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Abstract: Recently, Ledoux, Nair, and Wang proved that the Fisher information along the heat flow is
2

d
log-convex in dimension one, that is — log(I(X¢)) > 0 for n = 1, where X; is a random variable with
density function satisfying the heat equation. In this paper, we consider the high dimensional case

. . L. L. . . d?
and prove that the Fisher information is square root convex in dimension two, that is 7 VIx > 0 for
n = 2. The proof is based on the semidefinite programming approach.

Keywords: Fisher information; heat equation; semidefinite programming; log-convex; square root
convex; sum of squares

1. Introduction

Let X be a random variable defined on R" with density function f(x), which is
assumed to be differentiable. The differential entropy H(X) and the Fisher information 1(X)
of X are, respectively, defined to be

VAR,
AT

In 1948, Shannon [1] proposed the entropy power inequality (EPI) Nx1y > Nx + Ny,
where X and Y are independent random variables defined by R" and N(X) := exp(2H(X))/
(27e). As one of the most important inequalities in information theory, Shannon’s EPI has
many proofs and applications [2-6].

In 1985, Costa [7] proved a generalization of Shannon’s EP], that is, the entropy power
N(Xp) of Xy = X+ \/1Z is concave in t, where X is a random variable and Z = N(0,1,) is
the n-dimensional standard normal distribution, independent of X. This inequality also
has many proofs and applications [8-11].

H(X)i=~ [ f(x)log f(x)dx and I(X):= [

2
Costa also proved that %H (X;) > 0and %H (Xt) < 0[7] (Corollary 1). Along this

line, Cheng and Geng [12] proposed the completely monotone conjecture (CMC)

m
(—1)m+li—mH(Xt) >0,me Ny
and proved the conjecture for m = 3,4 and n = 1. Guo, Yuan, and Gao [13] proved the
conjecture in the cases m = 3,n = 2,3,4 and the case m = 4,n = 2, using semidefinite
programming (SDP) software programs. Other related results were also obtained based on
the SDP approach [14,15].

The CMC was implicitly considered by Mckean [16] in studying the entropy for
solutions of the heat equation u; = Au. The density function of X; is a solution of the
heat equation u; = 1 Au [2]. Interestingly, the converse is also true; that is, if the density
function of a random variable Y; is a solution of the heat equation, then Y; has the form of
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X; [11]. Thus, studying properties of H(X;) and I(X;) are equivalent to studying that of a
probability measure satisfying the heat equation.

Cheng and Geng [12] also proposed the log-convexity conjecture: the Fisher information
along the heat flow is log-convex, which can be deduced from CMC. In 2021, Ledoux, Nair,
and Wang [17] proved the log-convexity conjecture for n = 1.

In this paper, we consider the two-dimensional case as suggested in [17]. We prove
the square root convexity (abbr. sqrt-convexity) of Fisher information along heat flow in
dimension two. Precisely, we prove the following result.

Theorem 1. Let X be a random variable defined on R?, Z = N(0, L) a Gaussian variable
independent of X, and Xy = X + +/tZ. Then we have

d2

V(X0 = 0. 1)

The main idea of the proof is that proof for inequality (1) can be reduced to the proof
of whether a quadratic polynomial is a sum of squares (SOS) [18] of linear forms, which can
be solved with SDP [19]. The SOS is explicitly given, which provides a rigourous proof for
the theorem. The SDP problem related with Theorem 1 has 71 variables, which is difficult
to solve by manual calculation.

We also show that log-convexity of the Fisher information along heat flow in dimension
two cannot be proven with the SDP approach. More precisely, the SDP software program
terminates, but fails to give a solution to prove the log-convexity. This does not imply
that the log-convexity in dimension two is not correct, because the SOS problem to be
solved with the SDP program is only a sufficient condition but not a necessary for the
log-convexity. Theorem 1 is proven as a weaker form of the log-convexity conjecture for
n = 2. We also show that Theorem 1 implies the CMC for the third-order derivative in
dimension two without assuming the log-concavity of p(x). Refer to Corollary 1 for details.

In Theorem 1, we do not assume that X is a log-concave variable. If adding the log-

1
concave condition, then from Toscani [20], m is concave, which implies inequality (1)
t
and the proof can be found in Lemma 2.

A drawback of the approach based on SDP is that the proof is difficult for people
to check. Although the SOS gives an explicit proof for the theorem, it is quite large to
be computed manually. To alleviate this problem, we give the programs and data in
github.com, so that interested readers may check the proof using software systems. Refer
to Remark 2 for details on how to do this. We also give an illustration for the method by
proving Theorem 1 for the case n = 1 in Section 3.1. On the other hand, in the proof of
information inequalities, it often happens that the computation is too large to be performed
manually, and using computer programs becomes one of the major approaches in proving
information inequalities [14,21-25]. To show our result more intuitively, we give the figures
7ﬁ+%)

5 )

2,2
of \/I(X¢) and log I(X;) in Figure 1, where p(y1,y>) in Equation (2) is y217yrz exp(
In this case, both /I(X;) and log I(X;) are convex in t.



Entropy 2023, 25, 558

3 0f20

o 1 2 3 4 5 [ 7 8 9 10

Figure 1. Figures for \/I(X;) and log I(X;) which are convex in .

2. Preliminaries
2.1. Notations and Preliminary Results

Let X be a random variable defined by R" with density function p(x), which is
assumed to be differentiable and Z = N(0, I,;) the n-dimensional standard normal distribu-
tion, independent of X. Then X; = X + V/tZ is also a random variable defined on R" with
density function

_ 2
£l 0= g fo, v ey %)

which is differentiable since p(x) is. It is known that f(x, t) satisfies the heat Equation (2)

%f(x,t) _ %Af(x,t).

