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Abstract

This paper investigates the impact of permanent magnet (PM) displacement and flux barrier
extension on cogging torque in flux-intensifying permanent magnet-assisted synchronous
reluctance machines (FI-PMa-SynRMs) with surface-inset PMs. Unlike prior work centred
on average torque, torque ripple, or inductance, we focus on cogging torque, a key driver of
noise and vibration. Four rotor configurations are evaluated via finite element analysis of
~20,000 designs per configuration generated during NSGA-II multi-objective optimisation.
To avoid bias from near-duplicate designs, we introduce Euclidean distance-based medoid
filtering, which enforces a minimum separation of models within each configuration. The
cross-configuration similarity is measured by Euclidean distance over common design
variables. Results show that PM displacement alone does not substantially reduce cogging
torque, while flux barrier extension alone yields reductions of up to ~25%. Combining
PM displacement with flux barrier extension achieves up to a ~30% reduction in cogging
torque, often maintaining average torque and lowering torque ripple. This study provides
a comparative framework for mitigating cogging torque in FI-PMa-SynRMs and clarifies
the trade-offs revealed by similarity-based analyses.

Keywords: cogging torque; synchronous reluctance; similarity metrics

1. Introduction

Driven by the rapid adoption of electric vehicles, the number of electric motors
reaching their end-of-life (EOL) stage is set to rise markedly in the coming years [1]. In
parallel, machines are required to satisfy ever-stricter expectations from policymakers and
environmentally conscious consumers, in line with circular economy (CE) principles [2].
The European Environment Agency (EEA) emphasises that reuse, remanufacture, and
recycling should be designed into products from the outset and that new processes must
account for future access to rare earth elements (REEs) [3,4]. The remanufacture of electric
machines aims to extend service life and, as a core CE strategy, prioritises non-destructive
disassembly, the refurbishment of components, and the reuse of intact parts. Unlike basic
refurbishment, remanufacturing targets the same quality standard as a newly manufactured
product [5]. The global recycling rate of REE-based materials remains below 3% [6]. A major
barrier is the challenging disassembly of interior permanent magnet (PM) machines, where
PMs are adhesively bonded into the rotor stack. Novel rotor topologies with inset PMs
placed along the circumference offer a route to facilitate disassembly [7]. Technologies that
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enable the recovery and reuse of REEs from electrical machines are particularly important
for countries without domestic REE deposits [8]. A complementary research direction
pursues ferrite PMs, which are more widely available; however, their lower magnetic
performance relative to neodymium-based PMs necessitates improved machine topologies.

Permanent magnet-assisted synchronous reluctance machines (PMa-SynRMs) using
ferrite PMs can provide a cost-effective and environmentally favourable alternative to
other permanent magnet synchronous machines (PMSMs) [4,9], as demonstrated by the
SYRNEMO and TELL projects in small electric vehicles [10-12]. A notable variant is the
flux-intensifying PMa-SynRM (FI-PMa-SynRM), in which the PMs are inset on the rotor
surface along the d-axis rather than embedded in g-axis flux barriers; the reluctance torque
remains the dominant component over the magnetic torque. This motor type has been
shown to deliver high output torque and low torque ripple while requiring only a limited
amount of PM material, thereby reducing the risk of irreversible demagnetisation [7,13,14].

An FI-PMa-SynRM with surface-inset PMs can deliver substantial torque with limited
PM volume. The study reported in [13] investigated (i) the displacement of the magnet flux
barrier (MFB; Figure 1), (ii) the extension of the MFB, and (iii) PM displacement with MFB
extension. The results indicated that extending the MFB, i.e., making the MFB wider than
the PM, together with a counter-clockwise PM shift, has little effect on average torque over
extension angles ranging from —5° to 5° (1° increments), whereas the torque ripple spans
5% to 30%, implying high sensitivity.

Figure 1. One-fourth of the investigated FI-PMa-SynRM with surface-inset PMs. Abbreviations:
PM—permanent magnet; MFB—magnet flux barrier; CFB—cut-off flux barrier; [FB—internal flux barrier.

Nevertheless, cogging-torque variation was not the focus of [13], nor of studies cen-
tred on average torque measurement [14], field weakening analysis [15], or inductance
calculation [16]. Accordingly, this paper examines how PM displacement and the presence
of air barriers adjacent to the PMs—arising from MFB extension—affect the cogging torque
in an FI-PMa-SynRM.

Specific combination of PM displacement can reduce cogging torque, even without
cut-off (CFBs) and internal (IFBs) flux barriers by exploiting different repeating units in the
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absence of an extended MFB [17]. Introducing MFB extension and bidirectional shifting can
further reduce torque ripple [18]; however, cogging torque has not been treated separately,
despite its role in noise and vibration. Alternative mitigation strategies include rotor
skewing [19], slot-opening optimisation [20], and PM-edge slotting /shaping [21-23].

This work investigates four rotor configurations of the same FI-PMa-SynRM: (A)
no PM displacement and no MFB extension, (B) no PM displacement with MFB exten-
sion, (C) PM displacement without MFB extension, and (D) PM displacement with MFB
extension. Comparisons are based on the NSGA-II optimisation histories, comprising
~20,000 finite element analysis (FEA) cases per configuration. Similarity across configura-
tions is defined via the Euclidean distance over the shared design variables, and within
a configuration, near-duplicates are removed using a Euclidean distance-based medoid
filtering step to avoid biased comparisons.

Section 2 contains descriptions of the models and means of comparison, including
data refining, while Section 3 summarises the results and deductions. Section 4 contains
the conclusion of this investigation.

