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Abstract

With the increasing penetration of distributed energy resources (DERs) in distribution
networks, voltage stability issues are becoming increasingly prominent, making the ac-
curate characterization of the system’s security boundaries crucial. Traditional methods,
such as the Continuation Power Flow (CPF) method, suffer from limitations, such as low
efficiency and poor convergence when calculating high-dimensional feasible regions. This
paper proposes a fast characterization method for the distribution network feasible region
based on the Holomorphic Embedding Method (HEM). Firstly, the embedding approaches
for the holomorphic embedding model at different types of nodes are presented, and the
recursive relations for solving the power series coefficients are derived, noting that the
model’s initial solution corresponds to the power flow solution of the system. Secondly, a
distributed generator power injection space is introduced, and a holomorphic embedding
model oriented towards limit violation point tracking is constructed. This model can
efficiently characterize the operational feasible region of active distribution networks and
quantify the hosting capacity and integration boundaries for DERs. Finally, case studies on
the IEEE 33-node distribution system are conducted. Simulation results demonstrate that
the proposed method effectively characterizes the security-constrained operational feasible
region of active distribution networks, exhibits significant engineering practicality, and
achieves markedly improved computational efficiency compared to the traditional CPF
method. The method provides an important theoretical foundation and a practical tool for
the planning and operation of active distribution networks.

Keywords: holomorphic embedding method; distribution network; distributed generation;
limit violation point tracking; operational feasible region

1. Introduction

With the ongoing advancement of new power system construction, particularly un-
der the national strategic backdrop of “carbon peak and carbon neutrality”, distributed
renewable energy sources, such as wind and solar PV, are being widely integrated into
distribution systems [1-3]. The high penetration of distributed generation (DG) has altered
the structure and operational characteristics of traditional distribution networks. This
shift is transforming the originally top-down, unidirectional, centralized supply paradigm
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into a new energy supply mode characterized by distributed generation, multi-energy
complementarity, and bidirectional power flows [4,5]. However, distributed renewable en-
ergy exhibits inherent intermittency and randomness. Its unstable output and difficulty in
prediction pose unprecedented challenges to the voltage stability and operational reliability
of distribution networks [6,7]. Consequently, how to rapidly and accurately calculate the
distributed energy hosting capacity of active distribution networks has become a focal and
challenging issue in both current distribution system research and engineering practice.

In characterizing the operational feasible region and limit violation points, the clas-
sical Continuation Power Flow (CPF) method has long been employed to trace the max-
imum loadability point and PV curves, identify voltage collapse boundaries, and thus
provide a practical tool for determining the feasible region boundary [8]. However, for
high-dimensional scenarios with multiple access points, the iterative-based CPF method
encounters bottlenecks in convergence and computational efficiency, particularly per-
forming inadequately in constructing feasible regions that require traversal in multiple
directions [9-11]. In response, researchers have recently proposed several alternative or
improved methods to enhance robustness and efficiency, including optimization-based
complementarity constraints for boundary determination and geometric approaches for
feasible region characterization [12,13]. Furthermore, data-driven robust optimization
methods have been developed to handle high-dimensional uncertainties. For instance,
Liang et al. [14] proposed a pair convex hull uncertainty set with adjustable conservative-
ness and a quad-level optimization model for hybrid microgrids, which effectively reduces
computational complexity while maintaining robustness against correlated renewable en-
ergy sources. These advancements provide valuable insights for the rapid and accurate
characterization of high-dimensional operational feasible regions.