The differential entropy H(X;) and Fisher information I(X;) of X; are, respectively, defined as

H(X):=— /]R" f(x,t)log f(x, t)dx and

_ [ IV )?
I(Xt).—/n Sy

For convenience, we use H(t) and I(t) to denote H(X;) and I(X;) in the rest of the paper.
We can easily obtain the following relation between H(t) and I(t) by de Bruijn’s
identity [2]:
d 1

By the definition of I(t), the Fisher information is always positive, so we can take the square
2
root of it. By Equation (3) and the fact aa?H (t) < 0[7], the first derivative of the Fisher
information is always negative:
d 1 d 12
—\/I(t) = —I(t) = —=—==5H() <0. 4
V10 = 3 0 = T art® < @

A function f(t) is called sqrt-convex in t if the square root of f(t) is convex in t. The
following lemma gives an equivalent form of sqrt-convexity, which will be used in the
proof of Lemma 10.
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Lemma 1. Theorem 1 is valid, that is, 1(t) is sqrt-convex in t, if and only if
2100 10— (w7 2 0 ®)
dt? dt -

Proof. The convexity of \/I(t) is equivalent to the fact that second-order derivative of
I(t) is positive. From Equation (4), we have

d? 1 d 1 42
T I(t) = —471(t)m(al(t))2+72\/@@“*)
1 d? d
= m(ﬂ( )dtzl(t) - (El(f))2)~

Since I(t) > 0, the lemma is proven. [

Corollary 1. If I(t) is sqrt-convex in t for n = 2, then the CMC for the third-order with dimension
two is correct.

2
Proof. Since % H(t) = %I(t) it suffices to prove — I I(t) > 0. Using Lemma 1, if I(t) is
d? d
sqrt-convex in t for n = 2, then we have ZI(t)ﬁI(t) > (al(t))2 > 0. Because I(t) > 0,
dZ
thend2 (t)>0. O

Lemma 2 gives the relationship among sqrt-convexity, log-convexity, and concavity
I(t)”

1
Lemma 2. If 0

I(t) is sqrt-convex in t.

is concave in t, then log(I(t)) is convex in t. If log(I(t)) is convex in t, then

Proof. Since d—zi = L(Z(EI(%))2 - I(t)d—zl(t)) < 0, we have I(t)—— & I(t) >

’ 2 I(t) — I(t)3 " dt dt2 dt2 -
d d P2 1 2 d .
- . = = ——(I(t)— >
2 1(0)7 > (G1(0))% Then, 3 10g(1(8)) = 7153 (1) G21(0) = (5 1(1)?) > 0, which
2
means that log(I(t)) is convex. Similarly, convexity of log(I(t)) means that I(t) %I (t) >
2
(;tl( t))2. Then we can obtain ZI(t)%I(t) (;tl( t))2. By Lemma 1, I(t) is sqrt-convex
int. [

We consider the two-dimensional case and suppose that the two variables are

. . . I f(x, )
x = {x1,x2}. For convenience, we use f instead of f(x,t) and f,; instead of “Saiad
X194
Then we can rewrite the Fisher information as
£ 1,0 +£3 0,1
I(t —————dxidx 6
=/, 7 2 ®)
and the heat equation as
of _ faotfor @

ot 2
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au+b

By Equation (7), it is easy to see that for each f, ), = axiox

b , we have

Ofap _ P f " fro+ foo _ Jorap t fapeo

o oxtodl of  oxioxl 2 2 ®

In the following, we formally define the concept of differential forms, which are used to
reduce the size of the SDP problems to be solved. Refer to Remark 1 for details.

A differential monomial is of the form M = H ZJ ', where v; = f, 5, n; € Ny, and
a;,b; € N. We define the order of v; to be ord(v,) = a; + bz, the total order of M to be
ord(M) = Z n; - ord(v;). The total degree of M is deg(M) = Z n;. A differential polynomial

is a finite 11near combination of differential monomials over @ A differential polynomial P
is called the k-th order differentially homogenous polynomial, or simply a k-th order differential
form, if each of its differential monomial is of total degree k and total order k.

2
In Lemma 3, we compute the expression of I(t), El(t)’ %I(t).

Lemma 3. We have

/ fdxldxz, / dxldxz, dt2 / dexldxz, 9)

where each 1; is a 2i-th order differential form for i =1,2,3.

Proof. By Equation (6),

11 :flz,O +f§,1 (10)
is a second-order differential form, so the lemma is correct for I;. For I,
d [ 1oL Lof _ 2311 f20+f02
Then,
I _fzall iy f20+f02
= ff10f30 10f1,2 01f2,1 0,1f03
fiof +fff + f2forfor + fforf
 ffinfo  ffoafa  ffiefor ffoafor
) " fhafe fhfon -
= fio(ffa0 + ffia — 1'; 20 _ 1'3 02)
2 2, floafoo  ffoafoe
+ fo1(f fa1 + ffos 5 > )
= fi0F1,0 + fo1Fo1,
where fhofen _ iof
_ 2 2. fHof20 10fo2
~ R ffo%fzo _fh, 1f02 (12)
_ 2 20 Ty,
= f a1+ ffo3 > >

are third-order differential forms.
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Thus, I, is a fourth-order differential form. Similarly, we can show that I3 is a sixth-
order differential form:

I = f*fs0fi2 + ffaifoz + faoftofor + F2f20f51fo2 — ff30f20f10
— P foforfio = Fhafafor — £ faaforfor — P fiafeofio — ffizforfio
— P fosfanfor = P foaforfor +1/2f2 faf51 +1/2f fiofio +1/2f f3ofo
+1/2f o flo + 1/2f f2 + 1/2f 3 +1/2f 35 + 1/2f* f3 (13)
—1/4F° f51fap +1/2f* forfag — VAP fo1foa = 1/2f f§1fo0 + o1 f23
+ A ffae = 1/2f fofan = 1/4F° flofao + 1/2f for fos — 1/4f° fiofoa
+1/2f* fiofs0 + 1/2f* f10f1a-

The lemma is proven. O

Inspired by Cauchy-Schwarz inequality, we obtain the following inequality which is
used in the proof of Lemma 9.

Lemma 4. For functions f1, f,81,82 in x = {x1,x2}, we have

2
(/Rz(flgl +f2g2)dx1dx2) < /Rz(fl2 + f3)dx1dx /]Rz(g%+g§)dx1dxz. (14)

Proof. Using the Cauchy-Schwarz inequality, we have | f1g1 + f292| < \/ (f2+ f3)(g3 + &%)
Using the Cauchy-Schwarz inequality of integral form, we have

2
</1RZ \/(f12 +3)(81 + 8%)dx1dx2> < /RZ (ff + f3)dx1dx /R2 (87 + 83)dx1dxz.
Combining the above two inequalities, we prove the lemma. [

2.2. Constraints

The density function f and its derivatives satisfy certain integral equations, from
which the constraints of the SDP problems to be solved are obtained. Due to these reasons,
these integral equations are called constraints. Precisely, a 2m-th order differential form R
is called a 2m-th order constraint, if

R
R2 fdeldXZ - 0

It is easy to see that the equations in (9) are still valid if Iy is replaced by Iy + Ci, when
Cy is a 2k-th order constraint. Guo, Yuan, and Gao [13] proposed a method to compute the
constraints, which will be used here to compute the constraints in dimension two. In the
following, we show how to compute the 2m-order constraints.

