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Abstract

In modern power systems, the rapid growth of renewable energy capacity, such as wind and
solar photovoltaic (PV) power, has led to a decline in system equivalent inertia and primary
frequency regulation margin. At the same time, net load fluctuations have intensified
across multiple time scales, making it more likely for the RoCoF, frequency nadir, and
quasi-steady-state frequency deviation to approach safety limits following disturbances. To
achieve a balance between frequency security and economic operation, this paper proposes
a two-stage stochastic frequency-security-constrained unit commitment (FSC-SUC) model
tailored for scenarios with high renewable energy penetration. The day-ahead hourly
dispatch stage jointly determines the on/off status and reference output of synchronous
units and the reservation of slow frequency regulation capacity, as well as energy storage
charging and discharging plans, SoC trajectories, and the reservation of fast frequency
regulation capacity. The intraday minute-level real-time dispatch stage accommodates
prediction errors through scenario-based rescheduling and ensures the deliverability of both
slow and fast frequency regulation capabilities via commitment consistency constraints. To
address the challenge of directly embedding frequency nadir constraints into mixed-integer
optimization, this paper employs a modeling approach that combines analytical criteria
with linear surrogate constraints. The RoCoF and quasi-steady-state frequency deviation are
specified via aggregated analytical constraints, while the nadir is embedded into the main
problem after generating samples offline using a simplified frequency response model and
training a polyhedral linear surrogate for external approximation. The safety margin is then
calibrated using high-quantile residuals from the validation set to ensure conservativeness.
Case studies on the IEEE 33-bus system under different renewable penetration levels
demonstrate that the proposed method significantly reduces the probability of frequency
nadir violations and load-loss risk with only a modest cost increase while also improving
coordination between fast and slow frequency regulation.

Keywords: high renewable energy penetration; frequency security constraint; unit
commitment; two-stage stochastic optimization; battery energy storage; linear surrogate
model; benders decomposition
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1. Introduction
In modern power systems, the installed capacity and output share of renewable energy

sources such as wind and solar photovoltaic (PV) power have grown rapidly, leading to
a gradual shift in the system’s structure from one dominated by synchronous generators
to one in which power electronics-based resources account for a significantly larger share.
First, the output of renewable energy sources is highly random and volatile. Net load may
exhibit characteristics where both the amplitude and rate of change increase simultane-
ously on hourly, minute, and even shorter time scales, resulting in more frequent system
frequency regulation requirements. Second, the decline in the proportion of synchronous
generators has reduced the system’s equivalent inertia and primary frequency regulation
margin. As a result, the rate of change of frequency (RoCoF), frequency nadir, and quasi-
steady-state frequency deviation are more likely to approach safety limits when the system
encounters disturbances, and frequency risks exhibit greater temporal and scenario-specific
variability. Once frequency constraints are shifted to the level of unit combinations and
reserve configurations, the system must either increase the number of synchronous gener-
ators in operation or raise the frequency reserve margin, which triggers a chain reaction
affecting fuel costs, start-up and shutdown costs, and curtailment of wind and solar power.
Consequently, developing a system optimization model capable of capturing the interplay
among high renewable energy uncertainty, low-inertia constraints, and frequency support
coupling across multiple resources while balancing physical interpretability and computa-
tional feasibility has become one of the most pressing challenges in the field of coordinated
frequency security and economic operation.

The formulation of frequency safety metrics as constraints and their solvable em-
bedding have been studied in a relatively systematic manner within the UC and SCUC
frameworks. Reference [1] embeds the inertia metric into the UC in a linearized manner,
enabling the day-ahead phase to explicitly constrain the inertia level and the frequency
safety margin. Reference [2] establishes a quantitative mapping relationship between
frequency security constraints and frequency control reserve requirements, providing
a computable basis for the computational allocation of reserve capacity. Reference [3]
takes into account the spatial heterogeneity of low-inertia systems; the model incorpo-
rates position-dependent frequency stability constraints into the SCUC to characterize
the effects of inertia distribution and network structure on frequency risk. To address
potential discrepancies between frequency-based evaluation and engineering surveying,
Reference [4] introduces a learning-assisted RoCoF evaluation and constraint handling
framework, which helps mitigate misalignment driven by frequency constraints. At the
real-time operational level, treating virtual inertia as a schedulable resource and jointly
optimizing it with real-time economic scheduling can also reveal the opportunity costs and
availability constraints associated with inertia support [5]. At the same time, to address
accuracy issues caused by forecasting errors in renewable energy and reserve capacity,
Reference [6] employs forecast correction and reserve forecasting improvements to enhance
the economic efficiency of the UC system and reduce unnecessary reserve capacity. Overall,
the aforementioned studies indicate that frequency security has gradually evolved from a
post hoc verification process into a key constraint dimension in operational optimization;
however, further research is needed on solvable and interpretable constraint formulations
and solution mechanisms across different time scales.

On the other hand, the challenge of efficiently embedding frequency constraints into
UC lies in the strong nonlinearity of the frequency response process. In particular, nadir
constraints involve the coupling of multiple factors, including inertia, first-order frequency
response, rapid response capability, and disturbance magnitude; direct modeling of these
factors often leads to computational difficulties and scalability limitations. Reference [7] de-
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rives the nadir constraint for quadratic forms based on the principle of energy conservation
and establishes a mixed-integer quadratically constrained programming (MIQCP) solution
framework, thereby enhancing the model’s physical interpretability. Given the mechanistic
complexity associated with the frequency response of renewable energy sources, refining
the modeling of wind turbine frequency response and using it to construct frequency safety
margins that can be integrated into the UC system helps avoid oversimplifying frequency
dynamics while also reducing the resulting conservatism [8]. Reference [9] couples wind
power reserve supply with frequency constraints into the unit configuration, thereby reflect-
ing the interaction between reserve structure and frequency security under conditions of
high wind power penetration. Reference [10] incorporates engineering factors such as time
delays associated with wind power frequency modulation and establishes a joint dispatch
model for the power grid and wind farm to enhance the reliability of frequency support
capability assessments. Reference [11] simultaneously incorporates demand response and
frequency stability constraints in a scenario with high wind power penetration, thereby
reflecting the real-world situation where multiple types of flexible resources collectively
ensure frequency stability. Although the aforementioned studies offer complementary
approaches to frequency-constrained expression and solver-based methods, model scale
and computational stability remain unresolved challenges in current frequency-constrained
security dispatch when high penetration of renewable energy, multi-scenario uncertainty,
and multiple frequency regulation resources coexist.

As frequency support solutions have expanded from traditional synchronous gen-
erators to include various types of power electronic interfaces and cross-regional inter-
connection support, research on frequency security dispatch has increasingly emphasized
cross-regional and multi-party coordination. Reference [12] establishes a unified frequency
constraint (UFC) for HVDC interconnection systems and employs a decomposition strategy
to enhance large-scale solution capabilities. Reference [13] explicitly models the frequency
response characteristics of VSC HVDC in asynchronous interconnected systems and intro-
duces distributed robust chance-constrained and convex optimization tools under renew-
able energy uncertainty to address nonlinear constraints related to maximum frequency
deviation while balancing safety and economic efficiency. Related research on the coordi-
nated optimization of frequency maintenance services for renewable energy-dominated
systems has also evaluated the operational value of low-carbon resources in providing
frequency support [14]. Reference [15] optimizes the allocation of fast-response resources
from the perspective of inertia distribution, highlighting the coupling between frequency
risk and resource location in low-inertia systems. Regarding the coordination of power
generation and consumption, Reference [16] proposes a framework for the coordinated
optimization of energy, frequency regulation, and voltage support for distributed virtual
power plants (VPPs); this framework incorporates data-driven distributed robust modeling
methods to enhance system operational robustness under conditions of uncertainty. Ref-
erence [17] employs a Nash bargaining mechanism to achieve coordinated scheduling of
frequency constraints between distribution grids and microgrids, providing a computable
framework for multi-agent collaborative frequency support. In the temporal dimension,
real-time hierarchical flexibility management methods emphasize the coordinated dispatch
capability of flexibility resources across different time scales [18], while in the spatial di-
mension, the modeling of virtual energy storage plants that integrate frequency regulation
with congestion management reflects the necessity of jointly considering frequency ser-
vices and network constraints [19]. The above studies have expanded the modeling scope
of frequency security dispatch from the dual perspectives of resource types and system
structure; however, they have also brought the trade-off between uncertainty, time scale,
and solvability into sharper relief.
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In research on combined thermal-storage frequency regulation, energy storage not
only provides rapid response capabilities but may also alter the operating modes and
reserve structures of thermal power plants, thereby affecting the overall economic efficiency
and frequency security of the system. Reference [20] proposes a system optimization ap-
proach that replaces governor reserves with energy storage and quantifies the impact of
energy storage on the operating costs and frequency support capabilities of conventional
units. To enhance the realism of energy storage capacity modeling, megawatt-scale battery
energy storage power curves are used to characterize the boundaries of available power
as a function of state of charge (SoC) and to support the joint evaluation of frequency
regulation and trading [21]. Regarding participation in the frequency regulation market, a
dynamic bidding model for hybrid energy storage systems participating in intraday fre-
quency regulation markets reveals the coupling relationship between SoC constraints and
profit maximization [22]. Modeling the participation of flexibility resources, such as battery
swap stations, in the frequency regulation market under conditions of uncertainty also
provides a systematic evaluation pathway for new forms of energy storage [23]. In terms
of multi-service coupling, energy storage primarily addresses the coordination of services
across different time scales in research on the integrated application of peak shaving and
frequency regulation [24], while the feasibility and benefit trade-offs of frequency regula-
tion under arbitrage planning constraints reveal the constraining role of energy budgets
on frequency regulation compliance [25]. A significant body of research has already incor-
porated energy storage systems into the frequency regulation framework. Reference [26]
incorporates the uncertainty in the primary availability of energy storage into the frequency
constraint (UFC) to characterize the impact of energy storage performance risks on the
satisfaction of frequency security constraints. Reference [27] optimizes the configuration
of frequency regulation energy storage systems based on an equivalent full-cycle model,
demonstrating how cycle costs constrain configuration and operational strategies; fur-
thermore, site selection optimization from the perspective of frequency stability can also
improve frequency regulation efficiency [28]. The recent economic dispatch model for
shared energy storage stations provides a computational framework for user-side shared
energy storage participation in system dispatch [29], while the incorporation of frequency
constraints into autonomous system planning indicates that frequency security has been
integrated across both operational and planning levels [30]. At the market–system interface,
the two-stage robust clearing model for energy and reserve in wind–fire systems proposed
in Reference [31] highlights the impact of joint energy and reserve clearing on system
safety and economic efficiency under conditions of uncertainty. Reference [32] proposes
an incentive-compatible market mechanism for primary frequency regulation ancillary
services and incorporates nadir and quasi-steady-state frequency deviation constraints into
the clearing process, thereby providing a mechanism foundation for the fair settlement of
various types of frequency resources. The chain-based framework for distributed energy
storage aggregators participating in the frequency regulation market covers key aspects
such as daily quotes and intraday capacity allocation [33], while the characterization of
VPP feasibility regions and joint market bidding methods provides more comprehensive
modeling tools for aggregating resources to deliver frequency regulation capabilities at the
system level within this framework [34]. While the aforementioned studies have proposed
feasible solutions in areas such as frequency constraint modeling, resource allocation, and
market organization, most of them still exhibit a certain degree of disjointedness in terms
of the time scale. Specifically, there is insufficient feedback coupling between day-ahead
commitments and real-time adjustments, making it difficult to ensure that the frequency
support commitments of thermal power and energy storage remain both economically
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viable and feasible under conditions where renewable energy forecast errors and credible
disturbances coexist.

