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Abstract

The evaluation of building energy performance under dynamic conditions requires reliable
estimates of the thermophysical properties of envelope components. In existing buildings,
however, the properties of multilayer walls are often unknown or uncertain, limiting the
applicability of detailed physical models. To address this issue, this study proposes an
inverse modeling framework for identifying the equivalent thermophysical parameters of
a multilayer wall through a simplified homogeneous one-dimensional conduction model.
The equivalent parameters are determined by matching the inner-side dynamic thermal
response of the homogeneous model to that of the actual multilayer structure under the
same external excitation. The approach explicitly accounts for the role of inner bound-
ary conditions, which govern both the identifiability of the equivalent parameters and
the formulation of the inverse problem. Adiabatic, isothermal, and more general inner
boundary conditions are analyzed to determine how many independent parameters can be
reliably identified and which response variables should be used in the objective function.
Synthetic datasets, generated via numerical simulations driven by real weather data, are
first employed to assess the method and to quantify the effect of transient initialization. The
framework is then applied to experimental measurements collected from a full-scale test
room. The results show that, under adiabatic conditions, the wall dynamics can be accu-
rately reproduced by identifying a single equivalent thermal diffusivity, whereas isothermal
and near-isothermal conditions require the simultaneous estimation of thermal conduc-
tivity and volumetric heat capacity. Moreover, the analysis demonstrates that inverse
formulations based on inner heat flux are significantly more robust than temperature-based
formulations, particularly when the inner-surface temperature is weakly varying or tightly
controlled, as commonly occurs in real buildings. In a nearly isothermal experimental
case, the inverse identification failed (EFT = −5.76) when based on the inner-surface
temperature, while it resulted in a better match (EFq = 0.63) when based on the inner heat
flux. Overall, the proposed framework provides a physically consistent and practically
robust methodology for the dynamic thermal characterization of multilayer building walls
using equivalent homogeneous models.
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1. Introduction
The evaluation of building energy efficiency plays a crucial role in the design, opera-

tion, and retrofit of the built environment, particularly in light of the increasingly ambitious
energy-saving and decarbonization targets [1–5]. Reliable predictions of energy demand
and indoor thermal comfort require an accurate description of heat transfer processes
through the building envelope, especially under dynamic conditions. Time-varying bound-
ary conditions and operational regimes significantly affect the thermal response of building
components and cannot be neglected in realistic energy performance assessments [6–8].

In many engineering applications, layered composite systems are employed to control
heat flow and enhance thermal resistance. The complexity of their thermal response arises
from their material heterogeneity and from distribution of thermal mass, affecting their
dynamic behavior [9–11]. The cited references indicate that, for example, in buildings,
locating the insulation toward the exterior and the thermal mass toward the interior
provides a more effective damping of thermal fluctuations than the reverse arrangement.

In numerical models, envelope heat transfer is commonly represented through detailed
multilayer wall descriptions, where each layer is characterized by specific thermophysi-
cal properties and thicknesses. These modeling approaches are typically applied during
the building design phase, when thermophysical properties are available from material
datasheets. In recently constructed buildings, such information is generally complete and
accessible. Conversely, in existing buildings with long construction histories, material
properties are often unknown or uncertain due to missing documentation, retrofitting
interventions, construction variability, or material aging. As a result, the identification
of reliable thermophysical parameters for multilayer walls represents a major source of
uncertainty in building energy simulations. This issue is particularly relevant in countries
characterized by an extensive historical building heritage, such as Italy, where on-site sur-
veys and indirect identification techniques are frequently required, as widely documented
in the literature [12–14]. In Italy, more than 60% of residential buildings were constructed
before 1976, i.e., prior to the first national energy-saving law, and a non-negligible share of
the stock is very old (e.g., about 9.5% of dwellings were built before 1919), where documen-
tation is often incomplete and construction practices/materials are highly heterogeneous.
At the European scale, the building stock is similarly aged, with about 65% built before 1980,
reinforcing that the limited availability/quality of as-built information is a widespread
issue [15–18].

The problem of the determination of unknown thermophysical properties has often
been addressed in the literature for homogeneous walls. In [19], an inverse method for
thermally characterizing homogeneous walls was presented. It was based on the application
of a heat flux on one side and measurement of the temperature response on the opposite side
via infrared thermography, which allows for non-contact, non-intrusive data acquisition.
A 1D finite difference model was employed to simulate heat diffusion, and the unknown
parameters of thermal conductivity, volumetric heat capacity, and surface film coefficient
were estimated using the Levenberg–Marquardt algorithm. Derbal et al. [20] presented
a simple method to simultaneously estimate the thermal conductivity and volumetric
heat capacity of construction materials. The sample was placed between two reference
layers, and temperatures at interfaces were measured and fitted using an inverse heat
transfer model. The method proved effective for homogeneous, low-conductivity building
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materials and was suitable for potential in situ applications. Sassine and coworkers [21]
used an inverse method approach to determine the thermal conductivity and heat capacity
of a massive brick wall using in situ temperature and heat flux measurements. This
method relied on minimizing the difference between experimental and numerical heat flux
data under harmonic and random boundary conditions, using the Levenberg–Marquardt
algorithm. Arregi et al. [22] compared three in situ methods to estimate the thermal
resistance and capacitance of full-scale concrete walls: the ISO steady-state average method,
a stochastic lumped RC model, and a distributed capacitance analytical model. They
showed that fluctuating indoor–outdoor temperatures are essential for identifying heat
capacity and that distributed capacitance models deliver the most robust results across
seasons. Rodler et al. [23] presented a Bayesian inverse heat transfer method to estimate
in situ thermal conductivity and volumetric heat capacity using surface temperatures
and heat flux measurements. This approach was based on an implicit finite difference
model and a Metropolis–Hastings MCMC algorithm to infer parameter distributions and
credible intervals. The results showed good accuracy and robustness, especially with short
measurement periods. In the literature, Bayesian inference techniques were applied to
determine other types of thermal parameters, like the specific heat and emissivity of a solid
material [24], thermal conductivity, the heat transfer coefficient and emissivity of a fin [25],
local heat transfer coefficients and steam temperatures in a steam header [26].