Lemma 5 ([13]). Let k,m;, n; € Ny and f('”i) be the m;-th order derivative of f in Equation (2).
Then

k 1e(mi)rk |
f dx, = 0, (15)
1

i= Xg=—00

wherea =1,b=20ora=2,b=1.

This lemma guarantees that when using the integration by parts, the integral term of
lower dimensions vanishes. The following lemma shows how to generate constraints. We
repeat the proof here, because the proof procedure will be used in the proof of Lemma 7.
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Lemma 6. Let M be a differential monomial with total order 2m — 1. Then we can use integration
by parts to obtain a 2m-th order constraint from M.

Proof. Let x,; be one of the variables x1, x5, and x;, be another variable. Then we have

0 M © M
/RZ aixumefZ dxadx, = /700 fme—l

Then using integration by parts, we have

dx, 20,

Xg=—00

0o M 1 oM of 1
T 5 AXadxp = / ) P oy — (2m — 2)M o T ————dx,dx;
1 oM of
= Jeo Jm(fa—xﬂ — (2m = 2) M- )dxgdx, = 0.
Thus, M":=f giw —(2m—-2)M % is a 2m-th order constraint and the lemma is proven. O
a a

3. Proof of Theorem 1

The proof of Theorem 1 mainly consists of two steps. The first step, summarized in
Lemma 10, is used to reduce the proof of Theorem 1 to the proof of the non-negativeness
for a quadratic form with undetermined coefficients. This step is given in Sections 3.2-3.4.
The reduction has three main ingredients: (1) Constraints given in Lemma 8 are used to
form the SOS and Lemmas 5 and 6 show how to compute the constraints. (2) Lemma 7
is used to reduce all involved quantities into quadratic forms in certain variables. (3) By
introducing J3 in Lemma 9 and using the Cauchy-Schwarz inequality in Lemma 4, the

I 2
quantity < Jg2 ]72311951 dxz) is relaxed to a simple form.

The second step, given in Section 3.5, is to compute the undetermined coefficients of
the quadratic form using SDP, which is summarized as Problem 1. This step has two sub-
steps: (1) In Problem 2, the undetermined coefficients a; and ; are computed by omitting
the second degree terms. (2) In Problem 5, the undetermined coefficients A, are computed
using the values of «; and f; obtained in the first sub-step. In these two sub-steps, the
quadratic forms are linear in the undetermined coefficients which can be computed with
SDP and the computation procedure is given in Problems 3 and 4.

3.1. An Illustrative Example
In this subsection, we will prove Theorem 1 for n =1 and use this as an illustration of

our proving method.

By Lemma 1, it suffices to prove (5). For convenience, we write f(x,t) as f and
a

3 f(x,t) as f,. Using Lemma 6, we can obtain the constraints E,i=1,...,6:

fu 3ff12J;§3— 2f1d
fR ldx—Oz—l .6),
f4f1f5 + i fafs— P fifa Ey = fhafa+ 13— FPhfafs

=PRA+2Pfhfs =2 fifs, Ea=2ffifofs+ P15 —2ffi 13,
=R +3f2ff; —3ffif.  Es=5ffif2—4f}-

(16)
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By Lemma 3, we have

2
I(t):/RJ;}dx,
1) = /Rwdxz/Rfl(zf%_fﬁfZ)dx,

dt 213 2f3
_ / AQ2f2fs — ffifa+a(3ffifo — fo’))dx
JR 213 ¢
L= 21413 — AP fifofs + 2F Fifs 1212113 — PR,
dar? R 4f5
E
= IR{ﬁdx,

where £y = 2f*f2 —4f3fifofs +2f*fifs + 2f*f1f3 — f°fifs- By Lemma 4,

2 20 o 31)2
(il(t))zS/RJ;dx/R (2f°f5 fflfzj:;;@fflfz 2f7)) i,

Eq ()
Jr 4f°

where Ei (a):=2ff3 — ffifo + «(3f fif2 — 2f}).
By Lemma 1, it suffices to find an a such that 2E, — Eq(a)?> > 0 is true under the
constraints E;,i = 1,...,6, which is a consequence of the following SOS:

= I(t) dx,

1 . A A 4 . 4 2 8
2By — E1(—3)° =4k +4By — 23 + 2 Bs — o Eo = @ - 2ffifa + SR+ g A 20 (17)

3
By (16) and (17),
d? d ) 2F, — E1()?
- (= > Zoe —NT
21(t) 251(6) = (5 1(0)* = 1) /R T R
1, a  a oa 4. 4.
2E, — El(**) —4FE1 +4E, —2E3+ -E5 — —E¢
_ 3 3 15
— I(t) / dx
R 4f5

Theorem 1 of case n =1 is proven.

Equation (17) can be obtained in two steps. In the first step, we compute «. Instead
of 2E; — Eq(a)? > 0, we consider 2E; — ((2f2f3 — ffif2)? + 2a(2f%f3 — ff1f2) Bf fif2 —
2f3)) > 0 under the constraints, which can be solved by SDP since « is linear in the
expression. Suppose that the solution for & is .

In the second step, we check whether 2E, — E1(ag)? > 0 is valid under the constraints
using SDP, and the SOS in (17) can be found. Details of the proof procedure are given in
the rest of this section.

