look at Figure 7(1a,1b)
reveals quite interesting details. In Figure 7(1a), near the origin, the behavior is indeed
slightly inductive (X > 0); the reactance initiates positively, declines, and at 635 kHz turns
negative; then, at 7.3 MHz, it reaches a local minimum and again acquires a positive
derivative, crossing the X = 0 reference (resonance) at around 24 MHz (not seen here, but
visible ahead in Figure 11 in Section 3.3). In Figure 7(1b), the initial behavior is capacitive
with X < 0; the reactance reaches a local minimum at 820 kHz, acquires a positive derivative,
and turns inductive at around 10 MHz.

To better grasp the reasons for this behavior, we split our analysis into two parts, one
for low frequencies (Section 3.2) focusing on the frequency range up to 100 kHz, another for
high frequencies (Section 3.3) where the frequency range is extended up to 100 MHz, well
above the range of interest for lightning, but necessary to gain insight into the physics of
the problem. We may remark that a spectral range up to 100 MHz, although rare in power
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systems, is not a fantasy—remember the example of very fast transients in gas-insulated
high-voltage switchgears [20,21].

The boundary between cases of low and high frequency is ambiguous and not precisely
defined. We make use of the frequency-dependent complex wavenumber κ(ω) in (7) and
adopt the following basic rule: if the situation is such that |κa| << 1 , we may say that it is
a low-frequency case; conversely, if |κa| >> 1 , we may say it is a high-frequency case.
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3.2. Low-Frequency Analysis

The DC parameters characterizing the grounding system of a pair of hemispherical
electrodes (Figure 6) are obtained from those in (1), yielding the following:

Rdc
Cdc
Ldc

 =


1

πaσ

(
1 − a

d
)

πaε
(
1 − a

d
)−1

µ0d
π

(
1 − a

d
)

ln 4
e

 ≃


1

πaσ
πaε

µ0d
π ln 4

e

 (8)
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Values of the above DC parameters are presented in Table 1 for the data under con-
sideration, σ ∈ {0.5, 5.0, 50} mS/m and ε/ε0 ∈ {1, 10}. The table also includes values of
the following auxiliary dimensionless parameter:

η =
Rdc√

Ldc/Cdc
=

√
τC
τL

≃ 1
σ

√
ε

µ0 ad ln(4/e)
, with

{
τC = RdcCdc = ε/σ
τL = Ldc/Rdc

(9)

which will appear later in (12).

Table 1. Grounding system DC parameters.

ε = ε0 ε = 10 ε0

σ (mS/m) 0.5 5.0 50 0.5 5.0 50

Cdc (pF) 28.06 280.6

Ldc (µH) 15.30

Rdc (Ω) 630.3 63.03 6.303 630.3 63.03 6.303

η 0.853 0.085 0.009 2.699 0.270 0.027

For low-frequency (LF) regimes, where the use of the above DC parameters may make
sense, we can write an approximated expression for the grounding impedance considering
the quasi-stationary impedance R + jωL for the limit case ω → 0, and there replacing the real
conductivity σ with the complex conductivity σ = σ + jωε. Thus, we have the following:

ZLF(ω) = RLF + jXLF =


1

πa(σ+jωε)
+ jω µ0d

π ln 4
e

1
R−1

dc +jωCdc
+ jωLdc, with RdcCdc =

ε
σ = τC

(10)

which can be translated into an equivalent basic circuit consisting of an inductance L
series-connected to a parallel RC.

Figure 8 is a zooming-in of Figure 7, focused on the low-frequency region in the initial
range 0–100 kHz, complemented with graphs concerning the LF approximation in (10).

In Figure 8, the curves of the electrode impedance obtained from the full-wave FEM
simulations (solid lines) are shown superposed to the curves obtained from the analytical
LF approximation (dotted lines). To facilitate comparisons, all the impedance curves are
normalized as Rn(ω) + jXn(ω) =Z(ω)/Z(0), with Z(0) = Rdc, with Rdc values in Table 1.