On the other hand, since its introduction in 2012 by Spanish scholar Antonio Trias,
the Holomorphic Embedding Method (HEM) has rapidly gained significant attention in
the field of power flow calculation due to its non-iterative nature, global convergence, and
computational stability. Grounded in complex analysis theory, this method embeds the
originally nonlinear power flow problem into a holomorphic function space with respect
to a complex-valued embedding factor. It solves for nodal voltages by constructing recur-
sive relationships for power series coefficients [15,16]. Compared to traditional iterative
methods like the Newton-Raphson method, HEM not only effectively avoids issues such as
initial value dependency but also demonstrates superior computational efficiency in the
operational analysis of systems with high-penetration distributed generation. Subsequently,
HEM has been extended and applied to distribution network scenarios, including modeling
for three-phase unbalanced systems and ZIP loads [17], as well as interval or stochastic
extensions to enhance its adaptability to the uncertainties inherent in real-world distributed
resource integration [18,19]. Therefore, introducing the holomorphic embedding method
into the characterization of the feasible region for active distribution networks can provide
accurate and fast operational boundary delineation, thereby enhancing their security and
stability. This approach possesses not only strong theoretical innovation and cutting-edge
value but also demonstrates good applicability and promotion potential in practice.

The characterization of the operational feasible region remains subject to several
critical challenges, which define the primary research gaps addressed in this work:

(1) Computational Efficiency and High-Dimensional Bottleneck: Traditional CPF meth-
ods and their variants incur prohibitive computational costs when traversing multi-
directional scenarios in high-dimensional DG injection spaces, rendering them imprac-
tical for online analysis and rapid decision-making in active distribution networks.

(2) Heuristic and Suboptimal Boundary Identification: Optimization-based geometric
approaches for feasible region construction often depend on heuristic search strate-
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gies, which may fail to guarantee convergence to the globally optimal and tightest
security boundary.

(3) Lack of a Comprehensive HEM-Based Characterization Framework: While the
HEM has proven efficient and reliable in power flow analysis and has been ap-
plied to hosting capacity assessment [18,19], its potential for systematically tracking
multi-directional limit violation points and comprehensively characterizing high-
dimensional operational feasible regions remains largely underdeveloped, lacking an
integrated and dedicated framework.

To bridge these gaps, this paper proposes a holistic HEM-based methodology for
characterizing the operational feasible region of active distribution networks. The main
contributions are summarized as follows:

(1) We introduce tailored holomorphic embedding models for different node types to
enable precise limit violation point tracking and derive the corresponding recursive
relations for solving the power series coefficients.

(2) We develop a systematic methodology for operational feasible region characterization
by constructing a DG power injection space, enabling visual and intuitive representa-
tion of the security boundaries.

(3) We validate the proposed framework using the IEEE 33-node distribution system,
demonstrating its accuracy in power flow computation and its effectiveness in identi-
fying voltage limit violation points.

The remainder of this paper is structured as follows: Section 2 introduces the fun-
damental theory of holomorphic functions and power series. Section 3 constructs the
holomorphic embedding model for limit violation point tracking. Section 4 elaborates on
the initial solution acquisition of the HEM model. Section 5 derives the recursive relations
and details the solution procedure. Section 6 presents the methodology for operational
feasible region characterization. Section 7 validates the accuracy and efficiency of the
method via case studies on the IEEE 33-node system. Finally, Section 8 concludes the paper
and outlines future research directions.

2. Holomorphic Functions and Their Power Series

Let a complex function z(«x) be defined in a neighborhood of a point « in the complex
plane. If the limit

_z(wo + Ax) —z(a)
Alol(IEO Aa M
exists, then z(«) is said to be complex differentiable at a. If z(«) is complex differentiable at
every point in a domain D, then z(«) is said to be holomorphic (also called analytic) in D.

An important property of holomorphic functions is that they can be represented by a
Taylor series expansion within their domain of analyticity. Suppose z(«) is holomorphic
and analytic inside and on a circle C centered at a9. Then z(«) can be expressed as a Taylor

series about ag:

z(a) = i@z[n] (¢ —ap)",a CC ()

If ap = 0 lies within the domain of analyticity, the Taylor series is also referred to as a
Maclaurin series, and z(«) can be written as:

z(a) = i z[n|a",a C C 3)
n=0
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3. Construction of the Holomorphic Embedding Model for Limit
Violation Point Tracking