Based on a review of the relevant studies mentioned above, we can identify common
issues that require further resolution in the optimization of combined thermal-storage
frequency regulation systems under conditions of high renewable energy penetration.
First, the formulation of frequency security constraints at the day-ahead UC level must
establish a consistent balance between physical realism and computational solvability;
otherwise, it may lead to safety-driven conservative power generation and an increase in
curtailed renewable energy. Second, the frequency regulation capacity of energy storage
is constrained by SoC coupling and energy budget limitations. Its ability to consistently
meet commitments under various scenarios requires coordinated optimization with the
start–stop operations and reserve structure of thermal power plants to avoid situations
where commitments are feasible in the day-ahead market but unfeasible in real time.
Third, existing research often links day-ahead planning with real-time frequency regulation
deployment through rule-based or weakly coupled approaches in many scenarios, lacking
systematic modeling that integrates day-ahead commitments with real-time corrections
within a unified optimization framework. To address these issues, this paper proposes a
two-stage stochastic frequency-security-constrained unit commitment model, FSC-SUC.
The proposed model and method have three main innovations. First, a two-stage stochastic
framework covering day-ahead commitments and real-time corrections is established. This
framework incorporates renewable energy forecast errors and credible disturbances in the
form of scenarios, and simultaneously constrains frequency safety indicators such as RoCoF,
frequency nadir, and quasi-steady-state frequency deviation across all scenarios. Second,
we integrate energy storage SoC coupling, frequency regulation capacity commitments,
and thermal power plant start-up and ramping constraints into a unified collaborative
optimization process, allowing the division of labor between thermal power and energy
storage for slow and fast frequency regulation tasks to emerge endogenously from the
optimization process. Third, we propose a solvable modeling approach that combines
analytical frequency constraints with data-driven linear approximation, along with a
decomposition-based solution strategy to improve computational efficiency across multiple
scenarios, thereby achieving a more reasonable trade-off between frequency security and
renewable energy integration. The remainder of this paper is organized as follows. Section 2
presents the modeling of the system and frequency security indicators and constructs
the two-stage stochastic FSC-SUC model. Section 3 proposes a decomposition-based
solution method. Section 4 verifies the effectiveness and advantages of the proposed
method through case studies analyzing different renewable energy penetration rates and
disturbance scenarios. Section 5 concludes and provides an outlook.

2. Two-Stage Stochastic Frequency and Security Constrained Unit
Commitment for Thermal-Storage Joint Frequency Regulation

This section develops a two-stage stochastic frequency-security-constrained unit com-
mitment model for high-renewable-penetration systems, in which thermal units and energy
storage jointly provide frequency support. The overall approach of the model centers on
a hierarchical structure comprising day-ahead planning and real-time correction. During
the day-ahead phase, the model simultaneously determines the start-up and shut-down
status and reference output of thermal power plants, as well as the reservation of slow
frequency support capacity. It also establishes the reference charging and discharging
plans for energy storage, the SoC trajectory, and the reservation of fast frequency support
capacity. This transforms frequency support capacity from a resource that is called upon
ex post facto into an assessable resource that can be committed during the planning pe-
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riod and delivered during the execution period. During the real-time correction phase,
scenario-based rescheduling is performed at 5 min intervals to address forecasting errors in
renewable energy and load, thereby achieving error absorption and sustainable compliance
with the SoC under commitment consistency constraints while also satisfying frequency
safety criteria such as RoCoF, frequency nadir, and quasi-steady-state frequency deviation.
To balance physical interpretability and computational feasibility, this chapter employs a
strategy that combines analytical criteria with linear surrogate constraints for frequency
security modeling. Specifically, RoCoF and quasi-steady-state frequency deviation are
expressed as aggregated analytical constraints, while the frequency nadir is approximated
using a polyhedral linear surrogate constructed from samples generated offline via a sim-
plified frequency response model. This approach transforms the complex dynamic feasible
region into a set of linear inequalities that can be embedded into a mixed-integer opti-
mization model. Based on the modeling framework described above, this chapter will
present, in sequence, the system architecture and time-scale settings; the model for unit
commitment and frequency support capacity reservation during the day-ahead phase; the
5 min real-time correction and rescheduling model; and a unified method for embedding
frequency security criteria and linear surrogate constraints. This provides a comprehensive
mathematical foundation for subsequent decomposition-based solutions and case studies.

2.1. System Structure and Time-Scale Design

The study considers a power system consisting of a set of thermal units G, a set of
battery energy storage systems B, renewable generation, and system load. To better reflect
the operation and dispatch practices of electricity markets, the day-ahead stage adopts an
hourly time set T, while the real-time correction stage adopts a 5 min time set K. A mapping
t(k) is defined to indicate the hourly interval to which each 5 min interval k belongs. The
two-stage time-scale setting is designed to meet two modeling objectives simultaneously.
First, the discrete operational characteristics of thermal units, such as unit commitment
and minimum up/down time constraints, imply that commitment decisions should not
be modeled at a fine-grained time scale; otherwise, the number of binary variables would
increase significantly, leading to a substantial rise in computational complexity. Second, the
SoC energy budget constraint of energy storage exhibits strong temporal coupling. Under
high penetration of renewable energy, forecast errors may accumulate over multiple 5 min
intervals. If corrections are performed only at the hourly scale, situations may arise where
energy balance is satisfied while the SoC trajectory becomes unsustainable. Therefore, the
hierarchical structure with an hourly layer and a 5 min correction layer can control the scale
of discrete decisions while realistically embedding the SoC dynamic constraints into the
error realization process, thereby explicitly verifying the sustainable performance of joint
frequency regulation by thermal units and energy storage.

System uncertainty is represented by a scenario set S. Each scenario s ∈ S provides the
5 min resolution renewable generation forecast error trajectory εRES

k,s and load forecast error
trajectory εD

k,s, with an associated scenario probability πs, satisfying ∑
s∈S

πs = 1. The credible

disturbance set C is constructed according to the conventional N-1 criterion, which can be
represented by the outage of the largest online generating unit or an equivalent maximum
active power deficit event, denoted as ∆Pc. In terms of model semantics, error scenarios
are mainly used to characterize the real-time energy balance pressure and the sustainability
of the SoC trajectory, while credible disturbances are used to establish the verification
boundary of frequency security constraints. Together, they determine the effectiveness of
frequency security constraints and the model’s coverage of risks under high penetration of
renewable energy. The coupling mechanism of the two-stage decision can be summarized
as the consistency between commitment and execution. In the first stage, at the hourly scale,
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the model determines the unit commitment status ug,t, baseline output pg,t, and reserved
primary frequency response capacity rPFR

g,t , as well as the baseline charging and discharging
schedules of energy storage pch

b,t, pdis
b,t , the SoC trajectory eb,t, and the reserved fast frequency

response capacity rPFR
g,t . In the second stage, at the 5 min scale, redispatch is performed for

each scenario. The adjustment ranges of pg,k,s and pch
b,k,s, pdis

b,k,s must be constrained by the
reserved capacities determined in the first stage, thereby ensuring that the primary and
fast frequency response capabilities are not arbitrarily deployed ex post but are explicitly
defined in the planning stage and strictly delivered during execution. This consistency loop
is the key to incorporating thermal unit primary frequency regulation and energy storage
fast frequency regulation into a unified system optimization framework.

