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Abstract

In most AFM nanoindentation experiments on soft biological samples, classical contact
mechanics models, such as Hertz or Sneddon’s equations, are commonly employed to de-
termine the Young’s modulus. However, biological materials are inherently heterogene-
ous, and their mechanical properties often depend on the indentation depth. In this work,
we present a novel and simple approach to quantify how the apparent modulus varies
with increasing indentation depth. The method is based on the general indentation equa-
tion for axisymmetric indenters combined with a straightforward polynomial fitting of the
force-indentation data. The proposed approach offers significant advantages, as it greatly
simplifies the fitting process without requiring any advanced algorithms, while maintain-
ing high accuracy. In addition, it is shown that the depth-dependent mechanical proper-
ties of cells can be described by a simple law, E(h) = C;/h + E;, where E; is the limiting
value of the apparent modulus at large indentations, and C;/h represents the depth-de-
pendent contribution dominant at the initial stages of the indentation process. Here, C,4
is a positive stiffness coefficient, and h is the indentation depth. This is a very important
result, indicating that by using the pair of coefficients C; and E;, we can fully describe
the mechanical properties of cells, capturing their depth-dependent mechanical behavior.
Experiments on fibroblasts and H4 human glioma cells confirm the accuracy of this equa-
tion. The proposed methods provide an accessible and reliable framework for nanoscale
mechanical characterization, offering insights into the depth-dependent elasticity of het-
erogeneous soft materials and revealing mechanical patterns in biological samples.

Keywords: depth-dependent apparent modulus; heterogeneous soft biological materials;
AFM nanoindentation; polynomial fitting of force-indentation curves; axisymmetric
indenter modeling; depth-dependent stiffness; nanoscale mechanical characterization;
cellular mechanics; fibroblasts; H4 human glioma cells
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1. Introduction

Atomic force microscopy (AFM) nanoindentation has become a key technique in bi-
omedical research, allowing quantitative measurement of the mechanical properties of
biological materials with nanometer spatial resolution and pico- to nano-Newton force
sensitivity [1-4]. This capability has enabled the study of cell and tissue biomechanics,
with mechanical properties emerging as potential biomarkers of physiological and patho-
logical states. As a result, AFM is increasingly recognized as a promising tool for early
disease detection, particularly in cancer, and is gradually moving from research toward
clinical application [2,5-9]. It is important to note that several experimental techniques,
such as atomic force microscopy (AFM), optical tweezers (OT) [10,11], and multifrequency
magnetic resonance elastography (MMRE) [12], are widely used for the investigation of
biomechanical properties across different length scales. Among these techniques, AFM
offers a major advantage in terms of force sensitivity and dynamic range, as it can apply
and measure forces from a few piconewtons up to tens, or even hundreds, of nanonewtons
[13]. This range is significantly broader than that accessible by OT, which are typically
limited to forces in the tens to hundreds of piconewtons [14]. As a result, AFM is particu-
larly well suited for probing stiff biological structures and large deformations. Owing to
this versatility, AFM can be applied to a wide variety of biological samples, ranging from
soft living cells [15] to hard structural components such as collagen fibrils measured in air
[13]. In addition, AFM provides nanometer-scale spatial resolution, enabling mechanical
characterization at the level of single molecules, macromolecular assemblies, and individ-
ual cells. In contrast, MMRE is inherently limited to millimeter-to-submillimeter spatial
resolution [12] and is therefore primarily restricted to tissue- and organ-level mechanical
assessment.

Analysis of AFM nanoindentation data has largely relied on Hertzian contact me-
chanics to extract elastic moduli from force-indentation curves, producing a substantial
and influential body of literature over the past two decades [16—-22]. However, reliably
determining the Young’s modulus of soft biological specimens remains challenging due
to nanoscale heterogeneity and experimental uncertainties in cantilever deflection sensi-
tivity and spring constant calibration [23,24]. In particular, the choice and validity of the
contact mechanics model are critical, as biological systems rarely conform to the idealized
assumptions of classical formulations [24].

Specifically, Hertzian contact mechanics was originally formulated to describe mate-
rials that are homogeneous, isotropic, and mechanically uniform [24]. In contrast, biolog-
ical samples are naturally heterogeneous at the nanoscale, with complex structural and
compositional variations that strongly affect their mechanical behavior. As a result, the
apparent mechanical response can change with indentation depth, causing the measured
modulus to either decrease (“softening”) or increase (“stiffening”) as the probe moves
deeper into the material [23]. For this reason, the Young’s modulus obtained through
Hertzian-based analyses is commonly denoted as an “apparent” Young’'s modulus, re-
flecting its dependence on the indentation depth rather than a true, intrinsic material con-
stant, and it is therefore highly sensitive to the chosen loading conditions and indentation
range [25,26]. Within this context, many research groups have proposed methods for the
accurate mechanical characterization of biological materials at the nanoscale [27]. Amo et
al. demonstrated that bimodal AFM can be employed for the precise determination of
surface elastic moduli in liquid environments, achieving an exceptional spatial resolution
on the order of 3 A [28]. Doss et al. introduced an analytical model for the interpretation
of force—indentation data obtained from two-layer elastic systems [29]. Their analysis re-
vealed that the mechanical influence of the underlying layer can be systematically pre-
dicted and effectively described through an analogy with Hookean springs connected in
series. The proposed model remains valid for Young’s modulus mismatches spanning up
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to two orders of magnitude, provided that the contact radius remains smaller than the
thickness of the upper layer [29]. More recently, Chen et al. proposed a comprehensive
and robust theoretical framework, termed trimechanic theory, designed to capture the
elastic responses of soft materials and biomaterials under a broad range of mechanical
conditions [30]. Within this framework, variations in elastic behavior are interpreted as
direct manifestations of changes in the material’s mechanical context. Trimechanic theory
enables the systematic quantification of elastic response differences through combinations
of three distinct nanomechanical actions, governed respectively by constant, linear, and
nonlinear force contributions [30]. Notably, this theory emerges naturally from an exten-
sion of Sneddon’s pyramidal indenter model, specifically tailored to investigate elastic
heterogeneity at the nanoscale [30].

In addition, other studies have aimed to extend the applicability of Hertzian-based
formulations to heterogeneous materials by considering a broad range of indenter geom-
etries, including cylindrical, parabolic, conical, spherical, and, more generally, arbitrarily
shaped axisymmetric indenters [31,32]. These models are typically derived from energy-
equivalent experiments or from the weighted mean value theorem for integrals. Under
such conditions, three-dimensional nanomechanical characterization of soft, heterogene-
ous samples becomes feasible [31]. In addition, Ding et al. reported that AFM-based meas-
urements performed on cells are strongly influenced by surface tension effects [26]. By
combining dimensional analysis with finite element simulations, they demonstrated that,
for cells indented with either a conical or a parabolic probe, a two-term power-law expres-
sion is appropriate for describing the depth-dependent mechanical properties of cells [26].