All previously cited references addressed the estimation of thermophysical parameters
in homogeneous walls. In the case of multilayer configurations, the concept of equivalent
thermal modeling, aimed at reducing complex structures to simplified systems with com-
parable dynamic behavior, has been applied in a few studies. An inverse harmonic method
was proposed in [27] to estimate a wall’s thermal conductivity and the specific heat of a
multilayer wall from sinusoidal steady-state temperature and heat flux measurements on
both sides of the wall. Their approach was based on reconstructing the transfer matrix
defined in EN ISO 13786 [28] and solving nonlinear equations to retrieve the wall thermal
properties of an equivalent homogeneous dummy wall. Corasaniti et al. [29] compared
three analytical models to estimate the equivalent thermal diffusivity of a multilayer build-
ing wall under daily dynamic conditions, using one month of measured indoor–outdoor
temperature data. The results show that each model yields different diffusivity values, with
the ISO 13786 approach showing the best agreement with the experimental data. Rendu
et al. [30] evaluated inverse methods for estimating the thermal resistance and capacity
of highly insulated multilayer walls under real weather conditions. Temperature sensors
inside the wall and detailed measurements of outdoor boundary conditions were used to
assess uncertainties.

The use of equivalent homogeneous wall models has been proposed as a simplified yet
effective modeling strategy that does not require detailed material characterization [31,32].
In this approach, the thermophysical parameters of a fictitious homogeneous wall are
selected so that, under a given external thermal excitation, its internal thermal response
reproduces that of the actual multilayer structure. This strategy offers clear advantages in
terms of reduced data requirements and computational simplicity, proving particularly
attractive for large-scale analyses and applications involving inverse methods or limited
input information. Nevertheless, a fully equivalent homogeneous representation of a
multilayer wall in general cannot be achieved, as the complete equivalence would be
guaranteed only in the case of equal-effusivity layers [33]. Consequently, the equivalence
between a real multilayer wall and its homogeneous counterpart is necessarily approximate
and valid only under specific assumptions [34]. In this context, the imposed boundary
conditions, as well as the frequency content of the thermal excitation, play a fundamental
role in determining the effective properties of the equivalent model and its predictive
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accuracy. Since this dependence has received only partial attention in existing works, we
address it here through a more in-depth analysis.

The present work specifically aims to assess to what extent a simplified homogeneous
representation can reproduce the dynamic thermal response of an actual multilayer wall
when considering the influence of inner boundary conditions, such as adiabatic, isothermal
or more general conditions. These configurations are employed as theoretical ‘limiting
cases’ to evaluate the mathematical applicability of the approach, although they are rarely
observed in their pure form in real-world building operations. The impact on the identifica-
tion of equivalent thermophysical properties is analyzed in order to evaluate how many
independent parameters can be estimated and to identify the conditions under which a
satisfactory approximation of the real thermal behavior can be achieved. The equivalent
thermal representation of a multilayer wall is formulated as an inverse problem of one-
dimensional time-dependent heat conduction. The selection of the objective function to be
maximized for the identification of the equivalent parameters is also discussed.

The proposed approach is evaluated by applying it to synthetic data generated for a
multilayer structure subject to real historical weather data for different boundary conditions at
the inner surface. The method is then validated using experimental heat flux and temperature
data obtained from a test room built at the Engineering School of the University of Perugia,
enabling the development of equivalent models based on real boundary conditions.

2. Modeling Approach
This work adopts an inverse modeling framework to define an equivalent homoge-

neous representation of a multilayer building wall under dynamic conditions.
The methodology is articulated as follows:

(i) A reference thermal response of the multilayer wall is obtained from both synthetic
numerical simulations and experimental measurements under prescribed external
temperature excitations;

(ii) The influence of initial conditions is removed by estimating the duration and excluding
the transient warm-up period associated with the imposed inner boundary condition;

(iii) A one-dimensional homogeneous conduction model is then subjected to the same
boundary conditions, and its thermophysical parameters are identified by maximizing
a model efficiency factor computed on inner-side response variables;

(iv) Depending on the inner boundary condition, the method identifies either a single
equivalent parameter, i.e., thermal diffusivity (adiabatic case, Figure 1a) or two inde-
pendent parameters, namely thermal conductivity and volumetric heat capacity, for
isothermal (Figure 1b) and near-isothermal (Figure 1c) cases.

(v) The robustness of the inverse identification is assessed by analyzing the sensitivity to
deviations from ideal boundary conditions and by validating the approach against
experimental data (Figure 1d).

The purpose of this section is therefore not to introduce additional methodological
details, but to clarify the logical structure of the proposed approach, highlighting how
boundary conditions determine both the number of identifiable equivalent parameters and
the appropriate formulation of the inverse problem addressed in the subsequent sections.
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Figure 1. Schematic configuration of the problem and of the different BCs. In each case, the generic
multilayer wall on the left is replaced by a homogeneous wall with thermophysical parameters
that are to be determined. (a) Adiabatic BC: synthetic and simulated temperature are compared.
(b) Isothermal BC: synthetic and simulated heat flux are compared. (c) Relaxed isothermal BC: a
comparison can be made between synthetic and simulated quantities for temperature or heat flux.
(d) General BC: a comparison can be made between experimental and simulated quantities for
temperature or heat flux.

2.1. Theoretical Framework

We address a homogeneous wall with constant thermophysical properties as a one-
dimensional (1D) slab where heat propagates via conduction (see Figure 1 for the geometry
of the problem), with no internal heat generation. The 1D Fourier equation then applies:

D
∂2T
∂x2 =

∂T
∂t

(1)

where D is thermal diffusivity. In general, the solution of the differential equation will be
constituted by a steady-state part, Tss, and a transient part, Tt,

T(x, t) = Tss(x, t) + Tt(x, t) (2)

with the latter depending on the imposed initial conditions and dying out after a
sufficient time.

