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Abstract

This article presents a new heuristic algorithm for conceptual learning. The process of
constructing a decision tree through the minimization of a logical function is explained.
This heuristic approach eliminates the need to expand the inverse property space into a full
logical expression, which could be computationally expensive for large expressions. Tests
were conducted using various sets of standardized machine learning benchmarks. They
show that the algorithm operates with high precision and accuracy on noise-free data as
well as on datasets that include noise through the presence of mislabeled examples. The
algorithm’s ability to capture non-linear patterns was experimentally evaluated, where the
target class is defined by the equality of two specified attributes. The application of the
proposed algorithm for the creation of hybrid neuro-symbolic architectures is discussed,
with the aim of achieving logically grounded and interpretable machine learning and
machine reasoning.

Keywords: concept learning; decision tree; logical function minimization; heuristic approach

1. Introduction
Scientific research in the field of artificial intelligence demonstrates achievements in

the creation and application of cognitive models of reasoning, connectionist models for
deep learning, transformer models, and large language models. Recently, increasing efforts
have been directed toward integrating, within a single cognitive behavioral model, the
achievements of the connectionist approach in machine learning and automated symbolic
reasoning. This will lead to the development of increasingly reliable and more interpretable
neuro-symbolic systems for learning and reasoning.

In conceptual learning, the goal is to learn a given concept from a set of positive
and negative examples that describe it [1]. During the learning process, a hypothesis is
sought that correctly classifies the examples, i.e., it corresponds to all positive examples and
does not correspond to the negative ones. This hypothesis represents the learned notion
(concept). Examples of conceptual learning include supervised learning algorithms such
as decision trees, version space learning, explanation-based learning (EBL), and few-shot
learning, which directly aim to learn concepts from examples.

According to [2], informed machine learning requires a hybrid information source
consisting of data and prior knowledge. An independent source provides the prior knowl-
edge. It is represented formally and explicitly integrated at different stages of the machine
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learning process and in various ways. An overview of techniques for integrating prior
knowledge into the machine learning process is presented in [2]. Tools for integrated
machine learning and reasoning are presented in [3]. The introduction of these hybrid
models aims, for example, to enable machine learning to be performed with less data, to
improve its performance, and to ensure that the acquired knowledge is reliable, i.e., to
avoid hallucinations.

The prior domain knowledge obtained through conceptual learning is represented in
symbolic form, such as logic rules or logical constraints, attributes, feature vectors, concepts,
causal relationships, relations in first-order logic, probability distributions, knowledge
graphs, decision trees, and others. In [4], an overview is provided of the inclusion of
domain knowledge in deep neural networks by means of changes to the input, the loss
function, and the architecture of deep networks. Knowledge about a given domain can
also be incorporated through dialogue thanks to large language models and the attention
mechanism [5]. The benefit of incorporating domain knowledge is the creation of models
with better predictive performance [6]. The inclusion of domain knowledge also plays
an important role in generating explanations of how decisions are made in models with
deep neural networks, which will lead to increased trust in artificial intelligence systems
and the achievement of Explainable Artificial Intelligence (EAI) [4]. One solution is the
implementation of chain-of-thought agents, which involve layering a reasoning controller
on top of the base Large Language Model (LLM) [7]. Another solution is the development
of decoding methods that directly guide a Pre-Trained Language Model toward target
keywords. In [8], a two-system decoding framework, Decider, is described—where the
base LLMs are equipped with a First-Order Logic (FOL) reasoner along with a decision
function that merges the outputs to guide the generation.

Therefore, it is important to develop new and more reliable algorithms and heuristics
for machine learning and reasoning. In this article, a new heuristic algorithm for rule
extraction from examples is proposed. The decision tree is constructed using a heuristic
that involves the minimization of logical functions. A similar approach to conceptual
learning is presented in [9]. In the algorithm proposed herein, the following new heuristic
is introduced: from the shortest representation of the property space, covering rules are
extracted directly by considering only one property from each row. In order to determine
the most useful property, it is only necessary to count in how many examples of the
corresponding class the given value of that property occurs. In this way, the need to expand
the logical expression is avoided, thereby saving computational resources.