For a distribution system, the holomorphic embedding model is constructed based
on the power balance equations for PQ and PV nodes, along with the voltage magnitude
constraints for PV and slack nodes. Consider a multi-node system comprising one slack
node, along with several PQ and PV nodes. For node i, the following equations hold:

N S*
Yie Vi = Vfl*,l € PQ 4)
k=1 i
Vi = Vl.Sp,i € slack (5)
Vil=V¥,iepPv 6)
N
P;=Re|V;} YV ),ie PV (7)
k=1

Here, Equation (4) represents the power balance equation for a PQ node, where Y
is the element (i, k) of the nodal admittance matrix, S; and V; denote the complex power
injection and voltage at node i, respectively. Equations (5) and (6) specify the voltage
magnitude constraints for the slack node and PV nodes, respectively, with V¥ representing
the specified voltage value. Equation (7) is the power balance equation for a PV node,
where P; signifies the active power injection at node i.

To incorporate the integration of DG into the model, an appropriate method is required
to embed the holomorphic factor into Equations (4)—(7). The following holomorphic
embedding model effectively represents the integration of distributed generation:

N S¥ +aASF .
Y YiVi(a) = .

———,1€P
k=1 Vi (a*) <
Vi(a) = Vl.Sp,i € slack
spl? . 8)
Vi(a) V() = ‘Vi ”‘ i€ PV
N P —jQi(a) + a(AP; — jAQ;)

,i€ PV

& Tde) VW)

In this formulation, S; represents the complex power injection at PQ nodes, and P;
denotes the active power injection at PV nodes. The terms AS;, AP;, and AQ; correspond to
the base values of complex power, active power, and reactive power injected by distributed
generation at node i, respectively. These base values can be freely specified.

The terms V;(x) and Q;(«) represent the embedded forms of the nodal voltage and
reactive power injection, respectively. They are holomorphic functions of the embedding
factor « and can be expanded as Maclaurin series in terms of «, where the coefficients V[n]
are complex numbers and Q[#] are real numbers:

Via) = i Vn]a" )
n=0

V*(a*) = i V*[n]a" (10)
n=0

Q(a) = ¥ Qlnla” a
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Substituting Equations (9)-(11) into the holomorphic embedding model facilitates the
subsequent acquisition of the initial solution and enables the derivation of the recursive
relations required for solving the power series coefficients.

4. Initial Solution of the Holomorphic Embedding Model

By setting « = 0 in the holomorphic embedding model given by Equation (8), the
equations for obtaining the initial solution of the holomorphic embedding model are
derived as follows:

N S*
Y Vi[0] = —1=,i € PQ (12)
= Vi [0]
Vi[0] = V.7,i € slack (13)
* sp 2 .
Vi[0]-Vi*[0] = |V;"| ,i € PV (14)
N .
' _ bBi—jQilo] .
k; Y Vi[0] = "V ,i €PV (15)

The solution to Equations (12)—(15) yields the nodal voltages and the reactive power
injections at PV nodes under the given load level, which constitutes the base power flow
solution of the system during normal operation. Solving this system power flow provides
the initial solution for the holomorphic embedding model. Substituting this initial solution
into the subsequently derived recursive relations enables the determination of higher-order
coefficients in the power series expansions for voltage and reactive power.

5. Recursive Relations of the Model and Solution Procedure

For the holomorphic embedding model to hold for any value of the embedding factor
«, the coefficients of the power series in & on both sides of the equation must be equal. To
determine these coefficients, the reciprocal of the voltage function in the model is expressed
as another power series, W(«). The relationship between W(a) and V(«) is given by:

W(a) = (16)

To compute the coefficients of the power series W(«), both sides of Equation (16) are
multiplied by V(«). Expanding both functions as power series yields:

(W[0] + W[1]a + W[2Ja? 4 ---)-(V[0] + V[1]a + V[2]a® +---) =1 (17)