2.2. Duration of the Transient Thermal Response

In the determination of the equivalent wall parameters, it is necessary to compare
quantities that are not affected by initial conditions. We therefore need to estimate the time
required for the transient behavior to die out.

We can focus on two different boundary conditions at x = L: (a) the heat flux qL is
zero (adiabatic boundary condition (BC)); (b) the face is kept at constant temperature TL

(isothermal BC).
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In case (a), within adiabatic BC, the quantity to consider at x = L is temperature. Its
transient part can be found to be [35]

Tt(L, t) =
∞

∑
n=1

(−1)n−1Bne−D[ (2n−1)π
2L ]

2
t (3)

with the coefficients Bn given by

Bn =
2
L

L∫
0

[T(x, 0)− Tss(x, 0)]sin
[
(2n − 1)πx

2L

]
dx (4)

The time constant that quantifies the dampening of the transient behavior can be
estimated by assuming it is dominated by the first term of the summation above, which
gives rise to

τadiab =
4L2

π2D
(5)

At t = 3τadiab the temperature reaches 95% of the steady-state value.
In case (b), instead, we are interested in calculating the heat flux at x = L, which is

given by

q(L, t) = −λ

(
∂T
∂x

)
x=L

(6)

where λ is thermal conductivity. Its transient part can be written as

qt(L, t) = −λ

(
∂Tt

∂x

)
x = L = −λ

∞

∑
n=1

nπ

L
(−1)nCne−D( nπ

L )2t (7)

where the coefficients Cn are given by

Cn =
2
L

L∫
0

[T(x, 0)− Tss(x, 0)]sin
(nπx

L

)
dx (8)

In this case, the time constant of the first mode is

τisoth =
L2

π2D
(9)

For a given thermal diffusivity, the time constant required to dampen the transient
behavior is therefore four times longer in adiabatic conditions than in isothermal conditions.
In addition, when the model of the equivalent homogeneous wall is applied, it may be
that different thermophysical parameters are determined to model the wall’s thermal
behavior. It will be shown in the optimization section that, indeed, this is the case with
the values obtained from the optimization. The transient duration estimation will then be
further affected.

2.3. Number of Independent Equivalent Thermophysical Parameters

We show how many independent thermophysical parameters are needed to fully
specify the dynamic thermal behavior of a homogeneous wall within the two limit BCs
considered in the previous paragraph. To this end, we consider a thermal stimulus at the
face x = 0

T(0, t) = Tm + Acos(2π f t) (10)

with a mean value Tm and a frequency f = 1/τ0, where τ0, denotes the oscillation period,
such as the daily temperature cycle.
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In case (a) (adiabatic BC), the steady-state temperature Tss at x = L is [35]

Tss(L, t) = Tm + A|G|cos[2π f t − arg(G)] (11)

where G = 1/cosh(KL) and K = (1 + j)
√

π f /D. It is apparent that only a single ther-
mophysical parameter, the thermal diffusivity, D, affects the temperature at the inner face
(at x = L). This statement is strictly correct only when the thermal input excitation is
purely single-frequency, but it can also be considered appropriate when there is a dominant
frequency, as in the case of daily temperature variations. In the following, we therefore use
thermal diffusivity as the equivalent parameter to be determined for adiabatic BCs.

In case (b) (isothermal BC), the steady state heat flux qss at x = L (where the tempera-
ture is TL) is

qss(L, t) =
λ

L
(Tm − TL) + A|Y|cos[2π f t − arg(Y)] (12)

where Y = λK/sinh(KL). In this case, the heat flux depends both on the thermal con-
ductivity λ and on the thermal diffusivity D (by means of K), or, equivalently, on thermal
conductivity and volumetric heat capacity ρcp.

3. Methodology
The methodology comprised an inverse identification of equivalent thermophysical

parameters for a multilayer building wall by replacing it with a fictitious homogeneous 1D
conduction model and calibrating its properties so that the inner-side dynamic response
matches the reference wall under the same external forcing.

(1) A high-fidelity multilayer reference response was generated:

(i) Synthetic datasets were produced in COMSOL by simulating a 1D multilayer
wall replicating the Perugia test wall stratigraphy and properties, driven at the
outer boundary by measured hourly outdoor temperature over one year, and
alternatively imposing an adiabatic inner boundary (inner heat flux set to zero)
or an isothermal inner boundary (inner temperature fixed at 20 ◦C);

(ii) Experimental datasets were taken from the University of Perugia test room,
using measured outer/inner-surface temperatures and inner heat flux on the
north wall.

(2) The analysis explicitly removed initialization effects by estimating the decay of tran-
sients under each inner boundary condition and excluding a “warm-up” window from
all objective-function evaluations (longer for adiabatic than for isothermal conditions).

(3) An equivalent homogeneous wall model was simulated in COMSOL under the same
boundary conditions, and its parameters were identified by maximizing a model
efficiency factor (EF) computed on an inner-side response variable. For the adiabatic
case (see Figure 1a), as shown in Section 2.2, theory indicates that the inner-surface
temperature depends on a single independent parameter; accordingly, the equivalent
thermal diffusivity was identified via a parameter sweep and selecting the diffusivity
that maximized EF on inner-surface temperature over monthly calculations using
two-month windows (with the initial warm-up excluded). For the isothermal case
(Figure 1b), two independent parameters are required; therefore, thermal conductivity
and volumetric heat capacity were jointly estimated (with specific heat capacity
cp fixed) by coupling COMSOL time-dependent simulations with MATLAB Version
2024b’s constrained optimization (fmincon, interior-point), maximizing EF on the
inner heat flux, using bounded parameters, multi-start initializations, and monthly
evaluations after excluding the warm-up period.
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(4) Robustness to non-ideal inner conditions was assessed by generating additional syn-
thetic datasets in which the inner temperature was prescribed as a daily sinusoid with
varying amplitude (Figure 1c); the inverse identification was repeated using two al-
ternative objective functions (temperature-based vs. heat-flux-based), demonstrating
that heat-flux-based formulations remain well-posed in the near-isothermal limit.