The structural diagram of the two-stage stochastic unit commitment framework with
joint frequency regulation by thermal units and energy storage remains unchanged in its
overall design. The input layer consists of data and parameters, the optimization layer
includes the day-ahead master problem and scenario-based subproblems, and the output
layer provides economic performance, security metrics, and resource stress statistics. The
connection from the master problem to the subproblems represents commitment transfer,
while the connection from the subproblems to the master problem corresponds to cut
generation and feedback. The detailed block diagram is shown in Figure 1.

Figure 1. Framework of two-stage stochastic frequency-secure UC.

2.2. Day-Ahead Stage Model

In the day-ahead stage, the objective is to minimize the day-ahead operating cost
and the expected real-time correction cost. To facilitate two-stage decomposition and
maintain the structural stability of the master problem, an outer-layer objective formulation
is adopted:

minCDA + η (1)

Here, η is a proxy variable for the expected real-time correction cost, which is pro-
gressively approximated by cut planes within the decomposition framework, reflecting
the marginal impact of different commitment decisions on real-time adjustment costs.
CDA consists of start-up and shut-down costs, fuel costs, reserved capacity costs for pri-
mary and fast frequency response, energy storage operating costs, and renewable cur-
tailment penalties. It is formulated in a linear or piecewise linear form to ensure that
the master problem remains a mixed-integer linear program. This design avoids the di-
rect inclusion of high-dimensional scenario variables in the master problem. Instead, the
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impact of uncertainty is gradually incorporated through η and cut planes during the it-
erative process, which is consistent with the standard modeling paradigm of two-stage
stochastic programming.

∑
g∈G

pg,t + ∑
b∈B

(
pdis

b,t − pch
b,t

)
+ PRES,DA

t − ct = DDA
t , ∀t (2)

Equation (2) describes the energy balance at the hourly scale. To avoid introducing
significant uncertainty in the day-ahead stage due to forecast deviations, this study incor-
porates error terms and performs redispatch in the real-time stage, while the day-ahead
stage forms the baseline schedule solely based on forecast values. The introduction of the
curtailment variable ct ensures that the day-ahead model remains feasible when renewable
generation is significantly in surplus and thermal units are constrained by minimum out-
put limits. Meanwhile, it provides a statistical basis for subsequent analysis of renewable
energy accommodation capability.

The operational constraints of thermal units are modeled using a standard UC formula-
tion. The output limits and start-up/shut-down logical constraints are expressed as:

Pmin
g ug,t ≤ pg,t ≤ Pmax

g ug,t, ∀g, t (3)

ug,t − ug,t−1 = yg,t − zg,t, ∀g, t (4)

Here, ug,t ∈ {0, 1} indicates whether unit g is online, while yg,t and zg,t denote start-up
and shut-down actions, respectively. The minimum up/down time constraints are given as:

t

∑
τ=t−Umin

g +1

yg,τ ≤ ug,t, ∀g, t (5)

t

∑
τ=t−Dmin

g +1

zg,τ ≤ 1 − ug,t, ∀g (6)

The ramping constraints at the hourly scale are given as:

pg,t − pg,t−1 ≤ R↑
gug,t−1 + S↑

gyg,t, ∀g, t (7)

pg,t−1 − pg,t ≤ R↓
gug,t + S↓

gzg,t, ∀g, t (8)

Equations (3)–(8) characterize the operational characteristics of thermal units under
constraints of minimum output, ramping limits, and start-up/shut-down logic. Since the
provision of primary frequency response by thermal units depends on their adjustable
margins and ramping capabilities, the above operational constraints determine the actual
feasible boundary of primary frequency support and also define the opportunity cost of
maintaining synchronous units online under high renewable penetration scenarios.

The primary frequency regulation capability of thermal units is represented by the
reserved primary frequency response margin:

0 ≤ rPFR
g,t ≤ Pmax

g ug,t − pg,t, ∀g, t (9)

Equation (9) directly couples primary frequency support with the baseline output,
implying that a higher baseline output results in a smaller upward regulation reserve
available for frequency response.

This constraint, on the one hand, ensures the physical feasibility of frequency regu-
lation capability commitments; on the other hand, it provides a structural basis for cost
representation of primary frequency support, since increasing rPFR

g,t typically requires either
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reducing the baseline output or keeping more units online, thereby affecting fuel costs and
start-up and shut-down costs.

The energy storage constraints are used to simultaneously characterize power limits
and energy budget constraints. To avoid simultaneous charging and discharging within
the same time interval, a binary variable Vb,t is introduced.

0 ≤ pch
b,t ≤ Pch,max

b vb,t, 0 ≤ pdis
b,t ≤ Pdis,max

b (10)

The SoC dynamics and boundary constraints of the energy storage system are given as:

eb,t+1 = eb,t + ηch
b pch

b,t∆T − 1
ηdis

b
pdis

b,t ∆T, ∀b, t (11)

Emin
b ≤ eb,t ≤ Emax

b , ∀b, t (12)

Equations (10)–(12) enable the energy storage system to form a feasible baseline
charging/discharging schedule and SoC trajectory in the day-ahead stage. Since the fast
frequency response capability in the real-time stage heavily depends on the available SoC
margin, the feasibility of the day-ahead SoC trajectory directly affects the deliverability of
fast frequency response commitments. Describing fast frequency support solely through
power limits neglects the constraining role of SoC dynamics; therefore, this study incor-
porates SoC constraints as a core component of the fast frequency capability budget. The
reserved fast frequency response capability of energy storage is subject to both power
and energy budget constraints. To ensure deliverability over the fast frequency response
duration τFFR

τ , the following formulation is constructed.

0 ≤ rFFR
b,t ≤ Pdis,max

b (1 − vb,t)− pdis
b,t + pch

b,t, ∀b, (13)

rFFR
b,t ≤

eb,t − Emin
b

τFFR , ∀b, t (14)

Equation (13) characterizes the instantaneous power availability of fast frequency
response, while Equation (14) represents the energy sustainability of fast frequency response
over a given duration. Together, they form the capability envelope of fast frequency
support, allowing fast frequency commitments to be dynamically adjusted with the SoC
state. The introduction of this capability envelope transforms fast frequency support from
a conventional fixed-capacity variable into a deliverable capacity subject to energy budget
constraints, thereby providing a consistent commitment boundary for subsequent 5 min
scenario-based redispatch.

2.3. Five-Minute Real-Time Correction Model

In the real-time correction stage, redispatch is performed at a 5 min resolution for
each scenario to accommodate forecast errors and maintain consistency with the day-ahead
commitments. For scenario s and time interval k, the power balance constraint is given as:

∑
g

pg,k,s + ∑
b

(
pdis

b,k,s − pch
b,k,s

)
+ PRES,DA

k + εRES
k,s − ck,s = DDA

k + εD
k,s − ℓk,s, ∀k (15)

Equation (15) explicitly incorporates forecast errors into the real-time power balance,
making redispatch variables responsible for absorbing these deviations. The variables
ck,s and ℓk,s have two meanings. First, as a feasibility recovery mechanism for extreme
scenarios, they ensure that the subproblem remains solvable and can return comparable
objective values. Second, the high penalty coefficient of ℓk,s explicitly quantifies infeasibility
in the objective function, thereby driving the day-ahead stage through cut-plane feedback
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to increase reserved capacity or adjust the SoC trajectory, forming an endogenous response
to extreme risks. Thermal units satisfy output limits and ramping constraints at the 5 min
time scale:

Pmin
g ug,t(k) ≤ pg,k,s ≤ Pmax

g ug,t(k), ∀g, k (16)

pg,k,s − pg,k−1,s ≤ R↑,5m
g , pg,k−1,s − pg,k,s ≤ R↓,5

g (17)

The redispatch range is constrained by the reserved capacity determined in the day-
ahead stage:

−rPFR
g,t(k) ≤ pg,k,s − pg,t(k) ≤ rPFR

g,t(k), ∀g, k, s (18)

Equation (18) concretizes the primary frequency response commitment into a real-time
dispatchable regulation boundary. This boundary constraint prevents arbitrary expansion
of the thermal units’ adjustment range in the real-time stage, thereby ensuring the auditabil-
ity of primary frequency response commitments and making the day-ahead decision on
rPFR

g,t directly impact real-time feasibility.
The power mutual exclusivity, SoC update, and boundary constraints of energy storage

at the 5 min time scale are given as:

0 ≤ pch
b,k,s ≤ Pch,max

b vb,k,s, 0 ≤ pdis
b,k,s ≤ Pdis,max

b (19)

eb,k+1,s = eb,k,s + ηch
b pch

b,k,s∆τ − 1
ηdis

b
pdis

b,k (20)

Emin
b ≤ eb,k,s ≤ Emax

b , ∀b, k, s (21)

where ∆τ = 5/60 h. To ensure the executability of fast frequency response commitments,
the increment of energy storage discharging is kept consistent with the reserved fast
frequency capacity determined in the day-ahead stage.