Considering the electrode geometry being analyzed (d/a = 100, a = 1 m), observation
of the six cases illustrated in Figure 8, for the window 0–100 kHz, permits the following
general comments:

– For dry soils (cases 1a and 1b) where Rdc is larger, the electrode impedance is practically
real and constant, Z(ω) ≈ Rdc. The reactance, although very small, denotes capacitive
behavior, which increases with the soil permittivity and with the frequency.

– For moist soils (cases 2a and 2b), the electrode impedance barely depends on the soil
permittivity (Figures 2a and 2b are quite similar); the resistance and the reactance
slowly increase with f ; the reactance is small but positive, denoting inductive behavior.

– The above comments also apply to wet soils (cases 3a and 3b), with the difference that
the resistance and the reactance now significantly increase with the frequency.
The accuracy and limits of the applicability of the LF approximation in (10) can be
assessed by calculating the impedance relative error defined in (11), like in (6), that is,

eLF
Z (ω) =

∣∣∣∣ZLF − ZFEM

ZFEM

∣∣∣∣× 100% (11)

The information in Figure 8 was processed to enable the calculation of the impedance
error in (11); the corresponding results are depicted in Figure 9 and show the following:

– The error naturally increases with the frequency.
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– Figures 9a and 9b are practically the same, meaning that the low-frequency error
depends very little on the soil permittivity.

– The error is negligibly small for the case of dry soils, but significantly increases with
increasing soil conductivity. While for moist soils (cases 2a, 2b) the error is smaller
than 5% up to 80 kHz, for wet soils (cases 3a, 3b), the error exceeds 15% above 20 kHz.
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Figure 8. Graphical plots of the normalized resistance R(ω) and reactance X(ω) of the grounding
system against f in the low-frequency range 0–100 kHz for different combinations of the ground
parameters from cases (1a)–(3b). Solid lines identify the FEM numerical results, dotted lines the
approximated analytical results in (10).
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The preceding comments concerning Figures 8 and 9 have a simple physical justifi-
cation. Let us go back to (10), paying special attention to frequencies close to zero, where
ωRdcCdc = ωτC << 1. The fraction 1/(R−1

dc + jωCdc) can be recast as Rdc/(1+ jωτC), and
using the Taylor expansion (1 + x)−1 ≃1 − x + x2, we find the following:

ZLF = RLF + jXLF ,
{

RLF ≃ Rdc (1 − (ωτC)
2)

XLF ≃ ω(Ldc − τCRdc) = ω(Ldc − R2
dcCdc) = ωLdc(1 − η2)

(12)

and (
dRLF
dω

)
ω≃0

≃ 0 ,
(

dXLF
dω

)
ω≃0

≃ Ldc(1 − η2) = Ldc

(
1 − τC

τL

)
(13)

According to (12) and (13), the grounding resistance RLF(ω) starts at Rdc and remains
approximately constant along the frequency axis. On the other hand, the grounding reactance
XLF(ω) starts at 0 and increases linearly with ω, the proportionality factor Ldc(1− η2) being
controlled by the parameter η =

√
τC/τL introduced in (9).

Depending on the ground constitutive parameters that determine the value of η, one
may expect the initial low-frequency behavior of the grounding system to be inductive
(η < 1), capacitive (η > 1), or even purely resistive (η = 1). This can be translated to physical
terms (geometry and ground properties), with the help of (8) and (9), through the following:

Initial behavior
{

Inductive if ζ < ad
Capacitive if ζ > ad

, with ζ =
ε

σ2µ0 ln(4/e)
= η2ad (14)

While the area in the right-hand side of the inequalities in (14) depends only on
the system geometry, the left-hand side depends only on the soil properties, ζ(σ, ε, µ0).
Therefore, for large geometries, the initial frequency behavior of the grounding impedance
is expected to be inductive in general.

In the present work, with fixed geometry (d/a = 100 and a = 1 m), we have ad = 100 m2.
The largest value of ς occurs for the smallest conductivity value (0.5 mS/m) and, in this
case, we find ς = 72.9 m2 for ε =ε0 and ς = 729 m2 for ε = 10ε0. The conclusion is that only in
the second situation (ε =10ε0—case 1b) will the grounding system exhibit initial capacitive
behavior—as can be checked in Figure 8(1b).