(5) Finally, the full framework was applied to experimental data (Figure 1d), considering
months with markedly different inner boundary variability (e.g., non-isothermal vs.
near-isothermal), comparing objective-function choices and reporting the resulting
equivalent parameters and fit quality.

The experimental measurements were carried out in the test room constructed within
the Engineering School of the University of Perugia. The facility, used as the case-study
building, has dimensions of 3.78 m × 4.00 m × 2.85 m and is equipped with a comprehen-
sive sensor network for monitoring both indoor and outdoor microclimatic conditions. In
this study, heat flux and surface temperature data collected from sensors installed on the
north-facing wall were employed. The stratigraphy and material properties of the wall are
reported in Table 1. The specific characteristics of the test room envelope components and
a detailed description of the installed sensors are presented in [36]. Figure 2 illustrates the
monitored test room.

Table 1. Stratigraphy and thermophysical properties of the experimental test wall.

Stratigraphy Thickness [m]
Thermal

Conductivity
[W/(mK)]

Specific Heat
Capacity
[J/(kgK)]

Mass Density
[kg/m3]

Brickwork,
outer leaf 0.12 0.41 800 1500

Plasterboard 0.01 0.16 950 700

High-density
EPS insulation 0.09 0.04 1400 50

Brickwork,
inner leaf 0.25 0.31 800 1500

Gypsum
plastering 0.02 0.4 950 840

 
Figure 2. Monitored test room at the University of Perugia.
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3.1. Synthetic Data Generation

Synthetic data were generated in COMSOL Multiphysics® 6.3 [37] by simulating the
heat transfer in a one-dimensional multilayer wall replicating the real Perugia test wall in
both stratigraphy and material properties. The outer boundary was driven by the measured
hourly outdoor air temperature in Perugia for a full year (1 January 00:00 h–31 December
23:00 h) [38].

This was taken as the outer-surface temperature Tsi(t). Two alternative inner boundary
conditions were applied: (i) adiabatic dataset: inner heat flux fixed to zero (qL(t) = 0);
(ii) isothermal dataset: inner temperature fixed at 20 ◦C (Tsi(t) = 20 ◦C).

Each simulation began with a steady-state computation using the first-hour outdoor
temperature of 2013; the resulting temperature profile was then used as the initial con-
dition for the time-dependent run. The time-dependent temperature is computed over
the entire year (0 to 8759 h) with hourly outputs. The finite element mesh was set so fine
that the results would not change upon decreasing mesh element size, ensuring mesh
convergence. In the time-dependent solver, “intermediate” time-stepping was used: this
instructs COMSOL to adapt time steps within user constraints (neither fully “free” nor
“strict”), improving robustness on long-time runs while still maintaining limits on step
size and order. The maximum time for the step size in the solver was set to 0.1 h (=6 min)
to ensure a good enough resolution was obtained to detect the temporal change in the
temperature field. Finally, the resulting inner-surface temperature Tsi(t) and inner heat flux
qL(t) were exported as the synthetic datasets; see Figure 3a,b.

To investigate the transient response, additional simulations were run, starting not on
1 January but on 1 February. The resulting inner wall temperature was compared to the full-
year simulation and a transient (95% of steady state) of 764 h was found for the adiabatic
case, while it was 67 h for the isothermal case; see Figure 3c,d. As shown in Section 2, due
to the different nature of the inner boundary conditions, the transient response is markedly
longer in the adiabatic case than in the isothermal one. In the isothermal configuration, the
inner surface is clamped to 20 ◦C and effectively exchanges heat with an infinite-capacity
reservoir, which rapidly damps any mismatch between the initial steady state and the
subsequent dynamic regime. Conversely, in the adiabatic configuration, the inner surface
is thermally insulated (qL = 0), so the energy entering the wall from the exterior can only
be stored within the wall itself. The mean wall temperature therefore evolves more slowly,
and the system retains a memory of the initial condition over a longer time horizon, leading
to a longer warm-up period before a representative dynamic regime is established.

The values of the time constants 3τ, with τ calculated using Equations (5) and (9) and
the estimated values of the thermal diffusivity, leading to 654 h (adiabatic) and 70 h (isother-
mal), in good qualitative agreement with the numerically estimated values. Therefore, the
transient phase can be quite long under adiabatic boundary conditions. However, this
is not the most common case in practical applications. Rather, an isothermal boundary
condition is more frequently representative of real-world applications. In the latter case,
the transient period is significantly shorter, typically not longer than a week.
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(c) (d)

Figure 3. Synthetic full-year wall responses and transient analysis under adiabatic and isothermal
inner boundary conditions: (a) full-year synthetic dataset with adiabatic inner boundary condition,
showing external surface temperature Tse, inner-surface temperature Tsi, and inner-surface heat
flux qL; (b) full-year synthetic dataset with isothermal inner boundary condition; (c) adiabatic case
starting on 1 February, comparing inner-surface temperature Tsi from a short run with the full-
year reference and indicating the transient duration; (d) isothermal case starting on 1 February,
comparing inner-surface heat flux qL from a short run with the full-year reference and indicating the
transient duration.

https://doi.org/10.3390/en19051134

https://doi.org/10.3390/en19051134


Energies 2026, 19, 1134 11 of 22

3.2. Determination of Equivalent Thermophysical Parameters

The heat-transfer in a homogeneous equivalent wall model was simulated in COM-
SOL, similarly to the model generating the synthetic dataset used for comparison (see
model details in the previous section on synthetic data generation). Because inverse opti-
mization can be sensitive to solver-induced numerical noise, all COMSOL evaluations were
performed with identical mesh and time-integration settings. The number of finite element
mesh elements was 5, while the maximum time step size in the solver was 1 h; neither
increasing the number of mesh elements nor decreasing the time step size improved the
results of the inverse identification. In the solver, we used a relative tolerance of 10−2 and a
global absolute tolerance of 10−3 K for the dependent temperature variable. These settings
were chosen to ensure a sufficiently smooth objective function for the reliable convergence
of gradient-based optimizers when performing the inverse identification.