2. Methodology

A two-dimensional finite element cross-sectional simulation is performed for a three-
phase, star-connected, 0.7 kW FI-PMa-SynRM (Figure 1). The prototype is a downscaled
design intended for nominal values of 48 V and 60 A, with particular emphasis on cogging
torque. The machine has eight poles and twelve slots with possible unidirectional (counter-
clockwise) PM displacement. In such a case, two poles with symmetric boundary conditions
are used throughout, corresponding to one-quarter of the 44 mm diameter rotor. The stator
is identical across all configurations and is therefore omitted from the figures; it has
concentrated windings, an 86.5 mm stator diameter, a 40 mm stack length, and a 1 mm air
gap, as shown in Figure 1. Parametric finite element models and torque calculations are
automated using py2FEMM [24], a Python 3.10 interface for the Finite Element Method
Magnetics solver [25]. To evaluate the average torque and torque ripple, the current
condition was set at 30 A/mm?, which represents the peak current and is an exceptional
condition inherited from a previous study [7]. However, this does not affect the outcome
of the present study, as the results are based on relative torque comparisons under the
same current condition. Furthermore, the present investigation emphasises cogging torque,
which is not affected by the load condition. The geometry of the models is presented later
on in this section. The material properties are based on laboratory measurements [26]
of the remanufactured machine’s stator steel and the Fe-6.5 wt%S5i alloy intended for the
3D-printed rotor. The torque output is evaluated over one period (0° to 15°) with a 1°
resolution.

The dataset analysed in this paper comprises the NSGA-II optimisation histories
for four rotor configurations (cases A-D) of the above-described machine, each with
approximately 20,000 candidate designs, obtained as part of a previous investigation [7].
That study examined the optimisation process and robustness of FI-PMa-SynRM designs
employing surface-inset PMs with both bidirectional and unidirectional PM displacement.
Variations in rotor dimensions were evaluated for their impact on average torque, torque
ripple, and cogging torque using the Taguchi method in relation to an optimal design. The
optimal design was obtained via NSGA-II and selected with the SPOTIS and TOPSIS multi-
criteria decision-making methods. The selection of an optimal machine is not the aim of the
present investigation; for selection, see [7]. To investigate sensitivity, geometric and angular
design variables had resolutions of 0.01 mm and 0.01°, respectively. The results indicated
that comparable torque can be achieved with less PM volume when PM displacement and
air barriers are employed and that the design is less sensitive to assembly-induced PM
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displacement than to steel laser-cutting tolerances. However, because air gaps adjacent
to the PMs were not isolated as independent variables and the sample size was smaller,
those conclusions were primarily robustness-oriented [7]. The present work isolates and
compares the effects of unidirectional PM displacement and the presence of air barriers
adjacent to the PMs and quantifies their impact on the torque components. The following
sections provide detailed descriptions of the considered rotor configurations.

2.1. Models for Comparison

The design variables and their optimisation ranges are summarised in Table 1 for
case A, case B, case C, and case D. The Opt. Range (optimisation range) column contains
the range that the variables actually take during the NSGA-II optimisation. The Opt. Range
of the design variable (X5, X € [A,B,C, D] which is the height of the IFB) is 0.15 mm
higher than the Set Range. The Set Range is the preliminarily set optimisation range. This
difference is only possible because the geometric feasibility constraints may overwrite the
population of a generation. Still, this deviation does not cause any feasibility problems at
the torque, geometrical, or manufacturing level.

Table 1. Design variables and their range for the investigated models, where Set Range is the
preliminarily set optimisation range and Opt. Range is the range that the variables actually take
during the NSGA-II optimisation. PM—permanent magnet; MFB—magnet flux barrier; CFB—cut-off
flux barrier; IFB—internal flux barrier.

Variables Meaning Set Range Opt. Range
A1, B1,C1, Dy Opening angle of CFB 15-25 deg 15-25 deg
Ay, By, Cy, Dy Included angle of CFB 60-140 deg 75.2-140 deg
Asz, B3, C3, D3 Distance between the CFB and IFB 0.5-4 mm 0.5-3.75 mm
Ay, By, C4, Dy Width of the rib at IFB 0-1 mm 0-1 mm
As, Bs, Cs, Ds Height of IFB 0.5-4 mm 0.5-4.15 mm
Ag, Bg, Cg, Dg Distance between the PM and IFB 0.5-1 mm 0.51-0.82 mm
Ay, By, Cy, Dy Height of the PM 1.5-2 mm 1.51-1.99 mm
Ag, Bg, Cg, Dg  Width of the PM 10-15 deg 10-15 deg

By, D1g Width of MFB 10-18 deg 11.05-18 deg
Co, Dy Shifting angle of PM (and MFB) 0-8 deg 0-7.81 deg

2.1.1. Case A Without PM Displacement and Without MFB Extension

FI-PMa-SynRM case A (Figure 2) serves as the baseline for the subsequent rotor
configurations. In this case, there is no PM shifting and no MFB extension; consequently,
no air barrier is present adjacent to the inset PMs, consistent with [7,13-16]. The design
variables are summarised in Table 1. Figure 3 shows the normalised distribution of the
design-variable values, where the x-axis is the normalised range (0 denotes the lower bound
and 1 is the upper bound) and the y-axis is the frequency of occurrence in the optimisation
history. The NSGA-II optimisation tends to push the CFB opening angle (A;) and the CFB
included angle (A;) towards the upper ends of their ranges, whereas the IFB rib width
(A4), the PM-IFB distance (Ag), and the PM height concentrate near the lower ends of
their ranges. In the following cases, the presence of additional design variables may alter
these distributions.
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Figure 2. Design variables of case A.
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Figure 3. Distribution of the design variables based on the NSGA-II optimisation history of case A.