For case 1a, the graph in Figure 8 shows a positive, but quasi-zero, reactance across
the frequency range under analysis. This behavior (residually inductive) will only change
to capacitive at 635 kHz. To further clarify this aspect, we note that the equality ad = ζ can
also occur for ε =ε0 in case the ground conductivity is set at σ = 0.427 mS/m. For higher
values of σ, the initial behavior is inductive, while for smaller values it is capacitive—see
illustrative frequency plots in Figure 10, where the slope of the rectilinear dotted lines is
provided by 2πLdc(1 − ς/(ad)). Note also the resonance point at 115 kHz in the blue curve.

According to Figures 8 and 9, for cases 3a and 3b (wet soil), the LF approximation produces
large errors above 20 kHz, with reactance values exceeding resistance values above 60 kHz. In
both cases, we have η2 << 1 and from (12) we obtain XLF(ω) ≃ ωLdc. The problem is that the
low-frequency electrode inductance is really not equal to its DC value as the LF approximation
assumes—remember the L versus f 1/2 curve in Figure 2b, which shows a significant drop in
the inductance value for low frequencies, a drop of almost 50% in the 0–100 kHz range.

3.3. High-Frequency Analysis

For high-frequency (HF) regimes, an analytical approximation for the full-wave com-
plex impedance of our electrode system can be easily derived from the result in (5) pertain-
ing to the solitary electrode. All we should do is to multiply the result in (5) by 2, replace
rext with d, and, again, replace σ with σ = σ + jωε, yielding the following:

ZHF(ω) = RHF + jXHF ≃ 2 × (1 + j)
1

2π

√
ωµ0

2(σ + jωε)
ln
(

d
a

)
(15)
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Figure 10. Graph plots of the grounding reactance for ε = ε 0, considering three neighboring values
of the ground conductivity σ = 0.427 mS/m ± 1 %. For σ = 0.427 mS/m (ζ = ad, τC = τL), the initial
ω - derivative of the reactance is exactly zero (black curves). For σ = 0.431 mS/m, the derivative is
positive (inductive behavior/blue curves). For σ = 0.423 mS/m, the derivative is negative (capacitive
behavior/red curves). Solid lines are FEM numerical results of X(ω), dotted lines are approximated
results of XLF(ω) from (12).

Graphs of the real and imaginary parts of the electrode impedance against the fre-
quency in the 0−100 MHz range are presented in Figure 11. While solid lines concern
the results from full-wave FEM simulations, the dotted lines concern the analytical HF
approximation in (15). As usually, all the impedance curves are expressed in normalized
units: Rn(ω) + jXn(ω) = Z(ω)/Z(0), with Z(0) = Rdc.

Considering the electrode geometry being analyzed (d/a = 100, a = 1 m), observation
of the six cases illustrated in Figure 11 in the extended range 0–100 MHz allows for the
following general comments:

– Comparing the curves in Figure 11 with the corresponding ones in Figure 7 (0–10 MHz),
we see that the capacitive behavior for dry soils does change to inductive but above
10 MHz. Also, for moist and wet soils, the observed steady increase in the inductive
reactance does not persist above 10 MHz; at some point, dX/dω turns negative.

– As the frequency is progressively increased, the reactance seems to go to zero and the
resistance to a constant value. This is particularly visible in the case of dry soils (cases
1a and 1b) where R(1a)

n → 0.88 and R(1b)
n → 0.28 ≃ R(1a)

n /
√

10 .

The accuracy and limits of applicability of the HF approximation in (15) can be assessed
by calculating the impedance relative error defined in (16), like in (11), that is,

eHF
Z (ω) =

∣∣∣∣ZHF − ZFEM

ZFEM

∣∣∣∣× 100% (16)

The information in Figure 11 was processed to enable the calculation of the impedance
error in (16); the corresponding results are depicted in Figure 12 and show the following:
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Figure 12. Graphs of the impedance relative error eHF
Z (ω) incurred when using the high-frequency

approximation. (a) For cases 1a, 2a, and 3a with ε = ε0. (b) For cases 1b, 2b, and 3b with ε = 10ε0.