3.2.1. Adiabatic Dataset: Equivalent Thermal Diffusivity

For the adiabatic case, the thermal diffusivity D was targeted through a parameter
sweep. For each D, the corresponding conductivity was computed as λ = Dρcp with fixed
ρ = 250 kg m−3 and cp = 840 J kg−1K−1. The specific values used for ρ and cp do not affect
the result when the temperature input is purely sinusoidal, as shown in Section 2.3. It was
also verified that, even under realistic temperature stimuli, the dependence on their specific
value is negligible in adiabatic conditions.

The match between the synthetic multilayer wall data and the homogeneous equiva-
lent wall was quantified by the model Efficiency Factor (EF), evaluated on the inner-surface
temperature

EFT = 1 −
∑i

(
Tsim,i − Tsyn,i

)2

∑i
(
Tsyn,i − Tsyn

)2 (13)

where Tsim denotes the inner-surface temperature calculated with trial diffusivity values,
Tsyn, of the same quantity but obtained from the model of the actual multilayer structure,
with Tsyn as its mean value. The employment of the EF index indicates that improved
equivalent models can be identified, going beyond the ASHRAE standard, as shown in [31].

Because of the long transient period associated with the insulated inner surface, the
first 764 h of each run (approximately one month) was excluded from the EFT computation.
Consequently, the simulations were performed over two-month windows shifted by one
month each (starting January → February → . . . → November) to ensure that each evalua-
tion included an established steady-state dynamic regime while covering the entire annual
sequence. The optimal diffusivity Deq was defined by the maximum of EFT(D).

3.2.2. Isothermal Dataset: Inverse Identification of λ and ρ

For the isothermal dataset (Tsi = 20 ◦C), the thermophysical parameters to be estimated
are the thermal conductivity λ and the volumetric heat capacity ρcp. Regarding the latter,
only the product of density ρ and specific heat capacity cp influences the dynamic thermal
response. However, COMSOL requires ρ and cp to be specified separately. For this reason,
we fixed one of the two parameters (cp) to an arbitrary value, i.e., cp = 840 J kg−1K−1, and
performed the optimization on the other (ρ). In practice, the optimization takes place in
a two-dimensional parameter space and identifies λ and ρ, which is fully equivalent to
determining λ and the volumetric heat capacity ρcp. MATLAB’s fmincon (interior-point)
algorithm was used for the optimization, whereas COMSOL performed the time-dependent
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computation and returned EF on the heat flux on the inner wall surface. In this case, the EF
is therefore

EFq = 1 −
∑i

(
qsim,i − qsyn,i

)2

∑i

(
qsyn,i − qsyn

)2 (14)

with qsim being the inner heat flux calculated with trial λ and ρ values, qsyn the inner
heat flux calculated from the model of the actual multilayer structure, and qsyn its mean
value. We used fmincon with gradients estimated by finite differences. Since the objective
is obtained from a COMSOL simulation followed by post-processing (i.e., an implicit,
solver-defined function), analytical derivatives would require implementing parameter sen-
sitivities/adjoint methods; given that there are only two decision variables, the additional
function evaluations for finite differences are acceptable.

Parameter bounds were 0.05 ≤ λ ≤ 0.50 W m−1K−1 and 50 ≤ ρ ≤ 1200 kg m−3;
a multi-start grid of initial guesses ensured robustness. To be conservative, a warm-up
period of 150 h was excluded in each monthly EFq evaluation to eliminate the effect of the
transient build up.

4. Results and Discussion
4.1. Adiabatic Case

Figure 4 illustrates the identification of the equivalent thermophysical parameters for
the adiabatic configuration—specifically, the results of the May–June dataset are shown.
The inner-surface temperature of the multilayer reference wall (black solid line) is compared
with that of the equivalent homogeneous wall (red dashed line), obtained by varying the
thermal diffusivity Deq until the EFT is maximized. The EFT curve in Figure 4a shows
a clear, single optimum, confirming a well-posed identification problem. The optimal
equivalent diffusivity is Deq = 1.20 × 10−7 m2/s, yielding an efficiency EFT = 0.98. Across
the entire annual analysis, the optimal value of Deq remains within 1.1 − 1.4 × 10−7 m2/s,
while EFT values typically exceed 0.9. The mean value is Deq ≈ 1.24 ± 0.07 × 10−7 m2/s.
The agreement between the simulated and reference temperatures shown in Figure 4b is
very good: the equivalent wall captures both the amplitude and phase of the inner-surface
temperature response, with only minor overprediction during the largest peaks. The small
phase lag differences are physically consistent with the simplification from a multilayer to
a single-layer model.

Figure 4. Determination of the equivalent thermophysical parameters using the May–June data of the
adiabatic dataset. The optimal thermal diffusivity was determined through a sweep. (a) Simulated
EFT as a function of equivalent thermal diffusivity Deq. (b) Inner-surface temperature as a function
of time for the synthetic dataset (full black line) and the equivalent wall model with the optimal
thermal diffusivity (dashed red line).
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Overall, the adiabatic configuration confirms that a single equivalent diffusivity can
reliably reproduce the dynamic temperature behavior of the multilayer wall under insulated
boundary conditions. The long transient observed before the steady periodic regime,
requiring a 764 h-long warm-up exclusion, is intrinsic to the adiabatic condition, where
energy entering the wall can only be stored internally, delaying equilibrium.