3.2. Compute Constraints

In this section, we compute the fourth-order and sixth-order constraints using Lemma 6.
For instance, from the differential monomial M = ffj; fo o with total order 3, we obtain
two fourth-order constraints:

oM J
Ci=f=—— 2Ml = f*f30fo1 + fAfr0fi1 — ffaofiofor
8x1 axl

oM d
C=f—-— ZMi = 2 fr1fo1 + ffrofor — ffz,ofg,y
8x2 axz
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By considering all differential monomials with total order 3 and total degree 3, we
obtain 20 constraints. Some of the constraints cannot be divided by fy 1 or f1 9, which are
not needed in the proof due to the form of I in Equation (11). Finally, we obtain eight
fourth-order constraints f1 oP;(1 <i < 4) and fp1Q;(1 <i < 4), where

Py =3ffi0f20 = 2f30 Py =3ffiof11 — 2fo1fT0
Py =2fforfi1+ ffoafio —2f51 /v, Pa=2fforfoo + ffiofin — 2fo1ftor (18)
Q1 =3fforfor — 231, Q2 = 3fforfi1 — 2f§1 10/

Q3 = fforfin +2ffoafro —2f51fro, Qa= fforfoo +2ffrofin — 2fo1fTo-

Similarly, we obtain 136 sixth-order constraints R; (1 < j < 136). In summary, we
obtain constraints f1 oP;(1 <i<4), fo1Q;(1 <i <4),and R]-(l < j < 136), which satisfy

Jr2 fl],:]?) “dxydxy = [po fo;gldxld“ =0i=1...4
< (19)
fRz Tédxldx2 = 0,] — 1,. . ,136

3.3. Reduce to Quadratic Form

In order to obtain an SDP problem with a smaller size, we will reduce all differential
polynomials in the proof into quadratic forms in a set of new variables M = {M; : 1 <i < 14}
which are all the differential monomials with total order 3 and total degree 3:

My = f*fz0, Mo=f*foq, Mz = f*fia,  My= f*fo3,

M — Ms = ffrofi0, Ms = ffaofor, M7= ffirfio Ms= ffi1for
My = ffoafro, Mo = ffoafor Mn = fiy M = fiofor
Mz = fiofg,, M= f3;-

We rewrite F, o, Fy1 in Equation (12) and P;(1 <i < 4),Q;(1 <i < 4) in Equation (18)
as linear forms in M:

(20)

- 1 1 ~ 1 1
Fio= M+ Msz— -Ms — §M9, Fop =My + My — Mg — EMlOI

P = 3Ms — 2Myy, 2 P, = 3My — 2Mjys, ?

Py = 2Mg + Mg — 2M;3, Py = 2Mg + My — 2Myp, (21)
Q1 = 3Mjg — 2Myy, Q2 = 3Mg — 2My3,

Q3 = Mg +2Mg — 2My3, Qs = My + 2M7 — 2My,.

The following lemma shows that any sixth-order constraint can be reduced to another
sixth-order constraint which can be written as a quadratic form in M.

Lemma 7. For any differential monomial M with total order 6 and total degree 6, we can compute
a sixth-order differential form P such that

M P
/RZ Fdxldxz = /]RZ f—5dx1dx2

and P is a quadratic form in M in Equation (20).

Proof. Since M is a differential monomial with total degree 6 and total order 6, let
6 Ci
M = []v withov; = f,., =
=1 = faub axigx
fors < k. We call (cy, ..., cq) the order type and ¢ the leading order of M.

satisfying ¢; = a; + b;, Z?zl ¢ = 6,and ¢s > ¢




Entropy 2023, 25, 558

10 of 20

If ¢; > 4, similar to the proof of Lemma 6, we can use integration by parts to obtain a
new polynomial P; with leading order c; — 1.

1 f 6

Jxe ;\gdxldxz = Jre 7 axalax H v; dx1dx;
acl 1f a (22)
= — fR - 1 b1 8x1 (f5 H (%1 )dX1dx2/
*1
, . s, 097lf 9 1 6
where we assume a1 > 1, without loss of generality. Let P; = f( (= I1v)).

fPiz
It is easy to see that P; is a sixth-order differential form. Since ¢; > 4, we have ¢; < 2 for
i =2,...,6,and hence the leading orders of all monomials of P; are equal to or less than
c1 — 1. If the leading order of a monomial M of P is still equal to or more than 4, we can
repeat procedure (22) for M until the leading orders of all monomials of P; are equal to or
less than 3.

After the above procedure, we obtain a sixth-order differential form P; such that the
leading orders of all monomials of P; are equal to or less than 3. If the order type of a
monomial M of Py is (2, 2,2,0,0,0), then we use procedure (22) to change M to a differential
polynomial P,. It is clear that the leading orders of all monomials of P, are equal to or less
than 3 and the order types of all monomials of P, are not (2,2,2,0,0,0). Using the above
procedure, we may eliminate all monomials with order type (2,2,2,0,0,0). For instance,
for the monomial f3 f2,0f1,1f0,2 with order type (2,2,2,0,0,0), we can obtain a sixth-order
differential form f3f2,1f0,2f1’0 + f3f1,2f1’1f1’0 - 2f2f1,1f012f12,0.

After the above two reduction procedures, we obtain a differential polynomial P such
that the leading orders of all monomials of P are equal to or less than 3 and the order types
of all monomials of P are not (2,2,2,0,0,0). Then the order types of the monomials of P are

ax;”*laxgl dxq

(3,3,0,0,0,0),(3,21,0,0,0),(3,1,1,1,0,0),(2,2,1,1,0,0),(2,1,1,1,1,0).

All monomials with the above order types can be written as M;M; for certain M;, M; in
Equation (20). For instance, the monomial f4 f3,0f2,1 has order type (3,3,0,0,0,0), which can
be written as M1 M. Thus, P is a quadratic form in variables M. The lemma is proven. [

_ Using Lemma 7 to each monomial of I3 in Equation (13), we obtain a quadratic form
13 in M
I =1/2M2 — M{Ms +3/2M3 — 3My Mg + 3/2M3 +1/2M3 — 2MyMg — MyM;
— MyMyg — 1/2M2 +3/2M2 — 3M2 — 2M; My + 3M3 — 5/2M3 — 3/2MoMy; (23)
+21MoMy3 — 1/2M2, + 3/5M3; + 3M2, — 15M3, +3/5M3,

which satisfies

k! I
./]RZ Fdxlde = /RZ FdxldXZ. (24)

Using Lemma 7 to all monomials of R; (1 < j < 136), we obtain R; which are quadratic
forms in M. Doing Gaussian elimination to R; (1 < j < 136) to eliminate the linearly
dependent ones, we obtain 48 constraints ﬁj (1 < j < 48) which are given in Appendix B.

The variables in M satisfy certain relations, such as MsMg = f 2 f20 fL 1f1,0fo1 = MeMy,
which are called intrinsic constraints. We have 15 intrinsic constraints R;(49 < i < 63). In
total, we have 63 sixth-order constraints which are quadratic forms in M:
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Ri(i=1,...,48)
Ry = MsMs — MgM3, Rsp = MsMig — MgMo,
Rs; = MsMyp — MgMi1,  Rsp = MsMys — MgMyy,
Rsz = MsMys — MgMi3,  Rsy = MyMyg — MgMs,
Rss = MyMip — MgMiy,  Rsg = M7Miz — MgM, (25)
Rs7 = M7Myy — MgMy3,  Rsg = MoMiyp — MygMys,
Rso = MoMy3 — MigMia, Reo = MoMyg — MygMys,
Re1 = My1My3 — M3, Rz = M1 Mg — M3y Mys,
Re3 = M1aMyy — M2,
where R; (i = 1,...,48) are given in Appendix B.