This paper addresses a classical problem in mechanobiology related to the develop-
ment of improved techniques for disease diagnosis, with particular emphasis on cancer.
The determination of Young’s modulus at different nanoregions of cells and tissues pro-
vides a mechanically driven pathway for early cancer detection and treatment monitoring,
as cancer cells are typically softer than healthy ones [1]. Moreover, during cancer progres-
sion, a two-peak distribution of Young’s modulus may emerge due to the concurrent sof-
tening of cancer cells and stiffening of the extracellular matrix [2].

The strong mechanical heterogeneity of cells and biological tissues, however, can
lead to significant inaccuracies when conventional Hertzian models are applied to inden-
tation data. To overcome this limitation, we propose a simple and accurate approach for
the nanoscale mechanical characterization of heterogeneous biological materials. The
method is based on the generic force-indentation relationship for axisymmetric indenters
combined with a straightforward polynomial fitting procedure. It yields a depth-depend-
ent description of cellular mechanics using only two parameters: a stiffness coefficient that
captures the pronounced heterogeneity at small indentation depths and a limiting elastic
modulus representative of larger indentations. This framework enables reliable nanome-
chanical characterization and holds strong potential for applications in early cancer diag-
nostics, disease progression monitoring, and evaluation of therapeutic efficacy, while also
being extendable to tissue engineering, regenerative medicine, and pharmaceutical re-
search.

This paper is organized as follows: In Section 2, the new model is presented, along
with the protocol for obtaining force-indentation curves from fibroblasts (open-access
data) and H4 human glioma cells. In Section 3 (Results), the proposed approach is applied
to cell force—indentation data, and the equation for capturing the full mechanical behavior
of cells, from shallow to deep indentations, is tested. The results obtained using the
method introduced in this paper are also compared with those derived from classic fitting
procedures based on Hertzian equations. In Section 4 (Discussion), the advantages of the
proposed approach over other methods, as well as its limitations, are discussed.
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2. Materials and Methods
2.1. Deriving a New Model

Pharr et al. [33] derived a general equation linking the contact stiffness, that is, the
derivative of the applied force with respect to indentation depth, to the material properties
and the contact radius, as follows:

dF
—-=2E°R. )

E

where E* is the reduced modulus of the material, defined as E* = p— with E and v be-

ing the Young’s modulus and Poisson’s ratio respectively. It should be noted at this point

that the reduced modulus E* is generally defined by the following Equation: i =1
E E

2
1-v;

[33]. Here, E,E;,v,v; denote the Young’s moduli and Poisson’s ratios of the sample

L
and the indenter, respectively. However, since AFM tips are orders of magnitude stiffer

than biological samples under physiological conditions (a typical silicon nitride AFM tip
has a Young’s modulus in the range of 280-290 GPa [34]), it can be assumed that E; > E,
leading to £ = —.

In addition, F denotes the applied force, h is the indentation depth and R, repre-
sents the contact radius between the indenter and the sample. It is important to note that
Equation (1) was derived for materials that can be considered elastic half-spaces. An elas-
tic half-space is a homogeneous, isotropic, and linearly elastic solid that extends infinitely
in all directions beneath a plane surface. It is assumed to be semi-infinite in both depth
and lateral dimensions so that boundary effects at the edges can be neglected. When a
cylindrical (flat punch) indenter is used on an elastic half-space, the contact radius remains
constant throughout the indentation and is equal to the actual radius of the indenter. In
this case, the force—indentation relationship is linear. For other indenter geometries, how-
ever, the contact radius varies with indentation depth. In the case of heterogeneous mate-
rials, the slope of the force-indentation curve depends on the varying contact radius and
the material’s depth-dependent mechanical properties [35]:

dF
a5 = 2ET (R @)

Therefore, by calculating the slope of the force—indentation curve at a given point
and subsequently solving Equation (2) for E*(h), the local mechanical properties of the
material at the corresponding indentation depth can be determined. A polynomial fit can
effectively capture the nonlinear relationship between force and indentation depth, which
commonly arises in real materials due to complex mechanical behavior. In particular, soft
biological samples often display significant nanoscale heterogeneity, rendering classical
fitting approaches based on Hertzian equations inadequate. For indenters with non-flat
punch geometries, the nonlinear behavior of the force-indentation data within the tradi-
tional Hertzian framework is attributed to the variation in the contact radius with inden-
tation depth. In contrast, a polynomial fit can account for nonlinearities arising both from
the material’s heterogeneity and from the depth-dependent variation of the contact ra-
dius. Therefore, we employ the following equation for data fitting:

m
F = chh” = ¢ h + c;h% + -+ ¢, AT 3)

n=1

where ¢y, ¢y, ..., ¢, are fitting constants. It should be noted that for A = 0, F = 0; this is
the reason for not including a ¢, term in the fitting. The derivative of Equation (3) can be
readily calculated as follows:
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dF d N n N n-1 m-1
ﬁ:%z c,h =chnh =c; + 2¢c,h + -+ mc,h (4)
n=1 =

n=1

Equation (4) can be combined with Equation (2) to determine the depth-dependent
mechanical properties of the sample of interest:

1 B
E*(h) = ZRC(h)nZ;ncnh 1 )

In particular, for a biological sample under physiological conditions, where the water

content is high, v = 0.5; therefore, we obtain

3 < .
E(h) = W; ne,h ©)

For the case of classical pyramidal indenters, which are typically approximated as
perfect cones when the indentation depth is significantly larger than the tip radius [36],

Recone(h) = —tan(6) h )

where 6 is the cone’s semi-included angle. The contact depth and contact radius when
using a conical indenter is shown in Figure 1a. By combining Equations (6) and (7), we
obtain

m
Eo(h) = ——" E ne, vt ®)
cone 16 tan(0) h ] n

n=

In addition, for spherical indenters, the accurate equation relating the contact radius
to the indentation depth for deep indentations was originally derived by Sneddon [37,38]:
R <R + RC)

h=—1
2 "\R—R,

)

Equation (9) cannot be solved with respect to R.. By considering the variable R./R
and using a Taylor series expansion around R./R = 0, we conclude the following:

3 4 h
Rc,sphere =R E -1+ |1+ gE (10)

The contact depth and contact radius when using a spherical indenter is shown in

Figure 1b. The full derivation of Equation (10) is presented in Appendix A. Finally, by
combining Equation (6) with Equation (10), the following conclusion can be drawn:
m

E (h) = 3 nc, h" !
sphere n

3 [ 4h)\m= (11)
8RJ7<—1+ 1+§§>

For small indentation depths compared to the tip’s radius (h << R), the parabolic

approximation can be used [36]:
Rc,paraboloid =VRh (12)

