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Abstract: This paper proposes a mathematical model for the shading profiles of a PV module with
thin, long linear elements. The model includes the brightness distribution over the entire shading
region (umbra, penumbra, and antumbra). A corresponding calculation code in the form of m-files has
been prepared for the MATLAB environment. The input data for the calculations are the coordinates
of the Sun’s position in the sky, the dimensions and spatial orientation of the shading element, and
the spatial orientation of the shaded PV module. The correctness of the model was verified by a
measurement experiment carried out under actual outdoor weather conditions. Statistical analysis of
the comparison between the measurement data from the experiment and the model showed its high
accuracy. As part of this research work, it was also checked how shading with thin linear elements
affects the current–voltage characteristics of the module. It turned out that even a small linear shading
could reduce the power output of the module by more than 6%, with the distribution of this shading
across the individual cells of the module being extremely important.

Keywords: photovoltaics; linear partial shading; mathematical modelling; MATLAB

1. Introduction

The progress of civilisation, particularly technical civilisation, is inextricably linked
to the production and subsequent consumption of energy. In general, the final form of
energy for human use is mechanical, electrical, and thermal energy and light. This is of
quite practical importance to mankind, as this makes it possible to perform work with
capacities far in excess of those available in the form of human and animal muscle power.
The acquisition of energy is based on the use of physical exo-energetic processes, such as the
combustion of fuels and the subsequent conversion of the resulting heat into mechanical and
then electrical energy. Unfortunately, in the face of society’s ever-increasing energy needs,
conventional energy processes have reached such a scale that they have begun to pose a
real threat to our natural environment, which may even result in irreversible climate change
in the form of pollution of the ecosphere as well as a fateful rise in the average temperature
of the atmosphere [1]. This state of affairs has necessitated attention to methods of energy
generation which have minimal impact on the planet’s environment. These are commonly
referred to as renewable energy sources (RESs) and include solar energy (photovoltaics and
solar panels), wind energy, energy from the movement of water masses, and geothermal
energy (heat of the earth). Photovoltaics (PV) plays a special role in the use of renewable
energy sources. It uses energy directly from the Sun to generate electricity. It is highly
environmentally friendly as it does not pollute the atmosphere or raise temperatures [2],
and the equipment can be operated for a long period of time (25–30 years). The growth in
the installed renewable energy capacity worldwide and in Europe over the last 10 years is
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illustrated in the graph (Figure 1). The following graph (Figure 2) shows the amount of
energy produced by PV systems, for comparison, worldwide and in Europe.
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As can easily be seen, the development of photovoltaic-based energy systems is quite
rapid (Figure 3). Figure 3 shows the growth in the share of installed PV systems compared
with other RESs aggregated for the world, Europe, and Poland. The graph illustrates
extremely large differences in the changes in the share of PV in the RES mix. In Europe,
there is a stable value increasing over 10 years from 19.3% to 31.6%. In the global market,
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PV shares have increased much faster from a low of 8.8% to 31.2% (authors’ calculations
based on [3]). In Poland, on the other hand, the increase is extremely high, ranging from
0.04% in 2013 to 52.5% in 2022. It should be noted here that, when compared with all solar
energy sources in general, the global PV share is impressive, reaching over 99% in 2022,
though it has been high for a long time and has increased over the last 10 years from 97.7%
to 99.1%. The decisive factor for the great popularity of PV systems over photothermal
conversion systems, despite the much lower energy conversion efficiency of PV systems, is
their direct generation of electricity, which is easy to transmit and convert into other types
of usable energy. Furthermore, the popularity of PV systems is strongly influenced by their
ease of installation, virtually maintenance-free operation, and relatively low failure rate.
They are therefore strongly promoted by individual and subsidised governments [5].
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In recent years, the capacity of PV systems worldwide has increased from 137.47 GW
in 2013 to 1055.03 GW in 2022 (Figure 1). This is an increase of almost eight times. Also,
compared with other RESs, PV systems increased their share of the installed capacity from
8.77% in 2013 to 31.19% in 2021 (Figure 2); in other words, PV’s share increased by more
than 3.5 times. Accordingly, in these years, the global energy production by PV increased
from 131 GWh to 1020 GWh, while the share of PV in RES energy production increased
from 2.61% to 12.98%, or an increase of 4.96 times. This leads us to conclude that there
is high efficiency and therefore an economic rationale for investing in PV systems. An
example of this is Poland, where the share of PV capacity in RESs is as high as 52.57%, and
the increase from 2013 to 2022 was more than 1344 times.

The rather strong increase in interest in PV installations observed in recent years has
resulted in their incredible development both in terms of technology and the number of
PV installations installed annually. Figure 4 shows the potential (installed capacity) of
PV systems against the total potential in relation to the installed capacity of RESs for the
countries most involved in RES generation. The leading countries in terms of total RES
installation capacity in 2022 included Germany, the USA, Canada, France, Spain, Italy, UK,
Brazil, Russia, Turkey, China, Japan, India, and Australia. However, not all of them are
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leaders in terms of installed PV capacity (Figure 4). This fact is generally due to two reasons.
The first is geographical location, which limits access to large amounts of solar radiation
throughout the year (Canada and Russia). The second is the wealth of these countries, as
PV systems are not the cheapest RES. Here, Russia, Brazil, India, and Turkey are examples.
It should be noted, however, that these countries obtain a significant part of their RES
potential from simple biomass combustion.

Energies 2024, 17, x FOR PEER REVIEW 4 of 28 
 

 

The rather strong increase in interest in PV installations observed in recent years 
has resulted in their incredible development both in terms of technology and the 
number of PV installations installed annually. Figure 4 shows the potential (installed 
capacity) of PV systems against the total potential in relation to the installed capacity of 
RESs for the countries most involved in RES generation. The leading countries in terms 
of total RES installation capacity in 2022 included Germany, the USA, Canada, France, 
Spain, Italy, UK, Brazil, Russia, Turkey, China, Japan, India, and Australia. However, not 
all of them are leaders in terms of installed PV capacity (Figure 4). This fact is generally 
due to two reasons. The first is geographical location, which limits access to large 
amounts of solar radiation throughout the year (Canada and Russia). The second is the 
wealth of these countries, as PV systems are not the cheapest RES. Here, Russia, Brazil, 
India, and Turkey are examples. It should be noted, however, that these countries obtain 
a significant part of their RES potential from simple biomass combustion. 

 
Figure 4. List of installed RES capacities and installed PV capacities for the 14 leading countries in 
the RES industry and the percentage share of PV in RESs (based on data in [3]). 