2.1.2. Case B Without PM Shifting but with MFB Extension

Case B (Figure 4) extends case A by introducing design variable By, i.e., the width
of the MFB, which enables an air barrier adjacent to the inset PMs. Increasing Bg beyond
the PM width creates two narrow air barriers flanking each PM along the MFB (not to
be confused with the machine air gap). When By is not introduced—as in case A—the
MFB width coincides with the PM width, the PM side faces are bounded by steel, and
no lateral air barrier exists; all other rotor features remain identical. Figure 5 shows the
normalised distribution of the design variables: on the x-axis, 0 denotes the lower bound
and 1 is the upper bound of each variable; the y-axis gives the frequency of occurrence
in the optimisation history. Relative to case A, there are no material differences in the
shared variables (X;-X7 (X € {A, B})). The presence of the air barrier primarily affects the
PM width (Ag vs. Bg): in case B, the PM width concentrates near the upper bound of its
optimisation range. The implications for torque are discussed in Section 3.
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Figure 4. Design variables of case B.
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Figure 5. Distribution of the design variables based on the NSGA-II optimisation history of case B.

2.1.3. Case C with PM Shifting but Without MFB Extension

Case C (Figure 6) extends case A by introducing design variable Cy, which represents
the PM shifting angle. As in case A, the MFB width equals the PM width, so no lateral
air barrier forms next to the inset PMs. Unlike case A—where the PM is centred—here,
the PM is shifted unidirectionally (counter-clockwise) by Cg with respect to the d-axis,
introducing local pole asymmetry; all other rotor features are identical to case A. Figure 7
shows the normalised distribution of the design variables: on the x-axis, 0 denotes the
lower bound and 1 is the upper bound; the y-axis indicates the frequency of occurrence
in the optimisation history. Relative to Case A, there are no material differences in most
variables, except for the CFB opening angle (C1), which shifts markedly towards the upper
bound. The implications for torque are discussed in Section 3.
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Figure 6. Design variables of case C.
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Figure 7. Distribution of the design variables based on the NSGA-II optimisation history of case C.

2.1.4. Case D with PM and MFB Shifting Plus with MFB Extension
Case D (Figure 8) extends case C by introducing design variable Dy, i.e., the width of

the MFB, which creates lateral air barriers adjacent to the inset PMs (not to be confused with

the machine air gap). Together with the PM shifting angle (Dy), this topology combines PM

displacement with an extended MFB: when Dy # 0, the two air barriers have equal widths
because the PM is shifted with the MFB; if Dg = 0, the air barriers are symmetric about the
d-axis. Figure 9 shows the normalised distribution of the design variables: on the x-axis, 0

denotes the lower bound and 1 is the upper bound; the y-axis indicates the frequency of

occurrence in the optimisation history.
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Figure 8. Design variables of case D.
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Figure 9. Distribution of the design variables based on the NSGA-II optimisation history of case D.

As all NSGA-II runs were initialised with the same random seed, differences relative
to case A reflect the influence of two additional degrees of freedom (Dg and Dyy), so shifts
in the shared variables (X;—Xg) cannot be uniquely attributed to a single factor. Relative
to case C, only one new degree of freedom is added (Dyg): the distributions are broadly
similar, with the PM shifting angle (Dy) tending towards lower values, consistent with
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the reduced free width introduced by the extended MFB. The implications for torque are
discussed in Section 3.

2.2. Data Processing and Similarity Metrics

The NSGA-II optimisation history stores torque-related outputs in two files per model:
(i) loaded runs yielding average torque and torque ripple and (ii) zero-current runs for
cogging-torque evaluation, which require separate FEA simulations. Therefore, the first
consolidation step is to join these results. Missing data must be handled explicitly: for some
models, the average torque is available while the cogging torque run fails (e.g., due to a
timeout) and vice versa. The outcome is a single, consolidated optimisation-history dataset,
as outlined in the process diagrams of Figures 10 and 11. For cross-case comparison, direct
one-to-one matching of items between cases A-D by raw design variables is not guaranteed
because NSGA-II selection and mutation do not ensure identical designs across runs. Thus,
a similarity metric is introduced over the shared design variables to enable meaningful
pairing and aggregation. In this work, the baseline metric is the normalised Euclidean
distance, i.e.,

M _\?

X — %
Axk ’

IENDY
keS
where § is the set of shared variables and Ax is the optimisation-range width of variable k.
Advantages and limitations of alternative metrics are summarised in Table 2. As cosine
similarity is effective for textual data, the Manhattan distance is suited for grid-based
movements and Jaccard similarity targets binary or categorical data; none of these align
with the aim of this study. Minkowski distance reduces to the Manhattan distance for p =1
and Euclidean distance for p = 2 but becomes less interpretable for non-standard p values.
Mahalanobis distance accounts for feature correlations but requires the estimation of the
covariance matrix, which can be computationally costly. Random Forest similarity likewise
entails substantial computational overhead due to model training. Considering these
trade-offs, we adopt an Euclidean distance-based similarity for the present investigation.

OPTIMISATION - EUCLIDEAN IilLJS?I'II-\Il\DIEﬁN o o CALCULATE
HISTORY DISTANCE MEDOID
MATRIX

i
FILTER FOR
TORQUE

CALCULATE
FIRST
CLASTER

DELETE
CLASTER
MEMBERS

MAX SECOND CALCULATE
TORQUE [« : CLASTER [ MEDOID [«
DIFFERENCE MEMBERS CLASTER

FIRST
CLASTER
MEMBERS

TORQUE MEDOID
DIFFERENCES LIST

Figure 10. Process chart for similarity matrix-based filtering.
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Figure 11. Process chart for similarity matrix-based comparison.

Element-wise comparisons between case A and case B (or other cases), filtered by an
Euclidean distance-based similarity, can be used to present torque differences. However,
if models within a case are not first filtered to enforce dissimilarity, the results may be
distorted. To ensure that models in case A (and in other cases) are mutually dissimilar, we
introduce a filtering step that yields a dataset in which all models are at least ¢; apart in
Euclidean distance. A filtering algorithm was developed to enforce non-similarity, inspired
by clustering methods such as K-Medoids [27] and DBSCAN [28]. The objectives are (i) for
no pair of models to be closer than ¢ in Euclidean distance and (ii) for each cluster to be
represented by its medoid to minimise information loss.