The product of two power series corresponds to the convolution of their coefficients
of the same order. By equating the coefficients of like powers of « on both sides of Equation
(17), the following recursive relation between W(n) and V(n) is obtained:
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Wio] = Vl[o]
WILV[0] + WIO]V[1] =0
i = -0V

[
(18)
wia = - WOV 2L+ W
Y WKV - K
Win] = — =0 7T > 1

Substituting Equation (16) into the holomorphic embedding model and expanding the
involved terms into their power series representations, we proceed as follows. For a PQ
node, by equating the coefficients of like powers of a on both sides of the equation when
n > 1, the following recursive relation is derived:

N
Y YiVi[n] = S; Wi [n] + AS; Wi [n — 1] (19)
Moving the first term from the right-hand side to the left-hand side of the equation yields:

N
Y YiVi[n] — SW[n] = AS;W; [n —1] (20)

Similarly, for the slack node, when n > 0, the following relation is obtained:
Vi[n] =0 (21)

For the power balance equation of a PV node, when n > 1, equating the coefficients yields:

N
Y YaViln] = BW; [n] + (AP; — jAQ;) W [n — 1] —]2 Qi[k]W} [n — k] (22)
k=1

The terms involving the initial solution on the right-hand side are transposed to the
left-hand side. The reorganized recursive relations are as follow5'

N
Y YiVi[n] — PBW [n] + jQi[n]W; 0] + jQi[0]W; [n] = (AP; — jAQ;) W [n — 1] —JZ QK] — K] (23)

k=1
The relationship between W and V is given by:

n—1
W0V [n] + V[0O]W[n] = =) Wk]V[n —k],n > 1 (24)
k=1
The relationship between V and V* is:
Vi[0]V*[n] + Vi[n ZV KVin—k,n>1 (25)

Expanding into real and imaginary parts yields:

Vire [O}Vi-re [l’l] + Viim [0} zzm =5 2 Vilk V* n —kj,n=1 (26)
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Equations (20), (21), (23), (24) and (26) collectively form the complete set of recursive
relations for calculating the power series coefficients.

After obtaining the base power flow solution as the initial condition and substituting
it into the recursive relations, the power series coefficients are solved iteratively until a
prescribed accuracy is attained. The embedding factor « is then gradually increased in
fixed increments. At each step, the nodal voltages are evaluated for limit violations. This
procedure is repeated until the voltage security limit point—along with its corresponding
operating data—is identified.

To ensure the validity of the recursive power series expansion, the convergence of
the series is analyzed based on the theory of holomorphic functions. Specifically, for each
nodal voltage V;(x), the holomorphic embedding ensures analyticity within a radius of
convergence determined by the nearest singularity in the complex a-plane. In power
system applications, this singularity typically corresponds to the voltage collapse point,
implying that the series converges for all operating points within the secure voltage stability
region [20].

In practical implementation, the following empirical truncation criterion is adopted:

en = |Viln] = Viln —1]| < 6 27)

where § is the relative tolerance chosen (we use § = 10~%). Once ¢, falls below J for all
buses, the power series has sufficiently converged.

6. Characterization of the Operational Feasible Region for Active
Distribution Networks

The impact on system operational status varies with the integration locations of DG,
significantly influencing the system’s DG hosting capacity across different connection
points. To accurately assess this hosting capacity, this paper establishes a multi-dimensional
space composed of the DG injection powers at each node. Within this space, the hosting
capacity is analyzed under various integration locations and configuration ratios.

The dimension of this space corresponds to the number of nodes, denoted as m, with
distributed generation integrated. Each coordinate axis represents the DG injection power
at the corresponding node. A point in this space is defined as Spy(Spv1, Spva, - - ., Spvm),
where Spy1, Spva, ..., Spym denote the magnitudes of DG integration at the respective
nodes. Each specific set of DG integration schemes corresponds to a unique point within
this space. The visualization of both the voltage security limit points and the feasible region
is based upon this defined multidimensional framework.

