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Abstract: In the era of the Internet of Things, there are many applications where numerous devices
are deployed to acquire information and send it to analyse the data and make informed decisions.
In these applications, the power consumption and price of the devices are often an issue. In this
work, analog coding schemes are considered, so that an ADC is not needed, allowing the size and
power consumption of the devices to be reduced. In addition, linear and DFT-based transmission
schemes are proposed, so that the complexity of the operations involved is lowered, thus reducing the
requirements in terms of processing capacity and the price of the hardware. The proposed schemes
are proved to be asymptotically optimal among the linear ones for WSS, MA, AR and ARMA sources.

Keywords: low-complexity; analog linear coding; short packet communication; finite-length data
blocks; AR sources; MA sources; ARMA sources; WSS sources; DFT

1. Introduction

In the past few years, and specially in the context of the Internet of Things (IoT),
numerous applications in which devices with constrained power and processing capacity
acquire and transmit data have emerged. Therefore, it is crucial to find coding strategies
for transmitting information with an acceptable distortion that are undemanding in terms
of processing while minimizing power consumption. A well-known low-power and low-
complexity coding strategy is the so called analog joint source-channel coding (see, e.g., [1]).
In this context, some authors have lately proposed the use of low-power/low-cost all-
analog sensors [2,3], avoiding the high power demanding analog-to-digital converters
(ADC).

Here, we are focused on analog joint source-channel linear coding. Specifically, we
study here the transmission of realizations of an n-dimensional continuous random vector
over an additive white Gaussian noise (AWGN) channel employing a linear encoder and
decoder. For this scenario, the minimum average transmission power under a fixed average
distortion constraint is achieved whenever it is applied the coding strategy given by Lee and
Petersen in [4]. Nevertheless, in [5,6] it was presented a linear coding scheme based on the
discrete Fourier transform (DFT) that, with a lower complexity, is asymptotically optimal
among the linear schemes in terms of transmission power for certain sources, namely
wide-sense stationary (WSS) and asymptotically WSS (AWSS) autoregressive (AR) sources.

In this paper, we present two new DFT-based alternatives to the optimal linear coding
scheme given in [4]. We prove that the average transmission power required for one of them
is lower than for the approach in [5,6]. The average transmission power required for the
other new alternative is shown to be higher, although it is conceptually simpler, and so is
its implementation. We prove that the two new schemes along with the strategy in [5,6] are
asymptotically optimal for any AWSS source. Additionally, we show that the convergence
speed of the average transmission power of the alternative schemes is O(1/+/n) for the
case of WSS, moving average (MA), AWSS AR and AWSS autoregressive moving average
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(ARMA) sources. Therefore, we conclude that it is possible to achieve a good performance
with small size data blocks, allowing this schemes to be used in applications that require
low latency.

This paper is organized as follows. In Section 2, we mathematically describe the
communications system and review the transmission strategy presented in [4], and the
alternative given in [5,6]. In Section 3, the two new coding schemes are presented. In
Section 4, we compare the performance of each of the four coding strategies studied in
terms of the required transmission power, and we analyze their asymptotic behavior for
several types of sources. In Sections 5 and 6 a numerical example and some conclusions are
presented respectively.

2. Preliminaries

We begin this section by introducing some notation. We will denote by R, C, Z and
N the sets of real numbers, complex numbers, integers and positive integers respectively.
[a] represents the smallest integer higher than or equal to a € R. R™*" is the set of the
m X n real matrices. The symbols T and * denote transpose and conjugate transpose
respectively, the imaginary unit is represented by i, E stands for expectation and 4 is the
Kronecker delta (i.e., 6, = 1if j = k, and it is zero otherwise). If z € C, Re(z) and Im(z)
will designate the real part and the imaginary part of z respectively, z is the conjugate of z
and Z is 2-dimensional the real column vector (Re(z),Im(z)) . I, denotes the n x n identity
matrix and V,, is the n x n Fourier unitary matrix, i.e.,

1 _2rG=Dk=b,;
[Vn]j,k = ﬁe n ! ],k S {1, ..,T’l}.

M(A),...,A,(A) and o¢(B),...,0,(B) are the eigenvalues of an n x n real symmetric ma-
trix A and the singular values of an n X n matrix B sorted in decreasing order, respectively.
If {x,},cn is a random process, we denote by x,.; the random n-dimensional column
vector (X, X,_1,..., xl)T. The Frobenius norm and the spectral norm are represented by
[l lp and || - ||5, respectively.

