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Ilkovičova 3, 81 219 Bratislava, Slovakia; matej.cenky@stuba.sk
* Correspondence: jozef.bendik@stuba.sk

Abstract

The classical Fortescue symmetrical-component transform remains fully invertible as a
similarity transform when the complete sequence-domain matrix is retained. In practice,
however, untransposed three-phase overhead lines are often summarized by the diagonal
sequence quantities Z0 and Z1, while the asymmetry appears through coupled off-diagonal
terms that are less convenient for compact parameterization and measurement-based
interpretation. This paper presents an Extended Sequence Transform that reorganizes
the six independent entries of the phase-domain impedance matrix into six structured
parameters by means of a lossless, invertible 6× 6 linear mapping. The first two parameters
are identical to the classical zero- and positive-sequence impedances, which preserves
backward compatibility. The remaining four parameters isolate asymmetry information
in a form from which all entries of the classical sequence matrix can be recovered exactly,
and from which the full phase-domain matrix is reconstructed to machine precision. The
proposed representation does not diagonalize an untransposed line; rather, it provides a
compact and explicit six-scalar parameterization that separates the classical sequence pair
from four asymmetry descriptors. Numerical validation on a 50 km untransposed overhead
line confirms exact round-trip reconstruction and exact agreement of the unbalance factors
obtained from the classical and extended representations. A stochastic perturbation study
further shows that round-trip reconstruction remains at numerical precision and that,
within the tested perturbation grid, the M2 factor is more sensitive than M0. Line-constant
calculations performed in OpenDSS for two typical 400 kV tower geometries link the
four asymmetry parameters to specific geometric features, a worked offline measurement
example recovers them from simulated three-phase terminal tests, and a distributed-model
study confirms that the lumped-parameter description of the asymmetry remains accurate
to within about 0.6% up to 150 km.

Keywords: overhead power line; impedance matrix; symmetrical components; untransposed
line; unbalance factors; parameter estimation; sequence networks; invertible transform

1. Introduction
The Fortescue symmetrical-component transform [1] is the standard tool for power-

system analysis. When applied to a three-phase overhead line, it diagonalises the
impedance matrix of a perfectly transposed line into independent zero-sequence and
positive-sequence networks. In practice, however, most high-voltage transmission lines are
either untransposed or only partially transposed, resulting in a phase-domain impedance
matrix with six distinct complex entries rather than two [2,3].
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When the Fortescue transform is applied to the phase-domain impedance matrix of
an untransposed three-phase line, non-zero off-diagonal terms appear in the sequence
matrix, coupling the zero-, positive-, and negative-sequence networks and inducing voltage
unbalance even under balanced loading.

The inductive unbalance factors [4] provide a standard approach to quantifying this
coupling through two dimensionless percentages normalised against the zero- and positive-
sequence impedances respectively, and serve effectively as asymmetry metrics for line
characterisation. In common engineering use, however, the classical representation is often
reduced to the two diagonal quantities Z0 and Z1. That reduced description is not sufficient
for an untransposed line, because the off-diagonal sequence couplings carry essential
asymmetry information. If the complete matrix Ẑ012 = T−1ZabcT is retained, the Fortescue
transform remains lossless and the original Zabc can be recovered exactly. The practical
difficulty is therefore not mathematical invertibility, but rather that the full sequence matrix
mixes asymmetry effects across several coupled terms and does not offer a compact six-
scalar parameterization aligned with the familiar pair (Z0, Z1). Applications that require
knowledge of the complete matrix, such as parameter identification from terminal voltage
and current measurements on untransposed lines, therefore need a representation that
retains the full information while exposing the asymmetry structure more explicitly [5,6].

The problem is further compounded when the line is supplied from an unbalanced
source. When both the supply voltage and the line geometry are asymmetric, the measured
sequence voltages and currents at the terminals reflect a combination of source asymmetry
and line asymmetry that cannot be separated by inspection of terminal quantities alone.
The line characteristics must therefore be described by a representation that is independent
of the terminal voltages and currents and that admits lossless reconstruction of the full
phase-domain impedance matrix.

Several alternative transformation frameworks have been proposed to address the lim-
itations of symmetrical components for untransposed and asymmetric lines. Phase-domain
methods replace sequence decomposition with direct phase variables so that a single circuit
topology represents common shunt faults while explicitly modelling mutual coupling
between phases [7]. The Clarke transform and related single-real transformation matrices
offer a compact real-valued modal basis suitable for time-domain overvoltage studies and
non-transposed line analysis [8,9]. The Karrenbauer transform and its corrected variants
are derived specifically to restore modal decoupling for untransposed configurations where
standard sequence transforms are inadequate [10]. Modal optimisation methods recast
the eigenvalue problem as a constrained optimisation to obtain smooth, continuous trans-
formation matrices across frequency, avoiding the eigenvector discontinuities of direct
eigendecomposition [11,12].

These approaches pursue a different objective from the one considered here. Modal
methods seek propagation-mode decoupling for simulation and frequency-dependent line
modeling [11–14], whereas the present work seeks a compact parameterization of the full
phase-domain impedance matrix that remains anchored to the classical sequence quantities
Z0 and Z1. The proposed transform therefore should not be viewed as a replacement for
modal decomposition. Its role is to provide a structured six-parameter representation of the
same reciprocal line matrix, with exact forward and inverse mappings and with asymmetry
collected into four dedicated parameters.

This paper presents the Extended Sequence Transform, a lossless invertible six-by-six
linear mapping from the six independent entries of the phase-domain impedance ma-
trix to six extended sequence parameters. The key novelty is not the invertibility
of the full Fortescue similarity transform itself, but the introduction of a structured
six-parameter representation in which the classical pair (Z0, Z1) is retained explicitly and
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the remaining four parameters capture the line asymmetry. This reparameterization pre-
serves all six independent entries of the reciprocal phase-domain matrix and reconstructs
them exactly. A further property is that two of the four new asymmetry parameters, denoted
as the difference parameters and defined precisely in Section 4, are formed as differences
of self- and mutual-impedance components at the same Fortescue wavenumber. This
structure is potentially attractive in parameter-identification settings because it separates
the mean sequence content from asymmetry content, as discussed in Section 6. To be precise
about the scope of the contribution, the transform is an information-preserving change of
basis on the six independent entries of the phase-domain matrix; it does not reduce the
information dimension and it is not a new physical decomposition. It is also distinct in
purpose from the Fortescue, Clarke, and Karrenbauer transforms, which act on the phase
voltages and currents to pursue propagation-mode decoupling, whereas the proposed map
acts on the entries of the impedance matrix itself. Invertibility is therefore a prerequisite
rather than the result; the practical value, demonstrated in the revised manuscript, lies in
relating the four asymmetry parameters to tower geometry (Section 6) and in recovering
them from three-phase terminal measurements (Section 7).

All entries of the classical Fortescue sequence matrix are exactly expressible in terms of
the extended parameters, and the inductive unbalance factors are completely determined
by the four extended asymmetry parameters. The extended representation does not replace
these classical metrics but provides a lossless complement suitable for analysis requiring
the complete matrix.

The paper is organised as follows. Section 2 defines notation. Section 3 reviews the
Fortescue transform and the unbalance factors. Section 4 presents the extended transform
and its inverse. Section 5 expresses all sequence matrix entries and the unbalance factors
in terms of the extended parameters. Section 6 discusses the difference-parameter prop-
erty and its potential use in parameter identification. Section 7 validates the approach
numerically. Section 8 concludes. Appendixes A and B give step-by-step derivations.