– The error naturally decreases with increasing frequency.
– Apart from some ripple, Figures 12a and 12b are rather similar, meaning that the

high-frequency error seems to depend non-critically on the soil permittivity.
– For high frequencies, the error is negligibly small for the case of wet soils, but signif-

icantly increases with decreasing soil conductivity. While for moist soils (cases 2a,
2b) the error is smaller than 5% above 20 MHz, for dry soils (cases 1a, 1b), the error
exceeds 10% below 40 MHz.

– The ripple observed in the curves (1b) and (2b) for ε = 10ε0 can have two causes. It
can be numerical, related to the discretization of the FEM mesh (not very likely, as we
carefully tuned the mesh according to the depth of penetration of the field into the soil),
or it can be factual, denoting that the impedance value oscillates when approaching
its final value, as happens in softly mismatched transmission-line analysis.

The preceding comments concerning Figures 11 and 12 have a simple physical justification.
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Let us go back to (15). Instead of characterizing the ground medium by its complex
conductivity σ(ω) = σ + jωε, we opt here for its complex permittivity ε(ω) = ε − jσ/ω,
we can then rewrite (15) simply as follows:

ZHF(ω) = RHF + jXHF =
1
π

√
µ0

ε(ω)
ln
(

d
a

)
(17)

This curious result is remarkable. It tells us that the high-frequency impedance of a
pair of hemispherical electrodes of radius a, separated from d, can be calculated in the same
way as one would calculate the input impedance of an infinitely long two-wire transmission
line immersed in an unbounded medium with dielectric losses.

For very high frequencies, the result in (17) can be further simplified by considering
that the imaginary part of ε is negligible. Using the approximation (1 − x)−1/2 ≃1 + x/2,
we find the following:

ZHF(ω) ≃
(
1 + j σ

2ωε

)
R∞

R∞ = ZHF(∞) = 1
π

√
µ0
ε ln

(
d
a

)
≃

{
553 Ω (ε = ε0)
175 Ω (ε = 10ε0)

(18)

We see from (18) that, for very high frequencies, the impedance lies in the 1st octant;
the grounding system cannot exhibit capacitive behavior. The behavior is slightly inductive,
tending in the limit ω → ∞ to be purely resistive ZHF(∞) = R∞.

4. Parametric Analysis in the Complex Plane

We saw in Section 3 that the complex impedance Z(ω) of the electrode system is
purely real for ω → 0 and for ω → ∞, that is,

Z(ω) = R + j0,

{
R = Rdc ≃ 1

πaσ , for ω = 0

R = R∞ ≃ 1
π

√
µ0
ε ln

(
d
a

)
, for ω = ∞

(19)

In other words: when the complex function Z(ω) is plotted in the complex plane using
ω as a variable parameter, the locus of the trajectory begins and ends at points located on
the real axis.

We also saw, for low frequencies, that the reactance—which begins at zero—can
either evolve positively or negatively. In any case, as ω keeps increasing towards the
high-frequency region, the reactance will become positive before it finally dies down to
zero monotonously.

Therefore, some resonance situations are expected to occur when the frequency is
varied from zero to infinity. The behavior of the electrode system will oscillate a number of
times from inductive (positive reactance) to capacitive (negative reactance), or vice versa.

Since the electrode grounding system is physically causal, the real and imaginary parts
of the analytic complex function Z(ω) must be interdependent. For increasing values of ω,
the succession of resonance episodes along the trajectory of Z(ω) on the complex plane
will certainly depend on the coordinates of the beginning and ending points (Rdc, 0) and
(R∞, 0), respectively. In the present section, we attempt to clarify this issue.

Simulations results for three distinct possibilities are presented.
The first considers the usual case where the beginning point of the trajectory is lo-

cated to the left of the ending point (Rdc < R∞), the second considers the reverse case
(R∞ < Rdc), and the third possibility considers a closed trajectory, with the two points co-
incident (Rdc = R∞). The examples that follow refer to the electrode geometry in Figure 6,
with a = 1 m and d = 100a. For all the examples, the average value of the pair of resistances
Rdc and R∞ is kept unchanged (= 200 Ω). For each example, a specific combination of the
soil parameters σ and ε is needed, their values being calculated by resorting to (19):
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Example (a) : Rdc = 100 Ω , R∞ = 300 Ω (σ = 3.18 mS/m , ε/ε0 = 3.39)