K-Medoids is a partitioning technique that selects the most centrally located object
(the medoid) as the cluster representative, rather than the mean as in K-Means. This makes
it less sensitive to noise and outliers and often yields better spatial clustering quality than
K-Means. However, K-Medoids is computationally demanding [27], and its primary input
is the number of clusters (k) rather than a minimum separation threshold. In contrast,
DBSCAN identifies clusters as high-density regions separated by sparser areas using two
inputs: the neighbourhood radius (€) and the minimum number of points minPts [28]
DBSCAN, however, does not provide medoids.

Because K-Medoids is computationally intensive and does not directly enforce a
minimum pairwise distance and DBSCAN does not yield medoids, we developed the
following procedure (illustrated in Figures 10 and 11) to ensure that models within a case
are not similar. Any two models closer than t; in Euclidean distance are deemed similar.

In-case filtering subprocess (Figure 10). Starting from the optimisation history of
case A, we construct the pairwise Euclidean distance matrix as

Dij = ||lxi — xjl[2,

where x; denotes the design-variable vector of model i. To initialise the first cluster, the
algorithm selects the last computed model of the NSGA-II run (denoted m;), i.e., the last
column of D. Owing to NSGA-II elitism, models computed later are more likely to be
closer to the Pareto front; prioritising them helps retain information about non-dominated
solutions. If no models lie within £ r of m;, then m; is appended to the medoid list. Otherwise,
a cluster is formed from all models within ¢ of m;, its medoid is computed and appended
to the medoid list and all cluster members are removed. Subsequently, any remaining
models within ¢ of the chosen medoid are also removed. For each cluster, we compute
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quality measures—maximum differences in average torque, torque ripple, and cogging
torque—between each member and the medoid. The subprocess iterates until no models
remain and is repeated for multiple ¢, values to enable selection of the best threshold
according to the quality metric.

Table 2. Comparison of similarity metrics: working principles, advantages, and disadvantages.

Method Working Principle  Advantages Disadvantages Usage
Calc.uiat?s Simple to understand Sensitive to feature Adaptive P
straight-iine and implement; scaling and aptive Pareto
. distance between - ! - . . algorithm
Euclidean fwo points in computationally high-dimensional optimisation [29]
Distance  porn efficient; works well for ~ data. It may not prms b
n-dimensional . . fault diagnosis [30],
continuous numerical capture complex -
space, called the L2 . . and clustering [31]
norm data. relationships.
Measures the S)izflfi}e?t,?f)lrant; Ignores magnitude
. cosine of the angle . . . & nagn Fault diagnosis [32]
Cosine between two high-dimensional, information; can be and kevword
Similarity . sparse data like text; misleading with 4
vectors; it focuses . . extraction [33]
on orientation captures semantic negative values.
’ similarity.
The distance . . Poor at capturing Used in fault
between two Computationally simple, diagonal diagnosis [34] and
vectors equals the effective with & . nosIS 1-
Manhattan . ) relationships; excitation current
: L1 norm of their categorical/sparse data, I
Distance - . . assumes all prediction for
difference, i.e., and optimal for R
Ix =yl = grid-based movements features are equally  reactive power
1% — vil " important. compensation [35]
i1Xi — Yil-
Shares the same Same limitations: Detection of
Dissimilarit unsuitable for hotspots in thermal
Jaccard y strengths as Jaccard p
Distance defined as similgrit for sparse continuous imaging [36] and
1—-J(A,B). binar dzta parse, features; only exact ~ CAN bus attack
y ’ matches. detection [37]
Generalized . .
distance metric Fle'X}ble framework that  Choice of p can be Applied in acoustic
defined as unifies several norms challenging and sional
Minkowski lx—ylpy = (eg,p=1- may reduce re(%cri)1 nition [38] and
Distance " 4 1/ Manhattan, p =2 — interpretability for & S
Y —yh)E, . ! demagnetisation
( hlfl i y}.: Euclidean); tunable for non-standard fault diagnosis [39]
where p is the specific applications. values. &
order parameter.
Distance that Requires reliable
accounts for Incorporates feature z(s)t\;z:;irl)cli Applied to fault
variable correlations and scale; sensitive t(; small diagnosis of electric
Mahalanobis ~correlations via the  effective for camples and motors using
Distance covariance matrix:  multivariate outlier mulgcollinearit ) uniaxial
dm(x,y) = detection and anomaly can be Vi acceleration
Ty-1 ing. . i 4
}EZ) Z_ (2), scorng computationally signals [40]
where z = (x-y). costly.
Computationally
intensive for large
Similarity between  Captures complex datasets and
Random samples defined by = non-linear relationships, dependent on the Applied to early
Forest their co-occurrence  robust to noise and training of a fault detection in
Similarity in leaf nodes across  missing data, and random forest semiconductor

trees of a trained
random forest.

naturally leverages
ensemble learning.

model; similarity is
model-specific and
may lack
interpretability.

manufacturing [41]

The resulting dataset records for each tested ¢/ include the following: the number
of medoids; the mean and maximum of maximum differences in average torque, torque
ripple, and cogging torque (relative to each cluster’s medoid) over all clusters; and the
indices of the medoids. This ensures that, within any case, all retained models are at least
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tr apart in Euclidean distance. The ¢ threshold is selected per case based on these quality
metrics (see Section 3), and the resulting medoids are then passed to the comparison stage.

Comparison subprocess (Figure 11). Ensuring that the Euclidean distance between
any models in two cases is at least ¢, thereby ensuring similarity, a comparison subprocess
is used. The Euclidean distances between two models of the two cases are determined
based on similar design variables, ensuring comparability and isolating the effect of the
design variable, which is only present in one of the two cases being compared.