Such intensive development of renewable energy sources with weather-forced 
generation necessitates intensive measures to stabilise the operation of energy 
distribution and transmission networks. Although operation of the main RES sources 
(i.e., photovoltaics and wind turbines) is fairly complementary [6], it is becoming 
necessary to use energy storage. Battery technology (based on rare earth elements), 
which is currently the market leader, is firstly extremely expensive and secondly not 
entirely safe. High hopes for energy storage should be pinned on hydrogen technology 
[7], but along the way, the problems of safe storage and distribution of this gas must be 
solved. Another idea for energy storage is to use the natural operating conditions of the 
installations of other renewable energy sources, such as hydroelectric power plants and 
biogas plants. In [8], the authors draw attention to the large and untapped potential of 

Figure 4. List of installed RES capacities and installed PV capacities for the 14 leading countries in
the RES industry and the percentage share of PV in RESs (based on data in [3]).

Such intensive development of renewable energy sources with weather-forced genera-
tion necessitates intensive measures to stabilise the operation of energy distribution and
transmission networks. Although operation of the main RES sources (i.e., photovoltaics and
wind turbines) is fairly complementary [6], it is becoming necessary to use energy storage.
Battery technology (based on rare earth elements), which is currently the market leader, is
firstly extremely expensive and secondly not entirely safe. High hopes for energy storage
should be pinned on hydrogen technology [7], but along the way, the problems of safe
storage and distribution of this gas must be solved. Another idea for energy storage is to
use the natural operating conditions of the installations of other renewable energy sources,
such as hydroelectric power plants and biogas plants. In [8], the authors draw attention to
the large and untapped potential of small hydropower plants (SHPs). In addition to match-
ing energy production to momentary demand, they can perform the retention function
necessary for regional hydrological security. In the case of biogas plants, there is a natural
energy store in the form of a biogas reservoir. This means that a biogas plant can be used as
a peak load power plant, operating at times when generation from wind and photovoltaic
sources ceases. The favourable environmental impact of biogas plants results from the
replacement of atmospheric emissions of methane from natural rotting processes with
carbon dioxide, which has a much lower greenhouse effect. Carbon dioxide is produced by
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recovering energy from biogas during its combustion. An additional function of a biogas
plant can be the use of production waste (digestate) as a natural fertiliser. In [9], it was
shown that the digestate from a 1.8 MW biogas plant can be used to fertilise agricultural
crops over an area of almost 2000 ha, abandoning the use of artificial fertilisers there entirely
or almost entirely. The avoided greenhouse gas emissions from production of the fertiliser
required to fertilise this area are equivalent to more than 3000 Mg CO2 per year.

PV systems are currently the fastest growing branch of RESs [10]. This is due to the
decreasing costs and increasing efficiency of PV. The increase in efficiency of photovoltaic
installations is related to both the continuously improving silicon photovoltaic cell tech-
nology and the use of additional design treatments in the manufacture of PV modules.
Thus, for example, laser texturing of the inner side of the solar glass [11] results in a bet-
ter utilisation of incident sunlight on the module’s surface, and the use of appropriate
luminophores [12] changes the spectral distribution of light reaching the cell’s surface,
increasing the photovoltaic conversion efficiency. However, due to the still quite high cost
of PV installations, for their economically viable use, it is necessary to provide PV modules
with the best possible operating conditions and, in particular, adequate illumination of
them with solar radiation. One of the elements that significantly impair the efficiency of PV
panels is their shading, which by reducing the radiant flux reaching the surface reduces
their efficiency. It is logical that shade over a large part of a PV module from a chimney, tree,
etc. will greatly reduce its efficiency. Attention should also be paid to shading by seemingly
small-scale elements such as antenna masts, antennas, lightning protection installations,
and overhead power and telecommunication lines, which contrary to appearances can
reduce the efficiency of PV systems quite effectively [13]. This paper addresses the problem
of researching and modelling the effect of shading from thin, linear overhead elements on
the efficiency of PV panels. In addition, the efficiency of PV panels is affected by, among
other things, contamination of the panel surface [14] and the temperature which the n-p
junction achieves during operation, but these are factors that are beyond our direct control
during the installation of PV systems.

Studies on the effect of shading on the operation of PV panels have already been
carried out by other researchers. To begin with, a study on uniform shading was conducted
for each panel operating in a PV power plant [15]. The authors investigated and carried out
simulations in the MATLAB environment for different PV panel connection configurations.
The following is the latest research on the impact of shading on PV panels and the suggested
methods for reducing it. The basis for this study regarding the effects of shading on PV
systems is analysis of the I-V characteristics and, based on them, the detection of shading, as
well as the qualitative and quantitative assessment of the phenomenon. Many researchers
discussed this topic in their works. For example, the authors of [16] described a method
for detecting and categorising shading on photovoltaic (PV) arrays, based on a small
amount of measurement data. The developed algorithm relies on detecting the first point of
maximum power on the I-V characteristic curve and the value of the equivalent impedance
at that point. It can distinguish whether a power drop is caused by reduced illumination
across the entire PV array or only partial shading. In the analysis, it was assumed that
the solar illumination within the entire single PV module (even when shaded) remained
constant. For the algorithm to function correctly, information is required concerning the
interconnection structure of modules in the PV array and their catalog electrical parameters.
Another paper [17] proposed a new modified tunicate swarm algorithm (MTSA) as a
tracker of the maximum power point to increase the level of conversion efficiency of a
PV operating in partial shading. The conventional tunicate search algorithm (TSA) is
enhanced by incorporating two distinct random numbers to improve the algorithm’s search
ability and avoid becoming stuck in local optima. The MTSA controls the duty cycle of
the DC-DC converter connected at the terminals of the PV system. Also, in [18], a bionic
algorithm for searching for the MPP based on the I-V characteristics of a photovoltaic field
was proposed, assuming that some modules included in this field were uniformly shaded
over their entire surfaces. The analysis of six shading scenarios showed that the proposed
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algorithm was able to find the GMPP in less than 0.2 s. The authors of [19] proposed a
differential quadrature technique for maximum power point tracking of partial PV array
shading. The algorithm using a single-diode, dual-diode, and triple-diode photovoltaic cell
model was implemented in the MATLAB Simulink environment. The calculation assumes
different irradiation of the individual PV modules forming the chain, with a constant
value of irradiation on the surface of a given module. The authors of [20] suggested a
controller to determine the maximum power point (MPP) for a PV system operating under
various partial shading conditions. Based on the results, it was found that the modified
hybrid ANFIS MPPT method based on grey wolf optimisation provided good outcomes.
the authors of [21] compared the effectiveness of several MPPT algorithms and whether
dynamic shading of a set of photovoltaic cells in a module occurred. It was assumed in the
analyses that the irradiance on the surfaces of all photovoltaic cells in the shaded group was
the same. The authors of [22] presented an interesting approach to shading, showcasing
quantitative analyses of dynamic shading caused by various obstacles such as neighbouring
buildings. The reduction in both direct and diffuse radiation due to shading was examined.
The authors of [23] described an advanced algorithm for calculating the shadow cast by
semitransparent PV modules located on the roof of a greenhouse. In this case, the analysis
was also based on creating a binary matrix indicating whether a shadow would appear at a
given location on the ground or not. The authors of [24] presented a generalised analytical
method for modeling photovoltaic systems under partial shading conditions. The I-V
curves were obtained by summing up all the I-V curves for the individual elements of the
photovoltaic chain. A two-diode model was used. Bypass and blocking diodes were taken
into account as well.