Example (b) : Rdc = 300 Ω , R∞ = 100 Ω (σ = 1.06 mS/m , ε/ε0 = 30.5)

Example (c) : Rdc = 200 Ω , R∞ = 200 Ω (σ = 1.59 mS/m , ε/ε0 = 7.63)

The clockwise-oriented trajectories of the impedance Z(ω) in the complex plane are
shown in Figure 13. The arrows indicate ascending values of frequency, and the circles
identify the particular point f = 10 MHz (limit of interest for lightning studies).
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Figure 13. Impedance trajectories in the complex plane for increasing values of frequency in the
range 0–100 MHz. Three possible locations for the beginning and ending points were considered:
(a) Rdc = 100 Ω = R∞/3 . (b) Rdc = 300 Ω = 3R∞. (c) Rdc = R∞ = 200 Ω .

We may parenthetically note that complex diagrams such as these (sometimes improp-
erly called ‘Nyquist plots’) are increasingly being used as an auxiliary tool in grounding
studies [7,8].

The diagram in Figure 13a is a deformed semi-circumference, where the variations
in the resistance and reactance are approximately related by ∆X ≈ ∆R/2; the impedance
behavior is initially inductive (η = 0.25 < 1) and remains inductive.

The diagram in Figure 13b is also a deformed semi-circumference, where the variations
in the resistance and reactance are approximately related by ∆X ≈ ∆R/2; the impedance
behavior is initially capacitive (η = 2.22 > 1); however, before the 10 MHz mark, the
trajectory crosses the real axis (resonance) and the impedance turns slightly inductive and
ends resistive.

The diagram in Figure 13c is a deformed circumference, where the variations in the
resistance and reactance are approximately equal ∆X ≈ ∆R; the impedance behavior is
initially inductive (η = 0.74 < 1), then the trajectory crosses the real axis (resonance) and the
impedance turns capacitive; again the trajectory crosses the real axis (resonance) and the
impedance turns inductive and progresses towards resistive.

5. Discussion and Conclusions

This third paper, on hemispherical grounding electrodes, is the last contribution of
the authors to Energies’ Special Issue on Electromagnetic Field Computation for Electrical
Engineering Devices.

The first paper was dedicated to the DC and AC analysis of the solitary hemispherical
electrode. In it, we theoretically proved the existence of an azimuthal magnetic field
in the ground and the need to include the electrode inductance in the analysis of the
grounding impedance. Moreover, we also observed that the solitary electrode was in fact
an abstraction, as the electrode inductance would grow to infinity when the remote earth
was moved further and further away from the center.

Obtaining realistic (finite) values for the grounding impedance would require the
presence of two electrodes, one for the injected current and one for the return current.

Thus, the second paper was dedicated to the frequency-domain analysis of a grounding
system in which the return current was collected by a second hollow hemisphere concentric
with the internal hemispherical electrode. Results were computed numerically using finite
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element method software for axisymmetric geometries, especially adapted to azimuthal
magnetic fields, and considering the simplifying approximation of quasi-stationary fields,
that is, assuming that the ground currents were basically conduction currents. With this
approach, we found that the grounding impedance had a frequency dependence similar to
that observed in typical skin-effect problems, i.e., an inductive type of behavior, with the
resistance and reactance increasing with the square root of the frequency, tending towards
each other as the frequency increased.

Although we were sure that soils dominated by conduction currents would lead to
inductive grounding impedances, we were also aware of reports on the capacitive behavior
of grounding electrodes.

Thus, in this third paper, we abandoned the simplifying quasi-stationary approxi-
mation. We adopted a full-wave approach, replacing the real ground conductivity with
a complex ground conductivity σ = σ + jωε, explicitly enabling the consideration of dis-
placement current effects. In addition, we also chose a more realistic geometry for the
grounding system: a set of two identical hemispherical electrodes of radius a, separated by
a distance d, as in Figure 6.

Simulation experiments were performed utilizing various combinations of the consti-
tutive ground parameters σ and ε. Computation results regarding the frequency-dependent
impedance, resistance, and reactance of the electrode grounding system were obtained for
the extend range 0 to 100 MHz.