2. Notation
Table 1 lists the principal symbols. A hat accent (e.g., Ẑ012, Ẑpq) always denotes a quan-

tity derived from the classical Fortescue similarity transform. Unaccented symbols (e.g., Z0,
Zα) belong to the proposed extended transform. The four new extended parameters use
Greek-letter subscripts to avoid any visual confusion with the classical entries Ẑ01, Ẑ12, etc.

Table 1. Principal symbols and definitions.

Symbol Meaning

a = ej2π/3 Fortescue rotation operator
Zabc Phase-domain 3 × 3 impedance matrix of the line
Ẑ012 Classical Fortescue sequence matrix T−1ZabcT
d = [Zaa, Zbb, Zcc]T Vector of self-impedance entries (diagonal of Zabc)

o = [Zba, Zca, Zcb]
T Vector of mutual-impedance entries (lower triangle

of Zabc)
z = [dT , oT ]T Six-entry phase-domain parameter vector
Z0, Z1 Classical zero- and positive-sequence impedances

Zα, Zβ
Extended asymmetry parameters for Fortescue
wavenumber k = 1

Zγ, Zδ
Extended asymmetry parameters for Fortescue
wavenumber k = 2

q = [Z0, Z1, Zα, Zβ, Zγ, Zδ]
T Six-entry extended sequence parameter vector
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Table 1. Cont.

M6, M−1
6 Forward and inverse 6 × 6 transform matrices

d̃k, õk
Fortescue wavenumber-k components of d and
o respectively

M0, M2 Inductive unbalance factors

Zid
abc

Phase-domain impedance matrix identified from
terminal measurements (Section 7.8); the superscript “id”
marks an estimated, as opposed to analytically
known, matrix

Vs, Ir

Sending-end voltage vector and receiving-end
(short-circuit) current vector in the offline test
(Section 7.8)

3. Fortescue Transform of the Impedance Matrix
The phase-domain impedance matrix of a three-phase overhead line is symmetric

by reciprocity (Zab = Zba, etc.) and fully described by six independent complex entries
collected in the vector z = [Zaa, Zbb, Zcc, Zba, Zca, Zcb]

T .
A transposed (geometrically balanced) line has identical self-impedances on all three

phases (Zaa = Zbb = Zcc = Zs) and identical mutual impedances between every pair of
conductors (Zba = Zca = Zcb = Zm), giving:

Ztr
abc =

Zs Zm Zm

Zm Zs Zm

Zm Zm Zs

 (1)

An untransposed line has conductors at unequal heights and unequal spacings throughout
its entire length, so all three self-impedances and all three mutual impedances are generally
distinct: Zaa ̸= Zbb ̸= Zcc and Zba ̸= Zca ̸= Zcb.

The classical 3 × 3 Fortescue transform matrix and its inverse are [1]:

T =
1
3

1 1 1
1 a a2

1 a2 a

, T−1 =

1 1 1
1 a2 a
1 a a2

 (2)

Applying the similarity transform yields the classical sequence matrix:

Ẑ012 = T−1ZabcT (3)

For a transposed line, the identical self- and mutual-impedance structure of Equation (1)
causes all off-diagonal entries to vanish identically, leaving only the two classical sequence
impedances Z0 = Zs + 2Zm and Z1 = Zs − Zm on the diagonal [15]. For an untransposed
line, the distinct entries of Zabc produce non-zero off-diagonal terms in Ẑ012, indicating
coupling between the sequence networks:

Ẑ012 =


Ẑ00 Ẑ01 Ẑ02

Ẑ10 Ẑ11 Ẑ12

Ẑ20 Ẑ21 Ẑ22

 (4)

where the diagonal entries are the sequence self-impedances:

• Ẑ00 = Z0 is the zero-sequence impedance;
• Ẑ11 = Z1 is the positive-sequence impedance;
• Ẑ22 = Z1 is the negative-sequence impedance.

https://doi.org/10.3390/en19133203

https://doi.org/10.3390/en19133203


Energies 2026, 19, 3203 5 of 22

The off-diagonal entries are mutual coupling impedances between the sequence net-
works. For example:

• Ẑ01 couples the zero- and positive-sequence networks;
• Ẑ02 couples the zero- and negative-sequence networks;
• Ẑ12 couples the positive- and negative-sequence networks.

For any symmetric Zabc, the positive- and negative-sequence diagonal entries are
always equal: Ẑ11 = Ẑ22 [16]. This equality holds precisely because Zabc is symmetric by
reciprocity (Zab = Zba, etc.), a property valid for all passive, non-rotating network elements
such as overhead lines, underground cables, and transformers. It does not hold for rotating
machines, which break reciprocity and produce Ẑ22 ̸= Ẑ11. The extended transform W
inherits this assumption. It is formulated for passive, reciprocal Zabc matrices, and the
identity Z1 = Ẑ11 = Ẑ22 is used implicitly throughout. The transform should not be
applied directly to the sequence networks of rotating machines without modification.

4. The Extended Sequence Transform
4.1. Intermediate Variables

The key idea is to apply the Fortescue transform separately to d, the self-impedance
vector (diagonal of Zabc), and o, the mutual-impedance vector (lower triangle of Zabc),
producing intermediate scalars for each Fortescue wavenumber k ∈ {0, 1, 2}:

d̃k =
1
3

2

∑
i=0

aki di, õk =
1
3

2

∑
i=0

aki oi (5)

where a = ej2π/3 is the Fortescue rotation operator. The index k = 0 weights all three
phases equally (a0 = 1), giving arithmetic means. The indices k = 1 and k = 2 apply
progressive phase rotations that isolate deviations from those means in the two conjugate
asymmetry directions.

Treating d and o separately preserves the physical distinction between self-impedance
imbalance and mutual-impedance imbalance.

4.2. Coupling Block and Backward Compatibility

At k = 0, since a0 = 1, Equation (5) reduces to arithmetic means:

d̃0 =
Zaa + Zbb + Zcc

3
≡ Zs, õ0 =

Zba + Zca + Zcb
3

≡ Zm (6)

where Zs and Zm denote the arithmetic means of the self- and mutual-impedance entries,
respectively. The classical sequence impedances are then recovered exactly:

Z0 = d̃0 + 2õ0 = Zs + 2Zm (7)

Z1 = d̃0 − õ0 = Zs − Zm (8)

This algebraic identity holds for any symmetric Zabc, transposed or not, and fol-
lows purely from the definitions of d̃0 and õ0 as arithmetic means, with no assumption
of transposition.

The linear map [d̃0, õ0]
T 7→ [Z0, Z1]

T is encoded by the 2 × 2 coupling block:

B =

[
1 2
1 −1

]
(9)
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so that [Z0, Z1]
T = B [d̃0, õ0]

T . Because det(B) = −3 ̸= 0, the coupling step is invertible
and no information is lost.

4.3. Extension to All Wavenumber Groups.

The same coupling block B is applied identically to each of the three wavenumber
groups k ∈ {0, 1, 2}, yielding six extended parameters:[

Zk+

Zk−

]
= B

[
d̃k

õk

]
, k = 0, 1, 2 (10)

The six resulting parameters are listed in Table 2. For a transposed line d̃k = õk = 0 for
k = 1, 2, so Zα = Zβ = Zγ = Zδ = 0 identically, confirming backward compatibility.

Table 2. Extended sequence parameters by Fortescue wavenumber group.

Group “+” Param. “−” Param. Description

k = 0 Z0 = d̃0 + 2õ0 Z1 = d̃0 − õ0 Classical sequence impedances
k = 1 Zα = d̃1 + 2õ1 Zβ = d̃1 − õ1 k = 1 asymmetry components
k = 2 Zγ = d̃2 + 2õ2 Zδ = d̃2 − õ2 k = 2 asymmetry components

Collecting the six parameters into the extended sequence parameter vector:

q = [Z0, Z1, Zα, Zβ, Zγ, Zδ]
T (11)

Because all three group-k pairs [d̃k, õk]
T are coupled by the same invertible B, the full 6 × 6

matrix M6 (built from three independent B blocks acting on the three Fortescue groups) is
also invertible, and the complete transform is lossless.