4.2. Isothermal Case

As a reference to the identification of the thermophysical parameters using the op-
timization approach, the Efficiency Factor EFq was first simulated as a function of the
thermal conductivity and mass density in expected ranges; see Figure 5, where Panel (a)
shows only the EFq values between 0 and 1, while Panel (b) shows the EFq values in the
full range from −19 to 1.

Figure 5. Simulation of the Efficiency Factor EFq as a function of the thermal conductivity and mass
density using the isothermal synthetic dataset. EFq is displayed in colors with two different color
limits: (a); 0 [dark blue] to 1 [dark red] (b) −19 [dark blue] to 1 [dark red]. The black line indicates
EFq = 0.8, while the black plus sign indicates the maximum EFq = 0.997.

Figure 5 indicates that EFq is more sensitive to variations in thermal conductivity than
to variations in mass density.

Figure 6 summarizes the identification of the equivalent thermophysical parameters for
the isothermal configuration, using the January dataset (with approximately the first week
excluded) as a representative example. Panel (a) shows the evolution of the optimization
process in the λ–ρ parameter space, where the model efficiency factor EFq on the inner heat
flux was used as the objective function. The algorithm converges consistently toward a
narrow high-efficiency region, confirming the presence of a unique optimum. The best-
fit parameters were λeq = 0.142 W m−1 K−1 and ρeq = 577 kg m−3, corresponding to
EFq = 0.999. Notice that the data in Table 1 provides an equivalent thermal conductivity
value of λeq,theo = L/∑i(Li/λi) = 0.142 W m−1 K−1, in excellent agreement with the
optimized value. Panel (b) of Figure 6 compares the simulated and reference inner-surface
heat fluxes for the multilayer and equivalent walls. The agreement is nearly perfect: both
the amplitude and phase of the heat-flux signal are accurately reproduced. Similar results
were obtained for all months, with EFq values consistently above 0.995 and only marginal
variations in the optimal parameters (λeq = 0.140–0.142 W m−1 K−1, ρeq = 560–600 kg m−3);
see Figure 6c. The stability of the equivalent parameters across the full year demonstrates
the robustness of the numerical inverse method and the COMSOL–MATLAB coupling. The
mean equivalent thermal diffusivity is Deq =

λeq
ρeqcp

≈ 2.91 ± 0.06 × 10−7 m2/s. This value
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is slightly more than twice the value in the adiabatic configuration, reflecting the more
direct conductive heat exchange imposed by the fixed-temperature boundary condition.
This reduced value of the equivalent diffusivity—together with the factor of 4, which
scales the isothermal time constant (see Equation (9)) compared with the adiabatic one
(Equation (5))—explains the significantly shorter time needed to extinguish the transient in
isothermal BC.

Figure 6. Determination of the equivalent thermophysical parameters using the isothermal synthetic
dataset. The optimal thermal conductivity and mass density were determined using an optimization
algorithm, with EFq as the objective function. (a) EFq as a function of thermal conductivity and mass
density for the steps taken by the optimization algorithm. The optimization was run for nine sets
of initial guesses on the thermophysical parameters (black diamonds). (b) Inner-surface heat flux
as a function of time for the synthetic dataset (full black line) and the equivalent wall model with
the optimal thermophysical parameters, determined with the optimization algorithm (dashed red
line). (c) Thermophysical parameters are determined by the optimization as a function of month
number. Panel (d) shows the influence of dataset length on the identified thermophysical parameters
for the isothermal case. Thermal conductivity is λeq (blue) and mass density ρeq (red) is shown as a
function of the total duration of the synthetic dataset used in the optimization. The vertical dashed
line indicates the 150 h warm-up period, after which EFq is evaluated; all data points correspond to
dataset lengths exceeding this threshold.

To assess the influence of dataset length on the stability of the inverse identification,
the isothermal analysis was repeated while progressively extending the duration of the
synthetic dataset. Figure 6d shows the resulting estimates of λeq and ρeq as a function of
the total number of hours included in the optimization. A vertical dashed line marks the
150 h warm-up period, after which EFq is evaluated. Consequently, all reported points
lie to the right of this threshold: shorter datasets would not contain any usable data once
the warm-up window is removed. The results reveal clear convergence behavior. For
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very short datasets (just above the warm-up threshold), the identified parameters exhibit
noticeable variability due to the limited amount of dynamic information that is available.
As the dataset length increases beyond approximately 400–600 h, both λeq and ρeq stabilize
rapidly and remain effectively constant for all longer windows. At 114 h after the transient
cut (264 h total), ρeq deviates 34.0% from its converged value, while at 186 h after the
transient cut, it has fallen to just 5.26%. Similarly, at 114 h and 186 h after the transient
cut, λeq deviates 6.84% and 2.09% from its converged value, respectively. Consequently,
if the transient cut is reduced to 80 h (see Figure 3d), an inverse identification in stable
isothermal-like conditions with 5% or less accuracy can be obtained in 266 h = 11 days.

4.3. Sensitivity of the Inverse Identification to Deviations from Isothermal Boundary Conditions

To evaluate the robustness of the inverse identification beyond the idealized isother-
mal configuration, additional synthetic datasets were generated by relaxing the con-
stant inner-surface temperature condition. The inner boundary was prescribed as a
periodic temperature

Tsi(t) = Tm + Tamplcos
(

2πt
τ0

)
(15)

where Tm = 20 ◦C, τ0 = 86400 s and Tampl denotes the amplitude of the imposed daily
temperature oscillation. This formulation introduces a controlled deviation from isothermal
conditions while preserving a realistic daily timescale. The oscillation amplitude was varied
over a wide range Tampl = {0.01, 0.10, 1, 2, . . . , 15} ◦C, spanning from nearly isothermal
(Tampl = 0.01 ◦C) to strongly time-dependent (Tampl = 15 ◦C) inner boundary conditions.