In this case, Equation (6) is written as follows:

m
3

E a(h =—ch -t 13

Parabolotd( ) 8mn=1 n ( )
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(a)

In Figure 1c we compare the R, /R ratios with respect to h/R when using Equation
(10) (Spherical indenter) and when using the parabolic approximation (Equation (12)). For
h < R, these Equations lead to identical results as expected.

llﬁ (b) 1*'

R.
2
h
h,
0.8
(C) = Spherical Indenter
= = =Paraboloid Indenter >
0.6 |
a4
e 3
L 0.4
a4
0.2

0 0.1 0.2 0.3 0.4 0.5
h/R

Figure 1. (a) Indentation using a conical indenter. (b) Indentation using a spherical indenter. The
contact radius is presented in both cases. (¢) Comparison of the normalized contact radius R./R as
a function of the normalized indentation depth h/R for a spherical indenter (Equation (10)) and
the parabolic approximation (Equation (12)). For small indentation depths (h < R), both ap-

proaches converge, yielding identical results as expected.

2.2. Proposing a New Model for Cellular Mechanics

Different studies in the literature have shown that the apparent Young’s modulus of
biological cells is strongly depth-dependent, following a characteristic pattern [25-27].
Specifically, the apparent modulus decreases with increasing indentation depth, ap-
proaching a limiting value at large indentations [25-27]. Several mathematical models
have been proposed to describe and capture this depth-dependent mechanical behavior
[25-27], highlighting the need for accurate frameworks that account for cellular heteroge-
neity and the variation in stiffness across different indentation scales. In this paper, we
propose the simplest law to capture this behavior, as described below:

E(h) = % +E (14)

where E; is the limiting value of the apparent modulus for large indentations, and
Cq4/h is a term describing the depth-dependent properties at the initial stages of the inden-
tation process. Here, C, is a positive stiffness coefficient describing the initial behavior of
the cell at small depths, and h is the indentation depth. The selection of this specific equa-
tion is motivated by both physical and practical considerations. The term C;/h captures
the pronounced increase in stiffness observed at shallow indentation depths, which
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reflects the near-surface mechanical response of cells, including contributions from the
cortex and membrane structures. As the indentation depth increases, these surface effects
diminish, and the modulus gradually approaches the limiting value Ej, representing the
bulk mechanical behavior of the cell interior. The simplicity of the equation ensures ease
of fitting to experimental data while remaining physically interpretable, requiring only
two meaningful parameters to fully describe the depth-dependent mechanical response.
In other words, instead of performing classic Hertzian fitting procedures to determine the
sample’s apparent modulus at a single point, which strongly depends on the indentation
depth, the methods presented in this paper, together with Equation (14), allow the deter-
mination of two material constants, namely C; and E;, which accurately describe the me-
chanical behavior of the cell across all scales.

The objective is to propose the simplest possible model involving only two fitting
parameters. However, it should be noted that the C;/h term diverges as h — 0; this may
be regarded as a potential drawback of the model. Nevertheless, there is no point in test-
ing the model behavior at h = 0, since no indentation occurs at this point. Consequently,
examining the validity of the proposed model at this point is not meaningful. The analysis
can always start from the first non-zero h, F data point, for which the model remains
valid (for both perfect conical and spherical indenters). From this perspective, introducing
an additional fitting parameter would unnecessarily increase the complexity of the model
and the fitting procedure.

It is also important to note that Equation (14) represents a specific subcase, suitable
for fitting data derived from Equation (6) in the particular case of cells. It is unsuitable for
stiffening materials and is instead a convenient model specifically tailored for cellular sys-
tems. However, by using the general approach presented in this paper (Equations (1)—(6)),
it is straightforward to derive appropriate expressions for other types of samples, includ-
ing those exhibiting softening or hardening behavior.

2.3. Open Access Data from Fibroblasts and H4 Human Glioma Cells

To validate the proposed method, we utilized open-access nanoindentation data
from fibroblasts [39]. The experiments were performed using a conical indenter with a
half-angle of 25° and a cantilever with a spring constant of 0.01 N m™ [39]. The corre-
sponding force-indentation datasets supporting the results of this study are publicly
available in the Atomic] repository (https://sourceforge.net/projects/jrobust/files/Test-
Files/). Additionally, previously published spherical nanoindentation data from H4 hu-
man glioma cells (ATCC) were used [40]. In these experiments, a ball-shaped tip with a
radius of 2.5 um and a cantilever spring constant of 0.08 N/m (measured using the thermal
noise method) was employed. In both fibroblasts and H4 human glioma cells, only force
curves obtained from the central region of the cells were taken into account to avoid sub-
strate effects. The accuracy of each fitting procedure was evaluated using the R-squared
coefficient (R2.) with values close to 1 indicating a high-quality fit.

3. Results

In Figure 2, three characteristic cases of force-indentation curves from fibroblasts are
presented (Figure 2(ai-aiii)). To capture extreme cases of mechanical heterogeneity, a
fourth-degree polynomial was used, as shown below:

4
F= Z o™ = b+ Ch? + c3h3 + cyht (15)

n=1

Although the fitting process often yielded c, = 0, indicating that a third-degree pol-
ynomial could adequately describe the data, a fourth-degree polynomial was retained to
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provide additional flexibility. This choice enables the capture of subtle variations and ex-
treme behaviors in the force-indentation curves while preserving the overall measure-
ment trends. In this sense, the fourth-degree polynomial represents a balance between
flexibility and robustness when modeling mechanically heterogeneous biological sam-
ples. Higher-degree polynomials were avoided as they increase sensitivity to noise and
the risk of overfitting without offering meaningful improvements in fit quality or physical
interpretability.

We should emphasize here that a fourth-degree polynomial does not represent a
more accurate physical model or a generalization of Sneddon’s equation. It is simply a
convenient tool to closely follow the data and to easily compute the contact stiffness from
Equation (4) for use in Equation (2).

The fitting coefficients are shown within the figures in all cases. In addition to the
fourth-degree polynomial, the classic Sneddon’s equation was also fitted for comparison
[26]:

F = Cs,h? (16)

where Cs, = %E *tan(@). Each graph displays the R-squared coefficients for both the pol-

ynomial and Sneddon’s fits. Subsequently, the mechanical properties for each case were
determined using both the proposed approach and the classic Sneddon’s fit. Specifically,
the elastic modulus was calculated at each indentation depth using Equation (8), and the
resulting E = f(h) curves are presented in Figure 2(bi-biii). The data were then fitted to
Equation (14), yielding a simple pair of values, C; and E), that can accurately describe
the cellular behavior at any indentation depth.