One method for reducing the impact of shading on a system’s PV performance is
static [25] and dynamic reconfiguration in a partially shaded PV system [26]. The proposed
winnowing method boosts the output power of PV systems while requiring less switching
hardware. Other authors [27] proposed improving the efficiency of partially shaded PV
panels by using a novel anti-king diagonal sudoku (AKDS) strategy, ensuring the maximum
dispersion of shade to attain uniformity in the row current. Another paper [28] proposed a
novel meta-heuristic optimisation technique called Vommi to resolve the reconfiguration
process of shaded modules in a photovoltaic array. According to the authors, the VOA-
based method revealed higher maximum power values. The authors of [29] presented an
innovative method for reconfiguring PV arrays in the presence of complex and non-obvious
shading shapes. A simulation in a MATLAB Simulink environment was carried out for
a PV array of 9 × 9 modules, assuming various shading levels for individual modules.
Confirmation of the simulation was realised with a 6 × 6 PV cell array. The authors of [30]
offered an adaptive reconfiguration technique for a 4 × 4 PV array. This reconfiguration
reduced the complexity and had better shade dispersion. The effectiveness of the proposed
reconfiguration technique was implemented in a MATLAB Simulink environment and
tested on a 4 × 4 total-cross-tied PV array. The authors of [31] also proposed PV system
configuration simulations in the MATLAB Simulink environment. The authors suggest
generalised modelling of a photovoltaic (PV) module and different PV array configurations,
namely conventional configurations (series, parallel, series-parallel, total-cross-tied, bridge-
linked, and honeycomb) and hybrid configurations (series-parallel and total-cross-tied).
The authors of [32] presented a method for reconfiguring a shaded PV array called the black
widow reconfiguration (BWR). This method was tested for both static and dynamic shading.
In contrast, a different approach was presented in [33], where the use of accumulators in
the rows of each total-cross-tied (TCT) system was proposed. It eliminates the need for
system reconfiguration and the use of bypass diodes. In [34], several algorithms for such a
reconfiguration were proposed, which resulted in an increase of up to 16% in the power
output of the shaded PV system. The main method of minimising the effect of shading
on PV modules is to use bypass diodes. However, due to the cost and technical problems
of using multiple bypass diodes in each PV module, they do not perform well for small
shadow shapes. As shown in [35], reconfiguration of PV module connections also yields



Energies 2024, 17, 3546 7 of 26

good results with only a simple shadow shape. When there are multiple peaks in the
power–voltage characteristics, artificial intelligence, particularly artificial neural networks
(ANNs), are used to find the MPP. In the work cited, the following types of ANNs were
used: feedforward (FFNN), radial basis function, functional link (FLANN), the adaptive
neuro-fuzzy inference system (ANFIS), and a hybrid ANN with classical techniques.

The aforementioned studies were based on the assumption of a constant level of
shading on the shaded module at a given moment, which is not an appropriate approach
in the case of shading caused by linear structural elements or cables. The authors of [36]
offered an in-depth analysis of shading on photovoltaic modules, categorising it as either
permanent or temporary. The authors concluded that temporary shading can be alleviated
by implementing PV module cleaning and dedusting techniques, while permanent shading
can be reduced using PV reconfiguration techniques. The article also includes various
techniques for mitigating performance losses from shading.

Researchers are also conducting studies on other parameters of PV panels. For ex-
ample, the authors of [37] illustrated experimental research on temperature changes in a
series-connected chain of PV cells under partial shading conditions. The results indicate
that the maximum temperature was reached for shading in the range of 40–60%. The
authors of [38] described a thermal-electrical-optical model for photovoltaic blinds installed
on a building facade. Dynamic shading effects from various structural elements were
taken into account in the model. The authors of [39] also presented an experimental setup
creating shading. It consisted of six wooden rotating blinds arranged in two rows: an upper
and lower one. The wooden blinds could rotate around horizontal axes, and their height
could be adjusted on the mounting structure. To some extent, partial shading is possible
because a module placed at an angle provides a weaker cross-section for solar radiation.

A rather comprehensive review of the methods for finding the maximum power
point (MPP) in photovoltaic systems is presented in [40]. The authors indicated that in
the case of uniform environmental conditions (UECs), the best results are obtained by
combining algorithms based on the current–voltage characteristics with algorithms using a
mathematical PV array model. On the other hand, for partial shading conditions (PSCs),
high hopes can be placed on swarm intelligence optimisation algorithms (SIOAs). However,
in the case of SIOAs, the proper selection of three parameters of this algorithm—the startup
conditions, dynamic response speed, and cut-off conditions—has an extremely large impact
on the final result.

As mentioned above, most researchers dealing with the issue of partial shading in PV
systems tend to focus on the macro-analysis of partial shading of photovoltaic modules,
which is mainly analysed from the perspective of the impact of shading on the shape of the
I-V characteristics of a PV module array. Researchers mainly focus on optimising MPPT
algorithms so that in partial shade conditions, they are able to find the global rather than
local maximum power of the said characteristics. All of the articles cited assumed that if
there were any shading on a PV array, it had a constant value on the surface of a given
module. This approach is correct for shadows from large objects. However, shadows
coming from objects such as lightning rods or power lines are small and affect only some
cells on the module. As shown in [41], in such a case, one cannot assume that the module is
uniformly shaded.

An analysis of different types of shading of PV panels by masts, overhead lines,
vegetation, bird droppings, other panels, and architectural features was conducted in
China [42]. However, the authors limited themselves to analysing the current–voltage
I-U characteristics for the different types of shading. The authors also pointed out that
partial shading of the module favours the occurrence of hot spots, contributing to a reduced
module lifetime and, in extreme cases, module failure. The results of the study show that
the shadow area caused by masts and vegetation is not particularly large, but the shadows
can spread to several solar cell groups in series for neighbouring modules, which seriously
reduces the output of photovoltaic modules. The effect of panel shading by bird droppings
on the performance and characteristics of the module is relatively small, as too small a
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shadow area could not activate the bypass diode due to the applied polarisation voltage in
the conduction direction being lower than the diode’s conduction voltage threshold, which
nevertheless results in a hot spot. Also, an interesting study on the shading of PV power
plant modules by, for example, an overhead power line was carried out in [43]. The authors
experimentally analysed through infrared imaging the effect of shading by overhead lines
on the formation of hot spots on shaded PV panels. The current–voltage characteristics of
shaded and unshaded panels were measured simultaneously. The shaded modules showed
negligible hot spots and some reduction in the MPP.

