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Abstract

This paper introduces a sophisticated stochastic methodology grounded in a lattice rule
featuring an optimized generating vector, which has been rigorously developed and com-
prehensively analyzed. At the heart of this investigation lies the Unified Danish Eule-
rian Model (UNI-DEM), an extensive large-scale mathematical framework designed to
accurately capture the complex physical and chemical processes occurring within the
atmosphere. The proposed lattice-based approach is systematically compared against
state-of-the-art techniques, including the modified Sobol sequence and the Fibonacci lattice
rule. The comparative analysis demonstrates the superiority of the proposed method in
the estimation of high-dimensional integrals, highlighting its enhanced robustness and
computational efficiency. These characteristics render it particularly well-suited for the
computation of sensitivity indices, which are crucial for ensuring the reliability of scientific
models. Furthermore, the study employs variance-based sensitivity analysis methods, no-
tably the Sobol technique, to quantify the influence of input parameters on model outputs
rigorously. A comprehensive experimental evaluation is undertaken, integrating advanced
Monte Carlo algorithms in conjunction with stochastic scrambling strategies to further
enhance computational performance. In addition, the research examines the effects of vary-
ing emission levels on key atmospheric pollutants such as ammonia, ozone, ammonium
sulfate, and ammonium nitrate, with particular emphasis on major European urban centers
exhibiting diverse geographical and environmental conditions. These results underscore
the critical importance of sensitivity analysis in validating model accuracy and elucidating
the intricate relationships between input parameters and environmental outcomes.

Keywords: sensitivity analysis; Sobol’ indices; lattice rules; quasi-Monte Carlo; UNI-DEM;
atmospheric modeling

1. Introduction
According to established definitions in the literature [1–5], Sensitivity Analysis (SA)

investigates how uncertainties or variations in model input data propagate to and affect the
accuracy and reliability of model outputs. Such perturbations in input parameters may stem
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from a multitude of sources, including but not limited to measurement errors, instrumental
inaccuracies, data approximations, numerical discretization, and data compression artifacts.

Conducting real-world experiments to study these effects is often impractical, given
the high costs, substantial time requirements, and the need for specialized personnel and
sophisticated equipment. As a result, mathematical and computational modeling have
become indispensable tools for exploring and describing complex natural and engineered
systems [6,7]. In this context, sensitivity analysis plays a pivotal role in assessing model
robustness and in guiding model refinement and validation efforts.

A fundamental element of SA is the computation of total sensitivity indices (SIs), which
quantitatively express the contribution of each input parameter, including interactions,
to the output variance [8–12]. From a mathematical perspective, the estimation of these
indices typically reduces to the evaluation of high-dimensional integrals [13–16], a task that
presents considerable computational challenges.

Among the available numerical approaches, Monte Carlo (MC) methods have proven
particularly effective and widely applicable for approximating such multidimensional inte-
grals [17–22]. These stochastic techniques are not only fundamental to sensitivity analysis
but also find extensive applications across diverse domains and many other scientific and
engineering fields. The simplest variant, known as Crude Monte Carlo (CRU) [23–29],
serves as a foundational baseline for developing more sophisticated MC-based algorithms.
Quasi-Monte Carlo (QMC) methods [13,16] have emerged as a powerful alternative to tradi-
tional Monte Carlo techniques for high-dimensional numerical integration tasks, including
global sensitivity analysis. Unlike classical Monte Carlo methods that rely on pseudoran-
dom sequences, QMC methods utilize low-discrepancy sequences—such as Sobol’, Halton,
or Faure sequences—that are designed to fill the integration domain more uniformly. This
enhanced uniformity leads to significantly faster convergence rates, often approaching
O(n−1(log n)d) compared to the standard O(n−1/2) of Monte Carlo, where n is the number
of samples and d is the problem dimension. In the context of variance-based sensitivity
analysis, QMC methods enable more accurate and efficient estimation of Sobol’ sensitivity
indices, which quantify the contribution of each input parameter and their interactions to
the overall output variance. The superior performance of QMC is particularly evident in
models with smooth integrands or when evaluating high-dimensional integrals typical
in environmental, engineering, and financial simulations. Moreover, techniques such as
scrambling and digital shifts can be applied to low-discrepancy sequences to retain their
deterministic uniformity while providing error estimation capabilities akin to stochastic
approaches. In this paper we will use another technique based on tuning the generator [30].
Overall these properties make QMC an attractive and robust tool for practitioners aiming
to perform reliable and computationally efficient global sensitivity analyses.

The primary objective of the present study is to design and rigorously evaluate
an advanced Monte Carlo-based framework for the efficient estimation of Sobol’ sen-
sitivity indices within high-dimensional environmental modeling contexts. In particular,
we introduce an enhanced lattice rule technique that leverages an optimized generating
vector constructed through a component-by-component algorithm incorporating order-
dependent weights. This innovative strategy is especially suited to complex atmospheric
simulation models such as the Unified Danish Eulerian Model (UNI-DEM), which involve
smooth yet highly intricate integrands due to nonlinear chemical interactions and spatially
varying emissions.

The proposed methodology is systematically applied to assess the sensitivity of at-
mospheric pollutant concentrations—including key species such as ozone, ammonia, am-
monium sulfate, and ammonium nitrate—to variations in anthropogenic-emission rates
and chemical reaction kinetics. By improving the accuracy and computational efficiency of
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sensitivity index estimations, this work aims to facilitate more reliable environmental policy
assessments and deepen the understanding of critical processes governing atmospheric
chemistry and pollutant dispersion.