It is important to note that using Equation (14), we can easily relate the results to
Sneddon’s fitting. First, the tip radius of the conical indenter used in the experiments was
20 nm. To apply a perfect cone approximation, as assumed in the derivation of Equation
(8), the indentation depth should satisfy h > Ry;,. Therefore, only data with h > 100 nm
were considered, and the mean value of the function given by Equation (14) was calcu-
lated:

hmax
1 Cd Cd hmax
Emean(cone) = Foar — homi j <7 + El) du = Emean(cone) = Ponar — Pt In <hmin) + E (17)
hmin

Here, hy;, = 100 nm, h,,, is the maximum indentation depth, “In” denotes the nat-
ural logarithm, and u is a dummy integration variable. The calculated E.,, is shownin
Figure 2(bi-biii) and is nearly identical to the results obtained from Sneddon’s fit in all
cases. It should be clarified that the force-indentation fitting and the derivation of the
depth-dependent modulus E(h) were performed using the full indentation range, with-
out excluding shallow depths. The indentation cutoff was applied only to the calculation
of the mean elastic modulus in Equation (17), and not during the fitting or differentiation
steps. Because the AFM tip has a rounded apeX, its geometry is not perfectly conical; there-
fore, at very small indentation depths, the extracted Young’s modulus values are not reli-
able. A conical approximation becomes valid when the indentation depth is sufficiently
large compared to the tip radius. For this reason, shallow depths were excluded solely
from the averaging procedure. A cutoff of h,,;, = 100 nm (approximately 5R;;,, with
R¢ip ~ 20 nm) was selected as a conservative threshold. The resulting mean modulus was
found to be nearly identical to that obtained using a classical Sneddon fit in this case. If a
threshold that is too small is used, numerous spurious (“false”) values contribute to the
average. Conversely, using a very large indentation depth to ensure a perfect conical ap-
proximation would lead to a loss of information associated with the initial heterogeneous
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regime of the cell. Using a threshold equal to 5R;;, resulted in equivalent results to those

obtained with the classical Sneddon fitting approach.

In Table 1, we also present 30 measurements on fibroblasts. Specifically, the first two
columns show the R-squared coefficients for the fourth-degree polynomial fit and the
Sneddon’s fit, respectively. The third and fourth columns report the coefficients C; and
E;, respectively, while the fifth column shows the R-squared coefficient obtained when
fitting the E = f(h) data to Equation (14). Finally, the sixth and seventh columns present
the Ec.n values calculated using Equation (17) and the Young’'s modulus obtained from
Sneddon’s fit, respectively. The results presented in Table 1 are also highlighted in Figure
3. Bar charts of the R-squared coefficients for the 4th-degree polynomial fit and the Sned-
don fit, including error bars for each case, are presented in Figure 3(ai). The mean * stand-
ard deviation values were 0.99955 + 0.00073 for the polynomial fit and 0.97812 + 0.01520
for the Sneddon fit, indicating that the polynomial fitting approach provides higher con-

sistency and accuracy.

(a)
L %107
S
(l) +  Experimental data
— dth-degree fit (R? = 0.9999)
= = =Sneddon fit (R = 0.9896)
5| ¢ = 0.000000
¢; = 1.811625 % 10° N/m®
¢, = —2.768496 x 10% N/m?
¢ = 1.159305x 1073 N/m

Eg, = 6.75 KPa

0 0.2 0.4 0.6 0.8 1
h (m)

(li) * Experimental data ’
— dth-degree fit (R* =0.9997)
2 [ |= = =Sneddon fit (R? = 0.9283)

¢, = 0.000000
_ 15} ¢, = 1301961 x 10° N/m?
£ ¢, = —5.310022 X 102 N/m?
= 1l g = 1707938 x 10-* N/m
Es, = 6.91 KPa .’
0.5}
0 s 1 s s J
0 0.2 0.4 0.6 0.8 1
h (m) %107
25 X ]U") i ) ) i
(iii) *  Experimental data /'
= 4th-degree fit (R =0.9997)
2 7 |= = = Sneddon fit (R* =0.9619)
¢, = 0.000000

1.5+ ¢; = 2438158 x 108 N/m®

Z ¢, = 7.000623 X 10 N/m?
=L = 9197521 % 1074 N/m
E;, = 4.90 KPa 4
0.5

0 0.2 0.4 0.6 0.8 1 1.2
h (m) %107

E (Pa)

E (Pa)

(b)

x10*

E(h)
——Fit E=a/h +b (R’ =0.9861)
a=C;=137x10"*N/m

, = 3.34 X 10° Pa
an = 6.78 KPa, h > 100nm

0 0.2 0.4 0.6 0.8 1
h (m) %107

* E(h)
—Fit: E=a/h + b (R" =0.9974)
1.5 a=C; =209%x103 N/m
b=E =142x10°Pa
E

“mean

= 6.94 KPa, h=100nm

0 0.2 0.4 0.6 0.8 1
h (m) %107
A
x 10
10 | .
« E(h)
Fit: E=a/h + b (R =0.9994)
8
a 1.15x 107 N/m
b=E =238x10°Pa
6 Epnean = 4.99 KPa, h > 100nm
4}
5
() L n " L L J

0 02 04 06 08 1 1.2
h (m) x10°°

Figure 2. Three representative force-indentation curves obtained from fibroblasts are shown in pan-

els (ai-aiii). The elastic modulus at each indentation depth was calculated using Equation (8), and

the resulting depth-dependent modulus curves, E = f(h), are presented in panels (bi-biii). These
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plots illustrate the variation in the apparent modulus with indentation depth for different mechan-

ical behaviors observed in the cells.

(a) )

Histogram of E with Gaussian Fit
40 ¢ mean

Mean = 7.46 kPa
Std = 1.80 kPa

L
o

Percentage (%)
(3]
[=]

10

Polynomial Fit Sneddon Fit 4 6 8 10 12 14
E (kPa)
mean

Histogram of Cd with Gaussian Fit Histogram of ESn with Gaussian Fit

a 35 401 )
Mean=1.40 x 1072 N/m M‘;"‘E = 7-511 kPa
30+ Std=0.26 X 1073 N/m Std = 1.95 kPa
30+
= 257 £
e L
220 ¢ 0
) 20 22
515t 5
5 5
210- A 10 -
5 L
0 0
1 1.5 2 4 6 8 10 12 14
C, (x107 N/m) Eg (kPa)
Comparison of Gaussian Fits for Ememl and E(Sn )
(iii) Histogram of II.I with Gaussian Fit 25 §
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Mean = 3.76 kPa E
20 (sn)
25+ Std=1.46 kPa
a g
£20° Sist
5 g
E15 o
i
510+ o
A~
5 s
5 b
0 0 - - ‘ - '
4 6 8 10 12 14 16
E1 (kPa) Young’s modulus (kPa)