4.4. Forward and Inverse Transform Matrices

Collecting all six expressions from Table 2 into matrix form gives the forward transform
q = M6z:

M6 =
1
3



1 1 1 2 2 2
1 1 1 −1 −1 −1
1 a a2 2 2a 2a2

1 a a2 −1 −a −a2

1 a2 a 2 2a2 2a
1 a2 a −1 −a2 −a


(12)

Column ordering of z: [Zaa, Zbb, Zcc, Zba, Zca, Zcb]
T . Row-by-row derivation is in A. Because

det(B) = −3 ̸= 0, the transform is fully invertible. The inverse z = M−1
6 q is:

M−1
6 =



1 2 1 2 1 2
1 2 a2 2a2 a 2a
1 2 a 2a a2 2a2

1 −1 1 −1 1 −1
1 −1 a2 −a2 a −a
1 −1 a −a a2 −a2


1
3

(13)

One can verify M−1
6 M6 = I6, confirming that the transform is lossless. Row-by-row

derivation is in Appendix B.
It is important to note that the extended parameters Z0 and Z1 are identical to the

classical Fortescue diagonal entries: Z0 = Ẑ00 and Z1 = Ẑ11 = Ẑ22. The transform therefore
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adds no new information to the two diagonal sequence impedances. Its contribution lies
entirely in the four new parameters Zα, Zβ, Zγ, Zδ that encode the asymmetry.

Because the six entries of a symmetric Zabc can be re-parameterized by infinitely
many invertible 6 × 6 maps, minimality and invertibility alone do not single out a pre-
ferred basis. The map M6 is selected by three explicit requirements. First, it leaves the
classical impedances Z0 and Z1 exactly invariant, preserving backward compatibility
with established sequence-network practice. Second, it aligns each parameter with a def-
inite Fortescue wavenumber k ∈ {0, 1, 2}, so the asymmetry separates into a primary
pair (Zα, Zβ) at k = 1 and a secondary pair (Zγ, Zδ) at k = 2. Third, it produces the
difference parameters Zβ and Zδ, which are immune to common-mode perturbations
(Section 6.4). A generic non-degenerate combination of the same six entries would mix Z0

and Z1 into the asymmetry parameters and forfeit both the backward compatibility and
the common-mode-immunity properties.

5. Relationship Between Extended Parameters and Classical
Fortescue Matrix

The complete classical Fortescue sequence impedance matrix Ẑ012 can be expressed
exactly in terms of the six extended parameters (Z0, Z1, Zα, Zβ, Zγ, Zδ).

The diagonal entries are identical between the two representations:

Ẑ00 = Z0, Ẑ11 = Ẑ22 = Z1 (14)

The six off-diagonal entries of Ẑ012 are linear combinations of the four asymmetry
parameters:

Ẑ01 =
1
3
(
Zα + 2Zβ − a2(Zγ − Zδ)

)
(15)

Ẑ02 =
1
3
(
Zγ + 2Zδ − a(Zα − Zβ)

)
(16)

Ẑ12 =
1
3
(
Zγ + 2Zδ + 2a(Zα − Zβ)

)
(17)

Each off-diagonal entry mixes contributions from both the k = 1 group (Zα , Zβ) and
the k = 2 group (Zγ , Zδ) with complex rotation factors. This mixing is precisely
why classical Fortescue analysis cannot separate self-impedance imbalance from
mutual-impedance imbalance.

Unbalance Factors in Terms of Extended Parameters

The inductive unbalance factors [4] are defined as:

M0 =

∣∣∣∣ Ẑ01

Z0

∣∣∣∣× 100%, M2 =

∣∣∣∣ Ẑ21

Z1

∣∣∣∣× 100% (18)

Substituting Equations (15) and (17) expresses both factors directly in terms of the
extended parameters:

M0 =

∣∣∣∣∣Zα + 2Zβ − a2(Zγ − Zδ)

3Z0

∣∣∣∣∣× 100% (19)

M2 =

∣∣∣∣Zγ + 2Zδ + 2a(Zα − Zβ)

3Z1

∣∣∣∣× 100% (20)

These expressions confirm that M0 and M2 are completely determined by the six extended
parameters and are therefore recoverable from the extended representation. Conversely,
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knowledge of M0 and M2 alone is not sufficient to invert back to Zabc, since both factors
combine all four asymmetry parameters with complex rotation factors, and the third inde-
pendent off-diagonal entry Ẑ02 is not captured by either factor. The extended representation
provides the minimal complete set from which the full Zabc can be recovered via z = M−1

6 q.

6. Discussion, Applications, and Relation to Existing Approaches
The principal novelty of the extended transform is a structured reparameterization of

the reciprocal phase-domain impedance matrix. The full Fortescue similarity transform is
already lossless when the entire matrix Ẑ012 is retained. The contribution here is different:
q = M6z reorganizes the same six independent degrees of freedom into the classical
pair (Z0, Z1) and four explicit asymmetry parameters (Zα, Zβ, Zγ, Zδ), with exact recovery
through z = M−1

6 q and M−1
6 M6 = I6. The proposed transform therefore does not claim

complete decoupling of an untransposed line. Its value lies in providing a compact six-
scalar description that keeps backward compatibility with classical sequence quantities
while making the asymmetry content explicit.

6.1. Relation to Reduced Sequence Models and Modal Methods

Table 3 positions the proposed representation with respect to the reduced Fortescue
description, the full Fortescue matrix, and modal decompositions used in electromagnetic
transient studies.

Table 3. Conceptual comparison of common representations for untransposed three-phase lines.

Representation Primary Use Main Strength Main Limitation

Reduced
Fortescue (Z0, Z1)

Steady-state
sequence-network practice Familiar and compact

Incomplete for
untransposed lines because
sequence coupling
is omitted

Full Fortescue matrix Ẑ012
Exact sequence-domain
representation

Fully equivalent to Zabc
under similarity
transformation

Asymmetry appears across
several coupled entries
without a compact
parameter grouping

Modal decomposition
EMT and
frequency-dependent
line modeling

Pursues propagation-mode
decoupling and simulation
efficiency [11–14]

Modal quantities are not
organized around the
classical sequence
pair (Z0, Z1)

Measurement-based
estimation

Parameter identification
from terminal data

Recovers Zabc or the full
Ẑ012 from voltage/current
measurements [5,6]

Estimates the raw entries;
no compact,
backward-compatible
asymmetry grouping

Extended
sequence transform

Compact parameterization
of reciprocal Zabc

Keeps Z0 and Z1 explicitly
and isolates four
asymmetry parameters
with exact inversion

It is not a modal
decoupling method and
does not diagonalize the
untransposed line

This distinction is important for practical interpretation. In measurement-based line
parameter estimation, the quantities of interest are often the individual self and mutual
terms of the line matrix or compact parameterizations derived from them rather than
propagation modes [5,6]. From this perspective, the proposed transform complements
rather than competes with modal analysis.
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Beyond modal methods, several frameworks address untransposed lines directly.
Phase-domain fault models retain the full Zabc and represent the inter-phase coupling
explicitly [7]; the Clarke transform and single real transformation matrices give a compact
real modal basis for time-domain studies [8,9]; and the Karrenbauer transform and its
corrected variants restore modal decoupling for untransposed configurations [10]. All of
these act on the phase voltages and currents and target propagation-mode decoupling.
Measurement-based estimators instead identify the entries of Zabc, or of the full sequence
matrix, from terminal voltage and current data [5,6]. The extended transform is comple-
mentary to both groups: it acts on the six independent entries of the already-identified
Zabc and re-expresses them as the backward-compatible pair (Z0, Z1) plus four normalized
asymmetry indices. The practical distinctions are concrete rather than conceptual: the
forward and inverse maps are a single 6 × 6 multiplication, so the computational cost is
negligible; the indices are normalized by |Z1| and are therefore directly comparable across
geometries, voltage classes and lengths (Section 6.2); and the difference parameters are
exactly common-mode immune (Section 6.4). We do not claim improved identification
accuracy over any specific estimator because the transform is applied after the matrix has
been identified; its role is interpretation and structuring, not estimation.