This article represents a significant advancement in comparison with the existing
research literature. The authors of the cited analyses and studies focussed on the PV system
as a whole, treating individual panels as uniformly shaded photovoltaic sources of electric
energy. In this article, on the other hand, shading on the panel surface is meticulously
modeled, with a specific focus on its individual cells. Furthermore, the modeling proposed
in this work takes into account the umbra, penumbra, and antumbra, enabling calculation
of the irradiance on each photovoltaic cell. Therefore, it can be said that the level of detail
has increased by an order of magnitude. Based on this model, it is possible to accurately
predict the shadow profile at a specific time, date, latitude, and longitude, as well as the
location of the shading object and the orientation of the PV surface.

The authors suggest utilising the shading model of individual cells to accurately
determine a priori the level of energy production reduction for a given module. Such an
analysis is necessary due to the relatively small dimensions of the shadows caused by
linear objects in relation to the module’s surface, although not in relation to the surface of a
single cell. However, the impact of shading on one cell appears throughout the panel. As
demonstrated above, such a detailed approach to shading is not common.

Characteristics of Solar Radiation Reaching the PV Panel Surface

Solar radiation can be divided into three components [44] as shown in Figure 5. These
are as follows:

• Direct radiation. This is short-wave radiation with the direction of propagation
aligned with the line connecting the Sun and the PV panel surface. The wavelengths
of direct solar radiation, which after passing through the atmosphere reach the Earth’s
surface at a rate of 98%, range from 0.3 to 2.5 µm. In this range is all visible radiation
with wavelengths of 0.4–07 µm, infrared radiation in the IR-a range of 0.7–1.5 µm,
and the upper part (1.5–2.5 µm) of infrared radiation in the IR-Bp range, as well as
ultraviolet (UV) radiation in the UV-B and UV-A ranges.

• Diffuse radiation. This is the radiation which results from the refraction, reflection,
and absorption of direct radiation by the Earth’s atmosphere. This is the cause of
the blue radiation in the sky, due to the easier scattering of blue (short-wave) direct
radiation from the Sun. Its spectral composition depends on haze, cloud cover, and
the purity of the atmosphere. In addition, diffuse radiation includes the long-wave
radiation emitted by the atmosphere, which has a much longer wavelength than direct
and diffuse solar radiation. It is emitted around the clock in the wavelength range
of 4–120 µm. The Liu–Jordan isotropic model for solar radiation reaching the active
surface of a photovoltaic panel assumes that diffuse radiation reaches an arbitrarily
directed surface uniformly from the entire blue hemisphere.

• Reflected solar radiation (albedo). This is the part of the direct and diffuse radiation
reaching the surface of the PV panel which has been reflected by the PV panel’s
surroundings in its direction. It depends on the reflectance of the PV panel’s ambient
elements and is the product of the sum of the direct and diffuse radiation and the
ambient reflectance.
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2. Experiment Confirming the Significant Effect of Small Linear Shading on the
Electrical Parameters of a PV Module
2.1. Description and Methodology of the Experiment

Even slight shading of a PV module results in the shaded cells ceasing to act as
a generator and becoming a load [45]. The effects of shading in different PV module
connection configurations have been presented in studies by many authors. The authors
of [46] presented a method for predicting the internal connections of PV modules in a TCT
structure. On the other hand, the authors of [47] showed that short PV chains operating
separately have the lowest power losses when it comes to operation under partial shading
conditions. In [48], optimisation of the connections between PV modules is considered so
that the power output is maximised under partial shading conditions. The authors of [49]
proposed several PV array arrangements to mitigate the effects of partial shading. The
change in I-V characteristics due to partial shading is described by shifting the avalanche
breakdown voltage of the shaded PV cells [50]. The authors of [41] presented a two-diode
model of PV cells and how to replace the series-parallel arrangement of these cells with
a single substitute cell. The authors of [51] described the analysis of serially connected
seven-PV modules, which can be replaced by seven cells with suitably selected parameters.
The analysis was carried out in the presence of bypass diodes as well as without them. In
order to check how the linear shading appearing on the surface of the PV module affects
its electrical parameters, a corresponding measurement experiment was carried out. One
of the PV installations located within the AGH University of Science and Technology
campus in Krakow (GPS: 50◦03′58.16′′ N, 19◦55′17.69′′ E) was used for this purpose. The
installation under consideration is located on the roof of a building and is partially shaded
by a lightning protection system. Using an EKO MP-170 photovoltaic module current–
voltage characteristic meter, the electrical parameters of a photovoltaic module made
with polycrystalline silicon technology were tested in the absence and presence of linear
shading. The module, with dimensions of 1654 × 989 mm, contains 60 series-connected
cells 156 × 156 mm in size, which are divided into 3 sections of 20 cells each using bypass
diodes. The nominal power of the module is 260 Wp. The vertical lightning conductors
have a diameter of 18 mm and a height of 3.5 m above the surface of the modules and are
located 36 cm south of their bottom edge. This geometrical arrangement results in a linear
shadow moving across the module surface. A view of the installation and the layout of the
analysed shading is shown in Figure 6.
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Figure 6. View of the installation (upper left) and the 3 systems of shading under consideration:
Shade No. 1 (upper right), Shade No. 2 (lower left), and Shade No. 3 (lower right).

Prior to the experiment, the module was thoroughly washed, and once the temperature
had stabilised, its I-V characteristics were measured, which were then taken as a reference.
The entire experiment lasted approximately 3 hours. For each measurement of the I-V
characteristics, the irradiance at the surface of the module and its temperature were also
measured. During the experiment, the irradiance varied between 799 and 893 W/m2, and
the module temperature varied between 44 and 52 ◦C. For the purpose of this article, four
cases of shading were selected for analysis:

1. No shade: The shade from the lightning conductor did not reach the module. This
measurement was taken as a reference.

2. Shade No. 1: The shade covered 3 cells per section.
3. Shade No. 2: The shade covered 10 cells per section.
4. Shade No. 3: The shade covered 12 cells per section.

Since the I-V characteristics were measured under different irradiance and temperature
conditions, they were transposed to STC conditions using the first method described in
IEC 60891:2021. The measured characteristics are shown in Figure 7, and the most important
electrical parameters are shown in Table 1.



Energies 2024, 17, 3546 11 of 26

Energies 2024, 17, x FOR PEER REVIEW 11 of 28 
 

 

799 and 893 W/m2, and the module temperature varied between 44 and 52 °C. For the 
purpose of this article, four cases of shading were selected for analysis: 
1. No shade: The shade from the lightning conductor did not reach the module. This 

measurement was taken as a reference. 
2. Shade No. 1: The shade covered 3 cells per section. 
3. Shade No. 2: The shade covered 10 cells per section. 
4. Shade No. 3: The shade covered 12 cells per section. 