If f: R — Cis a continuous and 27r-periodic function, we denote by T, (f) the n x n
Toeplitz matrix given by

[Tn(f)}j,k =fiv Jke {1,...,n},
where { f; }1cz is the set of Fourier coefficients of f:

1 27 ki
fi = 7 flw)e ™'dw Vk € Z.
0

2.1. Problem Statement

We consider a discrete-time analog n-dimensional real vector source x,,.; with invert-
ible correlation matrix. We want to transmit realizations of this vector by using # times
a real AWGN channel with noise variance o> > 0. The 1 noise iid random variables can
then be represented by the Gaussian n-dimensional vector v,,.;, with correlation matrix

E (vnzl 1’;11) = UZIn. We further assume that the input x,,.; and the channel noise v,,.; are

both zero-mean and that they are uncorrelated, i.e., E(xjvk) =0forallj ke {1,...,n}.
The communications system is depicted in Figure 1, where G and H are n X n real
matrices representing the linear encoder and decoder, respectively. Specifically, a source
vector symbol is encoded using a linear transformation, u,.; = Gx,,.;, and then trans-
mitted through the AWGN channel. An estimation of the source vector symbol is then
obtained from the perturbed vector, i,,.; = u,.; + v,,.;, using another linear transformation,
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Figure 1. Linear coding scheme.

Tn:1 Un:1 In:1

H

In [4], Lee and Petersen found matrices G and H that minimize the average transmis-
sion power, % 2}1:1 E(ujz), under a given average distortion constraint D, that is,

1 — 2
EE<Hxn:1 - xn:l”F) <D.

2.2. Known Linear Coding Schemes
2.2.1. Optimal Linear Coding Scheme

As it has been aforementioned, Lee and Petersen presented the optimal linear coding
scheme in [4]. The encoder of the optimal linear coding scheme converts the n corre-
lated variables of the source vector into n uncorrelated variables, and assigns a weight

to each of the n uncorrelated variables. If E(xnzlxll) = U,diag ()\1 (E (xmlx;l)),. o

Ay (E (xnzlx,Il) ) ) u, s an eigenvalue decomposition of the correlation matrix of the
source, where the eigenvector matrix U, is real and orthogonal, the optimal linear coding
scheme is of the type shown in Figure 2, with W,, = U,j . Its average transmission power is

" 2
Pn(D):(lf)z (ijg \/A](E(xn:lxll))) -D

under a given average distortion constraint D € (0, Ay (E (xnzlxll) )} .

)

~__ FEncoder Decoder
z Uy, Uy z
Zn:llunfl Nunjlfg—r?—:l -~ o
Zn:1 1] Un:1 | AWGN | Un:1 Bn—1] Zn:1 WTgxnzl
- Channel P n |
‘

Figure 2. Linear coding scheme based on an n x n real orthogonal matrix W,,.

Since this coding scheme implies a multiplication of an n x n matrix by an n x 1
column vector, its computational complexity is o(n?).

2.2.2. DFT-Based Alternative

In [5,6], an alternative to the optimal coding scheme was presented. The encoder of
that alternative scheme assigns weights to the real and imaginary parts of the entries of the
DEFT of the source vector. This alternative coding scheme is of the type shown in Figure 2,
with W, = M,,V,;, where M,, is the n x n sparse matrix defined in ([5] Equation (3)). Its
average transmission power is

2 n 2
P, (D) = % (ijgﬁ/E(z}?D D

2
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under a given average distortion constraint D € (0, Ay (E (xn:lxll) )] , where

E(vije1) ifje {1,241} NN,
B(2 ) = 2 ((Re(nn 1)) ir2<i< 18],
2F (Im(ynj+1))2> ifn—[2]42<j<n,

withy,.| = V;xn:l'
The computational complexity of this coding scheme is O(nlog(n)) whenever the fast
Fourier transform (FFT) algorithm is used.

3. New Coding Schemes

In this section, we propose two new transmission schemes. Similarly to the scheme re-
viewed in Section 2.2.2, our two new schemes make use of the DFT, and their computational
complexity is also O(nlog(n)) if the FFT algorithm is applied.