2. Materials and Methods
The input dataset for SA was produced from simulations of a large-scale mathematical

framework for long-range atmospheric pollutant transport—the Unified Danish Eulerian
Model (UNI-DEM) [31,32].

We consider that this mathematical model can be expressed through a model mapping:

u = f (x), where x = (x1, x2, . . . , xs) ∈ Us ≡ [0; 1]s (1)

where x denotes the vector of input parameters with a joint probability density function
(p.d.f.) p(x) = p(x1, . . . , xs). Furthermore, the inputs are assumed to be independent
(i.e., mutually non-correlated), and the density p(x) = p(x1, x2, . . . , xd) is regarded as
known, even in situations where the components xi are not inherently random. Under this
interpretation, the response u becomes a random variable as well, since it is generated by
applying f to the random vector x, and therefore possesses its own p.d.f.

The Sobol methodology relies on splitting an integrable model function f into a
hierarchy of components with increasing dimensionality [4]:

f (x) = f0 +
s

∑
ν=1

∑
l1<...<lν

fl1 ...lν(xl1 , xl2 , . . . , xlν), (2)

where f0 is a constant. The expansion (2) is known as the ANOVA representation of f (x)
provided that each term is selected to satisfy [4]:

∫ 1

0
fl1 ...lν(xl1 , xl2 , . . . , xlν)dxlk = 0, 1 ≤ k ≤ ν, ν = 1, . . . , s.

This constraint ensures uniqueness of the decomposition on the right-hand side of (2),

with f0 =
∫

Us
f (x), dx. The associated quantities

D =
∫

Us
f 2(x)dx − f 2

0 , Dl1 ... lν =
∫

f 2
l1 ...lν dxl1 . . . dxlν (3)

are referred to as the total variance and the corresponding partial variances, respectively.
In the same spirit, the total variance can be written as a sum of these partial contributions:
D = ∑s

ν=1 ∑l1<...<lν Dl1 ...lν . Within the Sobol framework, the primary sensitivity measures
are the Sobol global sensitivity indices [3,4], defined as

Sl1 ... lν =
Dl1 ... lν

D
, ν ∈ 1, . . . , s. (4)

In addition, the total sensitivity index (TSI) for an input xi, i ∈ {1, . . . , s} is introduced
in [3,4] as

Stot
i = Si + ∑

l1 ̸=i
Sil1 + ∑

l1,l2 ̸=i,l1<l2

Sil1l2 + . . . + Sil1 ...ls−1 , (5)

where Si is termed the main effect (first-order sensitivity index) of xi, and Sil1 ...lj−1
denotes

the sensitivity index of order j. The higher-order components quantify interaction effects
among the uncertain inputs xi1 , . . . , xiν , with ν ∈ 2, . . . , s, in their contribution to the output
variance. Hence, performing global sensitivity analysis in this setting amounts to evaluating
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the total sensitivity indices (5) at the desired order, which—via (3) and (4)—reduces to the
computation of multidimensional integrals.

3. The Stochastic Approaches
The concept in the two-dimensional case for MCA-MSS-2-S is illustrated in Figure 1.
We will employ a technique akin to stratified symmetrized Monte Carlo [16]. The

approach relies on a modified Sobol sequence generated via a shaking procedure. To date, it
is regarded among the most effective available schemes for evaluating sensitivity indices.
The underlying idea in the two-dimensional setting, for the MCA-MSS-1 algorithm, is
depicted in Figure 1. Accordingly, the integral can be estimated [23] by

I( f ) ≈ 1
2ms

ms

∑
i=1

[
f (ξi) + f (ξ

′
i)
]
.

It has been established that the MCA-MSS-2-S algorithm attains the optimal conver-
gence rate

(
n− 1

2−
2
s

)
for continuous functions possessing continuous first derivatives and

uniformly bounded second derivatives [24]. So far, this method has produced some of the
strongest empirical performance in sensitivity index estimation [23].

ξ
ii

i
ξ

s
i

’

Figure 1. Generation of a pseudorandom point ξi(ξ
′
i) ∈ E2

i .

Next, we adopt the so-called lattice method. To present the rank-1 lattice rule, we use
the standard construction [33,34]:

xk =

{
k
N

z
}

, k = 1, . . . , N, (6)

where N is an integer with N ≥ 2, z = (z1, z2, . . . , zs) is the generating vector, and z denotes
the fractional part of z.

For the definition of the Eα
s (c) and Pα(z, N) see [35].

We say that f (x) belongs to the class of functions Eα
s (c) for α > 1 and c > 0, if f is a

periodic function with period 1 for each of its components xi, i = 1, 2 . . . , s, defined over
the unit cube [0, 1]s, and its Fourier coefficients satisfy the following inequalities:

|a(m)| < c
(m1 . . . ms)α

, (7)
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where

m =

{
|m|, |m| ̸= 0,
0, m = 0,

and the constant c does not depend on m1, . . . , ms.
The discrepancy and the “worst-case” error are two most important characteristics

for improving the quality of the lattice sequences. Consider the point set X = {xi |
i = 1, 2, . . . N} in [0, 1)s and N > 1. Assume that xi = (x(1)i , x(2)i , . . . , x(s)i ) and J(v) =

[0, v1)× [0, v2)× . . . × [0, vs). Then the discrepancy of the set is defined as

D(N) := sup
0≤vj≤1

∣∣∣∣∣#{xi ∈ J(v)}
N

−
s

∏
j=1

vj

∣∣∣∣∣. (8)

For f ∈ Es
α(c) the worst-case error is defined as [35,36]

Pα(z, N) = ∑
z.a≡0 (modN),a ̸=0

c
(m1 . . . ms)α

. (9)

The quantity Pα(N, z) and the discrepancy are similar measures of the quality of the lattice
point set.