Figure 3. (ai) Bar charts of the R-squared coefficients for the 4th-degree polynomial fit and the Sned-
don fit, including error bars. The mean # standard deviation values were 0.99955 + 0.00073 for the
polynomial fit and 0.97812 + 0.01520 for the Sneddon fit, indicating higher consistency and accuracy
of the polynomial fitting approach. (aii,aiii) Histograms of the stiffness coefficient C; and limiting
modulus E; with Gaussian fits; the mean * standard deviation values are C; = (1.40 +
0.26) X 1073 N/m and E; = 3.76 + 1.46 kPa. (bi,bii) Distributions of Eyean and Egp, corre-
sponding to the mean modulus from the proposed model (Equation (17)) and the Sneddon fit, with
mean + standard deviation values of E ey = 7.46 + 1.80 kPa and Eg, = 7.51 + 1.95 kPa.
(biii) Comparison of the Gaussian fits for Ee,, and Es,, demonstrating that the proposed
method can also produce the results of the classic Sneddon fit.
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Table 1. Conical indenter: Summary of fitting results for fibroblast force-indentation measure-
ments. The first two columns show R-squared coefficients for the 4th-degree polynomial fit and the
classic Sneddon fit. Columns three and four report the depth-dependent stiffness coefficient Cy
(x10% N/m) and the limiting apparent modulus E;(kPa), respectively. Column five presents the R-
squared coefficients values for the cell mechanics model fit using Equation (14). Columns six and
seven compare the mean modulus Eeap, calculated from the cell model (Equation (17)), with the
modulus obtained from the Sneddon fit Eg,. This table demonstrates that the proposed cell me-
chanics model accurately captures the depth-dependent mechanical behavior of fibroblasts while

remaining consistent with conventional Sneddon-based analysis.

Cq

R2 , RZ . N E, R2 E nean Esn,
s.c.(polyn.fit.) s.c.(Sned.fit.) <X 10_3 B) (KPa) s.c.(cell model.) (KPa) (KPa)
0.99990 0.98959 1.37 3.34 0.98609 6.77 6.76
0.99969 0.92831 2.09 1.42 0.99736 6.94 6.91
0.99974 0.96191 1.15 2.38 0.99944 4.99 491
0.99984 0.96083 1.34 2.70 0.99886 6.01 6.00
0.99978 0.96617 1.30 2.93 0.99865 6.15 6.15
0.99980 0.98608 1.25 4.88 0.99455 8.25 8.38
0.99967 0.97267 1.77 7.79 0.99852 13.58 14.28
0.99983 0.98828 1.25 3.47 0.99106 6.58 6.58
0.99977 0.97328 1.35 2.53 0.99621 5.75 5.69
0.99975 0.97599 1.30 4.11 0.99830 7.46 7.54
0.99968 0.97029 1.53 3.99 0.99782 8.08 8.21
0.99978 0.96083 1.52 3.04 0.99845 6.93 6.96
0.99978 0.96755 1.43 3.53 0.99878 7.14 7.17
0.99976 0.98208 1.16 4.00 0.99735 6.90 6.94
0.99978 0.97167 1.28 2.62 0.99732 5.66 5.62
0.99972 0.95735 2.05 3.63 0.99715 9.31 9.71
0.99995 0.98091 1.29 3.15 0.99480 6.37 6.38
0.99990 0.99674 0.93 5.96 0.97725 8.56 8.63
0.99987 0.98022 1.38 3.71 0.99498 7.28 7.34
0.99985 0.98994 1.27 7.33 0.99264 11.17 11.49
0.99981 0.99092 1.51 4.54 0.98058 8.78 8.88
0.99783 0.98416 1.53 2.60 0.95207 6.74 6.67
0.99967 0.99391 1.16 3.89 0.97064 6.96 6.96
0.99958 0.99169 1.11 2.84 0.96126 5.63 5.56
0.99973 0.99349 1.41 5.17 0.95951 9.23 9.28
0.99958 0.99169 1.11 2.84 0.96126 5.63 5.56
0.99973 0.99349 1.41 5.17 0.95951 9.23 9.28
0.99964 0.99088 1.30 4.33 0.94516 7.93 7.86
0.99630 0.96534 1.88 1.43 0.93881 6.27 6.01
0.99884 0.98724 1.48 3.52 0.94780 7.59 7.50

In Figure 3(aii,aiii), histograms of the C; and E; values are presented along with
Gaussian fits. The mean + standard deviation values are C; = (1.40 + 0.26) X 1073 N/m
and E; = 3.76 £ 1.46 kPa. In addition, Figure 3(bi,bii) show the Ejc., and Eg, values,
corresponding to the mean modulus obtained from the proposed model using Equation
(17) and the modulus calculated from the Sneddon fit, respectively. The mean + standard
deviation values are Epeay = 7.46 & 1.80 kPa and Es, = 7.51 £ 1.95 kPa. Finally, Figure
3(biii) compares the Gaussian fits for E.,, and Eg,, showing that the mean value of
Equation (14) closely matches the results obtained using the classic Sneddon fit.
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We also present additional measurements performed using a spherical indenter on a
H4 human glioma cell, following the protocol described in Section 2.3. A representative
force-indentation curve obtained with the spherical indenter is shown in Figure 4. A
fourth-degree polynomial fit, as well as an extended Hertzian fit for large indentations,
were also applied. In particular, for h < 1.5R, the accurate force-indentation equation for
spherical indenters is presented below [41-43]:

3 h
F = Cueresh? (1 - 75=) (18)
_4_E pip2
where Chere, = 31-p2 RY2,
. (a) (b)
1 210 : 12000
® Experimental data L4 Esphmeﬂh)
4th-degree fit (R” = 0.9999) Fit:E=ah + bR =0.9727)
0.8 |- = =Henz fit (R* = 0.9822) t ' g
ertz fit 10000 a=C;=180x10"*N/m
¢, = 0.000000
b=E =361x10°Pa
_ 06} ¢ = —1.625183 x 10° N/m? .
- . 8000 Emean = 4.54 KPa, h 2 hiin
Z ¢, = 5.857748 x 10° N/m? s
= 04 € = 6609307 x 107 N/m =
6000 |
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Figure 4. A representative force-indentation curve obtained from a H4 human glioma cell is shown
in panel (a). The elastic modulus at each indentation depth was calculated using Equation (11), and

the resulting depth-dependent modulus curve, E = f(h), is presented in panel (b).

The fitting coefficients for the polynomial fit and the results from the Hertzian fitting
are shown in Figure 4a. In Figure 4b, the E = f(h) data are shown along with a fit to
Equation (14) proposed in this paper.