This approach enables the possibility of more than one model from case B being similar
to case A, despite two models in one case not being similar to each other. An example
in Equations (1) to (3) shows the possibility in lower dimensions. In the equations, X, y,
and z denote design variables, where x represents the height of the IFB, y represents the
width of the PM, and z represents the width of the MFB. A; and A; denote the i" and jth
models in case A. The Euclidean distance between two models of case A (d44) is ensured
by setting the filtering subprocess to be lower than the ¢ threshold, similar to case B of
Equation (2). In the comparison process, case A and case B can only be compared based on
their similar design variables, i.e., x and y. In the case of Equation (3), design variable z is
neglected, which makes it possible that B; and B; are similar in the x and y dimensions but
differ in the X, y, and z dimensions. Therefore, B; and Bj may be both similar to A; in the x
and y dimensions. For the purpose of this paper, this is not a limitation but a plus, as the
variation in the isolated design variable provides additional information.

dap = \/(XA]‘ —xi) + (Yaj — Yai) < tfa (1)
dpp = \/(xB]‘ - xBi) + (]/Bj - ygi) + (sz — ZBi) < th )
dBA = \/(xBi - xAi) + (]/Bi — ]/Az') < t; (3)

Table 1 highlights the fact that the different design variables are measured in different
units. To address this comparability issue of varying measurement units, all design vari-
ables were normalised to a range of 0 to 1 using Equation (4). One example of the similarity
matrix is presented in Table 3.

(xi,j — Ximin)

Xscaled,ij = ( where i € [X;1..X,]; X €[A,B,C,D]; je[0.m] (4

Ximax — xi,min)

Table 3. Filtered similarity matrix based on the Euclidean distance between case A and case B.

0 1 2 4 ... 20,032 20,036 20,047 20,050

1 0.740 0.647 1.079 1587 ... 1.037 1.188 0.984 1.055

2 0764 0926 1071 1.102 ... 0.611 0.668 0.782 0.986

3 0720 1.084 0849 1.260 ... 1.066 1.328 0.708 0.973

4 0992 1.180 1288 1.118 ... 1.034 1.178 0.853 1.366

5 1275 1498 0891 1.130 ... 1.787 1.984 1.486 1.684
18,093 0.686 0953 0939 1531 ... 0.871 1.172 0.379 0.709
18,094 0.891 1.094 1.146 1480 ... 0.462 0.484 0.946 0.643
18,100 0.595 0.885 0.894 1.605 ... 0.844 1.017 0.750 0.168
18,103 1.147 1.437 1428 1431 ... 0.446 0.167 1.213 1.084

18,104 0.834 1159 1104 1382 ... 0.764 1.012 0.474 0.879
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Once all the distances between the models are determined, a minimum acceptable
distance (¢.) is defined. If the actual distance is lower than or equal to t., the models are
deemed similar. For this investigation, t. = 0.05 was chosen, as it promotes similarity in
the manufacturing tolerance range. Plus, t. = 0.05 ensures a comparison where there is no
design-variable collision in the comparison of case C and case D, as shown in Figure 12a,b.
The presented comparison is between the Cg (width of the PM) and Dy (width of the MFB),
meaning if t. = 0.06, as shown in Figure 12a, the difference between the inset PM and its
place in the rotor can be negative, so the PM does not fit into its place, which is a violation
of feasibility. At t. = 0.05, as shown in Figure 12b, this is not the case. In the case of other
comparisons between case A and case B or between case A and case C, there is no variable
collision observable at £, = 0.05 in this dataset.

10 10
I case D - case C (t.=0.06) [ case D - case C (t.=0.05)
8 8
g 6 g 6
= c
[} [
3 3
g g
T 4 T 4
2 2
1 1
—0.15 0.00 0.25 0.50 0.75 1.00 —0.15 0.00 0.25 0.50 0.75 1.00
The width of the air gap next to the magnet [deg] The width of the air gap next to the magnet [deg]

(a) (b)

Figure 12. Design-variable collision at (a) f. = 0.06 and a feasible comparison at (b) {, = 0.05 between
Cg (width of the PM) and Dy (width of the MFB).

As mentioned beforehand, the precision of the design variables in the NSGA-II op-
timisation is 0.01, which is below the reasonable manufacturing tolerance range for the
investigated design variables but enables similarity in the manufacturing tolerance range.
One possible difference between the models at . = 0.05 is summarised in Table 4 for
each design variable converted to its original unit, where the maximum difference occurs
when all parameters have identical values except for one. The last column highlights
the differences in the design variables of the two compared models, given the specified
Euclidean distance weights.

As the differences are sufficiently small, the effects of the similar design variables can
be neglected, allowing the comparison to effectively highlight the differences in torque
related to the air barrier adjacent to the PMs and PM displacement. The comparisons of
average torque, torque ripple, and cogging torque between cases A and B, cases A and C,
cases C and D, and cases A and D, plus the width of the air gap between cases A and B
and cased C and D, were conducted with a similar methodology. First, given an objective
function such as the cogging torque for two cases, all model pairs were subtracted from
each other in a similar matrix format, as in the Euclidean similarity matrix, referred to
as the difference matrix. This makes it possible to filter the Euclidean similarity matrix
for model pairs where the distance (.) is lower than or equal to ¢, = 0.05 and list out all
(row (1), column (c)) pairs. The rc pairs are used to filter the difference matrix and list out
all results. Checking of the air barrier next to the PMs follows a similar methodology, as
shown in Figure 11, but with the corresponding design variables. In summary, a one-to-one
comparison is not possible based on the NSGA-II optimisation history; nonetheless, the
models differ only by one design variable and have the same optimisation ranges. One
potential solution is a similarity matrix-based comparison, as described in this section.