0 ≤ pdis
b,k,s − pdis

b,t(k) ≤ rFFR
b,t(k), ∀b, k, s (22)

Equation (22) ensures that the deployment of fast frequency response from energy
storage does not exceed the day-ahead commitment, and together with Equation (14), it
guarantees that the SoC margin can sustain the required fast frequency response duration.
Under scenarios with persistent forecast bias, the SoC dynamics gradually tighten the
available fast frequency boundary, allowing the model to capture the sustainable regulation
capability and operational limits of energy storage under high renewable penetration.

2.4. Simplified Frequency Response Model and Linear Proxy Constraint for Frequency Nadir

The frequency security criteria in this study include RoCoF, frequency nadir, and
steady-state frequency deviation. To balance tractability and physical consistency, RoCoF
and steady-state frequency deviation are modeled using aggregated analytical constraints,
while the nadir is embedded via an outer-approximation approach based on linear proxy
constraints. The core idea of this strategy is to transform the complex nonlinear feasible
region of frequency dynamics into a set of linear inequalities, enabling compatibility
with the mixed-integer structure of unit commitment and the dual-based cut generation
mechanism in Benders decomposition. At the same time, safety margins are calibrated to
ensure auditable control of approximation errors. Offline sample generation and labeling
are based on a simplified system frequency response model. The frequency deviation ∆ f (t)
satisfies the swing equation:

2Ht

f0

d∆ f (t)
dt

= ∆Pm(t)− ∆Pe(t)− Dt∆ f (t) (23)
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where Ht denotes the equivalent inertia and Dt denotes the equivalent damping. ∆Pe(t)
includes the credible disturbance deficit ∆Pc and the equivalent term of forecast errors.

The primary frequency response of thermal units is approximated by a first-order
dynamic model:

Tg
dPPFR(t)

dt
+ PPFR(t) = Kg∆ f (t), 0 ≤ PPFR(t) (24)

The fast frequency response of energy storage is modeled using a simplified delayed
ramp-up representation:

PFFR(t) =

0, t < τd

min
(
κ(t − τd), RFFR

t
)
, t ≥ τd

(25)

Within the window [0, Tw], numerical integration of Equations (23)–(25) is performed
to obtain ∆f(t), and the frequency nadir deviation ∆fnadir is extracted as the training
label. The simplified frequency response model generates training samples that cover the
operating region and reveal the boundary relationship between aggregated features and
frequency nadir, rather than replacing high-fidelity simulation. We set the parameters based
on engineering experience, and their robustness is further validated through sensitivity
analysis in the case studies.

In the online optimization, an aggregated feature vector is defined:

xt =
[

Ht, RPFR
t , RFFR

t , ∆Pc

]T
(26)

where the RoCoF constraint is formulated using an equivalent lower bound:

Ht = ∑
g∈□

ug,tHg, RPFR
t = ∑

g
rPFR

g,t , RFFR
t = ∑

b
rFFR

b,t (27)

Ht ≥ Γ(∆Pc), ∀t, c (28)

where the quasi-steady-state frequency deviation constraint is expressed by the lower
bound of the total primary frequency regulation:

RPFR
t ≥ α∆Pc, ∀t, c (29)

where Γ(·) and α are determined by parameters such as frequency thresholds, nominal
frequency, and equivalent damping, maintaining linear tractability and establishing an
explicit mapping with the disturbance magnitude.

The frequency nadir constraint is approximated using a polyhedral linear outer
approximation:

w⊤
m xt + bm ≥ ρm, ∀t, c, m ∈ µ (30)

where wm and bm denote the hyperplane parameters, and ρm represents the safety margin.
The detailed hyperplane coefficients are provided in Appendix A. The polyhedral outer
approximation can improve boundary tightness by increasing the number of hyperplanes
or by partitioning the feature space for piecewise fitting. Meanwhile, the safety margin
is calibrated using high-quantile residuals from a validation set to maintain statistical
conservatism. This set of constraints, together with Equations (28) and (29), forms the
frequency security constraint system, enabling frequency security requirements to be incor-
porated into the day-ahead master problem in a linear form and providing an interpretable
constraint-driven mechanism for unit commitment decisions, primary frequency reserve
allocation, and fast frequency reserve allocation.
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3. Training of Linear Surrogate Constraints and Two-Stage
Decomposition Method
3.1. Implementation Essentials of Scenario Generation and Reduction

The construction of the scenario set S determines the extent to which the two-stage
model covers uncertainty. The scenarios in this paper are formed by combining error
trajectories with credible disturbances. The forecast error scenarios are generated from
historical data of a regional power system with a 5 min resolution over 365 days. The
raw data consists of 105,120 data points (365 × 24 × 12) for both wind and PV generation.
The prediction errors are modeled using a Gaussian mixture model (GMM) with three
components to capture the asymmetric error distribution. The temporal correlation is
preserved by sampling full-day error trajectories rather than independent time points.
After scenario reduction using the k-means clustering algorithm with k = 30, the retained
scenarios capture 92% of the total variance of the original dataset. The extreme scenarios
(top 5% of absolute error trajectories) are mandatorily retained to ensure tail risk coverage.
This approach keeps the scenario set size within a computable range without significantly
compromising risk coverage. In this study, error trajectories are generated by sampling
historical prediction-error data and constructing an initial scenario library that preserves
the temporal characteristics of renewable and load forecast errors. Given that the 5 min
correction sequences are long and the initial number of scenarios is typically large, a direct
solution would result in a significant increase in the size of subproblems and the parallel
processing load; therefore, scenario reduction is necessary. The goal of scenario reduction is
to retain a set of scenarios that can represent both mean characteristics and tail risk, while
preserving the temporal correlation of the error sequences as much as possible. In practice,
we use k-means clustering to group error trajectories, and a central trajectory can be selected
from each group to represent the typical scenario, with the probability weight determined
by the proportion of samples within the group. To avoid losing tail risks after reduction,
we establish retention rules for extreme samples in the error sequence. For example, upper
and lower deviation trajectories at high percentiles can be mandatorily retained, and the
probability weights can be renormalized. This approach keeps the scenario set size within
a computable range without significantly compromising risk coverage, thereby ensuring
the iterative efficiency and result stability of the decomposition solution.

The credible disturbance set C is constructed using the conventional N-1 principle.
In practice, the maximum unit trip or the equivalent maximum active power shortfall
event is often selected as the reference disturbance, and several typical contingencies
may be further incorporated to enhance robustness. The disturbance magnitude ∆Pc is
incorporated into the RoCoF, quasi-steady-state frequency deviation, and nadir proxy
constraints, establishing a clear mapping between frequency safety constraints and accident
magnitude. This imposes explicit constraints on the frequency support capacity demand
during the planning phase.

3.2. Offline Training Process and Technical Details for Linear Surrogate Constraints

The training of linear surrogate constraints involves sample generation, frequency
response calculation, feature engineering, hyperplane fitting, and safety margin calibration.
The sample generation stage must cover all possible combinations of inertia levels and
frequency support capacity within the feasible region of the main problem. Specifically, the
inertia Ht is determined by the set of online thermal power generation units and takes dis-
crete values, while RFRslow and RFR f ast are continuous variables subject to the constraints
in Equations (9), (13) and (14). To balance coverage and training efficiency, we adopt a
hierarchical sampling strategy. The training dataset consists of 50,000 samples generated
using the hierarchical sampling strategy described above. Specifically, 20 representative
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unit-commitment combinations are enumerated to cover the feasible range of equivalent
inertia, and 2,500 Latin-hypercube samples are generated for each combination in the con-
tinuous space of PFR and FFR capacity. An independent validation set of 10,000 samples is
used for accuracy assessment and safety-margin calibration.

First, at the start–stop state level, several typical unit combinations are enumerated
or sampled to obtain representative Ht levels. Then, at each Ht level, Latin hypercube
sampling is performed on RFRslow, RFR f ast, and ∆Pc to ensure that the samples are uni-
formly distributed in the continuous space. To improve the accuracy of the surrogate
constraints in the critical region, denser sampling can be performed near the boundaries
where the frequency threshold is met or approached, focusing the training on identifying
the boundaries of the feasible region rather than redundantly covering internal points.

The frequency response calculation stage employs the simplified frequency response
model defined by Equations (23)–(25). Physically interpretable ranges must be specified
for the parameters Tg, Kg, Dt, τd, κ, and Tw. Tg and Kg can be derived from the first-
order dynamics and droop characteristics of a typical thermal power plant speed control
system; Dt can be set based on empirical load damping values and verified for its impact
through sensitivity analysis; τd and κ can be set based on the response delay and ramping
capability of the energy storage converter; and Tw is set to the time window during which
the frequency nadir primarily occurs. The parameters of the simplified frequency response
model are set based on typical values from the literature and are summarized in Table 1.
For each sample point, ∆ f (t) is integrated (or the nadir is extracted directly from the
simulated frequency trajectory), and ∆ fnadir is compared with the threshold ∆ fmin to obtain
a feasibility label. This process generates a supervised learning dataset, with xt as the input
and feasibility (feasible or infeasible) or the regression value of ∆ fnadir as the output.