3.1. Low-Power Alternative

The encoder of this scheme first computes the DFT of the source vector, y,,.; = V, x,,.1-
Afterwards, each 2-dimensional vector 7; is encoded using a 2 x 2 real orthogonal eigenvec-

~

tor matrix of the correlation matrix E (yA]-ij) . Therefore, the real part and the imaginary

part of each y; are here jointly encoded, unlike in Section 2.2.2, where they where separately
encoded. This coding scheme is shown in Figure 3 for n even (the scheme for n odd is
similar), with

B(57,") =Ugciog(M(E(79,") ) (B (55 )) g vie { | "5t |1}

. . oy ~~T . . .
being an eigenvalue decomposition of E (yjy]- ) where the eigenvector matrix llyA], is real

and orthogonal,

2/ 2 5 2
c°(c“+ P,(D))E
B= | — \/ CHRDEE) o) e 3)
and ( 2)
- E]E Z]' )
ﬁ]_ = > V]E {1,...,71}. (4)
zx]E zj) +0
Encoder Decoder

Tl .?/n:l .

_ Re(z)
i

Iy, 1)
: . 1Yn . Tl
 Re(yga) | - -

Im(yg1)

AWGN |ty 1

Channel

Figure 3. Low-power scheme.
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In Appendix A, we prove that the average transmission power of this scheme under a
given average distortion constraint D is

- A1 ?
B,(D) =5 ;Z,/E(Zf) -D| vDe (o,An(E(xme))], ®)
j=1
with
E(yfl) ifj=1,
20 | E y/n\éy/n\éT>> if j even, j # n,
21, (E yj,\zlyn/ﬁT» ifjodd, j #1,

E(yé) if j =n, neven.

E (Zi—jﬂ) =

Furthermore, in Section 4, we show that B, (D) < P, (D), i.e., the average transmission
power for this new scheme is lower than the one required for the scheme in Section 2.2.2.

3.2. DFT/IDFT Alternative

The encoder of this scheme uses both the DFT and the inverse DFT (IDFT). The coding
scheme is shown in Figure 4, where

i ) az(az—i-ﬁn(D))EOyj‘z)

= - vie{1,...,n} (6)
D‘] E(‘y]‘2> D ] n
and )
_ ’&fE(\Vf\ ) .
= 5 ; vie{1,...,n}. @)
zijOyj‘ >+U

Encodcr 7 7 Decoder

Tp:di |y Ynd AWGN Yn.1 7 Tp
/ Channel \—‘VH

Figure 4. DFT/IDFT scheme.

In Appendix B, we prove that the average transmission power of this scheme under a
given average distortion constraint D is

2
13n(1))_‘;)2 (111]2% E(‘yj‘2)> -D VDe(o,/\n(E(xme))] ®)

As it can be seen in Figure 4, this coding scheme is conceptually simpler than the ones
in Sections 2.2.2 and 3.1.

4. Analysis of the Transmission Power of the Coding Schemes

We begin this section by comparing the performance of each of the four considered
coding strategies in terms of the required transmission power.
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Theorem 1. Let P,(D), P, (D), B,(D) and P,(D) be the average transmission powers given in
(1), (2), (5) and (8), respectively. Then,

P,(D) < (D) < By(D) < P,(D). ©)
Proof. See Appendix C. [

4.1. Asymptotic Behavior

We now show that the three alternatives to the optimal linear coding scheme, which
were presented in Sections 2.2.2, 3.1 and 3.2, are asymptotically optimal whenever the
source is AWSS. To that end, we first need to review three definitions. We begin with the
Gray concept of asymptotically equivalent sequences of matrices given in [7].

Definition 1 (Asymptotically equivalent sequences of matrices). Let A, and B, be n X n
matrices for all n € IN. The two sequences of matrices {A,,},cw and {B, },c are said to be
asymptotically equivalent, abbreviated { A, } ~ {B,,}, if there exists M > 0 such that

[Aull2/ Byl <M Vn € N

and

n—00 \/ﬁ

=0.

Now we recall the well-known concept of WSS process.

Definition 2 (WSS process). Let f: R — R be a continuous, 27t-periodic and non-negative
function. A random process {x,, } ,c is said to be WSS, with power spectral density (PSD) f, if it
has constant mean, i.e., B(x;) = E(x,) Vj,k € N, and {E(x,1%,1) } = {T,(f)}.

We can now review the Gray concept of AWSS process given in ([8] p. 225).

Definition 3 (AWSS process). Let f: R — R be a continuous, 27t-periodic and non-negative
function. A random process {x, },cn is said to be AWSS, with (asymptotic) PSD f, if it has
constant mean and {E(x,.1x5.1) } ~ {T,(f)}.