Since the I-V characteristics were measured under different irradiance and 
temperature conditions, they were transposed to STC conditions using the first method 
described in IEC 60891:2021. The measured characteristics are shown in Figure 7, and the 
most important electrical parameters are shown in Table 1. 

 
Figure 7. I-V characteristics for different cases of shading. 

Table 1. Electrical performance of the module under different shading variants. 

Case 
Isc Voc Impp Vmpp Pmpp Pmpp Ver. Ref. 
(A) (V) (A) (V) (W) (%) 

No shade 9.53 37.11 8.71 29.31 255.21 - 
Shade No. 1 9.66 37.43 8.50 29.59 251.64 −1.40% 
Shade No. 2 9.47 36.82 8.18 29.29 239.47 −6.17% 
Shade No. 3 8.54 37.30 8.09 29.77 240.93 −5.60% 

2.2. Conclusions from the Experiment 
Even a seemingly small linear shading covering three cells (two significantly and 

one minimally) reduced the power generated by the module by 1.4%. A shadow covering 
more cells could reduce the power by more than 6%. It is important, however, to carefully 
analyse the geometry of this shade and its interaction with the individual cells in the 
module because, as the cases of Shade No. 2 and Shade No. 3 show, it was not only the 
number of cells covered by the shade that affected the power generated by the module 
but also their distribution in relation to the section as well as the degree of shading of 
these cells. The operation of the bypass diodes in the PV module was puzzling. In the 
case of Shade No. 1 and Shade No. 2, the layout of the shade on the module suggested the 

Figure 7. I-V characteristics for different cases of shading.

Table 1. Electrical performance of the module under different shading variants.

Case
Isc Voc Impp Vmpp Pmpp Pmpp Ver. Ref.

(A) (V) (A) (V) (W) (%)

No shade 9.53 37.11 8.71 29.31 255.21 -

Shade No. 1 9.66 37.43 8.50 29.59 251.64 −1.40%

Shade No. 2 9.47 36.82 8.18 29.29 239.47 −6.17%

Shade No. 3 8.54 37.30 8.09 29.77 240.93 −5.60%

2.2. Conclusions from the Experiment

Even a seemingly small linear shading covering three cells (two significantly and one
minimally) reduced the power generated by the module by 1.4%. A shadow covering
more cells could reduce the power by more than 6%. It is important, however, to carefully
analyse the geometry of this shade and its interaction with the individual cells in the
module because, as the cases of Shade No. 2 and Shade No. 3 show, it was not only the
number of cells covered by the shade that affected the power generated by the module
but also their distribution in relation to the section as well as the degree of shading of
these cells. The operation of the bypass diodes in the PV module was puzzling. In the
case of Shade No. 1 and Shade No. 2, the layout of the shade on the module suggested
the activation of only one bypass diode. This is reflected in the shape of the recorded
current–voltage characteristics. However, in the case of Shade No. 3, the shadow layout
suggests the activation of two bypass diodes, while the current–voltage characteristics
show that all three bypass diodes in the module were activated. This phenomenon requires
further research in the future through a series of measurement experiments and simulation
work in the MATLAB Simulik environment. Thanks to the mathematical model of shading
proposed in this article, it is possible to accurately simulate irradiance values individually
on each photovoltaic cell included in the module. These issues will be the subject of the
authors’ next article.
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3. Shade Modelling
3.1. Methodology

Sunlight does not fall from a single direction of the celestial sphere but from a certain
area of it (solid angle). This area is referred to as the solar disk and is the visible image of
the luminous sphere that is the Sun as a star, specifically its photosphere. The solar disk on
the celestial sphere is a circle whose angular diameter varies between 31′31′′ and 32′33′′

as a result of the varying distance between the Earth and the Sun, due to the ellipticity of
the Earth’s orbit. In these considerations, we focussed on direct radiation (i.e., from the
solar disc), as the degree of its obscuration would determine the degree of shading of a
given area of a photovoltaic surface. Since the analysed objects casting shade were quite
close on a cosmic scale, it was safe to assume that they did not reduce scattered or reflected
light. (An example of shading which does not meet this assumption is an eclipse of the
Sun by the Moon, since not only is direct radiation reduced but also diffuse and therefore
reflected radiation.) In these considerations, we treated the diffuse and reflected radiation
as constant values, independent of the degree of shading of the solar disc. Therefore, the
value of diffuse and reflected radiation had to be subtracted from the total radiation, and we
treated the shaded area as an area with zero radiation value and the completely unshaded
area as an area with full brightness which, for the purposes of analysing and modelling
shading, we treated as an illumination value with a dimensionless unit value. In order
to make such a model consistent with reality, the light component associated with the
reflected and diffuse light radiation had to ultimately be added to the areas illuminated by
the sun disc which were completely, partially, or fully shaded.

As already mentioned, the Sun in the sky is a disc and not a point, and its light may
reach a selected point on a surveyed surface from the whole surface of the solar disc or from
part of it, or it may not reach at all. If sunlight reaches the selected point from the whole
disc, then the point is fully illuminated, and the area is referred to as full light. If light
only reaches a point from part of the solar disc, then the point belongs to the penumbra
(semi-shadow) area. Places that are not illuminated at all by the Sun’s disc belong to the
umbra (shadow). The area which receives light from opposite parts of the Sun’s disc,
while the central part of the disc which is obscured is called the antumbra. If the Sun
were a point of light, then there would be no penumbra or antumbra area at all. In the
present discussion, we assume that the objects providing the shading are long, straight
objects with circular cross-sections. These objects represent antennas, power lines, and
other long and narrow structural elements which occasionally cast shading on the surfaces
of photovoltaic modules.

A diagram of the formation of the umbra, penumbra, and antumbra is shown in
Figure 8. In Figure 8, the solar disc is not marked as, geometrically, it is infinitely far away,
and the light rays coming from its specific points are parallel. However, the directions of
the Sun’s rays defining the boundaries of the individual shading elements are marked. This
figure shows a circular cross-section of a linear object creating shade.

The geometrical conditions for the formation of the umbra, penumbra, and antumbra
impose the way in which they are modelled. When the distance between the object and
the screen (in this discussion, the PV surface) is zero, only the umbra is present. When this
distance increases, however, the umbra narrows, and the penumbra expands, as shown in
Figure 8. At a sufficient distance, the umbra disappears, and only the penumbra remains.
When the distance between the object and the surface continues to increase, the penumbra
continues to expand, and the umbra is replaced by an antumbra, which also increases in
size. The intensity of sunlight decreases steadily along the profile of the penumbra in a
continuous manner from the area of full brightness to the penumbra-umbra boundary or
the penumbra-antumbra boundary. The umbra area will have a constant brightness of
zero, while in the antumbra area, the brightness changes in such a way that it is smallest at
its centre.
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screen is the PV module.