A structural property of the transform is that the parameters Zβ and Zδ are defined as
differences of the self- and mutual-impedance Fortescue components at wavenumber k:

Zβ = d̃1 − õ1, Zδ = d̃2 − õ2 (21)

while Zα and Zγ are weighted sums:

Zα = d̃1 + 2õ1, Zγ = d̃2 + 2õ2 (22)

If a common-mode perturbation ϵ shifts both d̃k and õk by the same amount, the difference
Zβ = (d̃1 + ϵ)− (õ1 + ϵ) is unaffected, while the sum Zα = (d̃1 + ϵ)+ 2(õ1 + ϵ) accumulates
the error. When the extended parameters are computed alongside the classical Z0 and Z1,
the parameters Zβ and Zδ may therefore offer partial immunity to common-mode errors in
parameter identification. This property is noted here as a possible advantage in applications
such as line parameter analysis from positive-sequence dominated measurements. A
rigorous treatment for specific estimation methods is left for future work.

6.2. Physical Interpretation of the Asymmetry Parameters

The four asymmetry parameters acquire a direct physical meaning when the line
constants are computed from the tower geometry. To make this explicit, the reduced
phase-domain matrix of a 400 kV single-circuit line was computed with OpenDSS (Carson
earth-return model, 50 Hz) for the three tower arrangements shown in Figure 1: a triangular
arrangement in which the centre phase is raised above the two outer phases, a horizontal
(flat) portal arrangement with the three phases in one plane, and a staggered arrangement
with no plane of symmetry. All three use the same conductors—a triple-bundle phase
conductor and two ground wires—whose electrical data are listed in Table 4 and whose
tower coordinates are given in Figure 1. The extended transform was then applied to each
resulting matrix.

The results in Table 5 and Figure 2 reveal a clear structure. The k = 1 pair (Zα, Zβ)

measures the primary asymmetry, i.e., the deviation of the centre phase from the outer
phases, while the k = 2 pair (Zγ, Zδ) measures the secondary asymmetry, i.e., the left–
right imbalance between the two outer phases. A tower that possesses a vertical plane
of symmetry (centre phase on the axis, outer phases mirrored) produces the exact nu-
merical signature |Zα| = |Zγ| and |Zβ| = |Zδ|; this is observed for both the triangular
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geometry (α = γ = 7.01%, β = δ = 5.56%) and the horizontal geometry (α = γ = 9.33%,
β = δ = 1.12%). The two tower types are nonetheless clearly distinguished by the param-
eters: the flat arrangement has a markedly larger k = 1 “sum” asymmetry α but a much
smaller difference asymmetry β. When the geometry has no symmetry plane—illustrated
by a staggered arrangement with conductors at unequal horizontal offsets and heights—the
degeneracy is broken and all four parameters become distinct (α = 8.01%, β = 3.54%,
γ = 8.63%, δ = 3.14%), confirming that the four indices carry independent geometric
information rather than a redundant restatement of two quantities.

Figure 1. The three 400 kV tower geometries (conductor coordinates in metres). A, B, C denote the
phase conductors, each a three-conductor bundle; GW denotes the ground wires. Coordinate labels
use the minus sign for negative positions.

Table 4. Conductor data used for the OpenDSS line-constant calculations (50 Hz, Carson earth return).
Each phase is a three-conductor bundle represented by its equivalent geometric mean radius (GMR)
and equivalent capacitive radius.

Property Phase Bundle Ground Wire

Conductor type 3 × 434-AL1/56-ST1A 121-AL4/66
DC resistance (ohm/km) 0.0222 0.229
Equivalent GMR (cm) 12.29 0.774
Equivalent cap. radius (cm) 13.21 0.91
Conductor diameter (mm) 28.8 18.2

Table 5. Extended-sequence asymmetry indices (% of |Z1|) for two typical 400 kV towers and a
staggered (no-symmetry-plane) case, computed from tower geometry in OpenDSS for a 50 km section.

Geometry α β γ δ M0 M2

Triangular 7.01 5.56 7.01 5.56 2.15 7.01
Horizontal (flat portal) 9.33 1.12 9.33 1.12 0.50 9.33
Staggered (no symmetry) 8.01 3.54 8.63 3.14 1.52 8.01

In summary, the four indices exhibit distinct dominant sensitivities: α and β (the
k = 1 pair) respond mainly to the primary asymmetry, namely the vertical offset of the
centre phase relative to the outer phases, whereas γ and δ (the k = 2 pair) respond mainly
to the secondary asymmetry, the left–right imbalance between the two outer phases; within
each pair the sum parameter (α, γ) reflects the combined self- and mutual-impedance
deviation, while the difference parameter (β, δ) isolates the imbalance between them.
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Figure 2. Asymmetry indices for the three 400 kV geometries (50 km).

6.3. Extended Parameters in Terms of Phase-Domain Impedances

Substituting the definitions of d̃k and õk (Equation (5)) directly into Table 2 gives each
extended parameter as a single linear combination of the six entries of Zabc:

Z0 =
1
3
(
Zaa + Zbb + Zcc

)
+

2
3
(
Zba + Zca + Zcb

)
(23)

Z1 =
1
3
(
Zaa + Zbb + Zcc

)
− 1

3
(
Zba + Zca + Zcb

)
(24)

Zα =
1
3
(
Zaa + aZbb + a2Zcc

)
+

2
3
(
Zba + aZca + a2Zcb

)
(25)

Zβ =
1
3
(
Zaa + aZbb + a2Zcc

)
− 1

3
(
Zba + aZca + a2Zcb

)
(26)

Zγ =
1
3
(
Zaa + a2Zbb + aZcc

)
+

2
3
(
Zba + a2Zca + aZcb

)
(27)

Zδ =
1
3
(
Zaa + a2Zbb + aZcc

)
− 1

3
(
Zba + a2Zca + aZcb

)
(28)

where a = ej2π/3. The self-impedance entries (Zaa, Zbb, Zcc) always carry weights of magni-
tude 1/3; the mutual-impedance entries (Zba, Zca, Zcb) carry weights of magnitude 2/3 in
the sum parameters and 1/3 in the difference parameters.