Theorem 2. Suppose that {x,},c is an AWSS process with PSD f as in Definition 3. If
. T
nlg]{\l Ay (E (xnzlxml)) > 0 then

2 2
. . .~ .= o 1 (27
lim P, (D)= lim P, (D)= Jim F,(D)= lim P,(D)=% ((2” [ V) - D)
forall D € (0, nlg{\l Ay (E(xn:lxll))].

Proof. See Appendix D. O

4.2. Convergence Speed

Here, we prove that the convergence speed of the average transmission power of the
three alternative schemes described in Sections 2.2.2, 3.1 and 3.2 to the average transmission
power of the optimal linear scheme is O(1/+/n) for AWSS ARMA, MA, AWSS AR and
WSS sources. We also recall the definitions of ARMA, MA and AR processes.



Entropy 2022, 24, 669

7 of 20

4.2.1. AWSS ARMA Sources
Definition 4 (ARMA process). A real zero-mean random process {x,, },c is said to be ARMA

if
n—1 n—1
Xy =W, + Y b, ;=Y a_x, ; YneN, (10)
j=1 j=1
whereb_j,a_; € R forall j € N, and {w,, },,c1y is a real zero-mean random process satisfying that
E(wjwy) = j,kazzufor all j, k € IN with 05, > 0. If there exist p,q € IN such that a_; = 0 for all

)
j>pandb_;=0forall j > q, then {x,},cn is called an ARMA(p, q) process.
Theorem 3. Suppose that {x,},c is an ARMA(p,q) process as in Definition 4. Let a(w) =

4 - q -

1+ Ya e/ and b(w) = 1+ L b_je ' forall w € R. Assume that a(w) # 0 and
j=1 j=1

b(w) # 0 for all w € R, and that there exist Ky, K, > 0 such that H(Tn((z))_lH2 < Ky and

2
H (T, (b))~" H2 < K, forall n € N. Then, {x,} ,cix is AWSS with PSD o> o and

“ al
P,(D) — P,(D) = O(1/y/n). (11)
forall D € (0, 12{\1 Ay (E(xn:lxll))].

Proof. See Appendix E. O

4.2.2. MA Sources

Definition 5 (MA process). A real zero-mean random process {x,, },c is said to be MA if

n—1

X, =w, + Z b_jw,_; VneN,

j=1
where b_; € R for all j € N, and {w, },,c\ is a real zero-mean random process satisfying that

E(wjwy) = 5j/k¢7§] forall j,k € N with o2 > 0. If there exists g € IN such that b_; = 0 for all

j > q, then {x,},cn is called an MA(q) process.

Theorem 4. Suppose that {x,},cn is an MA(q) process as in Definition 5. Let b(w) = 1+

q .
Y b_je ' forall w € R. Assume that b(w) # 0 for all w € R, and that there exists K > 0 such
=

that H(Tn(b))AH2 <K foralln € N. Then, {x,,},c is AWSS with PSD o2 |b|?, and
P,(D) — P,(D) = O(1/y/n).

, T
forall D € (0, 71121{\1 A, (E(men:l))]-

Proof. Itis a direct consequence of Theorem 3. O

4.2.3. AWSS AR Sources

Definition 6 (AR process). A real zero-mean random process {x,, },c is said to be AR if

n—1
Xy=w, — Y a_x,; VneN,
=1
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wherea_; € R forall j € N, and {w, },,c is a real zero-mean random process satisfying that

E(ijk) = (Sjrkazzufor’all j, k € N with o2 > 0. If there exists p € N such that a_; = 0 for all
j > p, then {x,},cn is called an AR(p) process.

Theorem 5. Suppose that {x,},c is an AR(p) process as in Definition 6. Let a(w) = 1+

p .
Y a,]-e_]““for all w € R. Assume that a(w) # 0 for all w € R, and that there exists K > 0 such
j=1
2
that H(Tn(a)fl H2 < Kforalln € N. Then, {x, },cn is AWSS with PSD Lzl"z, and

la

Pn(D) _Pn(D) = O(l/\/ﬁ)
forall D € (0, nlg{\l Ay (E(xn:lxll))].

Proof. Itis a direct consequence of Theorem 3. O

4.2.4. WSS Sources

Theorem 6. Suppose that {x,,},cn is a WSS process as in Definition 2 with PSD f. Assume that
f(w) # 0 forall w € R and that there exists m € IN such that fi, = 0 whenever |k| > m. Then,

Pn(D) _Pn(D) = O(l/ﬁ)
forall D € (0, min(f)].