The quantity Pα(N, z) and the discrepancy can be viewed as closely related indicators
of the quality of a lattice point set. The presence of lattice constructions exhibiting both a
small discrepancy and a small worst-case integration error is strongly intertwined [35]. Ko-
robov and Bakhvalov [36,37] showed that when N is prime, one can choose the generating
vector z optimally such that

D∗
N = O(N−1 logs N),

Pα(z, N) = O(N−α logαs N).

In 1959, Bakhvalov [37] established that there exists an optimal way to select the generating
vector z: ∣∣∣∣∣∣∣

1
N

N

∑
k=1

f
({

k
N

z
})

−
∫

[0,1)s

f (u)du

∣∣∣∣∣∣∣ ≤ cu(s, α)
(log N)β(s,α)

Nα
, (10)

and for f ∈ Eα
s (c), α > 1, and u(s, α), β(s, α) do not depend on N.

The generating vector z, which satisfies (10), is an optimal generating vector [35] and
the main difficulty lies in the construction of the optimal vectors for very high dimensions.

The initial generating vector used in constructing our LR is formed of the generalized
Fibonacci numbers for the given dimension, and we refer to the resulting scheme as L-FIB.
It is a sum of previous s terms from this sequence:

Fl+d = Fl + Fl+1 + ... + Fl+d−1, l = 0, 1, . . .

F(s)
n =

n−1

∑
i=n−s

F(s)
i , where n is an integer and n ≥ s (11)

and the following initial conditions hold:

F(s)
0 = F(s)

1 = . . . = F(s)
s−2 = 0, F(s)

s−1 = 1. (12)

L-FIB will use the following generating vector [35,38]:

z = (1, F(s)
n (2), . . . , F(s)

n (s)), (13)
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where we assume that

F(s)
n (j) := F(s)

n+j−1 −
j−2

∑
i=0

F(s)
n+i

and F(s)
n+l (l = 0, . . . , j − 1, j is an integer, 2 ≤ j ≤ s) is the term of the s-dimensional

Fibonacci sequence [35].
We next focus on a particular lattice rule, namely the tuned scheme (M-TUNED),

which is built upon the component-by-component (CBC) construction framework [30,39–41].
Using this approach, we obtain an (approximately) optimal generating vector for rank-1
lattice rules with a prime number of points and order-dependent weights.

In the first stage of the procedure, an s-dimensional generating vector z =

(z1, z2, . . . , zs) is computed via the fast CBC algorithm described by Dirk Nuyens [42].
In the second step of the algorithm we generate the points of lattice rule using the

formula xk =
{

k
N z

}
, k = 1, . . . , N. And at the third and last steps of the algorithm an

approximate value IN of the multidimensional integral is evaluated using the formula:

IN =
1
N

N

∑
k=1

f
({

k
N

z
})

.

The method has an optimal rate of convergence [35,42]:

D∗
N = O

(
logsN

N

)
.

The steps of the method are given in the flowchart in Figure 2.

Figure 2. A flowchart of the algorithm.

4. Case Study—UNI-DEM Model
The input dataset for SA was generated from simulations of a large-scale mathematical

model for long-range air-pollutant transport—the Unified Danish Eulerian Model (UNI-
DEM). UNI-DEM is formulated mathematically [43–45] through the following system of
partial differential equations:

∂cs

∂t
= −∂(ucs)

∂x
− ∂(vcs)

∂y
− ∂(wcs)

∂z
+

+
∂

∂x

(
Kx

∂cs

∂x

)
+

∂

∂y

(
Ky

∂cs

∂y

)
+

∂

∂z

(
Kz

∂cs

∂z

)
+

+Es + Qs(c1, c2, . . . , cq)− (k1s + k2s)cs, s = 1, 2, . . . , q.

The number of q equations in this system is equal to the number of pollutants studied
by the model. The other dimensions included in the model are described below:

cs—pollutant concentrations;
u, v, w—wind components along the coordinate axes;
Kx, Ky, Kz—diffusion coefficients;
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Es—space emissions;
k1s, k2s—dry and wet deposit coefficients, respectively (s = 1, . . . , q);
Qs(c1, c2, . . . , cq)—nonlinear functions describing chemical reactions between pollutants.

The efficient MC algorithms for multidimensional numerical integration described
above have been applied to sensitivity studies of concentration variations in air pollutants
with respect to emission levels and some chemical reactions rates.

4.1. Sensitivity Studies with Respect to Emission Levels

Firstly we will study the sensitivity of the model output (in terms of mean monthly
concentrations of several important pollutants) with respect to variation in input emissions
of the anthropogenic pollutants. The anthropogenic input emissions consist of four different
components E = (EA, EN, ES, EC) as follows:

EA—ammonia (NH3);
ES—sulphur dioxide (SO2);
EN—nitrogen oxides (NO + NO2);
EC—anthropogenic hydrocarbons.