Numerical results were checked and interpreted with the help of physically based
theoretical approximations, one valid for the low-frequency range and another for the
high-frequency range. The following conclusions stand out:

For extreme frequencies (zero and infinite), the impedance is purely real:

Z
∣∣
ω=0 = Rdc ≃ 1/(πaσ) , Z

∣∣
ω=∞ = R∞ ≃ 1

π

√
µ0/ε ln(d/a)

For very low frequencies, the grounding reactance increases linearly with the frequency:

X(ω) ≃ ω(Ldc − R2
dcCdc) = ωRdc(τL − τC)

and, consequently, the initial behavior of the system can be inductive, resistive, or capacitive,
depending on the geometry (a, d) and on the ground parameters (σ, ε, µ0), i.e.,

Initial behavior


Inductive if : ad > ζ
Resistive if : ad = ζ
Capacitive if : ad < ζ

, with ζ =
ε

σ2µ0 ln(4/e)

For very high frequencies, the grounding reactance is slightly positive (inductive
behavior), decreasing to zero with 1/ω:

X(ω) ≃ R∞ σ/(2ωε)

In the 0–10 MHz range, the behavior of the grounding system can change state a few
times. If the initial behavior is inductive (τL > τC), an even number of resonance points is
expected, typically 0 or 2. If the initial behavior is capacitive (τC > τL), an odd number of
resonance points is expected, typically 1.

The authors believe that the frequency behavior of the complex impedance of the hemi-
spherical grounding system reported in this work is not a particularity of hemispherical
electrodes. This behavior, a consequence of the combination of two interacting phenomena,
magnetic induction and displacement currents, should occur regardless of the shape of the
electrodes. Therefore, analyses similar to the one presented here—but for other geometries,
such as cylindrical rods or elongated ellipsoids—could be a topic of future interest. Even more
important is the future development of reliable algorithms capable of solving the inverse prob-
lem of the one solved here. In this work, we evaluated the complex values of the grounding
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impedance R(ω) + jX(ω) based on enforced soil parameters (σ, ε, and µ = µ0); future work
shall focus on the accurate extraction of frequency-dependent values of soil conductivity and
permittivity, based on measured/calculated values of R and X, using a soil model that takes
into account the simultaneous presence of inductive and capacitive effects.
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Appendix A Capacitance of an Ellipsoid

Consider an ellipse with center at the origin of coordinates, with semiaxes a and b,
with a ≥ b, whose foci are at a distance

√
a2 − b2 from the center. The linear eccentricity χ

of the ellipse, defined as,

χ =

√
a2 − b2

a
(A1)

can vary between 0 and 1. It is 0 when b = a, it is 1 when b/a → 0 .
The rotation of the ellipse around its major axis (of length 2a) defines an ellipsoid of

revolution, or better saying, a prolate spheroid.
If the spheroid is an electrostatically charged conductor, it will give rise to a potential

function obeying the Laplace equation, whose solution can be found by employing elliptic
integrals and/or hypergeometric functions, [22,23]. The equipotential surfaces are also
spheroids, the orthogonal electric field lines being hyperboles.

The electrostatic capacitance of a prolate spheroid is given by, [22,23],

C = 8πε

√
a2 − b2

ln
(

a+
√

a2−b2

a−
√

a2−b2

) (A2)

which, using the eccentricity parameter in (A1), can be rewritten compactly as:

C = 4πεa
χ

ln
√

1+χ
1−χ

(A3)

Particularizing the result in (A3) for the limit cases of a sphere (a = b, χ = 0) and of a
needle or elongated ellipsoid (a >> b, χ → 1) leads to:

Sphere : C = 4πaε (A4)

Needle : C =
4πaε

ln(2a/b)
(A5)

Dividing by 2 the result in (A4) yields the well-known dc capacitance of the hemisphere
in (1). In the same manner, divided by 2, the result in (A5) can be used for analyzing elon-
gated hemi-ellipsoidal grounding electrodes; the less-known dc capacitance and resistance
of such electrodes are then calculated as:
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Hemi − needle : C =
2πaε

ln(2a/b)
, R =

ε

σC
=

ln(2a/b)
2πaσ

. (A6)
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