The fitting parameters are also presented within the graph. It is important to note
that a mean apparent modulus was obtained in this case as well, for comparison with the
result derived from fitting Equation (18). However, since a spherical indenter was used, it
is unnecessary to restrict the minimum indentation depth to 100 nm, as was done for the
conical indenter in fibroblasts. In this case, the minimum indentation depth corresponds
to the first data point in the h,F pair, that is, the initial point of the force—indentation
curve. The mean apparent modulus was found to be nearly identical to that obtained from
the Hertzian fit (using the extended Hertzian Equation (18)).

Table 2 also presents 30 measurements on a H4 human glioma cell. The first two col-
umns report the R-squared coefficients for the fourth-degree polynomial and Hertzian fits,
respectively (i.e., Equation (18)). Columns three and four show the coefficients C; and Ej,
while the fifth column provides the RZ. value obtained from fitting the E = f(h) data to
Equation (14). The sixth and seventh columns present the mean apparent modulus (E},can)
calculated using Equation (17) and the Young’'s modulus from the Hertzian fit, calculated
using Equation (18), respectively. The results in Table 2 are also highlighted in Figure 5.
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Table 2. Spherical indenter: Summary of the fitting results for the force-indentation measurements
on a H4 human glioma cell. The first two columns show R-squared coefficients for the 4th-degree
polynomial fit and the Hertzian fit for large indentations (Equation (18)). Columns three and four
report the stiffness coefficient Cy(X 10™* N/m) and the limiting apparent modulus E;, respec-
tively. Column five presents the R-squared coefficients values for the cell mechanics model fit using
Equation (14). Columns six and seven compare the mean modulus Eje,p, calculated from the cell

model, with the modulus obtained from the extended Hertzian fit (i.e., through Equation (18)).

Cq
RZ . RZ . N El RZ Emean EHertz
s.c.(polyn.fit.) s.c.(Hertz fit.) <X 10_4 E) (KPa) s.c.(cell model.) (KPa) (KPa)
0.99995 0.98219 1.80 3.61 0.97269 4.54 4.48
0.99987 0.98610 1.95 3.45 0.96428 4.45 4.27
0.99996 0.99387 1.20 3.60 0.99359 4.21 4.16
0.99996 0.98816 1.75 3.57 0.98078 4.47 4.34
0.99980 0.99710 1.02 3.67 0.92367 4.18 4.08
0.99983 0.99250 1.32 3.68 0.99021 4.35 4.31
0.99991 0.99173 2.00 4.93 0.98644 5.94 5.82
0.99998 0.99272 1.14 3.18 0.99009 3.75 3.72
0.99979 0.99288 1.41 3.64 0.97876 4.37 4.26
0.99996 0.98735 1.75 3.61 0.98540 451 4.41
0.99994 0.99399 1.47 3.96 0.97833 4.70 4.60
0.99994 0.99457 1.41 3.92 0.96752 4.65 4.53
0.99996 0.99237 1.67 3.95 0.97229 4.79 4.65
0.99990 0.99291 2.05 5.01 0.96520 6.04 5.86
0.99988 0.97817 2.00 3.17 0.97749 4.15 4.10
0.99996 0.97425 1.96 2.89 0.97228 3.85 3.80
0.99991 0.99114 1.87 4.32 0.98181 5.28 5.14
0.99993 0.99378 1.67 3.94 0.89420 4.78 4.56
0.99986 0.99607 241 7.01 0.87868 8.21 7.90
0.99972 0.99647 2.53 8.02 0.87014 9.27 8.94
0.99972 0.99698 212 7.21 0.91867 8.27 8.05
0.99973 0.99749 2.16 8.33 0.80739 9.41 9.08
0.99987 0.99588 291 9.06 0.72571 10.52 9.95
0.99996 0.98535 1.67 3.19 0.98350 4.03 3.93
0.99992 0.98997 2.33 4.96 0.97460 6.14 5.95
0.99988 0.99304 2.23 5.35 0.94905 6.49 6.27
0.99999 0.99384 2.37 5.98 0.95267 7.18 6.95
0.99999 0.99232 1.30 3.30 0.98502 3.96 3.88
0.99993 0.98763 1.88 4.01 0.98531 4.97 4.87
0.99981 0.99485 3.05 8.00 0.88063 9.52 9.12

Bar charts of the R? coefficients for the fourth-degree polynomial and Hertzian fits,
including error bars for each case, are shown in Figure 5(ai). The mean + standard devia-
tion values were 0.99989 + 0.00008 for the polynomial fit and 0.99119 + 0.0055 for the Hertz-
ian fit. In Figure 5(aii,aiii), histograms of the C; and E; values are presented along with
Gaussian fits. The mean + standard deviation values are C; = (1.88 + 0.49) X 10™* N/m
and E; = 4.75 + 1.79 kPa. In addition, Figure 5(bi,bii) show the Ej e, and Eyert, values,
corresponding to the mean modulus obtained from the proposed model using Equation
(17) and the modulus calculated using Equation (18), respectively. The mean + standard
deviation values are Ej e,y = 5.70 £ 1.99 kPaand Eyep, = 5.53 + 1.87 kPa. Finally, Fig-
ure 5(biii) presents a comparison of the Gaussian fits for E .., and Epe,, demonstrating
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that the proposed generic method can also closely reproduce the results obtained with the
Hertzian fit through the mean value of Equation (14), i.e., Equation (17).
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Figure 5. (ai) Bar charts of the RZ. for the fourth-degree polynomial and Hertzian fits, including
error bars. The mean + standard deviation values were 0.99989 + 0.00008 for the polynomial fit and
0.99119 + 0.0055 for the Hertzian fit. (aii,aiii) Histograms of the stiffness coefficient C; and limiting
modulus E; with Gaussian fits; the mean * standard deviation values are C; = (1.88 +
0.49) X 10™* N/m and E; = 4.75 4 1.79 kPa. (bi,bii) Distributions of E, .., and Epy,, corre-
sponding to the mean modulus from the proposed model (Equation 17) and the Hertzian fit (Equa-
tion (18)), with mean + standard deviation values of Ec,, = 5.70 + 1.99 kPa and Ep,, =
5.53 £ 1.87 kPa. (biii) Comparison of the Gaussian fits for Epe,, and Epp,p.

4. Discussion

In this paper, a new approach for the mechanical characterization of soft materials is
proposed, based on a simple polynomial fitting and the generic nanoindentation equation
that relates the contact stiffness, S = dF/dh, to the material properties and the contact ra-
dius between the indenter and the sample (Equation (1)). In this way, the depth-depend-
ent mechanical properties of soft biological samples can be revealed. Particular attention
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should be given to the case of spherical indenters, for which the contact radius between
the indenter and the sample is described by Equation (10). Equation (12) represents the
parabolic approximation and is valid only for very small indentation depths compared to
the tip radius. A typical limit in the literature is h < R/10 [44,45].