A vector AS = [Spy1, Spva, - .., Spyml® is defined to represent the direction of DG
integration, with its elements being values obtained through dense sampling. Customizing
the integration direction is achieved by altering AS. The holomorphic embedding algorithm
for limit violation point tracking introduces the holomorphic factor « into the model. By
controlling «, the injection power is adjusted along a specified DG integration direction,
enabling the traversal of numerous scenarios.

Node voltages are influenced by the DG injection power. As « varies, if the voltage
magnitude at any node exceeds the stipulated limits, a voltage limit violation is detected.
The corresponding voltage limit violation point along that specific direction is then identi-
fied and marked within the aforementioned DG injection power space.

Based on the aforementioned definitions, for a specific node i in the network, the
voltage security operational feasible region Ry;, representing the distributed generation
hosting capacity, can be expressed as:

Ryi = {AS € R"|V; < Viyax } (28)
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where V; is the voltage at node i, and Vs is the specified upper voltage limit.

Under secure operating conditions, the voltage at any node in the distribution system
must not exceed the specified upper limit. Therefore, the voltage security operational
feasible region Ry for the entire network is the intersection of the feasible regions of all
individual nodes, which can be expressed as:

Ry 2 {AS € R"|V < Viyar} = NRy; (29)

where V represents the voltage at any node within the distribution system.

In this paper, within the constructed distributed generation injection power space, a
certain number of values are uniformly selected from the range [0, 1] on each coordinate
axis according to the sampling count. The values obtained on each axis are then combined
through permutation to form various injection scenarios.

Figure 1 illustrates the algorithm’s workflow.

Step 1: Enter system parameters

|
B

Step 2:Solve for the base state power flow to obtain the initial
solution.

'

Step 3: According to the holomorphic embedding method, construct a
system of linear equations to solve for the voltage power series V[n].

'

Step 4: Starting from n=1, recursively solve for the power series
coefficients until convergence is achieved, obtaining the expression
for the voltage power series, and then substitute o=0.

* Calculation
Layer

Step 5: Increase the value of o by a numerical step.

- D
—— Step 6:Check if the voltage at any node exceeds the

__T_{\\\\ allowable limits.

I Yes

Step 7: Record the current value of a. This point represents a
| boundary point under the current DG growth direction.

Il

Step 8: In the DG injection spacc.vchange the growth direction vector
AS and repeat steps 3-7 to obtain a large number of boundary points. OUtPUt
Use interpolation to form the complete boundary of the operational Layer

feasible region.

Figure 1. Schematic diagram of the feasible region characterization process based on the holomorphic
embedding method.

7. Case Study
7.1. Case Description

The IEEE 33-node distribution system is adopted as the test case in this paper. An IEEE
33-node distribution network model incorporating distributed generation is constructed.
Furthermore, the voltage deviation index specified in the Technical Guideline for Evaluating
Power Grid Bearing Capability of Distributed Resources Connected to Network [21] is
selected as the criterion for characterizing the feasible region boundary of distributed
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generation integration. This ensures the security of the power grid after the integration of
distributed generation.

The network topology of the IEEE 33-node distribution system is shown in Figure 2,
with a base voltage of 12.66 kV and a base capacity of 10 MV-A.

23 24 25 26 27 28 29 30 31 32 33

1 2 3 /4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Figure 2. Topology of the IEEE 33-node system.

7.2. Error Comparison

To systematically validate the computational accuracy of the proposed method, a “typ-
ical scenario coverage + random combination” strategy is adopted to design photovoltaic
(PV) integration schemes within the constructed IEEE 33-node distribution network simu-
lation system. This strategy includes not only typical scenarios commonly encountered in
engineering practice, such as single-point high-power integration and multi-point balanced
integration of distributed generation but also generates combined schemes with varying PV
integration nodes and injection powers through random sampling. This approach mitigates
the limitations associated with verification based on a single scenario type.