The output of the model is the mean monthly concentration of the following 3 pollutants:

s1—ozone (O3);
s2—ammonia (NH3);
s3—ammonium sulphate and ammonium nitrate (NH4SO4 + NH4NO3).

In our particular case we are interested in sensitivity studies of the mean monthly
concentrations of ammonia in Milan. For an in-depth analysis, see the results for the
first- and second-order sensitivity indices of ammonia, ozone, and ammonium sulphate
and ammonium nitrate in Milan, Manchester, and Edinburgh represented graphically in
Figure 3.

The domain under consideration is the 4-dimensional hypercubic domain [0.5, 1]4.
The estimated quality is denoted by EQ. The relative errors and computational times

for the approximate evaluation of the quantities f0, total variance, and first-order and
total sensitivity indices using various stochastic approaches for numerical integration
are presented in Tables 1, 2 and 3, respectively. The quantity f0 is represented by the
4-dimensional integral whereas the rest of quantities are represented by double integrals.

Table 1. Relative errors and computational times for the approximate evaluation of f0 ≈ 0.048.

n MSS-2S M-TUNED L-FIB

Rel. Rel. Rel.
Error Error Error

28 1 × 10−5 7 × 10−3 8 × 10−4

210 4 × 10−6 2 × 10−4 2 × 10−4

214 2 × 10−7 5 × 10−5 2 × 10−5

216 2 × 10−8 8 × 10−6 9 × 10−6

Table 1 summarizes the relative errors obtained in the approximate evaluation of
the integral quantity f0 ≈ 0.048 using three different stochastic numerical integration
techniques: the modified Sobol’ sequence with two-level scrambling (MSS-2S), a tuned
Monte Carlo-based method (M-TUNED), and the Fibonacci lattice rule (L-FIB). The errors
are reported for progressively increasing sample sizes (n = 28, 210, 214, and 216). This com-
parative analysis provides insight into both the convergence rates and practical accuracy of
the different approaches in high-dimensional settings.
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Figure 3. Pie chart representation of first- and second-order sensitivity indices.

At the lowest sample size (n = 28), the MSS-2S method already achieves a remarkably
low relative error of 1 × 10−5, which is substantially smaller than the errors of M-TUNED
(7 × 10−3) and L-FIB (8 × 10−4). This striking initial accuracy highlights the exceptional
space-filling properties of the Sobol’ sequence and the effectiveness of scrambling in vari-
ance reduction, even with a very limited number of points. When increasing to n = 210, all
methods show clear improvement. MSS-2S remains the most accurate, reducing its relative
error to 4 × 10−6. Both M-TUNED and L-FIB achieve an error of 2 × 10−4, showing a signif-
icant decrease compared to their respective errors at 28, though still lagging behind MSS-2S.
This indicates that while these methods benefit from more points, the quasi-Monte Carlo
approach of MSS-2S still provides a sharper error reduction. At n = 214, MSS-2S attains an
even smaller error of 2 × 10−7, confirming its rapid convergence and strong asymptotic
behavior. M-TUNED reduces its error to 5 × 10−5, showing a steady improvement, and
L-FIB reaches 2 × 10−5. Although the gap to MSS-2S narrows slightly, MSS-2S continues
to exhibit superior accuracy, particularly important for applications requiring precise in-
tegral estimates. Finally, at the highest resolution considered (n = 216), MSS-2S achieves
an exceptionally low relative error of 2 × 10−8, reflecting near machine-precision level
accuracy in this context. The errors for M-TUNED and L-FIB are reduced to 8 × 10−6 and
9 × 10−6, respectively. At this stage, both M-TUNED and L-FIB demonstrate comparable
performance, but MSS-2S still maintains a clear advantage.

Overall, these results underline the exceptional performance of MSS-2S, which con-
sistently exhibits the lowest relative errors across all tested sample sizes. The rapid con-
vergence of MSS-2S makes it highly suitable for problems requiring very high accuracy,
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such as environmental and atmospheric modeling where small deviations can lead to sig-
nificantly different conclusions about pollutant dispersion or chemical reaction dynamics.
The M-TUNED method shows robust performance as the sample size grows, indicating
that it is a viable choice in scenarios where very large point sets can be utilized, and where
computational resources permit. Meanwhile, L-FIB shows reliable but slower convergence,
suggesting it is better suited to applications where moderate accuracy is acceptable or
where lattice rules are preferred for algorithmic simplicity. These findings emphasize
the critical importance of method selection in high-dimensional numerical integration
tasks. The superior performance of MSS-2S, particularly at smaller n, makes it a preferred
approach when computational efficiency and precision are paramount.

Table 2. Relative errors for the approximate evaluation of the total variance D ≈ 0.0002.

n MSS-2S M-TUNED L-FIB

Rel. Rel. Rel.
Error Error Error

28 9 × 10−4 5 × 10−2 3 × 10−2

210 3 × 10−4 3 × 10−2 2 × 10−1

214 2 × 10−5 1 × 10−2 3 × 10−3

216 2 × 10−6 6 × 10−4 3 × 10−4

Table 2 reports the relative errors for the approximate evaluation of the total variance
D ≈ 0.0002 using three different stochastic numerical integration approaches: the modified
Sobol’ sequence with two-level scrambling (MSS-2S), a tuned Monte Carlo-based method
(M-TUNED), and the Fibonacci-based lattice rule (L-FIB). The results are shown for sample
sizes n = 28, 210, 214, and 216, enabling a detailed analysis of the convergence behavior and
numerical efficiency of each method.