For each dataset, the inverse identification described in Section 3.2.2 was applied
to estimate the equivalent thermal conductivity λ and mass density ρ, with the specific
heat capacity cp fixed. Two objective functions were considered: (i) EFT , comparing inner-
surface temperature while prescribing heat flux, and (ii) EFq, comparing inner-surface heat
flux while prescribing temperature. A warm-up period of 150 h was excluded from the EF
evaluation to remove initial transients.

The results show that the inverse identification based on EFT (Figure 7d–f) becomes
increasingly ill-conditioned as the oscillation amplitude Tampl decreases. For small values
of Tampl, the inner boundary condition approaches the strictly isothermal limit, and the
temporal variance of Tsi becomes very small. In this regime, the denominator of the EF
definition ∑i

(
Tsyn,i − Tsyn

)2, tends toward zero, causing EFT to diverge. This behavior
is identical to that observed in the strictly isothermal case, where EFT is mathematically
undefined due to the absence of temperature variability at the inner surface. Consequently,
this results in poor optimization performance for small Tampl as EFT is much more sensitive.

For larger oscillation amplitudes, where the inner-surface temperature exhibits appre-
ciable temporal variation, EFT yields a more stable optimization. However, even in this
regime, the sensitivity of the temperature signal to the internal wall properties remains
limited, leading to a relatively flat objective landscape and non-unique optimal solutions.

In contrast, the inverse identification based on EFq (Figure 7a–c) remains well-posed
over the entire range of oscillation amplitudes investigated. When the inner-surface temper-
ature is prescribed according to the periodic boundary condition and the heat flux is used
as the comparison variable, the optimization consistently converges toward stable λ and ρ

values. Importantly, the performance of EFq does not deteriorate in the near-isothermal
limit. Even when Tampl is small, the heat flux response retains sufficient variability and
sensitivity to the wall’s thermal inertia and conductivity, ensuring a well-defined objective
function and robust parameter recovery.

The analysis highlights a fundamental distinction between temperature-based and
heat-flux-based objective functions. While EFT becomes ill-defined in the strictly isothermal
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and near-isothermal limits due to normalization effects, EFq remains stable and informative
across both constant and periodically varying inner boundary conditions.

 

Figure 7. Determination sensitivity of the inverse identification to deviations from isothermal inner
boundary conditions. Panels (a–c) show the results obtained using the heat-flux-based objective EFq:
(a) model efficiency, (b) identified equivalent thermal conductivity λopt, and (c) identified equivalent
mass density ρopt. All are shown as functions of the imposed inner temperature oscillation amplitude
Tampl. Panels (d–f) show the corresponding quantities obtained using the temperature-based objective
EFT : (d) model efficiency, (e) λopt, and (f) ρopt.

4.4. Experimental Test Results

The optimization framework was evaluated using experimental data recorded in the
test room built at the University of Perugia. Two representative months were selected: Jan-
uary and October, chosen to reflect markedly different inner-surface boundary conditions.
January is characterized by a strongly time-varying inner-surface temperature Tsi, whereas
October corresponds to a heating period with Tsi close to isothermal.

Figure 8a shows the measured external surface temperature Tse, inner-surface temper-
ature Tsi, and inner-surface heat flux q for January. In this case, the pronounced temporal
variations in Tsi indicate a clearly non-isothermal boundary condition. The corresponding
data for October are shown in Figure 8b, where Tsi remains tightly controlled over time
due to active heating.

For each month, the inverse problem was solved using two objective functions: EFT,
with heat flux qexp imposed as a boundary condition, and EFq, with inner-surface temperature
Texp as prescribed. The EF definitions used with the experimental data were therefore

EFT = 1 −
∑i

(
Tsim,i − Texp,i

)2

∑i
(
Texp,i − Texp

)2 (16)

EFq = 1 −
∑i

(
qsim,i − qexp,i

)2

∑i

(
qexp,i − qexp

)2 (17)
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Figure 8. Experimental external and internal surface temperatures and inner-surface heat flux
for Perugia test room: (a) January (non-isothermal Tsi); (b) October (near-isothermal Tsi due to
heating control); (c,d) comparison between multilayer wall measurements and the equivalent wall
simulations obtained through the inverse problem-solving; (c) inner-surface temperature; (d) inner-
surface heat flux.

The resulting optimized parameters and objective function values are summarized in
Table 2.

Table 2. Estimated parameters and objective function values from the experimental data.

Mode Month λopt
[W/(m K)]

(ρcp)opt
[J/(K m3)]

EF
[−]

EFT January 0.183 6.12 × 105 0.98

EFT October 0.176 10.0 × 105 −5.76

EFq January 0.169 4.25 × 105 0.78

EFq October 0.193 1.72 × 105 0.63

For January, both formulations yield physically plausible estimates of the effective
thermal conductivity and mass density, with EF values close to unity. This behavior
is consistent with the synthetic results for non-isothermal and periodically forced inner
boundary conditions, confirming that sufficient temperature dynamics ensure a well-posed
inverse problem.

For October, the performance diverges significantly. When using EFT , the optimization
becomes ill-conditioned, leading to non-physical parameter estimates and extreme EFT

values. This behavior is a direct consequence of the near-isothermal inner boundary
condition: as shown in previous sections, the denominator of EFT approaches zero under
isothermal conditions, causing the objective function to diverge. This does not indicate
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a fundamental incompatibility of the inverse problem, but rather a limitation of EFT in
this regime.

In contrast, EFq remains stable and robust for both months, yielding consistent and
physically meaningful parameters even under near-isothermal conditions. These experi-
mental results confirm the conclusions drawn from the synthetic studies and demonstrate
that EFq is the preferred objective function when the inner-surface temperature is controlled
or weakly varying, as is common in real building operations.

In both the temperature-based and heat flux-based estimations of the thermal conduc-
tivity, the parameter to which the inner quantities exhibit the highest sensitivity is close to
the theoretical value, λeq,theo = 0.142 W m−1 K−1. The slightly larger estimated values are
consistent with the aging of the materials.