For each of the PV integration schemes mentioned above, node voltage calculations
are performed using both the proposed method and the Newton-Raphson power flow
algorithm. The specific parameters of the different PV integration schemes are listed in
Table 1, providing a clear basis for subsequent error analysis and accuracy verification.

Table 1. PV Integration Schemes.

Scheme Integration Nodes Integration Power
Scheme 1 6 800 kW
Scheme 2 11,18 500 kW
Scheme 3 18,22, 33 500 kW

Figure 3 clearly demonstrates that across various scenarios—including single-point,
two-point, and three-point PV integration—the overall trends of nodal voltage variations
remain consistent. The maximum deviation between the curves does not exceed 0.015 p.u.,
with errors evenly distributed and no significant outliers observed. Such minor deviations
have negligible impact on the reliability of voltage measurements and the accuracy of
subsequent feasible region boundary characterization, thereby validating the feasibility of
the proposed method in terms of trend consistency and error control.

Table 2 further quantifies the accuracy of the algorithm. Compared to the Newton-
Raphson power flow method, the proposed approach maintains very low error levels
across all integration scenarios, fully demonstrating its high precision under varying PV
penetration conditions.



Energies 2025, 18, 6064 10 of 16

1.02 T T T T

0.98 b

0.96 b

Node Voltage

0.94 - b

0.92

0.9 . . . . . .
0 5 10 15 20 25 30 35

Node Number
(a) Integration Scheme 1

1.02 T T T T

R method
HEM method

0.98 h

0.96

Node Voltage

0.94 b

0.92 -

0.9 . . . .
0 5 10 15 20 25 30 35

Node Number
(b) Integration Scheme 2

1.02 T T T T T T
NR method
HEM method
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Figure 3. Comparative Validation of Different PV Integration Schemes.
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Table 2. Node Voltage Errors under Different PV Integration Schemes.

Scheme Maximum Error Average Error
Scheme 1 0.65% 0.34%
Scheme 2 0.43% 0.24%
Scheme 3 0.42% 0.25%

7.3. Voltage Limit Violation Point Tracking

In the established IEEE 33-node distribution network simulation system, the secure
operational upper limit for node voltages is set at 1.05 p.u.—exceeding this value is identi-
fied as a voltage limit violation—based on distribution network operation safety standards
and engineering practice. Four branch-end nodes, numbered 18, 22, 25, and 33, are selected
as DG integration points. The DG injection power directions corresponding to these four
nodes are incorporated into the proposed holomorphic embedding algorithm. The algo-
rithm automatically converts the PV output at each node into holomorphic embedding
factors, which are then integrated with existing system parameters such as line impedances
and load powers to form the holomorphic embedding equations.

During the computation process, the holomorphic factor « is incrementally increased
in steps of 0.02 MW. At each step, the voltage magnitudes V at the four integration nodes
are obtained by solving the power series recursively. The corresponding data pairs of
and V are recorded in real-time to generate the relationship curves, as shown in Figure 4.
By observing the curves depicting the relationship between the holomorphic embedding
factor @ and the node voltage V at the DG integration nodes, it can be demonstrated that
the algorithm automatically tracks the voltage limit violation points.