The following lemma summarizes all the constraints needed in the proof.

Lemma 8. From Equations (19), (21) and (25), we obtain the following fourth-order constraints
and sixth-order constraints

fR2f103P’d 1dxy = fszOlQldxldxz—Ol—l 4,
J (26)

fRz Fd)quz = 0,] = 1, .. .,63,

where ﬁj are quadratic forms in M and P;, Q; are linear forms in M.

Proof. We need only to consider the equalities for ﬁj (1 <j < 48). R; is obtained from R; by
applying Lemma 7 to each monomial of R;. Then by Equation (19) and Lemma 7, we have

R; R; . _ . o
Jre f—édxldxz = Jp2 f—édxldxz =0,j =1,...,136. R; are obtained from R; (1 < j < 136)
by doing Gaussian elimination, so the ﬁj are linear combinations of R; over Q. Thus

R‘
fRZ f—édxldxz =0,j=1,...,48. The lemma is proven. O

3.4. Reduction to Semidefinite Positiveness of a Quadratic Form

In this section, we give an ®, which is a quadratic form in M, such that Theorem 1
is true if ©® > 0, that is, O is a semidefinite positive polynomial when f, , are treated as
independent variables.

In the following key lemma, we introduce J3 in order to generate a common factor

I
I = [g —~dx;dx, in the proof of Lemma 10.

f

Lemma9. Let

I~3¢=(1?10+13) +(f01+®

~ ~ 27
P=yi P, Q=1rt, B 5 fm T8, iR, w0, By € R, @)

where ?1,01 fo,l, D, Qi are defined in Equation (21) and ﬁj are defined in Equation (25). Then, I3 is
a quadratic form in M and satisfies

12 2 Il j;
( /R , f3dx1dx2> < /R . ?dxldxz /R ) f—sdxldxz, (28)

where 1y and I are defined in Equation (10) and Equation (11), respectively.
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Proof. 3 is clearly a quadratic form in M. From Equations (10) and (11), I; = f1 ot fo 1
fi0
NG

and I, = fl,Oﬁl,O + f0,1f0,1 (Fip = 1?1,0, Fo1 = 1?0,1) Using the inequality (14) with f; =

E F
fa= {f/gl fz(z}f'gz = ﬁ/we have
I 2
Jre f—deldxz
- _ 2
I P
(27),26) ( Lk + £ 1,0f3+ fo1Q dx, dx2>
T _ 2

(1) Jo fro(Fio+P) }Fg’fO/l(FO'l +Q) dxldx2>
(14) 2 4 f2 Fio+P)*+ (Fo1 +Q)°
< Jre deldXZ Jr2 (o P) fs( 1+ ax1dx;

o o = 2] E 0 R
o 24 f Filo+P)?+ (Fp1 +Q)?>+R
© % dxydx; [po (Fro+ P) }50’1 Q FR iy

10),(27) I JE
(10 Jxe ldxldxz I]RZ Z=dxydx;.

The lemma is proven. [

In Lemma 10, proof of Theorem 1 is finally reduced to the proof of an inequality for a
quadratic form with undetermined coefficients.

Lemma 10. Let I3 be defined in Equation (23) and J3 be defined in Equation (27). Then Theorem 1
is true if there exist a;, B;,y; € R such that

@:=2I3-J3 >0, (29)
where © is a quadratic form in M.

Proof. @ is clearly a quadratic form in M, since I3 and J3 are. By Lemma 3, we have

2
211 jzlm (d10 0

= 2(Jpe dxldxz fRZ —dx1dxo) — (fpe f3dx1dx2)

> fRz dxlde f]RZ dxlde f]RZ d)quZ f]RZ d)quZ)

(g) fRz dX]dxz fRz f]dX]dxz)
29)
> 0.

Since f > 0and I; > 0, by Lemma 1, Theorem 1 is true if ©> 0. [

3.5. Prove Theorem 1 by Solving an SDP Problem

In this section, we will give an ® in Equation (29) satisfying ®> 0 and hence prov-
ing Theorem 1. By Lemma 10, in order to prove Theorem 1, it suffices to solve the
following problem.
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Problem 1. Find a;, B;,y; € R such that
L 6 _ RO R
©=2—J3=2—) 7Rj— (Fo+ Y al)?*— (Fo.+), piQi)°> >0, (30
j=1 i=1 i=1

where I is defined in Equation (23); ﬁ]- are defined in Equation (25); and 1?1,0, ?0,1/ D, Q; are defined
in Equation (21).

It is impossible to compute a;, B;, 7; in Problem 1 with SDP directly, since © is not

linear in ;, B;. We use the following strategy to solve Problem 1:

S1  Expanding the squares (F o+ Y+, «;P;)% and (Fy; + Y-, B:Q;)? and deleting the
terms — (Z?Zl #;P;)? and — (Z?Zl B:Q;)2, we obtain Problem 2 which is weaker than
Problem 1.

S2 Since © in Problem 2 is linear in «;i, Bi, 7Yj, we can use SDP to solve Problem 2 and let
®;, Ei, 7; be the solutions.

S3 Let ®; be obtained from © by substituting «;, B; with «;, Bi. Then, O is linear in 1;
and we can use SDP to compute i such that ®; > 0 is true. Under this condition,
Problem 1 becomes Problem 5, and it suffices to solve Problem 5 in order to prove
Theorem 1.

Problem 2. Find a;, B;,y; € R such that

_ _ _ N 63 _ 4 o 4 o
©:=02L —Fy—F1)— Y 7R —2Y a;FioP —2) BiFp1Qi > 0,
=1 =1 i=1

1

where I is defined in Equation (23); ﬁ]- are defined in Equation (25); and E,O, ?0,1/ D, Q; are defined
in Equation (21).

Since @ is a quadraticAform in M, it Nis well known that ©> 0 is eqliivalent to the fact
that the symmetric matrix @€ R4x14 £ @ is positive semidefinite, that is, @> 0 [19]. In other
words, Problem 2 is equivalent to the following SDP problem [19].