Proof. See Appendix F. [

5. Numerical Example

In this section we give a numerical example. We consider an ARMA(1, 1) process
{x,}pew witha_y = =1, b4 = —% and aﬁ, = 1, channel noise variance > = 1 and an
average distortion constraint D = 0.5. Figure 5 shows the theoretical value of the average
transmission power required for each of the considered schemes withn € {1,...,100}. It
can be observed how the graphs of the average transmission power of the different schemes
follow the inequalities in (9), and how the transmission power of the different schemes get
closer as 1 increases. Moreover, we have simulated the transmission of 20,000 samples of
the considered ARMA(1, 1) process for n € {1,...,100}. Figure 6 shows the 10th and the
90th percentile of the power and distortion of the samples.

1.04 T T T T T T T T T
1081 [~ - .
f — — —P,(D) (optimal)
5 / P,(D) (Section 2.2.2)
£ 1.02f ——P,(D) (Section 3.1) 1
A ———P,(D) (Section 3.2)
1.01 |

1 1 1 1 1 1 1 1 1 1

0 10 20 30 40 50 60 70 80 90 100
n

Figure 5. Theoretical average transmission powers of the considered schemes.
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= = 4
S g 2
B 2 -
A A
0 20 40 60 80 100 0 20 40 60 80 100
n n
(a) (b)
E E Z
B 2 -
A A
0 20 40 60 80 100 0 20 40 60 80 100
n n
(c) (d)

Figure 6. Interval between the 10th and the 90th percentile for the actual transmission power and
the actual distortion (shaded) and theoretical average transmission power and distortion (solid
line) in each of the considered schemes. (a) Optimal linear coding scheme (Section 2.2.1). (b) Low-
power alternative (Section 3.1). (c) DFT-based alternative (Section 2.2.2). (d) DFT/IDFT alternative

(Section 3.2).

6. Conclusions

In this paper, two new low-complexity linear coding schemes for transmitting n-
dimensional vectors by using n times an AWGN channel have been presented. These
schemes are based on the DFT. The performance of these schemes, along with another
DFT-based scheme that had been previously presented, has been analyzed in comparison
with the optimal scheme among the linear ones. These three DFT-based schemes allow
good performance in terms of distortion using low-cost, low-power hardware.

In particular, it has been proved that, under a maximum average distortion constraint,
the considered low-complexity schemes require the same average transmission power as
the optimal linear scheme for AWSS sources when the block length, 1, tends to infinity.
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Moreover, it has been proved that for certain types of AWSS sources (namely WSS, MA,
AWSS AR and AWSS ARMA), the difference between the transmission power of each of
the three alternative schemes and the transmission power of the optimal linear scheme
decreases as O(1/+/n). Therefore, their performance will be similar to that of the optimal
linear coding scheme even for small values of n. In other words, replacing the optimal
linear scheme with any of the schemes studied here will not have, even for small block
sizes, a large penalty in terms of transmission power, while it will lead to a noticeable
reduction in complexity.
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Abbreviations

The following abbreviations are used in this manuscript:

ADC Analog-to-digital converter

AR Autoregressive

ARMA  Autoregressive moving average
AWGN  Additive white Gaussian noise

AWSS  Asymptotically wide-sense stationary

DFT Discrete Fourier transform

FFT Fast Fourier transform

IDFT Inverse discrete Fourier transform

iid Independent and identically distributed
TIoT Internet of Things

MA Moving average

WSS Wide-sense stationary

Appendix A. Average Transmission Power and Average Distortion of the
Low-Power Alternative

We first recall the basic symmetry property of the DFT.

Lemma A1. Let x;,y; € Cforall j € {1,...,n}, withn € N. If y,., is the DFT of x,..y, i.e.,
Y1 = Vy X1, the two following assertions are equivalent:

1 Xp1 S ]RHX1,

2. yj:mforallje{1,...,n—1}andynelR.

Now we show that Kj and B]- in (3) and (4), respectively, are well defined. If D €
(O, A, (E (xnzl xL) )} , applying Theorems 1 and 2 from [9], E (2]2) > A, (E (xm x;lr:l)> >

2 2
n n
D >0forallj € {1,...,n}. Hence (}l v ,/E(z?)) > (71[ v \/D> = D and, conse-
=1 =1

quently, P, (D) > 0. Thus,
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and, therefore, ij is well defined in (3). Furthermore, bZJZE (z]2> + o> >0 and, consequently,
B j is well defined in (4).
Next, we show that the average transmission power of the coding scheme shown in

Figure 3 is P, (D) given in (5):