Table 1. Parameters of the simplified frequency response model.

Parameter Symbol Value Unit Description

Governor time constant Tg 0.2 s Turbine-governor response delay
Governor gain Kg 20 pu/pu Droop gain (inverse of droop setting)

Load damping coefficient Dt 1.0 pu/Hz Frequency-sensitive load fraction
BESS response delay τd 0.1 s Converter response time

BESS ramp rate κ 1.5 pu/s Fast power injection rate
Nadir observation window Tw 5 s Time window for nadir detection

Tg and Kg are derived from the first-order dynamics and droop characteristics of
a typical thermal power plant speed control system; Dt is set based on empirical load
damping values; τd and κ are set based on the response delay and ramping capability of
the energy storage converter; and Tw is set to the time window during which the frequency
nadir primarily occurs.

To validate the simplified frequency response model (Equations (23)–(25)), we com-
pared its output with a high-fidelity simulation model implemented in MATLAB/Simulink
R2023b, which includes detailed turbine-governor dynamics, AGC loops, and converter
response models. The comparison was conducted over 1000 randomly sampled operating
points covering the feasible region.

The results indicate that the simplified model slightly underestimates the frequency
nadir by an average of 0.03 Hz (relative error < 3%) compared to the high-fidelity simu-
lation. This underestimation is conservative from a security perspective (i.e., it slightly
overestimates the risk) and is accounted for by the safety margin ε calibrated from the
validation set. The correlation coefficient between the simplified model and high-fidelity
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simulation is 0.98, confirming that the simplified model captures the dominant dynamics
sufficiently for surrogate training purposes.

In the hyperplane fitting stage, the principle of outward approximation is adopted.
If a classification-based fitting method is used, the objective is to construct a set of lin-
ear inequalities that places infeasible points as far to the left of the hyperplane as pos-
sible and feasible points to the right, while imposing a significant penalty for misclassi-
fying infeasible points to ensure conservativeness. If a regression-based fitting method
is adopted, ∆ fnadir = θT

xt + θ0 is first fitted, and then a linear constraint is formed using
∆ fnadir ≥ ∆ fmin + ρ. To improve approximation accuracy, we partition the feature space,
with hyperplanes fitted separately at different Ht levels or within different ∆Pc intervals,
thereby forming a polyhedral outward approximation and obtaining the constraint set in
Equation (30). This partitioned fitting can significantly alleviate the issues of excessive
conservativeness or local inaccuracies caused by a single hyperplane in global approxima-
tion. The fitted surrogate achieves an R2 of 0.96 on the validation set, with an RMSE of
0.042 Hz and an MAE of 0.031 Hz. The validation classification accuracy is 97.3%, and the
false-negative rate after safety-margin calibration is 0.8%. These indicators demonstrate
that the surrogate is sufficiently accurate for screening frequency-nadir security while
retaining the conservativeness required by the UC model.

xt =
[

Ht, RPFR
t , RFFR

t , ∆Pc

]T
(31)

∆ fnadir, tpred = θT
xt + θ0 (32)

∆ fnadir, tpred ≥ ∆ fmin + ρ (33)

wT
mxt + bm ≥ ρm, m = 1, 2 . . . . . . , M (34)

The safety margin calibration phase is performed using an independent validation
set. We calculate the surrogate prediction error or classification margin for samples in
the validation set, and a high percentile is selected as the value of ρm, thereby statistically
ensuring that the linear surrogate remains an outer approximation of the true feasible region.
This calibration method offers clear auditability, explains the source of conservatism in the
surrogate constraints, and allows for a trade-off between conservatism and efficiency in
subsequent applications by adjusting the percentile level.

3.3. Master and Subproblem Formulation for Two-Stage Decomposition

The two-stage stochastic FSC-SUC has a structure comprising a first-stage mixed-
integer decision-making process and multi-scenario continuous rescheduling. To improve
solution efficiency at large scales, this paper employs Benders decomposition. The master
problem corresponds to the day-ahead stage model, which includes Equations (2)–(14) and
the frequency security constraints (28) through (30), and introduces η to denote the expected
real-time correction cost. At each iteration, the master problem outputs the day-ahead
decision z, where z uniformly represents (u, p, rPFR, pch, pdis, e, rFFR, c).

For each scenario subproblem, after the master problem decisions are fixed, the 5 min
rescheduling model in Equations (15)–(22) is solved. The subproblem is a linear program-
ming problem, and its optimal value Qs(z) represents the minimum adjustment cost and
penalty that satisfies the power balance, ramping, SoC dynamics, and capacity consis-
tency constraints under scenario s. Since the subproblems are independent across different
scenarios, they can be solved in parallel, meaning that computational efficiency is primar-
ily influenced by the number of scenarios and the scale of each individual subproblem.
The dual variables of the subproblems provide marginal sensitivity information regard-
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ing the master problem’s decisions, which can be used to generate cutting planes and
progressively approximate η.

Under the multi-cut strategy, an optimal cutting plane can be constructed for each
iteration i, such that the lower bound η on the current solution is progressively tightened.
The cutting plane can be written as:

η ≥ ∑s∈S πs

[
Qs(zi) + λ

(i)T
s (z − zi)

]
(35)

where λ
(i)
s is the projection of the subproblem dual vector onto the coupling variables.

This form captures the local linearization of the real-time correction cost with respect
to the day-ahead decisions, thereby encouraging the master problem in subsequent iter-
ations to prefer start-up and reserve schemes that are more conducive to reducing the
correction cost.

If a subproblem is infeasible in the strict sense, this paper employs a feasibility mech-
anism to ensure that the subproblem still returns a finite objective value and provides a
direction for improvement. In the implementation, penalty terms for load reduction ℓk,s

and additional power curtailment ck,s ensure that Equation (15) remains globally feasible.
Meanwhile, we set the penalty coefficients significantly higher than other control costs,
making infeasibility explicitly reflected in the objective function. This, in turn, drives the
master problem to increase reserve capacity or adjust the SoC trajectory under cutting-plane
feedback to restore strict feasibility. This strategy avoids the implementation complexity
associated with dual-ray solving and enhances the algorithm’s stability in multi-scenario
parallel environments.

Convergence criteria may be based on the relative gap between the objective value of
the master problem and the lower bound obtained from the subproblems or on a stopping
condition where the improvement in the lower bound η falls below a threshold over several
consecutive iterations. To improve convergence speed, looser surrogate constraints or
a smaller set of hyperplanes can be used in the initial stage to quickly obtain a feasible
solution. The precision of the surrogate constraints and the number of hyperplanes can
then be gradually increased to tighten the boundaries, thereby forming a step-by-step
approximation process from coarse to fine.

The flowchart of linear surrogate constraint training and the two-stage decomposition
solution is shown in Figure 2. It includes scenario construction and reduction, linear
surrogate training and margin calibration, Benders master problem and parallel subproblem
iterations, and convergence output.

3.4. Implementation and Reproducibility Remarks

To ensure model reproducibility, the implementation is organized into three parts:
system physical parameters, algorithmic parameters, and the decoupled offline surrogate-
training module. First, all parameters are categorized into two types based on their
source: system physical parameters and algorithm parameters. System physical param-
eters include unit output limits, ramping limits, minimum up/down times, inertia con-
stants, energy storage power, energy limits and efficiency, and SoC safety limits. Algo-
rithm parameters include the number of scenarios and reduction strategies, the sample
size and partitioning method for linear surrogate training, the safety margin percentile,
and the termination threshold and maximum number of iterations for the decomposi-
tion iteration. Second, the surrogate constraint training module is decoupled from the
two-stage solution module. Surrogate training is performed offline and outputs a set of
linear inequality coefficients {wm, bm, ρm} that can be directly embedded into the optimiza-
tion model. During the online solution stage, only this set of coefficients is read, thereby
ensuring that the model solution does not depend on additional simulation calls. Third,
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in terms of computational implementation, the scenario subproblems can be solved in
parallel in a multi-core or cluster environment. The scale of the subproblems is primarily
determined by |r|, |G|, and |B|. Using a 5 min correction interval allows the subproblem
scale to be kept within an acceptable range while reflecting the granularity of market
scheduling. Fourth, frequency thresholds and parameter selections should align with
engineering codes. The settings for the RoCoF threshold, minimum frequency threshold,
and quasi-steady-state frequency deviation threshold directly affect the compactness of
Equations (28)–(30); therefore, necessary sensitivity analyses should be conducted in the
case studies to avoid the over-reliance of conclusions on a single parameter setting.

 

Figure 2. Flowchart of linear surrogate constraint training and two-stage decomposition solution.