3.2. Mathematical Description of the Shading Phenomenon Originating from Sunlight

For the case of a perpendicular cross-section in the penumbra area at such a distance
that the umbra is also present, a diagram of the geometrical arrangement for the formation
of shade is shown in Figure 9.
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quantities d (rod diameter), l (distance of the object from the surface), and x (lateral distance from the
shade axis).

Geometrical analysis of this case leads to the derivation of a mathematical formula for
the brightness profile of the penumbra. This profile as well as the antumbra profile (for
larger distances l) can be expressed by Equations (1) and (3). Figure 10 shows the brightness
profiles for an object with a diameter d = 0.15 (in meters) and for different distances l.
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The analytical formula describing the brightness profile L(x,l,d) of the penumbra for
the case where the umbra is in the centre of the shaded area is described by Equation (1):

L(x, l, d) =
arccos(1 − k)+(k − 1)

√
2k − k2

π
(1)

where

k = 1 −
arctan

(
d−2|x|

2l

)
0.25
180 π

(2)

In the case of the antumbra, the brightness profile L(x,l,d) is expressed by Equation (3):

L(x, l, d) =
arccos(1 − k1)+(k1 − 1)

√
2k1 − k1

2

π
+

arccos(1 − k2)+(k2 − 1)
√

2k2 − k2
2

π
(3)

where

k1 = 1 −
arctan

(
d−2|x|

2l

)
0.25
180 π

(4)

and

k2 = 1 −
arctan

(
d+2|x|

2l

)
0.25
180 π

(5)

Examples of brightness profiles are shown in Figure 10.
In order to model the shading distribution on the PV module occurring due to the

presence of a linear object (rod) obscuring the module, the spatial orientations of the Sun,
the PV module, and the linear object need to be determined. Each of these orientations
can be described by two angles: the azimuth and angular height. The azimuth of the Sun
is defined as the angle in the horizontal plane calculated from the southern direction to
the centre of the solar disk to the east (negative) and to the west (positive). The altitude
for the Sun is defined as the angle in the vertical plane between the horizontal line and
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the direction pointing to the centre of the solar disc, which is positive when the Sun is
above the horizontal line and negative when it is below it. The azimuth and altitude of the
rod are also defined as the respective angles with respect to the horizontal plane. Finally,
the azimuth and elevation of the PV module plane are defined as follows. The azimuth
determines the angle by which the PV module should be rotated about the vertical axis
(Figure 11), assuming that the PV module is initially oriented horizontally, with its longer
sides pointing in the north-south direction. The altitude, in turn, determines at what angle
(after a previous horizontal rotation) the PV module should be tilted around an axis in the
PV plane and connected to the centres of the PV module’s longer sides (Figure 12).
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The mathematical formula for the matrix of rotation of the coordinate system about
any vector and at any angle should be used [52]. This matrix is expressed in Equation (6):

MVθ =


Vx

2+(Vy
2+Vz

2)cosθ

|V|2
VxVy(1−cosθ)

|V|2
− Vzsinθ

|V|
VxVz(1−cosθ)

|V|2
+

Vysinθ

|V|
VxVy(1−cosθ)

|V|2
+ Vzsinθ

|V|
Vy

2+(Vx
2+Vz

2)cosθ

|V|2
VyVz(1−cosθ)

|V|2
− Vxsinθ

|V|
VxVz(1−cosθ)

|V|2
− Vysinθ

|V|
VyVz(1−cosθ)

|V|2
+ Vxsinθ

|V|
Vz

2+(Vx
2+Vy

2)cosθ

|V|2

 (6)

In the above notation, rotation at an angle θ occurs around the vector V =
[
Vx Vy Vz

]T .
This matrix can be used to realise a compound of two rotations. The first rotation is

around the vector z = [0 0 1]T at an angle equal to the azimuth PV (i.e., φPV), while the
second rotation is around the vector x = [1 0 0]T at an angle equal to the PV height (i.e.,
θPV). These matrices are of the form in Equations (7) and (8):

Mz φPV =

cosφPV −sinφPV 0
sinφPV cosφPV 0

0 0 1

 (7)

MxθPV =

1 0 0
0 cosθPV sinθPV
0 −sinθPV cosθPV

 (8)

The azimuth and elevation relative to the PV plane can be calculated as shown
in Equation (9):

w = MxθPV Mz φPVv (9)

where v is the position vector of the Sun in the horizontal system. Using the spherical
system, the vector v can be expressed by the azimuth φs, height θs, and the distance to the
Sun R using Equation (10):

v = R

cosθssinφs
cosθscosφs

sinθs

 (10)

Similarly, the resultant vector w can be represented as shown in Equation (11) with the
new angles of the azimuth of the Sun relative to the PV φs,PV and elevation of the Sun rela-
tive to the PV θs,PV , with this being the PV plane that will be arbitrarily oriented with respect
to the horizon, as well as the distance to the Sun R. Of course, the distance to the Sun R in
the geometric sense is infinitely large, but it disappears in the final mathematical formulas:

w =

wx
wy
wz

 = R

cosθs,PVsinφs,PV
cosθs,PVcosφs,PV

sinθs,PV

 (11)

From the vector w, θs,PV and φs,PV can be calculated according to Equations (12) and (13):

θs,PV = asin(
wz

R
) (12)

φs,PV =

 acos
(

wy
Rcosθs,PV

)
, i f sin(φ s,PV) ≥ 0

−acos
(

wy
Rcosθs,PV

)
, i f sin(φ s,PV) < 0

(13)

Detailed analyses of these calculations are provided in the m-file source code (for the
MATLAB environment) with appropriate comments.

In a similar way, the azimuth and elevation of the rod with respect to the horizon can
be converted to the azimuth and elevation of the rod with respect to the PV plane.
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Based on mathematical considerations, the shade length of the rod g can be calculated:

g =

√
c2 + (d − d1)

2 (14)

where

c = d·cosβ·
tanθp,pv

tanθs,pv
(15)

d = l·cosθp,pv (16)

d1 = d·sinβ·
tanθp,pv

tanθs,pv
(17)

β =
π

2
− φs,pv + φp,pv (18)

φc,pv = φp,pv − δ (19)

δ =

π + atan
(

c
d−d1

)
, if d − d1 < 0

atan
(

c
d−d1

)
, if d − d1 ≥ 0

(20)

ε = atan(
tanθp,pv

sin δ
) (21)

th =
1

|sinε| (22)

Here, l is the rod length, ε is the angle formed by the plane defined by the rod and its
shadow with the PV plane, φp,pv is the azimuth of the rod in relation to the PV plane, θp,pv
is the rod height in relation to the PV plane, φs,pv is the azimuth of the Sun in relation to
the PV plane, θs,pv is the Sun’s altitude in relation to the PV plane, φc,pv is the azimuth of
the rod’s shadow in relation to the PV plane, and th is the thickness of the rod’s shadow
divided by the thickness of the rod.