The paper is structured as follows: Section 2 presents relevant related work. Section 3
presents in detail the proposed heuristic for the minimization of logical functions in order
to construct a decision tree. Section 4 describes the implementation of the proposed method.
Section 5 presents and analyzes the experiments and experimental results, and Section 6
provides conclusions and outlines future trends for intelligent system modeling.

2. Related Work
Decision tree learning and rule induction are well-established approaches for classi-

fication and knowledge extraction. Classical algorithms such as CART [10] and C4.5 [11]
employ greedy, top-down strategies that optimize local splitting criteria without guarantee-
ing global optimality. In parallel, rule induction methods such as CN2 [12] and RIPPER [13]
construct interpretable rule sets using a separate-and-conquer paradigm.

Subsequent work has explored both improved optimality and interpretability. For ex-
ample, ref. [14] considers complete search strategies for decision trees, while in [15], domain-
adaptive trees with implications for fairness are studied. Methods such as TREPAN [16]
and more recent rule-based learning approaches [17] further emphasize extracting compact,
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interpretable representations from data or trained models. Within this landscape, the pro-
posed method can be viewed as an alternative heuristic that aims to balance efficiency and
compact rule extraction, consistent with ongoing work in Explainable Artificial Intelligence.

3. Logical Function Minimization for Building Decision Trees
In the context of knowledge extraction, the input data are typically represented as

objects within a defined feature space. Each object is characterized by a set of attributes and
an associated class label. The aim is to construct a model that formalizes the relationship
between objects in the feature space and the set of admissible classes, ensuring consistency
with the observed examples. Such a model enables the classification of previously unseen
objects based solely on their attribute values.

This formulation is closely related to the problem of minimizing a logical function
with partially specified input configurations. A subset of input assignments is known,
together with corresponding function values equal to 0 or 1. The objective is to determine
a fully specified function that produces an output for every possible input configuration,
preserves agreement with the known assignments, and is expressed in a representation of
minimal complexity.

The proposed method considers the known examples, defined by their properties, as
the arrangements of the arguments for which the function is defined. When simplifying a
logical function, an equivalent function is found that corresponds to the defined arrange-
ments. The objective of this procedure is to obtain a representation of minimal length.

Within the context of learning from examples, this corresponds to constructing a model
of the property space that captures the known examples. The goal is to ensure that the
resulting model remains as concise as possible while preserving correctness with respect to
the observed data.

Assume that the data describing the known examples within the property space is
organized in tabular form, where each column corresponds to a distinct property and each
row contains the specific property values associated with a particular example. Such a table
may be interpreted as a logical function expressed in disjunctive normal form (DNF). In this
representation, each row corresponds to a conjunction of property values that characterizes
a single example, while the collection of rows is combined through disjunction, forming
the overall logical expression.

By applying a logical function minimization method, the resulting function covers all
known positive configurations of the arguments, as well as a subset of configurations that
were initially undefined. The remaining configurations—including both explicitly negative
and undefined cases not covered by the function—are treated as negative. Analogously,
in learning from examples, a model can be constructed that encompasses all positive
examples and possibly some previously unknown instances, while all remaining instances
are classified as negative. The proposed method implements this strategy.

4. Description of the Method Implementation
4.1. Preprocessing

Figure 1 illustrates the implementation flowchart. To evaluate the effectiveness of the
proposed method, the dataset is randomly partitioned into two subsets: two-thirds of the
samples are used to construct the model tree, while the remaining one-third is reserved
for testing.
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Figure 1. Flowchart of the implementation.

Missing values in the training set are handled by replacing them with the most frequent
value observed at the corresponding attribute position among samples belonging to the
same class as the incomplete instance.

4.2. Tree Building

The training examples are then processed sequentially. Since the objective is to con-
struct a tree exclusively for positive examples, samples labeled as negative are disregarded.
If a tree has already been constructed, it is first evaluated to determine whether it can
classify the current example. If classification is not possible, an inverse property space
is generated.

To construct the inverse property space, the class label of the considered example is
inverted. The attribute values of this example are then compared with the corresponding
values of all other examples. If the values match, they cannot serve as distinguishing
features and are therefore discarded. If they differ, the value from the considered example
is retained at that position.