4. Case Studies
4.1. System and Data Setup

This chapter uses the IEEE 33-bus distribution network as a case study platform to
verify the feasibility of the two-stage stochastic frequency-security-constrained unit com-
mitment framework in mitigating frequency risks and providing fast and slow frequency
support under high renewable energy penetration. The IEEE 33-bus system is used as
the primary mechanism-verification platform because the frequency security constraints
are expressed through aggregated inertia and frequency-response capability rather than
through topology-specific parameters. The case study has a 24 h scheduling horizon; in
the day-ahead stage, start-up and reserve commitment configurations are performed at a
1 h resolution, while in the real-time stage, scenario-based corrections for prediction errors
are applied at a 5 min resolution. The frequency security constraints cover three types
of indicators: RoCoF, frequency nadir, and quasi-steady-state frequency deviation. The
frequency nadir is incorporated into the day-ahead master problem via the linear surrogate
outer approximation method developed in Chapter 3, while the fast frequency support
capability of energy storage is constrained by both power limits and SoC energy budgets.
The system resource deployment and types are shown in Table 2.
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Table 2. System resource deployment and parameters.

Resource Bus Type Pmax_MW Pmin_MW H_s

DG1 1 Synchronous DG 2 0.3 6
DG2 18 Synchronous DG 1.6 0.25 5
DG3 30 Synchronous DG 1.2 0.2 4
BESS 24 Battery storage 1.6 NaN NaN
PV 18 PV NaN NaN NaN

Wind 30 Wind NaN NaN NaN

Load and renewable energy are modeled using typical daily normalized curves scaled
according to system size. Load exhibits steep ramp rates during morning and evening peak
periods, while solar power reaches its peak at noon and wind power output fluctuates
gradually throughout the day. This temporal pattern results in a potential trough in net
load around noon and a sharp rise during the evening peak, thereby creating significant
differences in inertia and frequency regulation requirements within a single day. The
renewable energy output and system load are shown in Figure 3.

 

Figure 3. Renewable energy output and system load.

Real-time uncertainty is characterized using 5 min forecast error scenarios. The
cumulative temporal effects of these errors alter the evolution of real-time correction power
and the SoC of energy storage systems, thereby affecting fast frequency deliverability
and the level of exposure to frequency nadir risk in tail-end scenarios. The generated
uncertainty scenarios are shown in Figure 4.

The penetration rates for renewable energy were set at 0.30, 0.60, and 0.90, respectively.
As the penetration rate increases, the net load at midday decreases significantly and
approaches zero during certain periods, while the net load during the evening peak remains
at a relatively high level. This makes the constraints imposed by the energy storage budget
on the feasibility of fast frequency regulation even more pronounced at high penetration
rates. The net load curves for different penetration rates are shown in Figure 5.
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Figure 4. Forecast error scenarios. The colored lines denote different stochastic forecast error scenarios
generated from historical data using a Gaussian mixture model.

 

Figure 5. Net load curves at different permeability levels.

4.2. Comparison Schemes and Evaluation Methods

To verify the impact of two-stage stochastic modeling, commitment consistency con-
straints, and SoC energy budget constraints on frequency security and deliverability, this
chapter presents four comparative scenarios. The baseline scenario considers only energy
balance and output constraints, without making an explicit commitment to frequency secu-
rity. The frequency security-constrained unit selection scenario introduces RoCoF, quasi-
steady-state frequency deviation, and minimum frequency constraints in the day-ahead
stage but does not establish a deliverability closed-loop corresponding to scenario-based
real-time correction. The two-stage stochastic schemes introduce 5 min scenario-based
rescheduling in the real-time stage and use commitment consistency constraints to limit
the magnitude of resource calls. One variant does not explicitly impose SoC energy budget
constraints, while the other further incorporates the SoC energy budget into the fast fre-
quency commitment boundary, thereby establishing a sustainable fast frequency support
capability. The modeling differences among the schemes are summarized in Table 3.
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Table 3. Modeling differences among the schemes.

Method Freq Constraints Two-Stage SoC Budget Key Feature

Base UC 0 0 0 Energy balance only
FSC UC 1 0 0 Day-ahead frequency constraints

FSC SUC noSoC 1 1 0 Two-stage with consistency, no SoC budgeting
FSC SUC 1 1 1 Two-stage with consistency and SoC budgeting

To quantify the actual benefit of the proposed FSC-SUC, we compare it against
three state-of-the-art methods from the recent literature:

- Method A: Frequency-constrained UC with quadratic nadir constraint [7];
- Method B: Two-stage robust UC with frequency constraints [31];
- Method C: Frequency-constrained UC with learning-assisted RoCoF evaluation [4].

The comparison results are shown in Table 4.

Table 4. Performance comparison with state-of-the-art methods (high-penetration case).

Method Total Cost ($) Nadir Violation
Prob.

Load Shed
(MWh)

Computation
Time (s)

Method A 3,900 4.5% 0.002 650
Method B 4,050 1.2% 0 8,500
Method C 3,880 8.3% 0.01 1,200
FSC-SUC

(Proposed) 3,920 0% 0 1,847

The results in Table 4 indicate that while Method A is computationally cheaper, it
suffers from a higher violation probability. Method B provides comparable robustness but
at a significantly higher computational cost due to the robust optimization formulation.
The proposed method achieves the best security performance (zero violation probability)
with a moderate and acceptable computational overhead.

The assessment is conducted comprehensively across three dimensions: economic
viability, renewable integration, and frequency security. Economic viability is measured
by intraday operating costs, incorporating costs associated with reserve allocation and
penalties for extreme scenarios. Renewable integration is measured by the amount of cur-
tailed renewable energy. Load loss risk is measured by the amount of load loss. Frequency
security is primarily assessed using high-percentile statistics of RoCoF, frequency nadir,
and quasi-steady-state deviation, with the probability of the frequency nadir exceeding the
threshold introduced to characterize the level of tail risk exposure. All of the above statis-
tics are calculated based on the 5 min scenario SoC evolution to determine fast frequency
deliverability, ensuring that the impact of coupling fast frequency commitments with the
energy budget on the risk assessment is explicitly reflected.

4.2.1. Validity of Linear Surrogate Constraints for Frequency Nadir

Within the threshold neighborhood, the surrogate output maintains a stable, monoton-
ically consistent relationship with the frequency nadir in the dynamic simulation, as shown
in Figure 6. In this figure, the dashed line represents the fitted linear surrogate boundary
(decision threshold separating secure and insecure operating regions) after safety-margin
calibration. This indicates that the surrogate is capable of capturing the dominant trends in
nadir risk, as equivalent inertia and slow and fast frequency regulation capabilities vary.
After introducing a safety margin, the deviation distribution of samples near the threshold
converges toward the conservative side, thereby reducing the probability of misclassifying
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unsafe operating points as safe. This provides an auditable basis for the linear surrogate
outward approximation embedding strategy proposed in Section 3.

 

Figure 6. Surrogate validation: surrogate score vs. maximum frequency deviation.

Under a fixed disturbance magnitude, the required FFR capacity to meet the frequency
nadir threshold decreases as the equivalent inertia increases, and shifts upward or down-
ward with varying PFR levels, as illustrated in Figure 7. In this figure, the blue, green,
and purple solid curves represent the required FFR capacity under low, medium, and
high PFR levels, respectively. Additionally, the dashed line indicates the frequency nadir
security boundary separating feasible and infeasible operating regions. This pattern reflects
the division of labor between fast and slow frequencies during dynamic processes. Fast
frequency components primarily suppress peak deviations during the initial phase of a
disturbance, while slow frequency components determine the subsequent recovery slope
and the persistence of deviations. Therefore, as slow frequency capacity increases, the
dependence of the nadir constraint on fast frequency components is systematically reduced;
the fast frequency demand curve shifts downward overall, and diminishing marginal
returns emerge. This phenomenon provides a physical explanation for the conclusion in the
subsequent two-stage model that “fast and slow frequency coordination is endogenously
formed through optimization.”

 

Figure 7. FFR requirement curves for nadir security under different PFR levels.
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4.2.2. Reserve Allocation and Frequency Tail Risk Under Medium Penetration Rate

Under operating conditions with a penetration rate of 0.60, the configurations of slow
frequency and fast frequency reserves exhibit significant differences within a single day.
As illustrated in Figure 8, the dashed line indicates the baseline case without frequency-
security constraints (or without SoC energy-budget constraints). Slow frequency reserves
increase as the load level rises, corresponding to the temporal changes shown in Figure 8a;
fast frequency reserves, however, increase significantly during periods when net load
growth and the risk of error accumulation are more pronounced, as shown in Figure 8b.
In the baseline scenario, which considers only energy balance, the levels of both types
of reserves are generally low, lacking explicit protection against low inertia and credible
disturbances. After introducing day-ahead frequency constraints, slow frequency reserves
are systematically increased to meet quasi-steady-state and frequency nadir requirements.
With the further introduction of two-stage closed-loop control, the fast frequency allocation
exhibits stronger time-of-day adaptability. Without energy budget constraints, the fast
frequency commitment at the day-ahead level may fail to be fully honored during SoC dip
scenarios; however, after incorporating the SoC energy budget, the upper bound of the fast
frequency commitment becomes more stable, thereby reducing tail risk exposure during
critical time periods.

  

(a) Hourly PFR reserve profile (b) Hourly FFR reserve profile 

Figure 8. Comparison of PFR and FFR reserve capacities at a 0.6 penetration level. The dashed line indicates
the baseline case without frequency-security constraints (or without SoC energy-budget constraints).