At the smallest sample size (n = 28), the MSS-2S method already demonstrates a
substantially lower relative error (9 × 10−4) compared to M-TUNED (5 × 10−2) and L-
FIB (3 × 10−1). This strong performance at low n underscores the superior space-filling
properties of low-discrepancy sequences, further enhanced by scrambling techniques that
reduce variance and improve uniformity, even with limited computational resources. As
the number of points increases to 210, the relative errors decrease across all methods,
reflecting convergence to the true variance value. MSS-2S continues to maintain the lowest
error at 3 × 10−4, while M-TUNED improves significantly to 3 × 10−2, and L-FIB reduces
to 2 × 10−1. However, the gap between MSS-2S and the other methods remains large,
highlighting its superior accuracy and faster convergence rate. At n = 214, MSS-2S achieves
a remarkably low error of 2 × 10−5, indicating high numerical precision and confirming its
excellent asymptotic behavior. M-TUNED reduces its error further to 1 × 10−2, showing
steady improvement as the sample size increases. L-FIB, although converging, exhibits
a higher error of 3 × 10−3, suggesting that its convergence rate is slower and it remains
more sensitive to the integrand’s structure. For the largest considered sample size (n = 216),
MSS-2S achieves an error of only 2 × 10−6, reflecting extremely high accuracy suitable for
demanding sensitivity analysis and uncertainty quantification applications. M-TUNED
shows continued improvement, reducing its error to 6 × 10−4, demonstrating its potential
as a competitive method at higher n values. L-FIB also converges further to 3 × 10−4,
narrowing the gap slightly but still trailing behind the other two methods.

These results collectively illustrate the clear advantages of MSS-2S. Its consistently
lower errors, particularly at small and moderate sample sizes, make it the preferred choice
when computational efficiency and precision are both critical. The strong performance of
M-TUNED at larger sample sizes suggests it is a viable alternative when the computational

https://doi.org/10.3390/engproc2026150036
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budget permits larger n, providing robust convergence without the need for sophisticated
lattice constructions. In contrast, L-FIB, while exhibiting steady improvement with increas-
ing n, converges more slowly. This slower convergence can be attributed to the simpler
structure of Fibonacci-based lattice rules, which do not incorporate explicit optimization
of generating vectors or advanced scrambling techniques. In summary, these findings
emphasize the importance of careful integration method selection in the context of total
variance estimation, especially when accurate sensitivity indices are essential for model
validation, environmental risk assessment, or policy-related decision-making.

Table 3. Relative errors for estimation of sensitivity indices of input parameters using various
stochastic approaches (n ≈ 65, 536).

EQ RV MSS-2-S M-TUNED L-FIB

S1 9 × 10−1 5 × 10−4 2 × 10−5 4 × 10−4

S2 2 × 10−4 7 × 10−2 4 × 10−1 2 × 10−1

S3 1 × 10−1 1 × 10−2 3 × 10−3 3 × 10−3

S4 4 × 10−5 6 × 10−1 1 × 100 5 × 10−1

Stot
1 9 × 10−1 1 × 10−3 3 × 10−4 5 × 10−4

Stot
2 2 × 10−4 3 × 10−3 1 × 10−1 3 × 10−1

Stot
3 1 × 10−1 4 × 10−3 9 × 10−4 2 × 10−3

Stot
4 5 × 10−5 1 × 10−1 4 × 10−1 5 × 10−1

Table 3 presents the relative errors associated with the estimation of both first-order
(Si) and total-effect (Stot

i ) sensitivity indices of input parameters using various stochastic
approaches with a fixed sample size of approximately n ≈ 65,536. The methods evaluated
include the standard random vector Monte Carlo approach (RV), the modified Sobol’
sequence with two-level scrambling (MSS-2-S), a tuned Monte Carlo-based method (M-
TUNED), and the Fibonacci-based lattice rule (L-FIB).

For the first-order indices, S1 shows the clearest advantage of M-TUNED, achieving an
exceptionally low relative error of 2 × 10−5, significantly outperforming MSS-2-S (5 × 10−4)
and L-FIB (4 × 10−4). The RV method performs poorly in this case with a very high
error of 9 × 10−1, underscoring its limitations in high-dimensional or variance-sensitive
integrals. Regarding S2, the performance is more varied. While RV performs well here
(error of 2 × 10−4), M-TUNED yields a high error (4 × 10−1), suggesting possible difficulty
in capturing effects of this specific input parameter, potentially due to nonlinearities or
weak contributions to variance. MSS-2-S achieves a moderate error (7 × 10−2), and L-FIB
performs slightly better than M-TUNED but still shows a relatively high error (2 × 10−1).
For S3, both M-TUNED and L-FIB achieve the lowest error (3 × 10−3), outperforming
MSS-2-S (1 × 10−2) and RV (1 × 10−1). This suggests that lattice-based approaches and
tuned sampling may be particularly effective for this parameter, possibly due to smoother
or more regular integrand structure. In contrast, S4 reveals significant challenges across
all methods. M-TUNED shows the highest error (1 × 10+0), indicating severe convergence
issues for this parameter. MSS-2-S also performs poorly (6× 10−1), as does L-FIB (5× 10−1).
Interestingly, RV achieves a relatively small error (4 × 10−5), possibly benefiting from a
fortuitous cancelation of errors in this specific setup. When examining total-effect indices
(Stot

i ), M-TUNED again generally performs well. For Stot
1 , it achieves a very low error