6.4. Error Propagation Through the Extended Transform

Suppose every entry of Zabc is perturbed by an independent additive error εij:

Z̃ij = Zij + εij, ij ∈ {aa, bb, cc, ba, ca, cb} (29)

Because M6 is linear, the error in each extended parameter is obtained by applying the
same rows of M6 to the error vector ε:

δZ0 =
1
3
(
εaa + εbb + εcc

)
+

2
3
(
εba + εca + εcb

)
(30)

δZ1 =
1
3
(
εaa + εbb + εcc

)
− 1

3
(
εba + εca + εcb

)
(31)

δZα =
1
3
(
εaa + a εbb + a2εcc

)
+

2
3
(
εba + a εca + a2εcb

)
(32)

δZβ =
1
3
(
εaa + a εbb + a2εcc

)
− 1

3
(
εba + a εca + a2εcb

)
(33)
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δZγ =
1
3
(
εaa + a2εbb + a εcc

)
+

2
3
(
εba + a2εca + a εcb

)
(34)

δZδ =
1
3
(
εaa + a2εbb + a εcc

)
− 1

3
(
εba + a2εca + a εcb

)
(35)

Consider the special case εij = ε for all ij (a uniform shift of every matrix entry):

δZ0 =
3ε

3
+

6ε

3
= 3ε (36)

δZ1 =
3ε

3
− 3ε

3
= 0 (37)

For the asymmetry parameters, the self-impedance sums with equal weights are
1 + a + a2 = 0 and 1 + a2 + a = 0, so:

δZα = 0 +
2ε(1 + a + a2)

3
= 0 (38)

δZβ = 0 − ε(1 + a + a2)

3
= 0 (39)

δZγ = 0 +
2ε(1 + a2 + a)

3
= 0 (40)

δZδ = 0 − ε(1 + a2 + a)
3

= 0 (41)

All four asymmetry parameters Zα, Zβ, Zγ, Zδ are immune to a uniform common-mode
error because their computation involves weights 1, a, a2 or 1, a2, a which sum to zero. Only
Z0 accumulates the full error (3ε); Z1 and all four asymmetry parameters are unaffected.

7. Numerical Validation at the Fundamental Frequency
A 50 km overhead line with per-unit-length impedances computed by the Carson

method [17] is used as the test case. The transposed equivalent has equal self-impedances
Zs = 3.284 + j22.234 Ω and equal mutual impedances Zm = 1.981 + j8.059 Ω. The untrans-
posed line retains the individual per-phase values, which differ due to unequal conductor
heights and spacings.

7.1. Phase-Domain Matrices

The transposed and untransposed impedance matrices are, respectively:

Ztr
abc =

3.284+j22.234 1.981+j8.059 1.981+j8.059
1.981+j8.059 3.284+j22.234 1.981+j8.059
1.981+j8.059 1.981+j8.059 3.284+j22.234

 [Ω] (42)

Zuntr
abc =

3.102+j22.054 1.854+j7.985 1.918+j8.019
1.854+j7.985 3.371+j22.412 2.100+j8.213
1.918+j8.019 2.100+j8.213 3.379+j22.237

 [Ω] (43)

7.2. Transposed Line

Applying the classical Fortescue transform yields a diagonal sequence matrix, con-
firming that a transposed line has no coupling between sequence networks:

Ẑtr
012 =

7.246+j38.352 0 0
0 1.303+j14.176 0
0 0 1.303+j14.176

 [Ω] (44)
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The equality Ẑ11 = Ẑ22 holds, as expected for any symmetric (reciprocal) Zabc.
Applying the extended transform gives:

qtr =
[
7.246+j38.352, 1.303+j14.176, 0, 0, 0, 0

]T
[Ω] (45)

All four asymmetry parameters vanish exactly, confirming backward compatibility with
the classical result.

7.3. Untransposed Line

For the untransposed line, the classical sequence matrix is no longer diagonal. All
three independent off-diagonal entries are non-zero, indicating cross-coupling between all
sequence networks:

Ẑuntr
012 =

 7.199+j38.379 −0.203−j0.181 −0.122−j0.140
−0.203−j0.181 1.327+j14.162 −0.018+j0.085
−0.122−j0.140 −0.018+j0.085 1.327+j14.162

 [Ω] (46)

The diagonal entries Ẑ11 = Ẑ22 remain equal because Zuntr
abc is still symmetric by reciprocity.

The extended transform yields four non-zero asymmetry parameters, while Z0 and Z1

are identical to the classical diagonal entries (Table 6):

Table 6. Extended sequence parameters for the untransposed 50 km line.

Parameter Value (Ω) Note

Z0 7.199 + j38.379 Classical zero-sequence
Z1 1.327 + j14.162 Classical positive-sequence
Zα −0.133 − j0.285 Asymmetry parameter
Zβ −0.146 + j0.004 Asymmetry parameter
Zγ −0.256 − j0.070 Asymmetry parameter
Zδ 0.067 − j0.097 Asymmetry parameter

The round-trip inverse z = M−1
6 quntr recovers Zuntr

abc to machine precision
(∥Zuntr

abc − M−1
6 quntr∥∞ < 10−13 Ω), confirming that the extended transform is lossless.

This machine-precision agreement is an expected consequence of the non-singularity of
M6 and is reported only as a numerical consistency check on the implementation, not as a
principal result.

7.4. Common-Mode Error Injection

To verify the immunity property analytically, a common-mode perturbation ϵ = 10+ j10 Ω
is added uniformly to every entry of Zuntr

abc :

Zpert
abc = Zuntr

abc + ϵ 13×3 (47)

where 13×3 is the 3 × 3 all-ones matrix. Applying the extended transform to Zpert
abc gives

(Table 7):
Comparing qpert with quntr shows that only Z0 is affected:

Zpert
0 − Zuntr

0 = (37.199+j68.379)− (7.199+j38.379) = 30+j30 = 3ϵ (48)

while the remaining five parameters are unchanged to machine precision. Since Z0 = d̃0 + 2õ0

and a uniform perturbation ϵ shifts every entry of both d and o by ϵ, we have d̃0 → d̃0 + ϵ

and õ0 → õ0 + ϵ, so:
Z0 → (d̃0 + ϵ) + 2(õ0 + ϵ) = Z0 + 3ϵ (49)
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For Z1 and the four asymmetry parameters, the same shift ϵ cancels in every expression.

Table 7. Extended sequence parameters for the perturbed untransposed 50 km line.

Parameter Value (Ω) Note

Z0 37.199 + j68.379 Shifted by 3ϵ = 30 + j30
Z1 1.327 + j14.162 Immune
Zα −0.133 − j0.285 Immune
Zβ −0.146 + j0.004 Immune
Zγ −0.256 − j0.070 Immune
Zδ 0.067 − j0.097 Immune

7.5. Unbalance Factors from Extended Parameters

This section verifies numerically that all three off-diagonal entries of Ẑ012 and the
unbalance factors M0, M2 can be recovered exactly from the extended parameters quntr.

Inserting quntr from Table 6 into Equations (15)–(17) recovers all three independent
off-diagonal entries of Ẑ012 (Table 8):

Table 8. Reconstruction of off-diagonal sequence matrix entries from extended parameters versus
direct computation.

Entry Via Equations (15)–(17) Direct from Ẑuntr
012 (Equation (46))

Ẑ01 −0.203−j0.181 −0.203−j0.181
Ẑ02 −0.122−j0.140 −0.122−j0.140
Ẑ12 −0.018+j0.085 −0.018+j0.085

All three values agree to machine precision. Note that the third entry Ẑ02 = −0.122 −
j0.140 Ω is not captured by the unbalance factor characterisation (which uses only Ẑ01 and
Ẑ12) but is fully determined by the extended parameters.

Computing M0 and M2 via both routes confirms agreement:

M0 =
|Ẑ01|
|Z0|

× 100% =
| − 0.203−j0.181|
|7.199+j38.379| × 100% = 0.70% (50)

M0 =

∣∣∣∣∣Zα + 2Zβ − a2(Zγ − Zδ)

3Z0

∣∣∣∣∣× 100% = 0.70% (51)

M2 =
|Ẑ12|
|Z1|

× 100% =
| − 0.018+j0.085|
|1.327+j14.162| × 100% = 0.86% (52)

M2 =

∣∣∣∣Zγ + 2Zδ + 2a(Zα − Zβ)

3Z1

∣∣∣∣× 100% = 0.86% (53)

Both routes agree exactly. The extended representation encodes all information re-
quired for the unbalance factors, while additionally providing the third off-diagonal entry
Ẑ02 and enabling lossless round-trip reconstruction of Zabc.