Figure 9a to Figure 9c present the 95th percentile statistical results for RoCoF, frequency
nadir, and quasi-steady-state deviation, respectively, where the dashed line represents the
corresponding security limit (frequency safety threshold).The baseline scheme exceeded
the limits for RoCoF and frequency nadir during multiple time periods, indicating that
frequency risks are significantly amplified under conditions of low inertia and uncertainty
coupling. The current frequency constraint scheme effectively reduces RoCoF and improves
the frequency nadir; however, in the absence of a closed-loop fulfillment mechanism, the
system’s fast frequency fulfillment capability is easily weakened by SoC evolution, result-
ing in insufficient safety margins during certain time periods. The two-stage closed-loop
approach explicitly propagates error impacts to the controllable domain through scenario-
based rescheduling, further reducing tail risk; when the SoC energy budget is incorporated,
the systematic deviation between fast frequency commitments and deliverability is sup-
pressed, and both the frequency nadir and quasi-steady-state deviation exhibit more stable
safety margins.
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(a) RoCoF 

 
(b) Maximum frequency deviation 

 
(c) QSS deviation 

Figure 9. Hourly 95th-percentile statistics of frequency security metrics. The dashed line represents
the corresponding security limit (frequency safety threshold).

Figure 10 illustrates the hierarchical characteristics of the frequency deviation trajec-
tory under critical disturbances, specifically manifesting as differences in peak suppression
capability during the initial phase of the disturbance and variations in the recovery phase,
where the dashed line denotes the frequency security threshold (minimum acceptable
frequency level). In scenarios where the energy budget is not considered, the two-stage
scheme is constrained by the SoC drop in certain cases, resulting in reduced fast frequency
injection capability during the initial phase of the disturbance and peak deviations ap-
proaching the threshold. When the energy budget is incorporated, fast frequency capability
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remains at a more stable and achievable level during critical periods, and the margin of
peak deviation is further expanded.

 

Figure 10. Comparison of frequency deviation trajectories under disturbance scenarios. The dashed
line denotes the frequency security threshold (minimum acceptable frequency level).

4.2.3. Comprehensive Comparison Across Penetration Rates

The costs, curtailed generation, load losses, and probability of exceeding the frequency
nadir threshold across different penetration rates are shown in Figure 11a through Fig-
ure 11d, respectively. As penetration increases, curtailment and load loss in the baseline
scheme rise in tandem, while the probability of frequency nadir violation increases from
0.18 at low penetration to 0.62 at high penetration (Tables 5 and 6), reflecting the coupled
amplification effect of frequency risk and supply reliability risk under conditions of low
inertia and high uncertainty. The day-ahead frequency constraint scheme can significantly
reduce the probability of frequency deviation, but it remains sensitive to SoC evolution
under high penetration rates. The two-stage closed-loop control improves error absorp-
tion and reduces tail risk; however, without energy budget constraints, the out-of-bounds
probability remains 0.22 and the load loss is 0.008 MWh at high penetration rates. After
incorporating the SoC energy budget, the probability of exceeding limits drops to 0 for all
three penetration levels, and load losses are eliminated. Meanwhile, the 95th percentile of
the frequency nadir decreases from 0.95 Hz to 0.50 Hz under high penetration, representing
a reduction of approximately 47.4%. Compared to the day-ahead frequency-constrained
scheme, the 95th percentile of the frequency nadir further decreased from 0.60 Hz to 0.50 Hz,
a reduction of approximately 16.7%, with the corresponding cost increase falling within
the range of 1% to 2% (e.g., increasing from 3,850 to 3,920 under high penetration). The
above results indicate that energy budget constraints primarily reduce tail risk by limiting
unsustainable fast frequency commitments and stabilizing their deliverability, while the
cost is mainly reflected in the opportunity cost associated with reserve and energy retention.

The comprehensive results are summarized in Table 5 according to the dimensions
of economic viability and supply reliability, while indicators related to frequency risk and
feasibility are summarized in Table 6. These two tables address different evaluation aspects,
making it easier to verify the relationships among cost implications, grid integration
capacity, supply risk, and frequency risk.
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Figure 11. Comprehensive comparison under different penetration levels.

Table 5. Comparison of economic and energy indicators for different methods under various penetra-
tion rates.

Penetration Method Cost Curtailment_MWh LoadShed_MWh

Low Base UC 5,200 0.2 0.005
Low FSC UC 5,450 0.25 0
Low FSC SUC noSoC 5,420 0.22 0.001
Low FSC SUC 5,520 0.28 0

Medium Base UC 4,800 0.8 0.05
Medium FSC UC 4,680 0.9 0
Medium FSC SUC noSoC 4,660 0.85 0.002
Medium FSC SUC 4,745 0.92 0

High Base UC 4,100 1.6 0.08
High FSC UC 3,850 1.8 0.001
High FSC SUC noSoC 3,830 1.7 0.008
High FSC SUC 3,920 1.85 0

To further quantify the economic impact of frequency security constraints, the total op-
erating cost is decomposed into base energy-production cost, reserve-holding/opportunity
cost, renewable-curtailment-related cost, and load-shedding penalty. Compared with Base
UC, the frequency-security-constrained schemes increase the reserve-holding component
because additional synchronous PFR and BESS FFR margins must be retained. After the
SoC energy budget is introduced, part of the BESS capacity is deliberately preserved for
deliverable fast response, which slightly increases the opportunity cost of storage opera-
tion. However, this increase is compensated by lower load-shedding penalties and lower
frequency-risk exposure, especially under high renewable penetration. Therefore, the
proposed FSC-SUC does not reduce cost by relaxing security requirements; instead, it
reallocates a small portion of the operating cost to auditable frequency-security margins
and converts this cost into measurable reductions in tail risk and supply-interruption risk.
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Table 6. Comparison of frequency security and tail risk indicators for different methods under various
penetration rates.

Penetration Method MaxDev95_Hz ViolationProb SoC_p5

Low Base UC 0.65 0.18 NaN
Low FSC UC 0.52 0.04 NaN
Low FSC SUC noSoC 0.54 0.06 NaN
Low FSC SUC 0.47 0 NaN

Medium Base UC 0.8 0.45 NaN
Medium FSC UC 0.55 0.08 NaN
Medium FSC SUC noSoC 0.57 0.12 NaN
Medium FSC SUC 0.49 0 NaN

High Base UC 0.95 0.62 NaN
High FSC UC 0.6 0.15 NaN
High FSC SUC noSoC 0.63 0.22 0.21
High FSC SUC 0.5 0 0.36

It is important to clarify that the zero nadir violation probability reported in Table 4
reflects the model’s performance within the finite scenario set S constructed from historical
data and the specified credible disturbance set C. This does not imply absolute elimination
of all frequency risks in practice. The following factors contribute to this outcome:

(1) The safety margin ε calibrated from the validation set introduces intentional conser-
vatism, pushing the operating points away from the constraint boundaries;

(2) The SoC energy budget constraint explicitly prevents over-commitment of FFR capac-
ity that cannot be sustained over the required duration;

(3) The scenario set, while representative, is finite and does not cover all possible extreme
events outside the historical observations.

To further validate robustness against unseen uncertainties, we conducted an out-of-
sample test using 1000 holdout scenarios not included in the training or scenario set. The
out-of-sample violation probability for the proposed method is 0.3%, compared to 4.2% for
the FSC-SUC without SoC budgeting and 12.5% for the Base UC. These results confirm that
the proposed model is not overfitting to the specific scenario set but provides a reliable
frequency security guarantee in practice.

4.2.4. Scalability Verification on the IEEE 118-Bus System

To further demonstrate the scalability and applicability of the proposed FSC-SUC
framework beyond the IEEE 33-bus system, an additional case study is conducted on the
IEEE 118-bus test system. The same four methods, namely Base UC, FSC UC, FSC SUC
noSoC, and FSC SUC, are compared under low, medium, and high renewable penetration
levels. The evaluation metrics include total operating cost, renewable curtailment, load
shedding, and the probability of frequency nadir violation.

The comparison results show that the overall trends observed in the IEEE 33-bus
system remain valid for the larger IEEE 118-bus system. As renewable penetration increases,
the Base UC scheme exhibits a clear rise in both reliability risk and frequency-security risk.
In particular, load shedding increases from 0.06 MWh at low penetration to 1.18 MWh at
high penetration, while the nadir violation probability increases from 0.21 to 0.68, indicating
that the lack of explicit frequency security constraints becomes increasingly problematic
under low-inertia and high-uncertainty conditions.

After introducing day-ahead frequency security constraints, the FSC UC scheme sig-
nificantly reduces the frequency nadir violation probability to 0.05, 0.10, and 0.18 under the
three penetration levels, respectively. However, its performance remains constrained by
the absence of a closed-loop realization mechanism and the lack of explicit SoC sustain-
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ability control. The FSC SUC noSoC scheme improves coordination between day-ahead
commitment and real-time redispatch, but under medium and high penetration levels, it
still exhibits residual violation probabilities of 0.14 and 0.24, respectively, together with
nonzero load shedding.

By contrast, the proposed FSC SUC scheme eliminates load shedding and reduces the
nadir violation probability to zero across all three penetration levels. This result indicates
that the combination of two-stage stochastic coordination, commitment consistency, and
SoC-based fast-frequency budgeting remains effective in the larger system. The improve-
ment is especially pronounced under high renewable penetration, where the nadir violation
probability decreases from 0.68 in the Base UC case to 0 in FSC SUC.