This article is accompanied by three m-files (MATLAB files) in which the shading
model and coordinate system transformations were performed. In the shadow.m file,
a function is realised which calculates the degree of shading depending on the value
of the deviation from the shadow axis, the distance from the object casting the shadow,
and its diameter (Figure 9). The transformation.m file then shows the transition from
the horizontal layout to the layout associated with the plane of the PV module. The file
shadow_calculation.m allows the calculation of the parameters of the shadow, the Sun, and
the rod (the object casting the shadow in the layout related to the PV plane). Each of the
above files contains extensive comments explaining the calculations with references to the
relevant sections of this article.

4. Experimental Verification of the Shade Modelling Results on a PV Module

Measurements were made of the shade coming from a cylinder positioned vertically on
a horizontal plane. A diagram of the location of the cylinder casting the shade is shown in
Figure 13, and an actual view of the experimental stand is shown in Figure 14. Illumination
measurements were made with a precision light meter sensor recording the light intensity,
fitted with a 4 mm-wide linear aperture. The illumination profile was measured in a line
perpendicular to the shadow line. The position of the sensor was determined using a digital
ruler with a resolution of 0.01 mm. The results in the form of measurement points marked
with blue asterisks are shown in Figure 15. The red line in this figure indicates the shading
profile according to the model, while the green graph is a filtered red graph using a sliding
window of 4 mm, which corresponds to the illumination recorded by the sensor. Thus, it is
reasonable to compare the measured data with the red graph as well as the green graph, as
can be seen in Figure 15.
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Figure 15. Normalised brightness distribution according to measurements, model, and model after
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The measured data from the experiment are shown in Table 2.

Table 2. Measurement data.

Measured Data Normalised Data
Original Model Moving

Window ModelDistance (mm) Irradiation
(W/m2)

Normalised
Distance (mm)

Normalised
Brightness

10.25 194 −74.2500 1.0000 1.000 1.000

17.99 194 −66.5100 1.0000 1.000 1.000

25.07 192 −59.4300 0.9890 0.995 0.967

29.76 135 −54.7400 0.6740 0.612 0.608

30.97 106 −53.5300 0.5138 0.475 0.476

31.8 77 −52.7000 0.3536 0.381 0.386

33.31 56 −51.1900 0.2376 0.219 0.230

34.03 31 −50.4700 0.0994 0.150 0.168

36.36 16 −48.1400 0.0166 0.005 0.034

62.79 13 −21.7100 0.0000 0.000 0.000

102.95 12 18.4500 −0.0055 0.000 0.000

108.57 13 24.0700 0.0000 0.000 0.000

113.87 12 29.3700 −0.0055 0.000 0.000

131.37 13 46.8700 0.0000 0.000 0.006

134.01 23 49.5100 0.0552 0.071 0.099

135.08 38 50.5800 0.1381 0.161 0.177

136.36 63 51.8600 0.2762 0.289 0.297

138.99 107 54.4900 0.5193 0.584 0.581

139.34 146 54.8400 0.7348 0.623 0.619

140.23 165 55.7300 0.8398 0.720 0.713

141.98 184 57.4800 0.9448 0.889 0.867

154.21 194 69.7100 1.0000 1.000 1.000
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For the purposes of mathematical modelling, the shadow was assumed to have a
brightness of zero, and the full illumination had a brightness of unity. Scaling equations
(Equations (23) and (24)) were used:

Normalised distance = Distance − 84.5 (23)

Normalised brightness = (Brightness − 13)/181 (24)

where 84.5 (mm) is the measured shadow centre, 13 (W/m2) is the measured value of the
light flux, taken as the value corresponding to the shadow (diffuse and reflected radiation
alone), 181 (W/m2) is the maximum measured value of luminous flux, considered as no
shading (full light).

Although the minimum irradiance obtained from the measured data was 12 W/m2,
the value of 13 W/m2 was considered to be more reliable as a minimum value, and it was
taken to mean full shade (umbra).

Figures 16 and 17 graphically show the residuals and differences between the mea-
sured data and both the brightness profile model (original model) and the modified bright-
ness profile model (moving window model). Figure 16 shows the residuals and differences
for the normalised raw measurement results in relation to the results obtained by applying
the developed model.
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The graph in Figure 17, on the other hand, shows the residuals and deviations for the
normalised raw measurement results in relation to the results obtained from the model
developed and then processed by the moving window model. The aim was to obtain data
more similar to the measurements taken with a 4 mm-wide slit (window).

As the graphical comparison of the two relationships did not give clear results regard-
ing the quality of each model, a statistical verification was carried out to test their quality,
determining the degree of fit to the measurement data obtained with the results calculated
in the model and those processed by the moving window model’s formula. The analysis
was performed for normalised data. The following parameters were calculated:

• Pearson’s linear correlation coefficient r tells us about the strength and direction of
the relationship between variables. A coefficient value of one indicates a perfect
linear relationship.

• The determination coefficient R2 measures the proportion of variation in the explana-
tory variable, which is explained by the linear effect of the explanatory variable.
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• The convergence coefficient
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The results obtained are shown in Table 3.

Table 3. Results of the analysis of the model’s fit to the measurement data.

Calculated Value Symbol Original Model Moving Window Model

Correlation coefficient r 0.994303 0.999627

Determination coefficient R2 0.988638 0.986691

Convergence coefficient
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0.011362 0.013309

Fitting coefficient d 0.991351 0.992360

In the case under consideration, due to standardisation, the relative error could not be
calculated, as the values occurring in the denominator took on a value of zero, making the
calculation impossible.

The results show that the model represented the measured data quite well (r = 0.09943,
R2 = 0.9886). When the data were processed in the moving window model (MWM), the fit
parameters decreased slightly (r = 0.994303, R2 = 0.988638). However, the fitting coefficient
d, which is sensitive to the maximum deviation of the results and the model, increased,
which was due to the “smoothing of the original model” by the MWM operation. On
the basis of the results obtained, it can be concluded that it was quite well developed,
and it was likely that the minimum discrepancies created were much more influenced by
measurement errors than by the model not fitting.

5. Uncertainty and Measurement Error

Measurement uncertainty is a parameter associated with a measurement result, charac-
terising the dispersion of values that can be reasonably attributed to the measured quantity
(“uncertainty” is always a number).

Measurement uncertainty depends on many potential sources of influence, including
the following:

a. Incomplete definition of the measured quantity;
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b. Imperfections in the technical characteristics of the instrument (hysteresis, spread of
indications, or specified resolution);

c. Imperfect realisation of the measured quantity;
d. Non-representative measurements, the results of which may not represent the mea-

sured quantity;
e. Incomplete knowledge of the influence of external conditions on the measurement

procedure;
f. Subjective observer errors in reading analog instrument indications (parallax error);
g. Limited resolution or threshold sensitivity of the instrument;
h. Inaccurately known values assigned to standards and reference materials;
i. Inaccurately known values of constants and other parameters obtained from external

sources and used in data processing procedures;
j. Simplifying approximations and assumptions used in measurement methods

and procedures.