7.6. Stochastic Perturbation Study

To complement the common-mode example, a Monte Carlo study was carried out
in which the six independent entries of Zabc were perturbed independently in polar
form. For each unique impedance entry, the magnitude was multiplied by (1 + ηm)

with ηm ∼ N (0, σ2
mag) and the phase was shifted by an independent Gaussian per-

turbation with standard deviation σϕ expressed in degrees. The tested grid covered
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σmag ∈ {0.001, 0.005, 0.01, 0.02} and σϕ ∈ {0.01◦, 0.05◦, 0.1◦, 0.2◦}, with 3000 trials per
grid point.

Table 9 summarizes representative results. For the smallest-noise case, the sample
means of the unbalance factors remained close to the deterministic baseline values, namely
M0 = 0.698% and M2 = 0.868%, with standard deviations of 0.0255% and 0.0772%,
respectively. Across the full tested grid, the inverse transform remained numerically exact,
with the largest observed round-trip error equal to 1.28 × 10−14 Ω.

Table 9. Summary of the stochastic perturbation study.

Metric Smallest-Noise Case Largest Spread in Tested Grid

Perturbation level σmag = 0.001, σϕ = 0.01◦ σmag = 0.02, σϕ = 0.2◦

M0
mean = 0.698%
std = 0.0255% std = 0.430%

M2
mean = 0.868%
std = 0.0772% std = 1.15%

Round-trip error max = 1.23 × 10−14 Ω max = 1.28 × 10−14 Ω

The same study also shows that the derived metrics do not respond equally to inde-
pendent perturbations. Over the tested grid, the spread of M2 was consistently larger than
that of M0, which indicates that the negative-sequence coupling metric is more sensitive
to entrywise uncertainty in this line example. The parameter-magnitude spreads show
a similar ranking effect: the largest observed standard deviations were 0.323 Ω for Z0,
0.279 Ω for Z1, 0.193 Ω for Zα, 0.149 Ω for Zβ, 0.187 Ω for Zγ, and 0.146 Ω for Zδ. Within the
tested perturbation grid, increasing σmag had a stronger influence than increasing σϕ. These
results do not constitute a complete measurement-error model, but they do show that the
proposed transform preserves exact algebraic reversibility while making it straightforward
to study how independent entrywise perturbations propagate into the extended parameters
and unbalance factors.

7.7. Line Length, the Distributed Model, and the Shunt Admittance

The numerical study above and the original example use a lumped series matrix at
a single length. To examine the effect of line length, the triangular 400 kV geometry of
Section 6.2 was evaluated at 50, 100, and 150 km, the upper range reported as feasible for
untransposed operation. Two models were compared: the lumped series matrix Zabc = z ℓ,
and the exact equivalent-π series impedance obtained from the multiconductor two-port,
B = [ eAℓ ]12 with A =

[ 0 z
y 0

]
, which includes the full shunt admittance y = jωC.

A useful property emerges for the lumped model: the asymmetry indices are ra-
tios |Zk|/|Z1| in which the common length factor cancels, so α, β, γ, δ are exactly length-
invariant (α = γ = 7.01%, β = δ = 5.56% at all three lengths). When the distributed
model is used, the indices acquire a weak length dependence through the shunt admit-
tance, but the relative change stays below about 0.6% even at 150 km (Table 10, Figure 3).
This quantifies the range over which the lumped-series characterisation of the asymme-
try is adequate and justifies the simplification adopted in the rest of the paper. For the
50–150 km lengths considered, shunt reactors—which are external lumped compensation
elements—do not alter the line matrix Zabc or its extended parameters, although they
affect terminal behaviour; uncompensated operation is therefore representative for the
present purpose. Frequency-dependent and broadband (transient) behaviour lies out-
side the intended fundamental-frequency scope and remains the domain of modal and
electromagnetic-transient methods.

https://doi.org/10.3390/en19133203

https://doi.org/10.3390/en19133203


Energies 2026, 19, 3203 16 of 22

Table 10. Length dependence of the asymmetry indices for the triangular 400 kV line (here γ = α and
δ = β by tower symmetry). The lumped-series indices are length-invariant; the distributed model
deviates by less than 0.6% up to 150 km.

Lumped Series Distributed (π)
Length α [%] β [%] α [%] β [%]

50 km 7.008 5.556 7.008 5.552
100 km 7.008 5.556 7.009 5.541
150 km 7.008 5.556 7.009 5.522

Figure 3. Asymmetry indices α (blue) and β (orange) versus line length for the triangular tower:
dashed lines, lumped-series model; solid lines, distributed model. For this symmetric tower γ = α

and δ = β, so only α and β are plotted.

The shunt admittance itself is handled by exactly the same machinery. The capacitance
matrix C of a reciprocal line is symmetric and is transformed by the identical Fortescue
similarity, so the same 6× 6 map M6 applies to it without modification, yielding admittance
counterparts (C0, C1, Cα, Cβ, Cγ, Cδ) with the same lossless round trip (<3 × 10−15 nF/km).
For the triangular tower this gives C0 = 7.54 and C1 = 13.46 nF/km with αC = γC = 7.25%
and βC = δC = 0.01%; for the horizontal tower C0 = 8.09, C1 = 12.30 nF/km with
αC = γC = 8.47% and βC = δC = 1.70%. This is the reason the admittance was not treated
as a separate development in the original manuscript—the transformation is the same—but
the result is reported here for completeness.

7.8. Offline Measurement-Based Identification

The line is de-energised and isolated and its far end is earthed; the objective is the
complete phase-domain matrix Zabc (six independent complex entries), from which Z0, Z1

and α, β, γ, δ follow through the extended transform. This can be carried out either with
a three-phase source (Section 7.8.1) or with a single-phase source (Section 7.8.2). The two
routes differ in the excitation and in where the current is read: the three-phase test applies
voltage at the sending end and measures the short-circuit current at the earthed receiving
end, whereas the single-phase test reads the injected current and the phase-to-earth voltages
at the sending end.

7.8.1. Three-Phase Method

To demonstrate practical recoverability rather than asserting it, an offline (de-
energised) staged test of the 50 km triangular line was simulated with an opendssdirect
model that uses the full line description — the series impedance together with the complete
shunt admittance (capacitance) matrix, i.e., the nominal-π representation. The arrangement
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is shown in Figure 4. The receiving end is solidly earthed (three-phase short). A three-phase
test source applies a known set of sending-end phase voltages Vs, and the short-circuit
current Ir is measured at the earthed receiving end. Because the receiving end is shorted,
the series (through) current dominates: for this line the sending-end shunt branch carries
only about 0.1–0.2% of the through current, so essentially all of it reaches the earthed end
and is captured by Ir. With the receiving voltage forced to zero, the two-port reduces to
Vs = Zabc Ir, where Zabc is the series impedance. Three linearly independent excitations
give Vs and Ir as 3 × 3 matrices, the identified matrix is Zid

abc = Vs I−1
r (symmetrised for

reciprocity), and the extended transform is applied to obtain α, β, γ, δ. Applying a known
voltage and reading the short-circuit current is the natural offline procedure and is well
conditioned: the applied sequence voltages form an orthogonal basis (condition number
unity), whereas pure current injection would let part of the zero-sequence current return
through the shunt capacitance and degrade the conditioning.

Figure 4. Three-phase offline test: a known sending voltage Vs is applied, the far end is shorted
to earth, and the short-circuit current Ir is measured. Here S and R are the sending and receiving
terminals, V and A denote the voltmeter and ammeter, and a, b, c are the three phases.