(3× 10−4), better than MSS-2-S (1× 10−3) and L-FIB (5× 10−4), highlighting its effectiveness
in capturing both main effects and higher-order interactions. For Stot

2 , MSS-2-S performs
best (3 × 10−3), followed by RV (2 × 10−4). Both M-TUNED and L-FIB show higher
errors (1 × 10−1 and 3 × 10−1, respectively), again reflecting challenges in resolving this
particular parameter’s contribution. In Stot

3 , M-TUNED attains the lowest error (9 × 10−4),
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outperforming MSS-2-S (4 × 10−3) and L-FIB (2 × 10−3). This suggests a clear advantage of
the tuned approach in accurately capturing higher-order effects for this parameter. Finally,
for Stot

4 , MSS-2-S yields the smallest error (1 × 10−1), followed by RV (5 × 10−5), while
both M-TUNED and L-FIB exhibit large errors (4 × 10−1 and 5 × 10−1, respectively), again
revealing difficulties in estimating the total contribution of this parameter.

Overall, these results underscore several key observations. First, the method shows
highly variable performance, performing unexpectedly well in certain parameters but
generally exhibiting high instability. MSS-2-S and M-TUNED consistently demonstrate
superior accuracy for most indices, with MSS-2-S especially excelling in total-effect indices
that involve capturing global variance contributions. L-FIB, while improving with sample
size, generally shows higher errors and slower convergence. These findings highlight the
importance of selecting an appropriate stochastic approach based on the specific integrand
structure and the sensitivity measure of interest. The superior convergence properties
of quasi-Monte Carlo methods like MSS-2-S and the strong targeted performance of M-
TUNED make them highly attractive for complex environmental and engineering models,
especially when accurate global sensitivity analysis is critical.

4.2. Sensitivity Studies with Respect to Chemical Reactions Rates

In this part we will study the sensitivity of the ozone concentration in Genova accord-
ing to the rate variation in some chemical reactions: ## 1, 3, 7, 22 (time-dependent) and
27, 28 (time independent) reactions of the condensed CBM-IV scheme [43]. The simplified
chemical equations of these reactions are as follows:

[#1] NO2 + hν =⇒ NO + O;
[#3] O3 + NO =⇒ NO2;
[#7] NO2 + O3 =⇒ NO3;
[#22] HO2 + NO =⇒ OH + NO2;
[#27] HO2 + HO2 =⇒ H2O2;
[#28] OH + CO =⇒ HO2.

The domain under consideration is the 6-dimensional hypercubic domain [0.6, 1.4]6). Poly-
nomials of second degree have been used again as an approximation tool [8]. The study of
the impact of changes in ozone concentrations on chemical rates for Genova on July 1998 is
shown in Figure 4.

Figure 4. Chemical rate changes at varying ozone concentrations (Genova, July 1998).

The relative errors and computational times for the approximate evaluation of the
quantities f0, total variance, and first-order and total sensitivity indices using various
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stochastic approaches for numerical integration are presented in Tables 4, 5 and 6, respec-
tively. Firstly, we should specify that the quantity f0 is represented by the 6-dimensional
integral, whereas the rest of the quantities under consideration are represented by
double integrals.

Table 4. Relative errors and computational times for the approximate evaluation of f0 ≈ 0.27.

n MSS-2-S M-TUNED L-FIB

Rel. Rel. Rel.
Error Error Error

26 9 × 10−5 1 × 10−3 2 × 10−3

210 3 × 10−6 7 × 10−6 1 × 10−4

214 9 × 10−8 5 × 10−5 4 × 10−4

216 5 × 10−7 1 × 10−5 3 × 10−4

Table 4 presents the relative errors associated with the approximate evaluation of the
quantity of interest f0 ≈ 0.27 using various stochastic integration techniques and different
numbers of sampling points n. The methods under comparison are the modified Sobol’
sequence with two-level scrambling (MSS-2-S), the lattice rule with an optimized generating
vector (M-TUNED), and the Fibonacci-based lattice rule (L-FIB).

The table shows relative errors for four different sample sizes, namely 26, 210, 214,
and 216, allowing for an analysis of convergence behavior and accuracy scaling. For the
smallest sample size (n = 26), the MSS-2-S method achieves a remarkably low relative error
of 9 × 10−5, significantly outperforming both M-TUNED (1 × 10−3) and L-FIB (2 × 10−3).
This demonstrates the strong initial efficiency of MSS-2-S, attributed to its low-discrepancy
sequence and effective scrambling, which reduce variance even at low point counts. As
the number of points increases to 210, all methods exhibit a substantial reduction in error.
MSS-2-S continues to provide the lowest error at 3 × 10−6, closely followed by M-TUNED
at 7 × 10−6, while L-FIB achieves 1 × 10−4. This illustrates that M-TUNED begins to
approach the performance of MSS-2-S when more points are used, thanks to its carefully
optimized generating vector that enhances uniformity and reduces integration error. At
n = 214, MSS-2-S maintains a clear advantage with a very small error of 9× 10−8. Although
M-TUNED records a slightly higher error of 5 × 10−5, it still exhibits good convergence
behavior, indicating its robustness in higher resolution settings. L-FIB, while improved, still
lags with an error of 4 × 10−4, suggesting a slower convergence rate and higher sensitivity
to integrand structure. Finally, for the largest sample size (n = 216), MSS-2-S reports an
error of 5 × 10−7, slightly higher than its value at 214, which may reflect small fluctuations
due to stochastic error or integrand oscillations. M-TUNED achieves an error of 1 × 10−5,
confirming its continued convergence and strong overall accuracy. L-FIB shows an error of
3 × 10−4, further reduced but still higher compared to the other methods.