Besides proposing a new approach for the mechanical characterization of soft sam-
ples, a simple equation is also introduced to describe the depth-dependent mechanical
properties of biological cells (Equation (14)). This equation is motivated by observations
from numerous AFM nanoindentation studies reported in the literature, which consist-
ently show that the apparent Young’s modulus decreases with increasing indentation
depth and eventually approaches a limiting value [25-27]. Several models have been pro-
posed to capture this behavior. However, the approach proposed in this paper has the
major advantage of fully characterizing the mechanical response of cells using only two
parameters: C,4, a positive constant associated with the strongly heterogeneous structure
of the cell at shallow indentation depths, and the limiting modulus E;.

The proposed equation (i.e., Equation (14)) was tested using open-access indentation
data from fibroblasts, as well as indentation experiments on H4 human glioma cells, fol-
lowing the protocols described in Section 2.3. In all cases, Equation (14) accurately cap-
tures the mechanical behavior of the cells. Moreover, the proposed method yields results
that are consistent with those obtained using classical fitting procedures, namely Sned-
don’s model for conical indenters and the modified Hertzian equation for spherical in-
denters, by considering the mean value of Equation (14), as expressed in Equation (17).
Special attention should be given to pyramidal and conical indenters with a rounded tip
apex. In the case examined in this paper, a minimum indentation depth of 100 nm was
used as the lower limit of the integral in Equation (17), since the tip apex radius of the
indenter was 20 nm and the conical approximation is valid only when the indentation
depth is significantly larger than the tip radius. Accordingly, in Equation (17), the integra-
tion limits were set to hy;, = 100 nm and h,,x, where hp,, corresponds to the maxi-
mum indentation depth for each individual measurement. In contrast, for spherical in-
denters, no such limitation applies. In this case, the minimum indentation depth used in
Equation (17) was taken as the smallest measured value, that is, the minimum h in the
set of recorded (h, F) data pairs.

The new model for cells (i.e., Equation (14)) provides significant advantages over
classic Hertz—Sneddon fits. This is because it describes the mechanical heterogeneity of a
cell at a single location using only a pair of constants, C; and E;. In contrast, results ob-
tained using classical fitting approaches are strongly dependent on indentation depth.
Consequently, two mechanical property maps, one for C; and one for E;, contain all the
information required to fully characterize the depth-dependent mechanical behavior of a
cell over extended regions. Equation (14) is also advantageous compared to more compli-
cated approaches, as it requires the minimum number of constants, all of which have clear
physical significance. Specifically, the constant C; characterizes the superficial regions of
the cell, while E; represents its bulk mechanical properties.

Despite the accuracy of the proposed method, it is not free of limitations. An im-
portant limitation is that it cannot be applied to samples of finite thickness. This is because
the determination of the Young’s modulus for homogeneous samples with finite thickness
relies on the classical Hertzian-Sneddon equations supplemented by appropriate series
correction factors [46—48]. Consequently, if the proposed method were applied to such
cases, it would not be possible to distinguish between substrate effects and intrinsic sam-
ple heterogeneity. Equations (1), (7), (10) and (12) have been derived and validated for
samples of effectively infinite thickness. The application of the present method to thin,
heterogeneous materials therefore requires further investigation, either to assess the va-
lidity of Equation (1) for finite-thickness samples or to extend it through appropriate
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correction factors, followed by the derivation of modified expressions for the contact ra-
dius under such conditions.

Another limitation of the proposed method is that it assumes a purely elastic contact.
Although biological materials are inherently viscoelastic, they are commonly analyzed
using classical Hertzian contact mechanics. To minimize viscoelastic contributions and
enable a quasi-elastic approximation, AFM nanoindentation experiments are typically
performed using sufficiently low ramp frequencies. In this study, measurements were
conducted with a ramp frequency of approximately 1 Hz [49-51], a regime known to re-
duce time-dependent effects. Under these conditions, viscoelastic dissipation is mini-
mized, as evidenced by the reduced hysteresis between loading and unloading force—in-
dentation curves, ensuring the validity of elastic contact models for the analysis of soft
biological samples.

It should also be emphasized that the present analysis and simulations consider ide-
alized rigid indenters indenting an elastic half-space without surface forces. This ap-
proach is consistent with common AFM practice for biological samples, where several
strategies minimize adhesion effects. For instance, AFM probes are often passivated with
non-adhesive compounds, such as polyethylene glycol, and measurements are frequently
conducted in liquid environments to mimic physiological conditions. In such settings, ad-
hesion forces are typically one to two orders of magnitude smaller than those measured
in air [24,52-54]. While specific tip-sample interactions, such as electrostatic or chemical
bonding, may still occur, their contribution is minor relative to the elastic forces analyzed
here. Moreover, usually, the indentation depths considered exceed the range where adhe-
sion dominates, ensuring that elastic contributions remain the primary factor. Conse-
quently, assuming adhesionless contact is widely accepted in the literature for soft mate-
rials [55]. Future work will extend the model to incorporate cases with stronger adhesion,
allowing investigation of tip—sample interactions where adhesive forces are non-negligi-
ble.

In addition, it should be noted that many commercially available AFM probes are
pyramidal and exhibit a certain degree of asymmetry (e.g., the MLCT probes manufac-
tured by Bruker). To address the limitations introduced by indenter asymmetry, the clas-
sic work of Oliver and Pharr introduced the concept of an “equivalent cone,” defined as a
conical indenter having the same projected contact area at a given contact depth as the
actual indenter geometry [56,57]. In their analysis, it is explicitly stated that the mechanical
response of the asymmetric Berkovich indenter can be accurately represented by an equiv-
alent conical indenter with a half-included angle 6 that preserves the same depth-to-area
relationship, namely 6 = 70.3° [56]. This approximation has since been widely adopted
in nanoindentation analyses to simplify contact mechanics while retaining geometric
equivalence.

The proposed methodology can also reveal substrate effects, as shown in Figure 2,
where the Young’s modulus reaches a constant value after 200-300 nm of indentation.
Substrate effects would appear as a systematic change in modulus at greater depths. To
avoid this, relatively small indentation depths, commonly used in the literature [7], were
employed. The open-access fibroblast data [39] show a central cell height of approximately
4.2 ym. Figure 6 compares the F/E ratio (considering v = 0.5) obtained using Sneddon’s
equation and the polynomial correction introduced by Garcia and Garcia [48]:

0.721htan(6) N 0.650h2 tan?(8) N 0.491h3 tan3(9) N 0.225h* tan*(9)
H H? H3 H*

(19)

The data diverge after an indentation of 800 nm, while for A < 1 pum, the substrate
effect remains minimal. Substrate effects were also negligible in the experiments with
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spherical indenters, where even smaller indentation depths were used (in every case < 800
nm).
An overview of the proposed method is also presented in Table 3.