1 =1 ni3
1 & [o%(® +P,(D)E(z}) 2 ( D o
_n];<\/ I _D< SV n(D)E]; E(zf)—D)
@ |D A1 ? 1{
-5y = 02+D(<nj[% E(zf)) —D)ng E(})-D

. — 2 . ~ a—
Finally, we show that 1E ( |0 — Xl F) = D. From Figure 3, observe that y; = y,,_;
forj € {1,. . VT_lJ }, where |a] represents the largest integer lower than or equal to
a € R. Furthermore, as E(x]-vk) =O0forall jk € {1,...,n} and given that each zj with

j € {1,...,n} is a linear combination of x,...,x,, E(zjvk) =0forall jk € {1,...,n}.
Consequently, since the Frobenius norm is unitarily invariant, we have:

CE (I~ 5al) =SBV o~ ) 2) = B (1 — 7 )

2] -
1 2 . 7|
- B[ ¥ (y-%)+ k; =Tl + v~ 3| )

je{3nnN =[]

n—1
1 e L= =2 _2
O S (e W S el y]-—yj\)

je{Fn}iNN k=1 j:"n+1‘|

N2 n—1 2 n—1 2
=B ¥ (y-9) + iy + L yj—w\)
je{Fn}iNN j:[ﬂw =

2
a2 e B e o)
je{gminN ]:[%“ ]:[nTH}
o fe{g,zn}mm<y’ 7) +2i:[%“1 Ii yf‘)
*1E \2 ) n—1 R _ 5 | N )
o je{gg}mm@j_yj) " ]-_[Zn;ﬂ(( e<yf_yf)) +<m(yf_yf))>

ez beae T )

je{g N =[]

= E ) (yj—ﬁj)Z—!—Z nil

je{Ln}nN =[]
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n

(= - '51)2)

j=1

:iE( 5 ulomo) ?w
=1

je{ 5NN

T T212) 1
VaUgg; = Vaugg|, | = G

S\ @2) ) (@6(2) 1)
1 ’ E?E(zjz) +0°
o J;E(Z]) (DCJZE (212) +c72 2

Appendix B. Average Transmission Power and Average Distortion of the
DFT/IDFT Alternative

We first show that ’o?]- and E]- in (6) and (7), respectively, are well defined. If D €

(O, Ay (E (xnzle))} , applying Theorem 1 from [9], E (‘yjf) > A, (E (xnzlx;lr:l)) >D>

2 2
2
Oforallje {1,..., n}. Hence (}1 Y E(‘yj’ )) > <}1 f‘, \/D> = D and, conse-
j=1

j=1
quently, P,,(D) > 0. Thus,

Ja%auﬁnw»lﬂ(wz) ) &J () _

D D =Y

2
and, therefore, b'cj is well defined in (6). Furthermore, ?)Z?E <’ y j‘ ) +¢* > 0 and, conse-

quently, B j is well defined in (7).
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We now show that the output of the encoder, u,.; = V,diag(w,,...,®;)y,.,, is real.
Observe that u,, is real if and only if V, u,, = diag(&,, ..., & )y,.; fulfills the conditions
given in assertion 2 of Lemma Al, ie., @y, € Rand a;y; = &,_jy,_;forj € {1,...,n —1}.
From (6), &; with j € {1,...,n} are always real numbers. Since y,,.; is the DFT of the
real vector x,,.1, ¥, is real, and so is &,y,. Furthermore, given that y; = ¥,_; for j €

{1,...,n—1},E<y]~’2> :E<

j e {1, N (e 1}, and ’D\C/n_]'yn_]' = bzn_]'yn_]' = &]y] fOI'j S {1, con = 1}
Next, we show that the average transmission power of the coding scheme shown in
Figure 4 is P, (D) given in (8). Since the Frobenius norm is unitarily invariant, we have:

2
ynf]“ > forj € {1,...,n —1}. Then, from (6), &; = &,,_; for

1 1 . ~ 1 . ~
;E(Hun:lH%) = ;E(andlag(l’(n,...,l’él)V;X”jHi) = ZE(Hdlag(o‘nr’"/al)vrjxn:lui)

:";< % 02+PVH(D)111]§ E(MZ)_D>
o307 5 (5 ) o) i) -

Finally, we show that %E(Hxn:l — J?EHIZ;) =D. As E(x]-vk) =0foralljke {1,...,n}
then E(y,qvp1) = E(Vyx,0v1) = Vi E(x,.1V51) = 0, where 0,,,,, is the n x n zero
matrix. Consequently, we have:

CE (I~ 5al) = SE(IVi (o — ) ) = B (1 — 7 1)

~ ~ " . " _ 2
Y1 — diag (‘Bn’ s fﬁl) Vn (Vndlag(“w . '/“1)3/;1:1 + 1/n:l) HF)

tm

wsl]
7~ N7 N -7 N

S|

Ypa — diag (Bn/ - .,El>diag('o?n,. -/ 01y — diag (:gnl : -wBl)Vrfvn:l ’i)
)
tr((diag(l — By, ..., 1— Elﬁl)ynﬂ - diag(ﬁn, ) ..,;Bvl)V:vnzl)
: (diag(l — By, 1= 31521)%;1 - diag(gn, . -r.gl) V:Vnzl)*))
= %tr(E((diag(l — By, ..., 1— Elﬁl)ym - diag(ﬁn, ) ..,El)V:vn:l)
: (diag(l - En&n/ 1= 317’71)%1;1 - diag(En,. : -rgl) Vn*Vnzl)*))
= %tr (diag(l — By, ..., 1— Elﬁl)E(ynslyZﬂ)diag (1 — B, ..., 1— Bﬁl)
+diag<gn,. .. ,El> V;E(wun:lvll) V,diag (En, . ,E1)>

diag(l T Blzl)ym — diag (Bn e Bl) Vi Va1

|
S[Bl= I~ I
sl

s
—
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(s (i) tios(3 B 1)
+diag (En, ., El) V:azanndiag (,En/ ., Bl) )

(- pa)e(uf) + )

=1
10 EfE(‘yjr) ] 5 b?jE(‘}/jD 2 )
ik l_ﬁ?E(\w!z)”z E(M )+ "%Z'E(\yf\z)”z )

\
Il
_
il
= |~
N
/N
q
N
S
+
el
i)
=
=
Q
N
~
usl
[
=
N
~——
+
Q
N

where tr(-) denotes the trace of a matrix.

Appendix C. Proof of Theorem 1

We first need to introduce the following result.

Lemma A2. Let A € R*? bea symmetric positive semi-definite matrix. Then,

\//\1(A) + \/Az(A) < \/[A]u + \/[A]z,z-

Proof.

V() +/2y(4) = V (Vmia)+ Wz(A))z — M)+ 25(4) + 2 /M (Anrala)
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= \/tl‘(A) +2y/det(A) = \/[A]l,l + [Al22 +2\/[Ah,1 (Al — [AlR
< J (AL + [Alyp +24/[A]11[A], = J (Al +y/[412)” = /14T + /{ALa.

O

Next, we prove Theorem 1.

Proof. P,(D) < P,(D) holds because of the optimality of the scheme presented in [4].
We now show that P, (D) < P, (D). Applying Lemmas A1l and A2 yields

=["3
B () (o)

Finally, we show that P, (D) < P,(D). Reasoning as in Step 6 of the proof of ([5]
Theorem 1) we have:

£+

Hence, from (2) and (5), P,(D D)<P P,(D )holds

je{s Zn:}rﬂN\/T]2 (2] ( Re y]>)2) * L:éj \/2E<(Im(yf))2>'

Hence, from (2) and (8), P,,(D) < P, (D) holds. [



Entropy 2022, 24, 669 16 of 20

Appendix D. Proof of Theorem 2

2

. . 2 2
Proof. We first prove that nh_r)r;o P,(D)=% ((21” I «/f(w)dw) - D). From (1) and ([10]
Theorem 6.6),

j=1

- ((L%ZV ))2D>
SR —D)

To prove the remaining equalities, from Theorem 1, we have to show that

A((1¢ ’
o - i (45 EGt)) o)

n—o0

lim (ﬁn(D) - Pn(D)) —0.

To that end, we need to introduce some notation. If A, is an n x n matrix, C4 is then xn
circulant matrix

CA,z = Vndiag([V A V} ’ [V:AHVIJ n,n)V:'

11700

Moreover, we denote by C,(f) the n x n circulant matrix defined as

Col) = Viding (£0). (% ) () Y

n

Due to the optimality of the scheme proposed in [4], and from the proof of assertion 4 of
Lemma 1 in [6],

Ogﬁn(D)_Pn(D)

HERENC )

@ | M(E(ni)) [E(mati) ~Col,
b )‘n (E(xnzlxr—lrzl)) \/ﬁ
A | [ECuavia)],  [E(uania) -]

R R o) R .
where C, == Ce (x - . Observe that, from Definition 3, {HE( X1 Xy 1) H } is bounded.
Hence, to finish thenpr”oof we only have to show that

lim [ () = Co, — 0. (A2)

n—co \/ﬁ
By combining Equation (16) in [11], Definition 3 and Lemma 6.1 in [10], (A2) holds. O
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Appendix E. Proof of Theorem 3

Proof. Since H(Tn(a))flu2 <K foralln e N, c,(T,(a)) > K% > 0 for every n € IN. As
2

a(w) # 0 for all w € R, from Theorem 8 in [12], {x,, },,cy is AWSS with PSD 0’;%.