Problem 3.
minai,ﬂi,wjeR 1 s.t.

©:=(25 — F}y — F3;) — X823, 1Ry — Ty 20iF1 0Py — oy 2BiF01Qi = 0,

where Q € R"™ " is the corresponding symmetric matrix for any quadratic form Q in M and
n=|M|=14.

We set the objective function to be 1, which means that it suffices to satisfy the constraints.
We actually solve the following dual problem [19] of Problem 3:

Problem 4.
max —trace(XTT)
5.t trace(X'R;) =0,j=1,...,63

trace(XT2F o) = 0,i =1,...,4
trace(XT2Fy1Q;) =0,i =1,...,4
X >0
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where T:ZE — 1?12\0 — I?g\l,X e R"™" andn = |M| = 14.

Remark 1. If not using differential forms to reduce the polynomials into quadratic forms in M,
then we need to consider all differential monomials with total degree 3 and total order < 6 as the
bases for the SDP Problem 4. In such a case, n = 100 instead of n = 14, and we need to solve a
much larger SDP problem for X € R"™*".

We use the CVX package in Matlab [26] to solve Problem 4. The program is given in
Appendix A. Our complete code and data are available (accessed on 30 November 2022) at
https:// github.com/liujunliang19/sqrt-convex.

With CVX, we obtain a set of solutions for Y i, Bi, which are given in Appendix C.
From the above discussions, we see that these values are also solutions to Problem 2.

Finally, according to step S3 just above Problem 2, we put the solutions for «;, §; back
into © in Problem 1 and obtain the following problem.

Problem 5. Find A]- € R such that

63

~ ~ ~ 29~ 32~ = 29 ~ 23

©1:=2 - ), AR = (Fo = 17671~ 139 74)" — (For = 17502 = 75
]:

Q3)? >0, (1)
where I is defined in Equation (23); ﬁj are defined in Equation (25); and 1?1,0, fo,l, D, Q; are defined
in Equation (21).

Similar to Problems 3 and 4, we obtain a set of solutions for /\j, which are given in
Appendix D. Now @7 is a semi-positive quadratic form and it is well known that ®; can be
written as an SOS. The value of ©; as well as its SOS representation are given in Appendix E.
Hence, we solve Problem 1 and therefore prove Theorem 1.

Remark 2. Note that the SOS given in Appendix E provides an explicit and direct proof for
Theorem 1 and the solution procedure for the SDP is not needed, similar to Equation (17) for the
case of n = 1. Of course, the SOS in Appendix E is quite large and difficult to check manually. In
order for interested readers to check the proof with a mathematical software system, we also give the
complete code and data in https://github.com/liujunliang19/sqrt-convex (accessed on 30 November
2022). The SOS expression for H is in the bottom of our Maple code named sqrt-convex2.mw,
which can be run directly.

Remark 3. Wealso try to use the above approach to prove the log-convexity of the Fisher information
along heat flow for n = 2. The CVX program returns failed. Thus, we cannot prove the log-convexity
with the above approach. We also cannot say that the log-convexity is not correct, since the log-
convexity is not equivalent to Problem 3.

Remark 4. Theorem 1 is stronger than the CMC for the third-order derivative with dimension

3
two. In other words, given Theorem 1, we can obtain %H (X¢) > 0(n = 2). Using Lemma 1,
2 2
we obtain ZI(t)%I(t) > (%I(if))2 > 0(n = 2). Since I(t) > 0, we have %I(t) >0(n=2).
a3 1 d?
| 1 _— = - — > = .
Using Equation (3), we have dt3H(Xt) 3 dtzl(t) >0(n=2)


https://github.com/liujunliang19/sqrt-convex
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4. Conclusions

In this paper, we prove the sqrt-convexity of Fisher Information along heat flow in
dimension two. It is easy to find that this conclusion is weaker than the log-convexity
conjecture. However, it is stronger than the CMC for the third-order derivative with
dimension two.

The proof is based on the SDP method. In order to reduce the size of the SDP problem,
we prove that any sixth-order differential form can be reduced to an “equivalent” differ-
ential polynomial which is a quadratic form in certain new variables. Based on this fact,
we reduce the sixth-order differential forms into quadratic forms in a set of new variables,
which reduces the size of the SDP problem significantly.

For possible future research directions, it is interesting to prove the sqrt-convexity for
higher dimensions (n > 3) using the method given in this paper. In this case, the main
difficulty is to establish inequality (27) in higher dimensions. Another question is to prove
the log-convexity by introducing more constraints or new methods to solve Problem 1
without using the relaxation method used in Problem 2. The methods introduced in this
paper may be used to prove other EPI inequalities related with the heat equations.
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Appendix A. Matlab Codes for SDP

The following Matlab codes are used to solve Problem 4.

cvx_begin

variable Z(n,n) symmetric

dual variable y

maximize (trace (C+X))

subject to

[trace (A_1+Z) ,trace (A_2+Z),... ,trace (Am+Z)] ==
zeros(m,1):y;

Z == semidefinite (n);

cvx_end
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Appendix B
We give ﬁi (1 <i < 48) in Equation (25).

~ 16
Ry =4MsMy; — §M11M12

~ 4
Ry = MgMy4 — §M13M14

R3 = MMy +3M3 — %M%l
Ry = MyMyy +3MsMy — %Manz
Rs = M3aMi4 + 3MgMyg — 15£M13M14
Re = MyMyy +3M7, — %Mﬁ

Ry = 3MsMys — 5 MoMyy — 2M3,

Rg = MMy + 2MsMg + MsM; — 15—21\/1111\/112

Rg = MyMyy + 3M3 + §M9M13 —6M2,

Ryp = M3Myq +3M3 + ZMgMu —3M3,

Ry1 = MyMi3 + MgMyg + 2Mg My — 15£M13M14

Rip = —MsMo + M3 + ZM9M11 - M3,

Ri3 = —3MgMyo +3M3 + %M9M13 — 18M;

Ryy = MyMy3 +2MsMg + M2 — %Mngl —2M3,

Ry5 = MyMy, +2MsMg + M3 + %MgMH —3M3,

Ryg = M3My3 +2M; My + M3 + gMgMB —6M3,

Ry7 = 2MyMy — 2M;3Ms + 4MsMg — 6MsMg + 2M3 + %MgMH —6M3,
Rig = §M3M7 - §M4M5 - §M5M10 + 4M; Mg — %M7M9 +10Mg My — 8My1 My
Ryg = MMg + My Mg — Mo Mg — MyMy +2M% — 2 M2 — gMgMH +2M2,