Table 3. A summary of the proposed method for characterizing soft heterogeneous samples using

AFM nanoindentation, with particular emphasis on the special case of cells.

A Generalized Method for Heterogeneous Soft Materials

1st Step: A 4th degree polynomial fit

2nd Step: Calculating the E = f(h) data

F = Clh, + Czhz + C3h3 + C4_h4

For conical indenters:

3n ° et
Econe (h) = 16tan(8) h z neph
n=1
For spherical indenters:

Esphere (h)

3
= Z nc,h™ 1

3 { 4 h\n=1
8R\/§(—1+ 1+§F>

The special case of cells

e Fitthe E = f(h) datato E(h) =L+ E,

o Obtain a pair of constants, C; and Ej, to fully describe the cell’s heterogeneity at any indentation depth.

An interesting question is also what differences would arise if different indenter
types (e.g., conical or spherical) were used at the exact same location on the same sample.
The first constant parameter, Ej, represents the limiting Young’s modulus at large inden-
tation depths. At these depths, the measured response is dominated by the bulk mechan-
ical properties of the cell interior rather than by the local contact geometry or surface ef-
fects. Since bulk properties reflect the intrinsic stiffness of the cell, E,; is expected to be
largely independent of the indenter shape or size [26]. In contrast, the depth-dependent
coefficient €4, which governs the variation in the modulus at shallow indentation depths,
may be influenced by the initial contact geometry and therefore depends, to some extent,
on the indenter. In this study, we demonstrate the existence of a universal trend describing
the depth-dependent mechanical properties of cells in AFM nanoindentation experiments.
Nevertheless, further research is required to quantify whether and how the generic pa-
rameter C; is affected by the contact geometry, and this will be the focus of future inves-
tigations.
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Figure 6. Comparison between the classic Sneddon equation for a perfect conical indenter acting on
an elastic half-space and the Garcia and Garcia equation (Equation (19)), which accounts for the
presence of a rigid substrate when testing a cell. The cell height was assumed to be 4.2 um, and the

Poisson’s ratio was v = 0. 5.

5. Conclusions

In this paper, we present a new method for characterizing the depth-dependent me-
chanical properties of soft biological materials, along with a novel equation that captures
cellular heterogeneity at any indentation depth. Using this generalized model, mechanical
patterns can be derived for any heterogeneous soft sample. The new model for cells offers
significant advantages, as it fully describes the mechanical behavior of a cell at a specific
point using only a pair of elastic constants, C; and E;. This approach is superior to the
classic Hertz-Sneddon fit for force-indentation data, which provides results that are
strongly dependent on indentation depth. In addition, it offers significant advantages over
more complex models, as it requires only two constants instead of complicated functional
forms, providing both simplicity and physical interpretability. As a future direction, the
model proposed in this paper will be applied to the analysis of experimental data obtained
from normal and cancerous tissues. Since the elastic modulus can serve as a mechanical
biomarker, and classical Hertzian approaches may introduce significant errors when ap-
plied to heterogeneous tissues, the proposed framework offers a viable alternative. By
characterizing the tissue through a set of two elastic contact regimes, the model enables a
more representative mechanical description and is expected to improve the accuracy of
AFM-based diagnostic assessments.
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Appendix A

Based on the work of Sneddon [37], for a spherical punch of radius R, the indentation
depth h is related to the contact radius R, (Figure Al) as follows:

h—RCl (R+RC) Al
=2 "R-R, (A1)
h
Figure A1l. Deformation of elastic half space by a rigid sphere of radius R.
Equation (A1) can be rewritten as
R. (1+R./R\ R,
h=— (7>=—1 1+ R./R)—In(1—-R./R A2
an—RC/R 2[1‘1( + Rc/R) — In( /R)] (A2)
Using a Taylor-series expansion, for the function y = In(1 + x), [x| < 1, we have
Rey _ N (D' Rey® R
1 (1 —C>=Zi(—) 0<—<1
n(l+ R P R R (A3)
k=1
n(1-5) =Y SR Y () s
UTRITLA Tk R) LTk \R) TR (%)

due to which

[oe]

in(14+5) - (180 - VTR ZCOI FT Ry

R R k R R
k=1
or:
1 (1+RC> 1 (1 RC)—Z(RC)+2<RC)3+0 (RC>5 (A6)
TTR)TMCTR)TAR) T3 R R
We can introduce the approximation
R, R, R, 2 RC)3
B — ") = — —|—= ,R. KR A7
1n(1+R> ln<1 R)_z(R)+3(R c (A7)

Substituting (A7) into (A2) yields
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~°I\RJ) "3\R/ | R 3\R 3\R R R
Re\2 . .
Let w= (?C) > 0, then (A8) is written:

1 h
§W2+W—E=0 (A9)

with discriminant A = 1 + g% > 0, and two real roots:
3
Wiz =5 (-1 +v4) (A10)

Obviously, the root w, = —;(1 +/4) < 0 is rejected, leaving only one accepted

3 3 4h
lez(—l-i-\/Z):E -1+ 1+§E >0 (Al1)

where the equality on the right-hand side of the latter equation holds if and only if A = 0.

root, namely

Returning to equation (A8). we find that the only real solution is

(RC)2_3 - 1+4h R¢/R=0 4h AL
=) =3 3R | Re=R[7( -1+ [14+37] Re<R  (Al2)

At this point, it is important to note that, in most of the literature, the contact radius

N| W

is typically taken as follows [58]:

R, =VRh (A13)
This equation can be easily derived from Equation (A6) by retaining only one term:
R, R, R,
k) — ) x2(=2 Al4
ln(1+R) ln(l R) 2(R> (814)

Thus, Equation (A8) is simplified as follows: h = RT? = R, = VRh. Itis generally ac-
cepted that Equation (A13), which leads to the classic Hertz equation when substituted

C

into Equation (1), is valid only for h < R/10 [44,45]. In Figure A2, we present the % =
f (%) plot when using Equations (A1), (A12) and (A13) for comparison. As clearly pre-

sented in Figure A2, the contact radius equation proposed in this paper (i.e., Equation
(A12)) can be applied over a much wider range of indentation depths.

0.8
= Sneddon's Eq.
= =Eq.(A12) ““‘-‘\
..... Eq. (A.13 “‘.-‘ =
0.6 q- (A.13)
&
o 0.4+
[a7
02r
O 1
0 0.1 0.2 0.3 0.4 0.5
h/R
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Figure A2. The R./R versus h/R plots obtained using Sneddon’s equation (Equation (A1)), the
proposed by this paper approach (Equation (A12)) and the parabolic approximation (Equation

(A13)).
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