From an economic perspective, the proposed FSC SUC scheme incurs a moderate
increase in operating cost compared with FSC UC and FSC SUC noSoC, reflecting the
opportunity cost of maintaining more deliverable frequency-support capability and a
more conservative SoC trajectory. However, this additional cost is accompanied by im-
proved frequency-security performance and the elimination of load-shedding risk, which
demonstrates a favorable trade-off between security and economy in the large-scale test
system as well.

The comprehensive results are summarized in Table 7 according to the dimensions
of economic viability and supply reliability, while indicators related to frequency risk and
feasibility are summarized in Table 8.

Table 7. Comparison of economic and energy indicators for different methods under various penetra-
tion rates in the IEEE 118-bus system.

Penetration Method Cost Curtailment_MWh LoadShed_MWh

Low Base UC 68,400 3.4 0.06
Low FSC UC 70,600 3.8 0.01
Low FSC SUC noSoC 70,000 3.6 0.02
Low FSC SUC 71,400 4.1 0

Medium Base UC 61,100 8.8 0.52
Medium FSC UC 60,400 9.4 0.02
Medium FSC SUC noSoC 60,000 9.1 0.04
Medium FSC SUC 61,500 9.8 0

High Base UC 54,800 17.6 1.18
High FSC UC 52,900 18.9 0.06
High FSC SUC noSoC 52,000 18.2 0.11
High FSC SUC 53,700 19.5 0

Table 8. Comparison of frequency security and tail risk indicators for different methods under various
penetration rates in the IEEE 118-bus system.

Penetration Method MaxDev95_Hz ViolationProb SoC_p5

Low Base UC 0.72 0.21 NaN
Low FSC UC 0.57 0.05 NaN
Low FSC SUC noSoC 0.60 0.07 NaN
Low FSC SUC 0.52 0 NaN

Medium Base UC 0.89 0.49 NaN
Medium FSC UC 0.63 0.10 NaN
Medium FSC SUC noSoC 0.66 0.14 NaN
Medium FSC SUC 0.56 0 NaN

High Base UC 1.08 0.68 NaN
High FSC UC 0.70 0.18 NaN
High FSC SUC noSoC 0.75 0.24 0.19
High FSC SUC 0.60 0 0.34
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Overall, the IEEE 118-bus results confirm that the proposed FSC-SUC framework
is not limited to the IEEE 33-bus distribution-level case. Instead, it preserves the same
qualitative advantages in a larger and more complex system, thereby supporting the
practical scalability of the proposed modeling and solution approach.

4.3. Computational Performance of Benders Decomposition

The computational performance of the Benders decomposition is evaluated on a
workstation with an Intel Xeon 3.6 GHz CPU and 64 GB RAM, using CPLEX 12.10 as
the solver. The convergence behavior for the 30-scenario case is illustrated in Figure 12
(convergence curve where the upper and lower bounds converge within 12 iterations).

 

(a) Total operating cost (b) Renewable energy curtailment 

  

(c) Load shedding (d) Nadir violation probability 

Figure 12. Comprehensive comparison under different penetration levels in the IEEE 118-bus system.

Table 9 summarizes the computational metrics. For the 30-scenario case, the algorithm
converges in 12 iterations, with a total solution time of 1847 s. The master problem (MILP)
accounts for approximately 65% of the total time, while the scenario subproblems (LPs) are
solved in parallel across 12 cores, consuming the remaining 35%.

Table 9. Computational performance of the Benders decomposition.

Number of Scenarios Iterations Master Time (s) Subproblem Time (s) Total Time (s) Monolithic Status

10 8 520 180 700 Solved (2,100 s)
30 12 1,200 647 1,847 Memory Overflow
50 15 2,100 1,050 3,150 Memory Overflow
100 18 4,500 2,800 7,300 Not attempted

For comparison, solving the monolithic formulation (without decomposition) for
the same instance resulted in memory exhaustion due to the explosion of scenario vari-
ables. The decomposition reduces peak memory usage from approximately 32 GB to 6 GB,
demonstrating its practical necessity for the proposed two-stage model.
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4.4. Summary

This chapter validates the effectiveness of a two-stage stochastic frequency-security-
constrained unit commitment framework on the IEEE 33-bus system. The results demon-
strate that linear surrogates can provide frequency nadir risk boundaries consistent with
dynamic evaluations within the threshold neighborhood and form conservative upper
bounds through margin correction, thereby supporting the linear solvable embedding of
frequency nadir constraints in day-ahead mixed-integer models. The two-stage closed-loop
explicitly feeds back the impact of prediction errors on the adjustable domain and tail risk
to the day-ahead commitment configuration, while the commitment consistency constraint
ensures the enforceability of fast and slow frequency support capabilities during the real-
time stage. Upon further introduction of the SoC energy budget constraint, fast frequency
commitments are restricted to a sustainable fulfillment range. Under high penetration rates,
the probability of frequency nadir violation can be reduced from 0.62 to 0, achieving ap-
proximately a 47.4% reduction in the 95th percentile of the frequency nadir, while keeping
the cost increment within an auditable range of 1% to 2%. These results collectively validate
the engineering effectiveness and physical interpretability of the three key mechanisms
discussed in this paper: linear surrogate embedding, two-stage closed-loop control, and
energy budget constraints.

4.5. Sensitivity Analysis

To evaluate the robustness of the proposed FSC-SUC, we conduct systematic sensitivity
analyses on four key parameters: the frequency nadir threshold, the number of scenarios,
the safety margin percentile, and the BESS capacity. The results are summarized in Table 10.

Table 10. Sensitivity of total cost and nadir violation probability to parameter variations.

Parameter Variation Range Total Cost (High Penetration) Nadir Violation Prob.

Frequency Nadir
Threshold −0.1 Hz 3,890 0.0%

Baseline 3,920 0.0%
+0.1 Hz 3,850 1.2%

Scenario Count 10 scenarios 3,880 0.5%
30 scenarios (baseline) 3,920 0.0%

100 scenarios 3,950 0.0%

Safety Margin (Percentile) 90th 3,870 1.8%
95th (baseline) 3,920 0.0%

99th 3,980 0.0%

BESS Capacity −40% 3,850 2.1%
−20% 3,890 0.4%

Baseline 3,920 0.0%

The results in Table 10 indicate that the proposed model maintains zero viola-
tion probability across a wide range of parameters except when thresholds are relaxed
or capacities are severely undersized. The cost variation remains within 2–3% across
all tested configurations, confirming the auditable conservatism and robustness of the
proposed framework.

5. Conclusions
This paper addresses the issues of increased frequency security risks and insufficient

availability of frequency regulation resources under conditions of high penetration of
renewable energy by proposing a two-stage stochastic frequency-security-constrained unit
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commitment model, FSC-SUC. The model performs joint optimization at the day-ahead
hourly level to determine synchronous generator start-up/shutdown and reference output,
slow frequency regulation reserves, energy storage SoC trajectories, and fast frequency
regulation reserves. At the real-time 5 min scale, it employs scenario-based rescheduling
to accommodate errors and uses commitment consistency constraints to ensure that slow
and fast frequency regulation capabilities are treated as deliverable resources. To address
the bottleneck of difficulty in directly embedding frequency nadir constraints into mixed-
integer optimization, this paper proposes a unified modeling framework that combines
analytical criteria with linear surrogate-based approximation. It calibrates the safety margin
using high-percentile residuals from the validation set to achieve auditable conservative
control. In the IEEE 33-bus case study, the proposed method effectively reduces the
probability of frequency nadir violations and the risk of load loss under various renewable
energy penetration rates while enhancing the sustainable fulfillment capability of the SoC
trajectory. Compared to approaches that rely solely on day-ahead frequency constraints
or lack energy budget constraints, the model significantly improves the stability of the
frequency safety margin with limited cost increases.

Future work can be expanded in the following directions. First, higher-fidelity dy-
namic frequency models or data-driven verification steps can be incorporated into the
iterative correction mechanism for surrogate constraints to further improve the tightness of
the surrogate boundaries and reduce unnecessary conservatism. Second, new frequency
support resources such as multi-regional interconnected systems, virtual synchronous
generators, and flexible DC systems can be integrated into a unified framework to study
cross-regional frequency security constraints and resource coordination. Third, ancillary
service market mechanisms can be combined with risk measurement methods to construct
a frequency security optimization model that integrates market clearing and operational
dispatch, thereby enhancing the practical applicability of the proposed method.
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Appendix A
The full set of surrogate coefficients (αh, βh) for Equation (30) is provided in the

Table A1. Table A1 summarizes the hyperplane structure for the case with a disturbance
magnitude of 0.6 pu. The feature space is partitioned by Hsys into four regions, resulting in
eight hyperplanes.
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Table A1. Summary of linear surrogate hyperplane coefficients.

Region Hsys Range Number of Hyperplanes αh Range βh

1 2.0–3.5 s 2 0.15–0.28 0.42–0.55
2 3.5–5.0 s 2 0.12–0.22 0.38–0.48
3 5.0–6.5 s 2 0.08–0.18 0.32–0.42
4 6.5–8.0 s 2 0.05–0.14 0.28–0.36
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