This section focuses on the analysis of measurement errors resulting from the accuracy
of measuring devices. The limiting error values, the minimum error, and the maximum
error for the measured quantities analysed in this article are expressed by the formula

∆x = (
δx
100

x +
δR
100

R +
δn
n

x)

where δ is the instrument class, R is the instrument’s measurement range, and x is the
measured value.

Below is an analysis of the measurement errors for the experimental verification of the
PV panel shading model.

The absolute maximum errors of the light intensity measurements (E) were found for
an instrument class δ of ±2.5, instrument measurement range R of 1999 W/m2, z, correction
factor resulting from the use of a linear aperture z, and measured light intensity x of Emin
= 12 W/m2 and Emax = 194 W/m2. The errors were as follows. The minimum error was
±10.12 W/m2, and the maximum error was ±15.13 W/m2.

The absolute maximum errors of the sensor position measurements x were found for
an instrument class δ of ±0.05, instrument measurement range R of 600 mm, and measured
sensor position x of xmin = ±34.03 mm and xmax = ±154.21 mm. The errors were as follows.
The minimum error was ±0.1319 mm, and the maximum error was ±0.2970 mm.

The absolute maximum errors of the current–voltage characteristics, temperature, and
irradiation measurements for the experiment from Section 2 follow. The absolute voltage
measurement error U was found for an instrument class δ of ±1.0, instrument measurement
range R of 100 V, and measured voltage x of Umin = 0.00 V and Umax = 37.43 V. The errors
were as follows. The minimum error was ±1.000 V, and the maximum error was ±1.378 V.

The absolute current measurement error I was found for an instrument class δ of ±1.0,
instrument measurement range R of 10.0 A, and measured current x of Imin 0.00 A and Imax
9.66 A. The errors were as follows. The minimum error was ±0.1000 A, and the maximum
error was ±0.2626 A.

The absolute temperature measurement error T was found for an instrument class δ of
±1.5, instrument measurement range R of 100 ◦C, and measured PV module temperature
x of Tmin = 44 ◦C and Tmax = 52 ◦C. The errors were as follows. The minimum error was
±1.444 ◦C, and the maximum error was ±1.525 ◦C.

The absolute irradiation measurement error Ee was found for an instrument class of
δ ±1.5, instrument measurement range R of 1500 W/m2, and measured irradiation x of
Eemin = 799 W/m2 and Eemax = 893 W/m2. The errors were as follows. The minimum error
was ±34.53 W/m2, and the maximum error was ±35.95 W/m2.

6. Summary

This article presents the problem of partial shading of PV panels by long and thin
objects, such as power lines. As a result of the falling shadow and penumbra from a
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particular linear object, individual PV cells receive weaker irradiance compared with
those that are completely unshaded. This results in a decrease in the amount of electricity
generated. Due to the design of PV panels, this is much greater than can be accounted
for by a reduction in the overall or summary irradiance per PV panel. With such a simple
measurement experiment, it was shown that even a shadow from a thin lightning rod can
reduce the power output of a PV module by approximately 6%. A mathematical model of
the umbra, penumbra, and antumbra shadow brightness profile was developed. For the
developed model, source code was prepared for calculations in the MATLAB environment,
simulating the appearance of the umbra, penumbra, and antumbra at any orientation
and distance from the object casting shade on the PV panel’s surface. The orientation
of the PV panel itself and the position of the Sun in the sky in this model can also be
arbitrary. An experiment verifying the developed mathematical model was presented,
together with statistical treatment of its results. When comparing the experiment with the
model, the diffuse component of the illumination was filtered out, focusing on the direct
illumination coming from the solar disc. Due to the high location of the test site and the lack
of high albedo elements, the reflected radiation component was assumed to be zero. Since
the measuring device collected (measured) light from a certain photosensitive surface, a
modification of the shading model was introduced by filtering the brightness profile of the
original model through a sliding window with the width of the light-collecting area of the
measuring device used. Such a modified model was also compared with experimental data,
as was the original model. The results of the comparison indicate that the mathematical
model adopted, both original and modified, proved to be valid.

7. Conclusions

The umbra, penumbra, and antumbra brightness profile models proposed in this
paper reflect the actual distribution of direct radiation intensity on a PV module’s surface
shaded by linear structural elements quite well.

The original model explained the measurement data to an exceptionally high degree,
obtaining a quite high R2 determination coefficient of over 0.9986.

The moving window model, by “smoothing” the results, achieved a higher degree
of fit (d = 0.992360) which was sensitive to the maximum deviations, in spite of a lower
degree of explanation of the measurements (compatibility of the measurements with the
model), where R2 = 0.9867.

For the measurement devices used, the absolute error increased with the measured
value. However, due to the wide range of measured data, the relative errors were quite
large for small measured values.

In order to model the actual shading distribution for the linear elements on the surface
of the PV module, it is necessary to use accurate data on the intensity of solar radiation
(direct, diffuse, and reflected), the position of the Sun in the sky, as well as the orientation
of the PV module and the position and orientation of the shading element.

Measurements of the irradiance distribution on the shaded PV module should be
carried out over as short a period of time as possible so that the Sun does not change its
position relative to the PV module surface and the irradiance conditions do not change due
to meteorological conditions.

The drop in PV module efficiency during shading with thin linear objects is much
greater than would be implied by the ratio of irradiance and the area of the shaded and
unshaded parts of the PV panel (i.e., the PV module’s efficiency is not proportional to the
inverse of its shading (the size of the module illumination)).

The mathematical model proposed in this article allows precise calculation of the
shadows (taking into account the umbra, penumbra, and antumbra) created by thin linear
objects on an arbitrary oriented plane. By replacing the plane with a photovoltaic module
having an arbitrary array of photovoltaic cells (understood as rectangles or squares), it
becomes possible to calculate the shadow and, consequently, the irradiance separately on
each photovoltaic cell. When knowing the location and geometry of the PV installation, it is
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possible to predict the shadow and its effect on the current–voltage characteristics before a
shadow occurs. This will allow, for example, automatic reconfiguration of the connection of
photovoltaic modules before they stop working under MPP conditions, as is the case with
current algorithms. This is a quite significant novelty of our research compared with other
studies reported thus far in leading energy journals. Such a precise analysis is necessary
due to the relatively small dimensions of shadows caused by linear objects in relation to
the module’s surface but not in relation to the surface area of a single cell.

The qualitative and quantitative assessment of the phenomenon of shading by linear
structural elements and cable networks is the subject of further research by the authors.
These are based on accurate measurements of the current–voltage characteristics of PV
modules as a function of different types of shading. In addition, the authors are developing
a model for the energy balance of a PV cell as a function of partial shading, which will be
presented in the next article.
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