Energies 2025, 18, 5492

14 of 26

Table 4. The maximum difference that can occur for a design variable if the Euclidean distance
between two models is less than 0.05, where Eucl. Dist. Weight refers to the Euclidean distance
weight, which represents the possible element-wise distance between the two models. The precision
of the optimisation is reported to two decimal places.

Variables Maximum Difference Eucl. Dist. Weight Difference
A1, By, Cy, Dy 0.5 deg 0.06 £0.17 deg
Ay, By, Co, Dy 3.24 deg 0.001 £0.05 deg
A3z, B3, C3, D3 0.16 mm 0.013 £0.06 mm
Ay, By, C4, Dy 0.05 mm 0.014 £0.09 mm
As, Bs, Cs, D5 0.18 mm 0.019 £0.04 mm
A, Bs, Cs, Dg 0.04 mm 0.02 £0.01 mm
Ay, By, C7, Dy 0.02 mm 0.033 £0.01 mm
Ag, Bg, Cg, Dg 0.25 mm 0.016 £0.08 mm

By, D1g 0.35 deg - -
Cy, Dy 0.39 deg - -

3. Results and Discussion
3.1. Comparison of Case A and Case B

The first step in the comparison is to determine the value of the in-case filtering
threshold (f¢), which can be calculated using the result of the filtering subprocess presented
in Figures 13 and 14. The optimal filtering threshold is chosen using the in-cluster torque
differences as quality measures. In the whole dataset of case A, the average torque ranges
from 665.6 mNm to 2043.5 mNm, the torque ripple ranges from 14.18% to 131.8%, and the
cogging torque ranges from 18.13 mNm to 21.87 mNm. At the t;4 = 0.07 threshold, the
in-cluster average torque difference is 37.204 mNm, its maximal outlier is 173.617 mNm, the
in-cluster torque ripple difference is 3.293%, its maximal outlier is 19.054%, the in-cluster
cogging torque difference is 0.359 mNm, and its maximal outlier is 1.500 mNm. The dataset
is reduced to 7029 models. Considering that this paper focuses on cogging torque, this
difference is acceptable.
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Figure 13. The results of the filtering subprocess for case A representing the number of medoid
designs and normalised torque differences against different threshold values.

In the whole dataset of case B, the average torque ranges from 593.5 mNm to
2013.8 mNm, the torque ripple ranges from 2.9% to 158.9%, and the cogging torque ranges
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from 13.38 mNm to 22.20 mNm. At the ¢ = 0.07 threshold, the in-cluster average torque
difference is 32.666 mNm, its maximal outlier is 153.387 mNm, the in-cluster torque ripple
difference is 2.965%, and its maximal outlier is 23.717%. The in-cluster cogging torque
difference is 0.353 mNm, with a maximal outlier of 2.090 mNm. The dataset is reduced
to 9495 models. Considering that this paper focuses on cogging torque, this difference is
acceptable.

o S —e— Medoids 05
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Threshold

Figure 14. The results of the filtering subprocess for case B, representing the number of medoid
designs and normalised torque differences against different threshold values.

In terms of average torque comparison (shown in Figure 15a) and torque ripple
comparison (shown in Figure 15b), there is no clear conclusion as to whether the presence
of the isolated design variable in similar models decreases or increases the torque values.
The figures present the sorted torque differences and the comparison indexes. On the other
hand, in terms of cogging torque (shown in Figure 16a), the presence of a 0.5- to 4-degree
gap (shown in Figure 16b) between the surface-inset PM and the rotor steel body decreases
itby 0 to —5.7 mNm in 70.7% of all the similar models.
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Index of differences [-] Index of differences [-]

(a) (b)

Figure 15. Differences in (a) average torque and (b) torque ripple between case A and case B.

In the comparison of case A—with no PM displacement or air barriers next to the
PMs—and case B—with no PM displacement and air barriers next to the PMs—a 0 mNm
to £300 mNm difference can be seen in the average torque (shown in Figure 15a) with
54.5% and 45.5% distributions. In terms of torque ripple (shown in Figure 15b), a 0% to
—25% difference with 53.7% proportion and a 0% to 45% difference with 46.3% is present
in the comparison. In conclusion, the presence of air barriers next to the PMs does not
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improve or diminish the average torque and torque ripple in an explicit way. However, the
cogging torque (shown in Figure 16a) is decreased between 0 mNm and —5.7 mNm with
a proportion of 70.7% against only a 0 mNm to 2.4 mNm possible torque increase with a
proportion of 29.3%. The results suggest that the presence of air barriers adjacent to the
PMs, without PM displacement, tends to reduce the cogging torque in most cases.
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Index of differences [-] The width of the gap next to the magnet [deg]
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Figure 16. Differences in (a) cogging torque and (b) the width of the air barrier next to the PM
between case A and case B.

3.2. Comparison of Case A and Case C

In the whole dataset of case C, the average torque ranges from 693.1 mNm to
2253.2 mNm, the torque ripple ranges from 8.3% to 128.1%, and the cogging torque ranged
from 18.02 mNm to 22.04 mNm. At the t¢c = 0.05 threshold (Figure 17), the in-cluster
average torque difference is 26.523 mNm, its maximal outlier is 146.656 mNm, the in-cluster
torque ripple difference is 2.036%, its maximal outlier is 22.872%, the in-cluster cogging
torque difference is 0.382 mNm, and its maximal outlier is 2.340 mNm. The dataset is
reduced to 13,835 models. Considering that this paper focuses on cogging torque, this
difference is acceptable.
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Figure 17. The results of the filtering subprocess for case C, representing the number of medoid
designs and normalised torque differences against different threshold values.