Once the inverse property space has been generated, each entry is examined to deter-
mine whether a more concise equivalent representation exists. If a shorter representation is
identified, the original entry is removed. This refinement process ensures that only mini-
mal representations are preserved. As a result, the final inverse property space contains
exclusively the shortest meaningful representations associated with the current example.

To determine the most suitable properties for constructing the branch that classifies
the current example, each property remaining in the inverse property space is evaluated
by counting how many positive examples in the original property space share the same
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value. For each entry, the value with the highest frequency is selected and incorporated
into the branch.

This heuristic approach eliminates the need to expand the inverse property space into
a full logical expression, which could be computationally expensive for large expressions.
Finally, the constructed branch is integrated into the tree structure, and the procedure is
repeated for the next example.

5. Experiments and Results
This section presents the experimental results obtained from evaluating the proposed

method on the selected datasets.

5.1. The MONK Problems

The MONK problems [18] are a set of standardized machine learning benchmarks
designed to evaluate the performance of algorithms in solving binary classification tasks.
The data is an artificial domain in which robots are described by six discrete attributes:

• a1: head_shape {round, square, octagon}
• a2: body_shape {round, square, octagon}
• a3: is_smiling {yes, no}
• a4: holding {sword, balloon, flag}
• a5: jacket_color {red, yellow, green, blue}
• a6: has_tie {yes, no}

There are 432 possible combinations of these attributes. The classes of the samples are
determined by 3 sets of increasingly complex rules. The training subsets are pre-selected
for these sets.

5.1.1. MONK-1

This dataset is intended to evaluate the algorithm’s ability to capture non-linear
patterns, where the target class is defined by the equality of two specified attributes. The
data is noise-free. The classification rules are as follows: (head_shape = body_shape) or
(jacket_color = red). The training set comprises 124 randomly selected examples. The
results are presented in Figure 2.

Figure 2. MONK-1 confusion matrix.

Performance metrics are as follows:

• Accuracy Rate: 100%;
• Error Rate: 0%;
• True Positive Rate: 100%;
• True Negative Rate: 100%;
• Precision Rate: 100%.

For the first dataset, the method constructs a tree that correctly classifies all possible
examples, achieving 100% accuracy.
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5.1.2. MONK-2

This dataset involves a more complex logical rule. The data is noise-free. The classifica-
tion rule specifies that exactly two of the attributes must take their first value. The training
set consists of 169 randomly selected examples. The results are presented in Figure 3.

Figure 3. MONK-2 confusion matrix.

Performance metrics are as follows:

• Accuracy Rate: 74.7685%
• Error Rate: 25.2315%
• True Positive Rate: 60.5634%
• True Negative Rate: 81.7241%
• Precision Rate: 61.8705%

5.1.3. MONK-3

This dataset incorporates noise through the inclusion of mislabeled examples. The
classification rules are defined as follows: (jacket_color = green and holding_sword = yes) or
(jacket_color ̸= blue and body_shape ̸= octagon). The training set consists of 122 randomly
selected examples, of which 5% are mislabeled. The results are presented in Figure 4.

Figure 4. MONK-3 confusion matrix.

Performance metrics are as follows:

• Accuracy Rate: 74.7685%;
• Error Rate: 24.537%;
• True Positive Rate: 71.0526%;
• True Negative Rate: 80.3922%;
• Precision Rate: 80.198%.

5.2. Congressional Voting Records

The Congressional Voting Records dataset [19] is a suitable benchmark for the task of
classification. It contains voting records from the United States House of Representatives,
documenting how members of Congress voted on a set of key legislative issues.

Each instance in the dataset represents an individual Congress member and their cor-
responding votes (“yes” or “no”) on 16 distinct bills. The dataset comprises 435 records in
total, of which 267 are labeled as Democrat and 168 as Republican. Each record is described
by 16 binary-valued attributes reflecting the member’s position on each legislative measure.
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For the purposes of this study, two separate experiments are conducted. In the
first experiment, the majority class (Democrat) is designated as the target class and a
classification model is constructed accordingly. In the second experiment, the class labels
are inverted, and the model is trained with Republican as the target class.