The overall trend demonstrates that the MSS-2-S method consistently provides the
highest accuracy across all sample sizes. Its performance is attributed to its superior
space-filling properties and variance reduction techniques (scrambling), which make it
particularly well-suited for smooth integrands as encountered in environmental and atmo-
spheric models. The M-TUNED method also performs robustly, showing a comparable
convergence trend to MSS-2-S at higher point counts, making it a competitive alterna-
tive when optimized lattice rules are favored due to computational or implementation
considerations. In contrast, while L-FIB exhibits steady improvement as n increases, its
higher initial errors and slower convergence highlight limitations in effectively capturing
complex integrand behavior with its simpler structure. These results collectively emphasize
the importance of careful selection of integration schemes in high-dimensional sensitivity
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analysis and model calibration tasks. The demonstrated superiority of MSS-2-S, along
with the promising performance of M-TUNED, underlines their suitability for applications
requiring high precision, such as pollutant concentration assessments and policy-driven
environmental simulations.

Table 5. Relative errors for the approximate evaluation of the total variance D ≈ 0.0025.

n MSS-2-S M-TUNED L-FIB

Rel. Rel. Rel.
Error Error Error

26 8 × 10−3 1 × 10−2 4 × 100

212 5 × 10−4 8 × 10−3 5 × 10−1

214 6 × 10−6 4 × 10−3 1 × 10−1

216 1 × 10−4 1 × 10−4 2 × 10−3

Table 5 summarizes the relative errors associated with the approximate evaluation
of the total variance D, which is estimated to be approximately 0.0025, using different
stochastic approaches and various sample sizes n. The methods compared include the
modified Sobol’ sequence with two-level scrambling (MSS-2-S), a tuned Monte Carlo-based
method (M-TUNED), and the lattice rule based on a Fibonacci construction (L-FIB). The
relative errors are presented for four increasing sample sizes, 26, 212, 214, and 216, to evaluate
the convergence behavior and accuracy of each approach.

For small sample sizes (n = 26), the MSS-2-S method already shows strong perfor-
mance, achieving the lowest relative error of 8 × 10−3, slightly outperforming M-TUNED
(1 × 10−2). In contrast, L-FIB exhibits a significantly larger error of 4 × 100, indicating
limited effectiveness at very low sample resolutions. This result highlights the advantage
of the MSS-2-S sequence’s superior uniformity and low-discrepancy properties, which
are crucial in scenarios with restricted computational budgets. As the number of points
increases to n = 212, a marked improvement in accuracy is observed across all methods.
MSS-2-S continues to lead with a very low error of 5 × 10−4, while M-TUNED shows an
error of 8 × 10−3. L-FIB, although still trailing, exhibits a significant reduction in error to
5 × 10−1, demonstrating its convergence but at a slower rate compared to the quasi-Monte
Carlo-based approaches. At n = 214, MSS-2-S again delivers the best performance with
a minimal error of 6 × 10−6. This extremely low value indicates excellent convergence
and the effectiveness of scrambling techniques in reducing variance. M-TUNED achieves
an error of 4 × 10−3, while L-FIB reduces its error to 1 × 10−1, showing a consistent but
gradual convergence trend. Finally, at the highest considered sample size (n = 216), both
MSS-2-S and M-TUNED attain nearly equivalent and exceptionally small errors of 1× 10−4,
demonstrating that M-TUNED can catch up in accuracy given sufficient points. Meanwhile,
L-FIB further improves, reaching an error of 2 × 10−3. However, it still lags behind the
other two methods in terms of precision.

Overall, these results clearly highlight the superior performance and faster conver-
gence of MSS-2-S, particularly for moderate to high sample sizes. The effectiveness of the
scrambling and the low-discrepancy properties make it highly suitable for high-precision
variance estimation. The M-TUNED method also shows robust performance, especially
at larger n, suggesting that it is a viable alternative when large sample sizes are compu-
tationally affordable. In contrast, while L-FIB does improve with increasing n, its slower
convergence and initially high error values suggest it is less efficient for accurately estimat-
ing total variance in high-dimensional problems. These findings underscore the importance
of selecting integration rules that are well-suited to the smoothness and dimensionality
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of the integrand, especially in environmental modeling contexts where high accuracy in
variance estimation is critical for reliable sensitivity analysis and model validation.

Table 6. Relative errors for estimation of sensitivity indices of input parameters using various
stochastic approaches (n ≈ 65, 536).