5. Conclusions
The identification of equivalent thermophysical parameters of a multilayer wall by

means of a homogeneous one-dimensional conduction model was addressed in this study.
The primary objective was to investigate the extent to which the simplified model is capable
of capturing the dynamic thermal behavior of a real multilayer wall, while accounting for
the effect of different inner boundary conditions, including adiabatic, isothermal, and more
general cases. The number of independent parameters to be estimated and the choice of
the objective function used for inverse identification were justified.

Analytical considerations and numerical simulations demonstrated that the duration
of the transient thermal response strongly depends on the imposed inner boundary condi-
tion. Adiabatic conditions lead to significantly longer transients than isothermal conditions,
a result that was quantitatively established by synthetic simulations and shown to be
consistent with theoretical predictions. This finding highlights the necessity of excluding
sufficiently long warm-up periods when comparing the simulated and reference data,
especially in insulated configurations.

For adiabatic boundary conditions, the dynamic behavior of the wall can be reliably
characterized by a single equivalent parameter, namely the thermal diffusivity. The identi-
fication problem was shown to be well-posed, yielding a clear and stable optimum with
high efficiency factors throughout the year. The equivalent homogeneous wall accurately
reproduces the inner-surface temperature trend, despite the simplification of the model.

In contrast, under isothermal boundary conditions, two independent parameters are
required to describe the wall dynamics. The coupled inverse identification of thermal
conductivity and volumetric heat capacity proved to be robust and stable when based on
the inner-surface heat flux as the comparison quantity. The optimized parameters exhibited
minimal seasonal variability and converged rapidly as the dataset length increased beyond
a few hundred hours. An inverse identification in stable isothermal-like conditions with
5% or less accuracy was obtained in approximately 11 days. A more detailed treatment of
the frequency dependence of the equivalent thermophysical properties will be dealt with
in future work.

It is also important to emphasize that the duration of the transient phase, the warm-up
period associated with the imposed inner boundary condition, differs significantly between
the two idealized setups. In the case study considered, the transient lasted approximately
one month under adiabatic boundary conditions, whereas with the isothermal configu-
ration, which is more commonly representative of real-world applications, the transient
period did not exceed one week.

A key result of this work concerns the sensitivity of the inverse identification to devi-
ations from ideal isothermal conditions. Temperature-based objective functions become
ill-conditioned at the strictly isothermal or near-isothermal limit, due to the vanishing
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variance of the inner-surface temperature signal. In contrast, heat-flux-based objective func-
tions remain well-defined and informative over the entire range of investigated boundary
conditions, including both constant and periodically varying inner-surface temperatures.

The application to experimental data from a test wall confirms the conclusions drawn
from the synthetic analyses. While both temperature-based and heat-flux-based formula-
tions perform satisfactorily under strongly non-isothermal conditions, only the heat-flux-
based approach provides stable and physically meaningful results when the inner-surface
temperature is tightly controlled, as commonly occurs in real buildings.

Overall, the results demonstrate that the identifiability of equivalent thermophysical
parameters is not only governed by the wall structure, but also critically depends on the
boundary conditions and on the formulation of the objective function. From a practical
perspective, heat-flux-based inverse methods emerge as the most robust choice for the
characterization of building envelope components under realistic operating conditions.

In addition, this type of modeling is devised as a simple means for evaluating the
building’s performance, in which the envelope transmission heat load, a direct function of
internal heat flux, represents a key quantity. This is a further point that supports a heat-
flux-based inverse method for the identification of equivalent parameters. The proposed
method is designed to provide end users with practically useful information that can be
directly employed as an input in building energy simulation software. It requires only
the use of surface sensors and relies on an automatic data post-processing procedure that
estimates the equivalent thermophysical properties of the investigated component under
the applied boundary conditions.

In the usual in situ applications, the external boundary condition results from com-
bined convection, radiation, and shortwave absorption, which may in turn partially affect
the values of the equivalent thermophysical parameters. In our setup, the measured outer-
surface temperature was imposed to eliminate uncertainties in the external heat-flux model
and ensure a controlled excitation for the inverse problem. For applications involving
different external conditions (e.g., distinct convection, radiation, or solar loads), the same
identification procedure can be repeated with boundary conditions representative of the
target scenario. The issue of transferability between distinct realistic scenarios will be
addressed in future work.
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Abbreviations
The following abbreviations are used in this manuscript:

cp Specific heat capacity [J/(kg K)]
D Thermal diffusivity [m2/s]
Deq Equivalent thermal diffusivity [m2/s]
f Frequency [Hz]
L Thickness of the wall [m]
q Heat flux [W/m2]
qexp Experimental heat flux calculated for an equivalent structure [W/m2]
qsim Simulated heat flux calculated for an equivalent structure [W/m2]
qss Steady-state heat flux [W/m2]
qsyn Synthetic heat flux calculated for a multilayer structure [W/m2]
qt Transient heat flux [W/m2]
t Time [s]
T Temperature [◦C]
Tampl Amplitude of the inner temperature oscillation [◦C]
Texp Experimental temperature [◦C]
Tm Mean temperature [◦C]
Tse Outer-surface temperature [◦C]
Tsi Inner-surface temperature [◦C]
Tsim Simulated temperature calculated for an equivalent structure [◦C]
Tss Steady-state temperature [◦C]
Tsyn Synthetic temperature calculated for a multilayer structure [◦C]
Tt Transient temperature [◦C]
λ Thermal conductivity [W/(mK)]
λeq Equivalent thermal conductivity [W/(mK)]
ρ Mass density [kg/m3]
ρeq Equivalent mass density [kg/m3]
τadiab Time constant under adiabatic condition [s]
τisoth Time constant under isothermal condition [s]
BC Boundary condition
EF Efficiency factor [-]
EFq Efficiency factor on the heat flux [-]
EFT Efficiency factor on temperature [-]
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