In the comparison of case A—with no PM displacement or air barriers next to the
PMs—and case C—with PM displacement and no air barriers next to the PMs—a significant
0 mNm to —700 mNm difference can be seen in the average torque (shown in Figure 18a),
with a 70.3% proportion, considering the outliers. In terms of torque ripple (shown in
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Figure 18b), a significant 0% to —35% difference with a 77.5% proportion is present in the
comparison. In conclusion, the presence of PM displacement improves the torque ripple
but diminishes the average torque. However, the cogging torque (shown in Figure 19a)
tends to increase between 0 mNm and 2.1 mNm with a proportion of 62.1%.

e AVG (case C - case A) 29.7% 40 o RIP (case C - case A)
170

" 22.5%

20

% @ o

—200 10

—400

—-600

Average torque difference [mNm]
e
Torque ripple difference [%]

70.3% “30 77.5%

0 50 100 150 200 250 300 0 50 100 150 200 250 300
Index of differences [-] Index of differences [-]

@) (b)

Figure 18. Differences in (a) average torque and (b) torque ripple between case A and case C.
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Figure 19. Differences in (a) cogging torque (b) and angle of PM shift between case A and case C.

3.3. Comparison of Case C and Case D

In the whole dataset of case D, the average torque ranges from 932.2 mNm to
2184.9 mNm, the torque ripple ranges from 3.96% to 122.3%, and the cogging torque
ranges from 12.99 mNm to 22.18 mNm. At the t;p = 0.07 threshold (Figure 20), the in-
cluster average torque difference is 26.307 mNm, its maximal outlier is 129.031 mNm, the
in-cluster torque ripple difference is 2.012%, its maximal outlier is 13.374%, the in-cluster
cogging torque difference is 2.702 mNm, and its maximal outlier is 8.583 mNm. The dataset
is reduced to 13,433 models.

In terms of cogging torque, the average of the maximal differences relative to the
medoid is higher than in the previous cases, which is in line with the findings of an earlier
study [7]. From there, the results of the sensitivity analysis showed that, in unidirectional
PM displacement with air barriers, the width of the PM, the width of the MFB, the shifting
angle of the PM, and the shifting angle of the MFB have the most significant effect on
the cogging torque. Thus, by introducing all these design variables, there is a possibility
that, in addition to the near-exact similarity between D; and D, the in-threshold differ-
ence between D7 and Dy could significantly affect the cogging torque, suggesting high
sensitivity.
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Figure 20. The results of the filtering subprocess for case D, representing the number of medoid
designs and normalised torque differences against different threshold values.

In the comparison of case C—with PM displacement and no air barriers next to the
PMs—and case D—with PM displacement and air barriers next to the PMs—the only
difference between the design variables, i.e., rotor configurations, is the presence of an air
barrier, as both contain PM displacement. Therefore, the results are similar in nature to the
comparison of case A with case B. A difference of approximately 0 mNm to =100 mNm
difference can be seen in the average torque (shown in Figure 21a) with 62.5% and 37.5%
distributions. In terms of torque ripple (shown in Figure 21b), a a 0% to —15% difference
with a 41.1% proportion and a 0% to 10% difference with a 58.9% proportion are present in
the comparison. However, the cogging torque (shown in Figure 22a) is decreased between
0 mNm and —6.9 mNm with a proportion of 67.9% against only 0 mNm to a 2.1 mNm
possible cogging torque increase with a proportion of 32.1%. The results suggest that the
presence of air barriers adjacent to the PMs, with PM displacement, also tends to reduce
the cogging torque significantly in most cases.
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Figure 21. Differences in (a) average torque and (b) torque ripple between case C and case D.

3.4. Comparison of Case A and Case D

As a combined effect of both PM displacement and air barriers, the comparison of
case A and case D shows that, generally, a significant torque-ripple reduction (shown in
Figure 23b) can be achieved in a range between 0% and —58% with a proportion of 82.3%
of all similar cases. Similarly, a 0 mNm to —7.8 mNm reduction in cogging torque (shown
in Figure 24a) is possible in 79.6% of all similar cases. While reducing torque ripple and
cogging torque is desirable, it also comes with the disadvantage of reducing average torque
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output (shown in Figure 23a) in a range between 0 mNm and —382 mNm (ignoring the
outlier) at 62.3% of all similar cases.
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Figure 22. Differences in (a) cogging torque and (b) the width of the air barrier next to the PM
between case C and case D.
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Figure 23. Differences in (a) average torque and (b) torque ripple between case A and case D.
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Figure 24. Differences in (a) cogging torque and (b) angle of PM displacement, plus the width of the
air barrier next to the PM, between case A and case D.