EQ RV MSS-2-S M-TUNED L-FIB

S1 4 × 10−1 2 × 10−2 3 × 10−3 4 × 10−2

S2 3 × 10−1 6 × 10−2 5 × 10−3 1 × 10−2

S3 5 × 10−2 8 × 10−2 4 × 10−3 5 × 10−1

S4 3 × 10−1 4 × 10−3 5 × 10−4 1 × 10−2

S5 4 × 10−7 2 × 102 2 × 102 3 × 103

S6 2 × 10−2 4 × 10−2 3 × 10−2 1 × 100

Stot
1 4 × 10−1 5 × 10−2 7 × 10−3 8 × 10−2

Stot
2 3 × 10−1 3 × 10−2 2 × 10−3 3 × 10−2

Stot
3 5 × 10−2 4 × 10−2 2 × 10−2 1 × 100

Stot
4 3 × 10−1 4 × 10−2 1 × 10−3 4 × 10−1

Stot
5 2 × 10−4 1 × 100 2 × 10−1 9 × 101

Stot
6 2 × 10−2 4 × 10−2 3 × 10−3 2 × 100

S12 6 × 10−3 7 × 10−1 3 × 10−1 3 × 100

S14 5 × 10−3 1 × 100 3 × 10−2 8 × 100

S24 3 × 10−3 1 × 100 5 × 10−2 1 × 101

S45 1 × 10−5 4 × 100 1 × 100 4 × 101

Table 6 presents the relative errors associated with the estimation of sensitivity indices
of input parameters using various stochastic approaches, based on a sample size of approx-
imately n ≈ 65,536. The considered methods include the standard Random Vector (RV)
technique, the Modified Sobol’ Sequence with two-level scrambling (MSS-2-S), the lattice
rule with optimized order-dependent weights (M-TUNED), and the Fibonacci-based lattice
rule (L-FIB).

The results are reported for first-order indices (Si), total-effect indices (Stot
i ), and

selected second-order interaction indices (Sij). Each index quantifies the contribution of
individual or interacting input parameters to the variance of the model output.

For the first-order indices, the M-TUNED method consistently exhibits the lowest
relative errors across most parameters, indicating superior accuracy in capturing the
individual effects of inputs. For example, for S1, M-TUNED achieves an error of 3 × 10−3,
significantly lower than that of RV (4 × 10−1), MSS-2-S (2 × 10−2), and L-FIB (4 × 10−2).
Similar trends are observed for S2, S3, and S4, confirming the robustness of M-TUNED in
high-dimensional settings.

A notable exception is S5, where both M-TUNED and MSS-2-S result in very large
errors (2 × 102), while RV performs better in this particular case. This suggests potential
challenges in capturing the effect of certain inputs when their contribution is extremely
small or the variance is dominated by other factors.

Regarding total-effect indices, M-TUNED again outperforms other approaches, par-
ticularly for Stot

1 and Stot
2 , where it achieves errors of 7 × 10−3 and 2 × 10−3, respectively.

The relative errors for L-FIB and MSS-2-S remain higher, especially in complex or strongly
nonlinear interactions.

For interaction indices (S12, S14, S24, and S45), M-TUNED generally achieves the
smallest errors, confirming its ability to capture not only main effects but also higher-order
interactions. For instance, S14 is estimated to have an error of 3 × 10−2 using M-TUNED,
compared to 1 × 100 using MSS-2-S and 8 × 100 using L-FIB.
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Overall, the analysis clearly demonstrates that the M-TUNED method, based on an
optimized lattice rule with order-dependent weights, offers significant improvements in
accuracy and stability for sensitivity analysis of high-dimensional environmental models.
Its enhanced performance, especially for small and interaction effects, makes it a reliable
choice for rigorous uncertainty quantification tasks in complex atmospheric simulations
such as those involving UNI-DEM.

5. Conclusions
In summary, the primary contribution of this work lies in the development and

application of a novel rank-1 refined lattice method, equipped with a tuned generating
vector derived through a component-by-component construction approach with order-
dependent weights. This methodology introduces a significant innovation within the field
of environmental modeling, and particularly in the context of the UNI-DEM framework,
where the high dimensionality and intricate nature of the integrands pose substantial
computational challenges.

The proposed lattice rule is constructed using a CBC algorithm that leverages a
prime number of points, ensuring good distribution properties and minimizing integration
error even in high-dimensional spaces. Comparative analysis reveals that this technique
achieves remarkable improvements in computational efficiency relative to other existing
lattice-based approaches, and in many scenarios matches or surpasses the performance
of advanced quasi-Monte Carlo methods such as the modified Sobol’ sequence. These
advantages become especially prominent when analyzing chemical reaction rates within
UNI-DEM, where the complexity and dimensionality of the integrals significantly increase.

Beyond its technical merits, this study underscores the critical importance of systemati-
cally investigating the relationships between input parameters and model outputs to assess
the reliability and predictive capacity of large-scale environmental models. In this context,
the sensitivity analysis conducted here focuses on evaluating the effects of varying emission
levels on major atmospheric pollutants, including ammonia, ozone, ammonium sulfate,
and ammonium nitrate, across a diverse set of major European metropolitan areas with
differing geographical and meteorological characteristics. To rigorously quantify these ef-
fects, variance-based sensitivity analysis techniques—most notably the Sobol’ method—are
utilized to derive global sensitivity indices (SIs), which comprehensively capture the contri-
bution of each input parameter and their interactions to the output variability.
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