1.1 T T T T T T T T

Violation
Point

Initial Solution

a=0

Wa)=V<s

G Node22
o)=0 0.85 [ —=&— Nodel 8|

Node25
Node33

0.8 L L I I L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4. Voltage Limit Violation Point Tracking Process.

7.4. Feasible Region Characterization and Hosting Capacity Assessment

Nodes 18 and 33, located at the feeder ends of the IEEE 33-node system, are selected
as distributed photovoltaic integration points. A two-dimensional power injection space
is constructed based on the power injection directions of these two nodes to simulate
operational conditions with coordinated output from the two sources. After incorporating
the power injection direction of this dual-node integration scenario into the proposed
holomorphic embedding algorithm, the algorithm traverses the two-dimensional power
space. For each scenario during the traversal, the algorithm automatically solves the voltage
magnitudes for all 33 nodes in the system and checks whether they reach the security upper
limit of 1.05 p.u. When the voltage at any node first exceeds the threshold, the current injec-
tion power coordinates and the corresponding limit-violating node number are recorded,
forming a set of voltage limit violation points composed of multiple discrete points.
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To accurately characterize the feasible region boundary, the aforementioned discrete
point set is classified based on the limit-violating node numbers: one category comprises
points where the voltage at Node 18 violates the limit first (denoted as Type A points),
and the other category comprises points where the voltage at Node 33 violates the limit
first (denoted as Type B points). Boundary fitting is performed on the two point sets
separately: boundary curve L1 is obtained by fitting Type A points, and boundary curve L2
is obtained by fitting Type B points. The closed region enclosed by the two fitted curves L1
and L2, together with the coordinate axes, represents the two-dimensional voltage security
operational feasible region when PV is integrated simultaneously at Nodes 18 and 33, as
shown in Figure 5. This feasible region visually reflects the secure matching relationship
between the PV outputs at the two nodes—for example, when the PV injection at Node 18
is 1.5 MW, the maximum secure injection at Node 33 is 3.3 MW.

5

»
&)
T

H
b I

voltage unsafe
area

w
[$)]
T

w
T

N
Sy

N
T

voltage security ;
operational

-
(6]
T

feasible region

Photovoltaic integration at Node 33/ MW
T

Type A point
Type B point

o
o
T

O | Il 1 | \\ 1 1 ]
0 05 1 15 2 25 3 35

Photovoltaic integration at Node 18/MW

Figure 5. Two-Dimensional Voltage Security Operational Feasible Region.

To visualize the voltage security operational feasible region boundary within the
distributed generation (DG) injection power space, three end nodes—specifically Nodes
18, 22, and 33—in the IEEE 33-node distribution system are selected for simultaneous
DG integration. Various sampled DG injection power directions are input into the limit
violation point-oriented holomorphic embedding algorithm, yielding the corresponding
voltage limit violation points for each direction. For groups of violation points where
two dimensions share identical values, only the point with the smallest value in the third
dimension is retained. Interpolation is then applied to the final set of violation points,
resulting in the voltage security operational feasible region shown in Figure 6. The secure
operational space of the distribution network after DG integration is defined by the interior
of this feasible region, bounded by the limit violation points.

To assess the practicality of the proposed method, we compare the computational
time of the proposed Holomorphic Embedding Method (HEM) against the traditional
Continuation Power Flow (CPF) method for tracking 1000 voltage limit violation points on
the same hardware platform (a workstation with 32 GB RAM and an Intel i7-11800H CPU).
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® Node 33 over-limit
Node 22 over-limit
® Node 18 over-limit

Photovoltaic integration at
Node 33/MW

Photovoltaic integration at 4 i Photovoltaic integration at
Node 22/MW Node 18/MW

Figure 6. Three-Dimensional Voltage Security Operational Feasible Region.

As summarized in Table 3, the CPF method requires several hours to complete the
computation, whereas the proposed HEM completes the same task in only 20 min. This
represents a speedup of more than an order of magnitude. The high efficiency of HEM stems
from its non-iterative and globally convergent nature. Once the power series coefficients
are obtained via the recursive relations, the voltage solution for different embedding factors
o can be rapidly evaluated through straightforward series summation, bypassing the
iterative solving of nonlinear equations required at each step of the CPF. Moreover, CPF
exhibited convergence sensitivity when approaching voltage-collapse regions, whereas
the HEM maintained stable convergence for all tested DG injection directions due to its
holomorphic formulation.

Table 3. Performance Comparison between HEM and CPF Methods.

Average CPU Time/

Method 1000 Points Iteration Count (Per Case)
Traditional CPF >3 h 12-20 iterations/case
Proposed HEM 20 min Non-iterative

This result strongly demonstrates that the proposed HEM-based approach is not only
theoretically sound but also computationally efficient and of significant practical value,
effectively meeting the requirement for rapid operational feasible region analysis in active
distribution networks.