This arrangement follows established offline practice. The conservative and consistent
offline tests for AC transmission-line impedance are standardised in IEEE Std 1870-2019 [18],
in which one- and three-phase voltage and current measurements on a de-energised, far-
end-shorted line are the inputs for estimating the series impedance matrix; the same family
of tests was applied experimentally to an overhead line in our earlier experimental study.
In that practice the balanced three-phase test (all phases energised, far end shorted and
earthed) yields the positive-sequence impedance Z1, whereas bonding the three phases
together and supplying them from a single-phase source against earth yields the zero-
sequence impedance Z0 [18,19]. Only the zero-sequence test energises all three phases at
the same voltage; the positive- and negative-sequence tests do not. The identification used
here applies exactly this campaign—realised as three independent single-phase sources,
equivalently a controllable three-phase source—but retains the complete identified matrix
Zid

abc instead of collapsing each test to a single sequence scalar. The classical Z0 and Z1 are
therefore obtained exactly as in the standard procedure, and the four asymmetry parameters
α, β, γ, δ follow from the same measurements at no additional cost.

An identifiability requirement follows directly from the structure of the problem and
clarifies how the asymmetry parameters relate to the classical measurement of Z0 and
Z1. Each of Z0 and Z1 is a k = 0 quantity obtained from a single matched excitation
(V1/I1 = Z1 from a positive-sequence injection, V0/I0 = Z0 from a zero-sequence injection).
The four asymmetry parameters are k = 1 and k = 2 quantities describing differences
between phases; they cannot be read from a single injection. Since a symmetric Zabc has
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six independent complex entries and each terminal excitation provides only three complex
equations, a single excitation—however unbalanced—is underdetermined, and even two
independent excitations leave the identification rank-deficient. Three linearly independent
excitations are required and sufficient. They need not be the pure sequence sets; any inde-
pendent set rich in zero- and negative-sequence content makes the asymmetry observable,
while the zero/positive/negative triplet is simply the optimally-conditioned canonical
choice (condition number unity). In other words, α, β, γ, δ are obtained from the same
three-phase tests already used for Z0 and Z1, provided the full matrix is retained and the
transform applied.

A worked example makes the procedure concrete. The three excitations are three
three-phase voltage settings applied sequentially—one test after another, not at the same
time—all at the same magnitude V = 4.77 kV phase-to-earth. Setting 1 (zero sequence)
drives the three phases at the same angle, V∠0◦ on a, b and c. Setting 2 (positive sequence)
drives V∠0◦, V∠−120◦, V∠+120◦. Setting 3 (negative sequence) drives V∠0◦, V∠+120◦,
V∠−120◦. Collected as the columns of a matrix (in the order setting 1, 2, 3), the applied
sending voltages Vs and the measured short-circuit currents Ir are

Vs = V

1 1 1
1 a2 a
1 a a2

, Ir =

26.8−j126.3 45.5−j337.0 14.8−j339.1
39.6−j147.2 −356.3+j154.1 311.6+j231.5
26.8−j126.3 286.3+j182.4 −314.6+j129.2

A, (54)

the three columns corresponding to the zero-, positive- and negative-sequence settings.
Each column obeys V(k)

s = Zabc I(k)r , so the full matrix follows from a single inversion,

Zid
abc = Vs I−1

r =

3.379+j21.092 2.240+j6.936 2.093+j6.723
2.240+j6.936 3.708+j18.683 2.240+j6.936
2.093+j6.723 2.240+j6.936 3.379+j21.092

Ω. (55)

Applying the extended transform q = M6z to the six independent entries of Zid
abc (the

vector z) gives the six parameters directly (all in Ω):

Z0 = 7.870+j34.020, Z1 = 1.298+j13.424,

Zα = 0.813+j0.482, Zβ = 0.555+j0.503,

Zγ = −0.824+j0.463, Zδ = −0.713+j0.229.

(56)

The normalised indices are α = |Zα|/|Z1| = 7.01%, β = 5.56%, γ = 7.01% and δ = 5.56%.
The classical Z0 and Z1 come out exactly as in the standard sequence tests, while the four
asymmetry parameters are obtained from the very same three measurements.

With noiseless data the identification is essentially exact (∥Zid
abc − Zabc∥∞ < 10−8 Ω,

the residual being the finite earthing resistance of the simulated short) and the indices
are recovered to the same accuracy. Under realistic test-set instrument error (independent
Gaussian magnitude and angle errors on every recorded phasor) the indices are recovered
with the modest, quantified spread listed in Table 11 and plotted in Figure 5. For a 0.1%
magnitude / 0.02◦ class the standard deviations stay below 0.090 percentage points on pa-
rameters of 5.6–7.0% (about 1.3% relative); at 0.5% / 0.1◦ they remain below 0.45 percentage
points. For this symmetric tower γ = α and δ = β, so only α and β are reported; the sum
parameter α shows a slightly larger spread than the difference parameter β.

This error analysis assumes a lumped-parameter line. As established in Section 7.7,
that assumption changes the asymmetry indices by less than about 0.6% up to 150 km—smaller
than the instrument-induced spread already at the 0.5% accuracy class—so it is adequate
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for the present measurement-error analysis; for longer lines, or where sub-percent accuracy
is required, the distributed model of Section 7.7 should be used instead.

Table 11. Offline identification of the triangular 400 kV line: standard deviation (percentage points)
of the recovered asymmetry indices over 5000 Monte Carlo trials, versus test-set accuracy class
(magnitude/angle). For this symmetric tower γ = α and δ = β, so only α and β are listed.

Accuracy Class σα σβ

0.1%/0.02◦ 0.089 0.071
0.2%/0.05◦ 0.183 0.145
0.5%/0.10◦ 0.446 0.348
1.0%/0.20◦ 0.892 0.706

Figure 5. Spread of the recovered indices α, β versus test-set magnitude accuracy (here γ = α, δ = β).

7.8.2. Single-Phase Method

The same complete matrix—and therefore α, β, γ, δ — can be obtained with a single-
phase source, which is practically attractive because single-phase line test sets are common;
for example, the OMICRON CPC 100 test system paired with the CP CU1 coupling unit
is used for offline overhead-line parameter measurement. The governing requirement
is unchanged: six independent scalar measurements are needed for the six independent
entries of Zabc.

A convenient single-phase procedure is the column-at-a-time test of Figure 6. One
phase is energised against earth, the other two phases are left open at the sending end,
and the far end is earthed. Measuring the injected current Ik together with all three sending
phase-to-earth voltages yields one column of Zabc because V = Zabc I with I = Ikek.
Three such tests (energising a, then b, then c) complete the matrix; applying the extended
transform to the triangular 400 kV line recovers α, β, γ, δ to within about 0.2% of the
reference values.

An equivalent route uses the classical single-phase tests directly: three phase-to-earth
self measurements give the diagonal entries, and three phase-to-phase loop measurements
give Zjj + Zkk − 2Zjk, from which the mutual terms follow as Zjk = (Zjj + Zkk − Zloop

jk )/2.
The mutual coupling can also be probed by energising two phases and observing the third.
If the third phase is earthed only at the far end and left open at the sending end it carries
no current, but its induced open-circuit sending voltage equals Zca Ia + Zcb Ib; if instead
it is earthed at both ends it carries an induced current Ic = −(Zca Ia + Zcb Ib)/Zcc. Both
quantities expose the mutual terms, and two excitations with different (Ia, Ib) separate
Zca from Zcb. In every case the asymmetry parameters follow once the full Zabc has been

https://doi.org/10.3390/en19133203

https://doi.org/10.3390/en19133203


Energies 2026, 19, 3203 20 of 22

assembled, which confirms that neither a balanced three-phase source nor any particular
connection is essential—only a set of independent measurements sufficient to determine
the six matrix entries.