Additionally, the results reported herein are an average of ten consecutive runs of the
implementation. This measure is intended to avoid any misleading results stemming from
the random separation of the data into training and testing subsets.

5.2.1. Congressional Voting Records—Target Democrat

The average of the results is presented in Figure 5.

Figure 5. Congressional voting records—target Democrat confusion matrix.

Performance metrics are as follows:

• Accuracy Rate: 87.64%
• Error Rate: 12.36%
• True Positive Rate: 96.31%
• True Negative Rate: 73.15%
• Precision Rate: 86.60%

5.2.2. Congressional Voting Records—Target Republican

The average of the results is presented in Figure 6.

Figure 6. Congressional voting records—target Republican confusion matrix.

Performance metrics are as follows:

• Accuracy Rate: 92.68%
• Error Rate: 7.32%
• True Positive Rate: 95.08%
• True Negative Rate: 91.24%
• Precision Rate: 87.91%

The results show that the proposed method correctly classifies the examples with high
accuracy and precision. Even in data that includes noise, for example, through incorrectly
labeled examples, a working rule for recognizing the classes is extracted.
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6. Discussion and Conclusions
This article presents a new heuristic algorithm for conceptual learning. The deci-

sion tree is constructed through the minimization of a logical function. More precisely,
the heuristic approach eliminates the need to expand a logical expression, which could
be computationally expensive for large expressions. Tests conducted on various sets of
standardized machine learning benchmark datasets show that the algorithm operates
with high accuracy and precision on noise-free data, as well as on datasets that include
noise through mislabeled examples. The algorithm’s ability to capture non-linear patterns
was experimentally evaluated, where the target class is defined by the equality of two
specified attributes.

The acquired knowledge, formally represented as logical rules, can be integrated
into hybrid neuro-symbolic architectures with the aim of achieving improved machine
learning performance, more reliable responses to user queries without hallucinations,
learning with less data, and better-grounded and more interpretable machine learning and
machine reasoning.

The proposed heuristic differs from classical top-down induction methods such as
C4.5 [11] and CART [10] in its treatment of the property space. These algorithms rely on
greedy recursive partitioning based on statistical criteria, which may lead to complex trees
that are subsequently simplified through pruning. Rule extraction is typically performed
after tree construction, resulting in representations whose size depends on the number and
depth of leaves. In contrast, the proposed method integrates logical function minimization
and value prevalence directly into the construction process, targeting compact covering
rules without requiring full tree expansion.

From a computational perspective, the method has linear space complexity with re-
spect to the number of features and samples, as no fully expanded intermediate structures
are maintained. While the theoretical time complexity may become exponential in worst-
case scenarios—particularly for continuous attributes or features with high cardinality—this
behavior was not observed in the conducted experiments. Across the evaluated datasets,
the algorithm exhibited stable runtimes comparable to classical decision tree methods,
suggesting that the effective search space remains tractable in practice. This empirical result
supports the claim that avoiding explicit logical expansion can yield computational savings
without sacrificing interpretability, aligning with common preprocessing practices in algo-
rithms such as C4.5 [11] and with broader objectives in Explainable Artificial Intelligence.

The proposed algorithm for conceptual learning can be applied to machine learning
in an adaptive environment that combines artificial intelligence, machine learning, and
virtual reality. The adaptive environment in virtual reality encompasses simulations and
intelligent training platforms. These systems adapt in real time to the user’s behavior, skills,
and environment. Machine learning in such an adaptive environment is dynamic, adjusting
continuously to new data and user behavior.

The proposed algorithm can support multiple possible adaptation policies that are
compatible with the user’s behavior. It can maintain multiple hypotheses, observe the user,
and eliminate inconsistent hypotheses, thereby narrowing the hypothesis space.

It is also possible to maintain a set of policies, each with a probabilistic weight, instead
of relying on a single fixed model. Rather than maintaining just one model, multiple models
can be used—for example, a skill model, a cognitive load model, and an action-prediction
model. Then, depending on the context, a different model can be selected.

In this way, the applications of these systems include virtual reality therapeutic sys-
tems, autonomous interactive environments, autonomous driving systems, and intelligent
training simulators.
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