1 2 8 4
Rog = —MyMg + -M3My + - MyMs + - MsMqg — 4M7Mg + §M7M9 —10MgM1y + 8M11 M1y

3 3 3
~ 12 8 4 12 24 12, 8 16, »
Ry = —M3Mg — =MsMg — = MM — MsM — M¢Myg — — M5 — —M-My19g — — M.
21539546547+559+561057571059
12 48
— 3MgM;y; — 12MgM3 + gM%z + gM%
~ 5 4 1 2 4 8 4
Ry = 7§M3M8 + §M3M9 — §M4M6 + §M4M7 + §M5M9 + §M6M10 — gM% — 2M7 My
2 4
- gMg - gMgMn —15MgM;3 + §M%2 +12M2,

Ro3 = 3M; Mg — 6My Mg + 3M3Ms + 5M3Mg — 4M3 Mg + MyMg — 2MyM; — 4MsMg + 6M2

— 8MgMag — 2M3 + 6MzMag +2M3 — MMy + 45Ms My + 2M3, — 36M3,
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Roy = 5M5My; — 4M3,

Rps = 5MyoMyy — 4M3,

Rpg = 5M7My; — 4My1 Myp

Ry = —20MgMyy + 16M13Myy

Rog = M1 Mg — MpMs

Ra9 = 2M5My4 — 2Mg My,

R3p = MgMyy — 6MgM3 + 4M3,

R31 = 4My My + MgMy; — 4M3,

R3p = 2M;Myy + 3MgMy3 — 4M2,

R3z = MyMyq +3M;Mg — 3Mg My,

Ray = My My + 3MgMsg — 3Mo My

Ras = 3MyM3 + 2Mo My — 4My1 Myg

R3g = —MyMg + MyMy + 2MgM;g — 2Mg My

R3y = —M;M3 + My Mg + M3 — MMy

Rag = 2My My — 2M Ms + 4MsMg — 4MsM;

R39 = 2M3Myo — 2M4 Mg + 4MgMjo — 4Mg Mg

Ry = MyMyy +2MyMyg + M3 — 3MgM;3

Ry41 = 12M5M;g — 12My;Mg — 30Mg My, + 24Mq1 My,

Ryp = M3Myp + 2My Mg + My Mg + 2MgM;5 — 4My1 My

Ry3 = MyMy3 + MgMs + 2My Mg + 2Mo My — 4Mq1 Myy

Ryy = 2MyMyg — 2M;3 Mg + 4MgMyg — 4M; Myg — 30Mg M3 + 24M2,

Ry5 = 3M; My — 2M35My; — MyMs — 4Ms Mo + 6MgMg — 2My M

Ryg = MyMy — M3 + 2M3Mg + M3Mg — MyMg — 2MyMy + 2MgMyg — 2M3
= —MyMg + M3Mg 4 4MsM;g — 2MgMg — 4MyMg + 2M7Mg — 10Mg My + 8Mq1 My
Ryg = —M; My + 3M1 Myg + MyMsz — MyMg — MyMg — M3M; + 4MgMg — 4My Mg
—10MoMyy  +8Mj1 My

=
S
|

Appendix C. Solutions to Problem 2

We give the solutions «; (1 < i < 4), B; (1 <i < 4), i (1 <j < 63) to Problem 4,
which are also solutions to Problems 2 and 3.

a; = —29/110  ay =0 a3 =0 ay = —32/139

B =0 By=-29/110  Py=-23/100 PB4 =0

11 =0 12 =0 v = —283/207 y4=0 15 =0

ve = —175/128 77 = 93/130 vg =0 vo = —85/92 10 = —110/119
11 =0 12 = —114/83 413 =779/161 14 = —76/83 15 = —493/219
Y16 = —232/103 Y17 =270/173 415 =0 yi9 = —167/68 a0 =0

Y1 =297/52  qap = —107/188 a3 = 409/256 oy =37/113 5 = 37/113
Y26 =0 Y27 =0 728 =0 Y29 =10 Y30 = 24/85

Y31 = 69/112 Y32 = 85/69 33 =0 Y34 =0 Y35 =0

36 =0 37 = 481/285 Y38 =0 Y39 =0 Ya0 = —118/129
T =0 T2 =0 Y43 =10 Yaa = 127/152 45 =0

Y46 = —27/16 Y47 =0 a8 =0 Y49 =118/101 750 =0

Y51 =0 Y50 = —555/247 53 =0 Y54 = 256/219 v55 = 14/51

Y56 =0 Y57 = —241/88 753 =0 Y59 =8/79 Y60 =0

Y61 = 13/29 Ye2 =0 Y63 = 204 /455
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Appendix D. Solutions to Problem 5
We give the solutions A; (1 <j < 63) to Problem 5.

A =0 Ay =0 A3 =—363/248 Ay =0 As =0

Ae = —157/109 Ay = 47/63 Ag =0 Ag = —355/317  Ayg = —208/307
A1 =0 Ap = —208/99 A3 =4372/845 Ay = —111/92  Ay5 = —255/104
Mg = —529/241 Aj; =233/132 A =0 Ao = —645/253 Ay =0

Ayp = 821/142 Ay = —21/68 Ay =263/151 Ay = 43/108 Ass = 107/283
Az =0 Ayy =0 Aag =0 Aag =0 Az = 227/328
A3 = 61/76 Agp = 97/75 Asz =0 A3g =0 Ass =0

A3g =0 Ayy = 342/157  A3g =0 Azo =0 Ago = —191/186
Ay =0 Agp =0 Az =0 Ay =188/181  Ags =0

Aig = —243/128 Ay =0 Aig =0 Ao =281/522 A5 =0

As; =0 Asy = —269/187 As3 =0 Asy = 97/114 Ass = 1/36

Asg =0 Asy = —307/137 Asg =0 Aso = —263/296 gy =0

Aep = —10/181 A =0 Ags = —25/84

Appendix E. SOS Expression of 01

The value of ©; is:
28 78 7133009 6453649 5581 3653
— a2 _7° _ 0099
PR AR e T ST A
ity Y/ _ _ o it it
+ M MMy To10150 M2Ms MMz + 5M2M1o * %00 MM

o 128 397 44197 10036650925 50886897819 6366

MoMyy+ = M2+ MM — —— - -

2Mus 5 M3+ 4og30 MM T 133301707 VMS 7816213582729L 973 7 16885
MMy — 22 MyMyp + —22- MyMya

s
e 2 _
+ 33499 MMz + My

602116651 419279509

583222400 4 T 291611200 4 55 4650
2313 543657 . 3509920763 2688875063 205631
+ —— MyMyy + —