Figure 6. Single-phase column test: one phase energised, the other two open at the sending end, far
end earthed. Here S and R are the sending and receiving terminals, V and A denote the voltmeter
and ammeter, a, b, c are the three phases, and the open symbol marks the open-circuited sending
terminals.

8. Conclusions
This paper has presented the Extended Sequence Transform, a structured six-parameter

representation of reciprocal untransposed overhead line impedance matrices.
The principal contribution is a 6× 6 linear mapping q = M6z from the six independent

entries of the phase-domain impedance matrix Zabc to six extended sequence parameters
(Z0, Z1, Zα, Zβ, Zγ, Zδ), together with its exact inverse z = M−1

6 q. The transform is lossless
in the sense that M−1

6 M6 = I6, so the full Zabc is recoverable to machine precision from
the six parameters alone. The two classical sequence impedances Z0 and Z1 are preserved
without modification, which makes the representation backward compatible with existing
sequence-network analysis while collecting the asymmetry into four additional parameters.

All nine entries of the classical Fortescue sequence matrix Ẑ012 are expressible as exact
linear combinations of the six extended parameters, and the inductive unbalance factors M0

and M2 are completely determined by the four asymmetry parameters Zα, Zβ, Zγ, Zδ. Nu-
merical validation at the fundamental frequency confirms exact round-trip reconstruction
and exact agreement between unbalance factors computed from the classical and extended
representations. The third independent off-diagonal entry Ẑ02, which is not captured by
the standard unbalance factors alone, is also recovered directly.

The proposed transform is not a modal decoupling method and does not replace
the full Fortescue matrix or frequency-dependent modal representations used in transient
simulation. Its contribution is a compact parameterization in which the familiar pair
(Z0, Z1) is kept explicitly and the remaining asymmetry content is separated into four
additional descriptors. This form is potentially useful in applications that need the complete
reciprocal line matrix but also benefit from a small set of interpretable scalar parameters,
including line modeling, comparison of untransposed configurations, and measurement-
based parameter estimation.

These three uses are now supported by direct evidence rather than asserted. The
comparison of untransposed configurations is demonstrated by OpenDSS calculations for
two typical 400 kV towers, in which the four parameters relate to specific geometric features
and discriminate between tower types (Section 6.2). Measurement-based estimation is
demonstrated by a worked offline identification on a simulated line, including the require-
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ment of three independent three-phase excitations and the resulting recovery accuracy
under instrument error (Section 7.8). The length range of validity is established by the
distributed-model study, which shows that the lumped-series asymmetry indices change by
less than 0.6% up to 150 km (Section 7.7). The exact invertibility of the transform should be
understood as a prerequisite that makes these uses possible, not as the contribution in itself.
The scope is correspondingly delimited: the development concerns reciprocal, passive line
matrices at the fundamental frequency under a lumped-parameter treatment, and does not
extend to rotating machines, frequency-dependent transient modeling, or modal-domain
simulation. Field validation on measured data and integration with a specific estimation
method remain the principal items of future work.
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Appendix A. Row-by-Row Derivation of M6

The rows follow from expanding Equation (5) and applying B for each group k. All
coefficients carry the factor 1/3 from T.

Group k = 0:

Z0 = 1
3 (Zaa + Zbb + Zcc) +

2
3 (Zba + Zca + Zcb) ⇒ Row 1: [1, 1, 1, 2, 2, 2]

Z1 = 1
3 (Zaa + Zbb + Zcc)− 1

3 (Zba + Zca + Zcb) ⇒ Row 2: [1, 1, 1, −1,−1,−1]

Group k = 1:

Zα = 1
3 (Zaa + aZbb + a2Zcc) +

2
3 (Zba + aZca + a2Zcb) ⇒ Row 3: [1, a, a2, 2, 2a, 2a2]

Zβ = 1
3 (Zaa + aZbb + a2Zcc)− 1

3 (Zba + aZca + a2Zcb) ⇒ Row 4: [1, a, a2, −1,−a,−a2]

Group k = 2 (using a4 = a):

Zγ = 1
3 (Zaa + a2Zbb + aZcc) +

2
3 (Zba + a2Zca + aZcb) ⇒ Row 5: [1, a2, a, 2, 2a2, 2a]

Zδ =
1
3 (Zaa + a2Zbb + aZcc)− 1

3 (Zba + a2Zca + aZcb) ⇒ Row 6: [1, a2, a, −1,−a2,−a]

Appendix B. Row-by-Row Derivation of M−1
6

Apply B−1: d̃k = (Zk+ + 2Zk−)/3, õk = (Zk+ − Zk−)/3, where Zk± are the
plus/minus parameters of group k (Table 2). Then apply T−1.
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Recovering d (rows 1–3):

Zaa =
Z0+2Z1

3 +
Zα+2Zβ

3 +
Zγ+2Zδ

3 ⇒ Row 1: [1, 2, 1, 2, 1, 2]

Zbb = Z0+2Z1
3 + a2 Zα+2Zβ

3 + a Zγ+2Zδ
3 ⇒ Row 2: [1, 2, a2, 2a2, a, 2a]

Zcc =
Z0+2Z1

3 + a
Zα+2Zβ

3 + a2 Zγ+2Zδ
3 ⇒ Row 3: [1, 2, a, 2a, a2, 2a2]

Recovering o (rows 4–6):

Zba =
Z0−Z1

3 +
Zα−Zβ

3 +
Zγ−Zδ

3 ⇒ Row 4: [1,−1, 1,−1, 1,−1]

Zca =
Z0−Z1

3 + a2 Zα−Zβ

3 + a Zγ−Zδ
3 ⇒ Row 5: [1,−1, a2,−a2, a,−a]

Zcb = Z0−Z1
3 + a

Zα−Zβ

3 + a2 Zγ−Zδ
3 ⇒ Row 6: [1,−1, a,−a, a2,−a2]
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Power Line Impedance Evaluation. Energies 2021, 14, 6314. https://doi.org/10.3390/en14196314.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/en19133203

https://doi.org/10.1109/T-AIEE.1918.4765570
https://doi.org/10.7250/pee.2014.005
https://doi.org/10.1109/TIM.2016.2556920
https://doi.org/10.1109/CPRE.2018.8349771
https://doi.org/10.1016/j.epsr.2022.108255
https://doi.org/10.4028/www.scientific.net/AMM.521.260
https://doi.org/10.1109/61.974208
https://doi.org/10.1016/j.ijepes.2017.05.006
https://doi.org/10.1016/B978-0-12-815117-4.00002-3
https://doi.org/10.3390/en14196314
https://doi.org/10.3390/en19133203

	Introduction
	Notation
	Fortescue Transform of the Impedance Matrix
	The Extended Sequence Transform
	Intermediate Variables
	Coupling Block and Backward Compatibility
	Extension to All Wavenumber Groups.
	Forward and Inverse Transform Matrices

	Relationship Between Extended Parameters and Classical Fortescue Matrix
	Discussion, Applications, and Relation to Existing Approaches
	Relation to Reduced Sequence Models and Modal Methods
	Physical Interpretation of the Asymmetry Parameters
	Extended Parameters in Terms of Phase-Domain Impedances
	Error Propagation Through the Extended Transform

	Numerical Validation at the Fundamental Frequency
	Phase-Domain Matrices
	Transposed Line
	Untransposed Line
	Common-Mode Error Injection
	Unbalance Factors from Extended Parameters
	Stochastic Perturbation Study
	Line Length, the Distributed Model, and the Shunt Admittance
	Offline Measurement-Based Identification
	Three-Phase Method
	Single-Phase Method


	Conclusions
	Row-by-Row Derivation of M6
	Row-by-Row Derivation of M6-1
	References