The results show that introducing only unidirectional displacement for all PMs simul-
taneously (case C), relative to the base configuration (case A), does not reduce cogging
torque in most comparable cases; however, when air barriers are also introduced (case D),
both torque ripple and cogging torque are reduced, while the average torque is possibly
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maintained. In the following one particular model (X1: 20°, X2: 13°, X3: 0.5 mm, X4:
0.5 mm, X5: 3 mm, X6: 1 mm, X7: 1.5 mm, X8: 15°, B9: 17° (X € [A, B])) is presented
as an example to show the peak cogging-torque reduction with MFB extension, which is
a significant 20%. The mechanism leading to the reduction is depicted in Figure 25a,b,
which show the tangential stress component (Equation (5)) of the Maxwell stress tensor in
a polar coordinate system of a cylindrical rotor, where pg = 47w10~7 [H/m] is the vacuum
permeability, B, [T] is the radial component of magnetic flux density pointing radially
across the air gap, and B; [T] is the tangential component of magnetic flux density pointing
along the circumference of the rotor in the air gap.
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Figure 25. Comparison between one particular model of case A and case B of the tangential stress
along the rotor circumference (a) at the rotor position, which corresponds to zero cogging torque, and
(b) at the rotor position, which corresponds to maximal cogging torque.
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If the PMs are aligned with the teeth, then the sum of the tangential stress is zero
(Figure 25a), which means that the acting forces are purely radial. The sum of the tangential
stress becomes non-zero (Figure 25b) when the main flux is asymmetrically distributed,
leading to cogging torque. The main flux links the rotor PM and stator teeth across the
air gap of the machine. We assume a positive reference direction, so the direction of the
rotation is counter-clockwise, which is the direction spanning from 90° to 0° from the
position on the rotor circumference axis. The flux density is highest near the edges of the teeth;
thus, the tangential stress is also highest near the edges of the teeth. Positive tangential
stress contributes positively to torque in the chosen rotation direction, while negative
tangential stress corresponds to a torque opposing the intended rotation. The tangential
forces acting upon the teeth are calculated by Equations (6)—(9), where r [m] is the air-gap
radius, assuming that the air gap is constant; [ [m] is the axial length of the rotor stack,
assuming that there is no rotor variation along the shaft; and 0 [rad] is the angular width of
the teeth.
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Figure 26a,b compare the absolute values of different forces acting upon the teeth of the
investigated model at rotor positions ranging from 0° to 7.5°, which is half of one cogging
torque period. The T1 tooth is the first tooth in counter-clockwise rotation, which T2 follows
at PM1. The T3 and T4 teeth are connected to PM2 (Figures 27a and 28a). The T1 and T3
teeth exert a force acting in the direction opposite to the rotation, while T2 and T4 act in the
direction of the rotation. T1 does not contribute to the cogging torque; the cumulative force
of T4 and T2 acts against T3. In case B, where the MFB extension is present, the main flux is
higher, leading to higher tangential forces, as well as steeper curves.
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Figure 26. Comparison between one particular model of case A and case B of the forces acting upon
the teeth of the machine. (a) case A; (b) case B.
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Figure 27. The flux distribution of (a) case A and (b) case B, highlighting the effect of MFB extension
on flux lines, where the blue circle corresponds to leakage flux and the purple circle corresponds to
the main flux connecting to T4 tooth.
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Figure 28. The flux distribution of (a) case A and (b) case B, highlighting the effect of MFB extension
on flux lines, where the blue circle corresponds to leakage flux and the purple circle corresponds to
the main flux connecting to tooth T2.

The effect of steeper curves is shown in Figure 29a,b—namely, the absolute values
of the cumulative forces acting in the direction of rotation (T4 + T2) and in the opposite
direction (T3 + T1). In case B, where the MFB extension is present, the forces in either
direction are higher; however, the area between the two curves, i.e., the difference between
the forces, is smaller, which leads to lower cogging torque.

The magnetic flux naturally takes the path of least reluctance through the steel instead
of air. Figures 27a,b and 28a,b show that the leakage flux, which loops back to the PM
through nearby air paths or rotor steel without coupling with stator teeth, is significantly
reduced in the presence of MFB extension, resulting in a higher main flux. Thus, introducing
the MFB extension and an air barrier next to the PM increases the reluctance in the direction
of the rotor, forcing connection with the teeth. The effect is similar in the comparison of
case C and case D, where PM displacement is present.

The mechanism underlying the 20% cogging-torque reduction (Figure 30a) in the case
of the example model is the modification of the reluctance path with MFB extension. The
MFB extension leads to lower leakage flux, resulting in a higher main flux. The change in
the flux density leads to tangential stress, which generates tangential forces in such a way
that the resulting tangential forces (Figure 30b) are lower; nevertheless, the tangential force
components acting upon each tooth are higher, leading to lower cogging torque in case B.
The mechanism is similar in the comparison of case C and case D.

12 — T4+ T2
- T34+ TL el

=
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Figure 29. Comparison between one particular model of case A and case B of the forces acting in the
direction of rotation or the opposing direction. (a) case A; (b) case B.
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Figure 30. Comparison between one particular model of case A and case B. (a) Cogging torque,
highlighting the effect of MFB extension; (b) resulting tangential forces affecting the two poles of
the model.

4. Conclusions

This study presents a comparative analysis of four flux-intensifying permanent
magnet-assisted synchronous reluctance rotor configurations. The objective is to isolate
the effects of (i) permanent magnet (PM) displacement, (ii) air barriers adjacent to the inset
magnets, and (iii) their combination on torque components—primarily cogging torque. The
dataset for each configuration is the NSGA-II optimisation history. Although element-wise
cross-configuration comparisons based on Euclidean similarity can be informative, they can
be biased if near-duplicate models are present within a configuration. To mitigate this, we
introduce Euclidean distance-based medoid filtering, which ensures any two retained mod-
els in a configuration are at least { ¢ apart. Filtering quality is evaluated using the maximum
and mean of the maximum differences in average torque, torque ripple, and cogging torque
between cluster members and their medoid. The results indicate that PM displacement
alone does not consistently reduce cogging torque; while it markedly lowers torque ripple,
it also tends to decrease average torque—an undesirable trade-off. Introducing air barriers
alone clearly reduces cogging torque, with mixed effects on average torque and torque
ripple. Combining PM displacement with air barriers yields simultaneous reductions in
torque ripple and cogging torque. In several configurations, the average torque can be
maintained. However, when comparing similar models across configurations, this often
comes at the cost of a moderate reduction in average torque. Finally, the leveraging of
in-case similarity to identify robust designs emerges as a promising direction for future
work.
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Abbreviations

The following abbreviations are used in this manuscript:

EOL End of Life

CE Circular Economy

EEA European Environmental Agency

REE Rare Earth Element

PM Permanent Magnet

PMa-SynRM Permanent Magnet-Assisted Synchronous Reluctance Machine
PMSM Permanent Magnet Synchronous Machine

FI-PMa-SynRM Flux-Intensifying Permanent Magnet-Assisted Synchronous Reluctance

Machine
MFB Magnet Flux Barrier
CFB Cut-off Flux Barrier
IFB Internal Flux Barrier
FEA Finite Element Analysis
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