Next, we show that in{\I Ay (E (xnzl x;—:l)) > 0. Observe that (10) can be rewritten as
ne

Tn(a)xnzl = Tn(b)wn:l Vn € N.

Then,

E(xu0 ) = 02 (T, () T, (0)(T,0) (T, ) )

and
(B(twrxia)) = = (Tula) (T @)L, 00 7) Tua) Ve,
Applying Theorem 4.3 frorriv[lo] yields
AuEl x,, xl = ! - = ! -
(Frs)) [(E(mm)) | 2@ (emen”) L],
(7'2 (7'2

2w 122 = >— >0 Vn € IN.
I @B m.en ||, s, @l ks

Finally, we prove (11). From (A1) we need to show that { HE (xnzl xll) -Gy,

}is
F

bounded. To that end, from Equation (16) in [11] we need to show that { HE (xnzlxll) -

2 2 2
(2] o (220) - (22
lal* /|l p la la
following two steps.
Step 1. Using Lemma 4.2 and Theorem 4.3 from [10] we have:

b 2
E(suaris) - 1212

} are bounded. This is shown in the
F

F

) [l
2
< ||t || 20 100" - 1@, (oﬂ) (Ty(a) "
F
< 2| T,(0)(T, (6)) " ~ T, (a) (T(”"j) +Tn(|b|2)Tn<1>
] ]
Tn(|b|2)n<|:|2 )(W))T
F

2

. U;K%<||Tn<a>|2A1H<Tn<a>>TH

2.2 2
< 0, Ky <||Tn(”)|2/\1 + Ay +

1, (bP) ~ T, T, (b1, <1|2> (T, (@)
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< 2K (IT 03+ 0+,

() = Tytam, ()7 (3) |
1), (16) 73 (3 ) = Tula) T, () T, (|1|2> (T,(a)T

2 2
sUi)Kl(u T, (@) |28 + Ag + As + [T, (@)

+

)
n(z)l)

A
<0§,K§( max |a(w)[? Ar+Ay+Agt+ max |a(w)| max |b(w A+ >
we

T”(|b|2) H2A4 +As

7

0,271] €[0,27] wel0,27] min |a(w)]

we(0,27]
2 1 b
A = Tﬁob )T <112>T%<|2
T

| n 1212
Ay = || T, (b)(T, (b)) — “(WZ) F

Ay = | (1) = 7, (albf) 7,

(3) —n(m )an)
T, (albl*) = T,(a) n(|b|)H

E( nlxnl) <U§U:b > }1sbounded.

Step 2. Using Theorem 4.4, Lemmas 5.2 and 5.3 from [ ] we have:

(%) - %)

4

F

_

7

1
a

7
F

>
Y
|
~
|~
N

From Lemma 2 in [13], {

()< (i)
)

+\cn

(w)],

(o) "~ e
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<a§,<r1+r2 T(|:|2> 2 Cn(“’|2)H s
e o) o)) - )
<05,<r1+r2 T<|al|2> TG (Jef* )H Ts
e ()], | (7. (1)) H )
:05,<r1+r2 T<|;|2> 7 n("” )H2r3
2 GBI RCACHN RA (CICT)N
max [b(w)f

+ max |b(w)|*T5+
min |a(w)]? we[012”]| (@) T+ 2\’
wel02n] wg[lolr;n] |a(w)]|

where

o2 1o -y
From Lemmas 2 and 3 in [13] and Lemma 5.4 in [10], w? —C, | o5y
bounded. O

Appendix F. Proof of Theorem 6
Proof. Fix n > 2m. From ([5] p. 1756) we have

S(GEHED) - () )

20° max(f) [&
= Dy | min(f) \/Elk('fk'2+ £-4f%):

Consequently, applying (1) and (8), we conclude that

~ 20° max(f) |[&
P(D) - P,(D) < 2 mm(f)\/zk(|fk|2+fk|2).

k=1
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