Building on the obtained security operational feasible region, a given DG integration
scheme can be further evaluated for security. By examining the positional relationship be-
tween the actual operating point of the DG integration scheme and the security operational
feasible region, it can be determined whether the scheme would cause voltage limit viola-
tions. If the operating point lies within the feasible region, the scheme is considered secure.
Furthermore, the spatial distance between the limit point in the direction corresponding to
the DG integration scheme and the actual operating point can be calculated as a security
margin. This security margin quantifies the remaining PV hosting capacity of the grid.
Assuming 1 MW of DG is integrated at each of the three nodes, the results indicate that this
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DG integration scheme does not cause voltage limit violations, with a security margin of
1.59, as illustrated in Figure 7.
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Figure 7. Security Margin Analysis.

8. Conclusions

This paper proposes an efficient method for characterizing the operational feasible
region of active distribution networks based on the holomorphic embedding algorithm. By
leveraging the global convergence and high computational efficiency of the holomorphic
embedding method, the proposed approach successfully addresses the computational
bottlenecks faced by traditional methods when characterizing high-dimensional feasible
regions. The study demonstrates the following:

(1) The holomorphic embedding model constructed in this paper for limit violation point
tracking incorporates the power injection characteristics of distributed generation (DG)
into the holomorphic embedding framework through tailored embedding strategies
for different node types. By deriving and solving the recursive power series relations,
the model eliminates the dependency on initial values inherent in traditional iterative
algorithms and enables continuous tracking from the base power flow solution to
voltage limit violation points. Error comparison experiments on the IEEE 33-node
system show that the model maintains high computational accuracy under various
DG integration schemes, providing a solid foundation for the precise characterization
of feasible region boundaries.

(2) By constructing a DG injection power space and implementing a directional sampling
strategy, the proposed method achieves multidimensional visualization of the opera-
tional feasible region for active distribution networks. It efficiently explores different
DG integration scenarios and rapidly acquires voltage limit violation point sets in
various directions. For both 2D and 3D feasible regions, the security boundaries are
clearly delineated through violation point fitting and interpolation, overcoming the
limitations of traditional continuation power flow methods, such as low traversal effi-
ciency and vague boundary characterization in high-dimensional scenarios. This offers
distribution network planners a concrete reference framework for secure operation.

(38) Case studies fully demonstrate the engineering value of the proposed method: when
handling the computation of 1000 voltage limit violation points, the holomorphic
embedding algorithm requires only 20 min, whereas the traditional continuation
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power flow method takes several hours, representing a more than tenfold improve-
ment in computational efficiency. Furthermore, the security margin analysis based
on the feasible region enables rapid security checks for practical integration schemes
and quantifies the remaining hosting capacity, providing actionable decision-making
support for the fast and accurate calculation of distributed energy hosting capacity in
active distribution networks.

While the proposed method demonstrates significant advantages in computational
efficiency and convergence robustness, it is important to acknowledge its limitations,
which also point to directions for future research. First, the current model is based on
the single-phase balanced assumption, suitable for preliminary screening and planning
studies. However, for active distribution networks with severe three-phase unbalance,
developing a more precise three-phase holomorphic embedding model to capture inter-
phase coupling and nonlinearity represents a critical extension. Second, the current model
relies on deterministic load and DG growth directions. Its computational stability and the
validity of the identified boundary when directly applied to scenarios with high uncertainty,
such as stochastic or dynamic operations, require further assessment and enhancement.

Consequently, in the future, the technical framework of this research can be extended
to introduce probabilistic modeling methods to account for time-varying load character-
istics and the stochastic nature of distributed generation, thereby constructing dynamic
feasible region characterization models with probabilistic security guarantees. It can also
be generalized to three-phase unbalanced distribution networks and complex systems
involving diverse entities such as energy storage and electric vehicles, enabling more
comprehensive security boundary analysis.
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