_ MsM
5995 750200 5 2386432620 58 T 25080385770 "5 9 00 >H
96556 505083713, 86969 139595170060937 358527

* 248115 M3t 305030000 ™6 652500 6™ * 190605224822000 VM1 ~ 467500
35063 22297627286581783 " ,  8095283498600389 1203457
71V112

451000 oM T 5o81308816495000 7 6438694624495375 7 10 T Io7500
2270979774558 ~ , . 393049 141277 4809243

M7 M+ 5 6139065 8 + 2000504 M8Mo M — 5oy MeMis
158124697228757 ,  1386601574744315513 93944237793653606351280127

104796491910720 9 " 4899089794897378080 ' © ' _ 77398522886148846455005400  © '

2 2
MigMyp — ———— MR - 2 M M
0+ 207000 VhoMia = eermme Mio Mg + 1 11Mi3

254245231794897253159 . , 21653 My Mg+ 262837614282547093857383 | , " 16560133 . ,
199355947139484135000 12 115500 > 236176835310829086828700 ' 13 ' 93312175 14

MMz

3

Next, we give the SOS expression of @1 = Z}il i ( }-ii ;ti,]-Ml-Mj)z. The parameters
not mentioned above are 0.
K1 = 1,K = 443/157, k3 = 9760565/3155072, k4 = 29005915/29032448,
K5 = 208680430142632541/1502617428470367000,
K = 254845206367035693279770017 /616731381005248623385150000,
k7 = 3205317995201138587458416275628086155489003267179 /
3029566856759437193752730379916263883723707019560,
Kxg = 129346265420106916568678950322309264192296788391/
152823044461521957391224862681910484518198052480,
K9 = 27809943919324934445244380001625250511737806865364775965142311767209 /
122092260292579205097028684025778705457781727828878414585029349764800,
K10 = 424832608852609712256798704857924428777343282773304441738461658519256056247379 /
4925558197128944002809370841764515187045912505370123534195449522984520918307840,
K11 = 138872556785505338170420018992660029962225023247254592880803918765702192997559309557 /
17445046689968868434326878732657870806791020754286779471873299119392675650009247955712,
K12 = 140278968440223253899895444891338549285051104801125327426403925721337636757988731331
8704835141306089/3479869695739952558003981016858935978619719181780257106754389615137471
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5789547779914385019009658472680,
K13 = 604447646634282248350351358416617870250513088153272472223118344345175656211357785467
5650055082115013879911559085796418320811/1930330919766627607839400790038364046255969055
75207876468599876531144568637730192598055535034357490574533326935257744858897200,

K14 = 573376402650759464814193517607183020227696371005835999431768228660749434037209496944
3798520188034237831888760036314143950893 / 1096088362600344822912522877798221456332750932
362094411886308854783332104852973001677722701445651310610269715521038140265139000,

i =1(1<i<14),

p13 = 14/157, 415 = —39/55, i1 5 = 7133009/11042438, ju1,0 = —6453649,/10620434,

p111 = 5581/27280, jt1 13 = 3653 /25576,

Jo4 = —2041/113408, i 6 = —791441867/1692392900, i 7 = — 1614857 /3056700,

Ha10 = 394227/4410065, j1p 1, = 625331/2303600, p1p14 = 178823 /15447410,

j35 = 39831683744 /243184476975, 135 = —65560045349620353 /159483119878645585,

Uz = —306382997632769383 /625596768584742350, 11311 = —31040751344 /464456485525,

1313 = 303544066272 /1504058167901,

js6 = —18070850742068032 /33437308892230375, 1147 = 6316978375269568 /9119266061517375,

ja10 = —203628062976 /288753883825, 114 1, = 4537774192 /67438752375,

js14 = 10676034477952 /55123275954725),

liss = —384773385951616686292970285 /773914896181275444840093733,

150 = 748702786947138499895423 /805251661545357453927439,

ps 11 = —375807353452502501303 / 384389352322729140522,

1513 = 26671705865381497872323625/19133233141225605982754783,

1oy = —62733895020493663769897851306 / 66514598861796315946019974437,

Ho10 = —18192447632086750779448425576715 / 62363680140490038573879080400104,

1612 = 8261208607905215485888011779/308107854497746153175241950553,

1614 = 138676599045243082750813383316315/361032323039607556705731629293441,

1710 = —979758613168820041603217521125493464258092802119268806781 /
8564763461513580075513760193457485740528012470323034179704,

1712 = 1854028485320471742919224371249503332742540456277079 /
1887932299173470628013007186344942745583022924368431,

1714 = 9727374195894641621834927966046970684551801110074467927 /
100338964846699164038247636061398850749555639257552538545,

pgo = —12779618730487291463191846129496757762906461696978267 /
52695409839620717596246667003408149613413326996916618,

pg11 = —122118378516557819068765438108425804752485918809740 /
3692965224009472574952352710652251801954265605351441,

pg13 = —94939523121681601513656137577561549398850896305080 /
124043068537882532989363113359094584360412620066969,

1911 = 3550893523515801884306409421029786766431528385700436202236083804607990380 /
25638571308047962888694144055478352577031830643123959622559965206737088489,

1o 13 = —7945848812909987868058927152552583529722064868069915968379981242142702296181690979
8/94546593373096755745578683571472373707556639624258871883954420295939113462405459891,
11012 = 63405502958698345886668393872792270425893974774905390610957167604969534529672 /
424832608852609712256798704857924428777343282773304441738461658519256056247379,

H1014 = —905925800492569322388118625829368447231159919975109986163690065715646157190607027
267176,/10703799622824271570367336429542375230077925714200000663940636741048182250415120216
16865,

11113 = —105476225900697044986144688198887230178243505011443868627920704994758066688450160
26062203618333419498 /101430268009464405995394306109144217152680242592189500043254326952447
19795065794880212493780307453215,

H1214 = —789055628026834299501182987960627756240418386432379047235785969484045323353728731
20303046433951024275381808209 / 385246930821572992901155980884640884342608948610835474003000
440010481668921844997018828943090780516847699842935.
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