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Abstract: As with probability theory, uncertainty theory has been developed, in recent years, to
portray indeterminacy phenomena in various application scenarios. We are concerned, in this paper,
with the convergence property of state trajectories to equilibrium states (or fixed points) of time
delayed uncertain cellular neural networks driven by the Liu process. By applying the classical
Banach’s fixed-point theorem, we prove, under certain conditions, that the delayed uncertain cellular
neural networks, concerned in this paper, have unique equilibrium states (or fixed points). By
carefully designing a certain Lyapunov—Krasovskii functional, we provide a convergence criterion,
for state trajectories of our concerned uncertain cellular neural networks, based on our developed
Lyapunov-Krasovskii functional. We demonstrate under our proposed convergence criterion that
the existing equilibrium states (or fixed points) are exponentially stable almost surely, or equivalently
that state trajectories converge exponentially to equilibrium states (or fixed points) almost surely.
We also provide an example to illustrate graphically and numerically that our theoretical results
are all valid. There seem to be rare results concerning the stability of equilibrium states (or fixed
points) of neural networks driven by uncertain processes, and our study in this paper would provide
some new research clues in this direction. The conservatism of the main criterion obtained in this
paper is reduced by introducing quite general positive definite matrices in our designed Lyapunov—
Krasovskii functional.

Keywords: cellular neural networks; Liu process; time delays; equilibrium states; convergence
analysis; uncertainty theory; Lyapunov—Krasovskii functionals

1. Introduction

By simulating the function of the biological brain, neural networks (NNs), the to-
tality of mathematics-based computational models, deliver outstanding performance in
recognition and/or classification of patterns, signal processing, engineering optimization,
associative memory and so forth. Therefore, various types of NNs have been created for
specific purposes; see [1-11] and the vast references cited therein. For example, in the 1980s,
Chua and Yang invented a class of NN, called cellular NNs (CNNs); see [1,2] for the details.
Different from the classical Hopfield NNs (HNNs), the (dynamical) behavior of nodes (cells)
of CNNss can merely be influenced by their nearly neighboring nodes (cells); see [1,2,12-14].
In the last three decades, CNNs have been extensively applied in diverse areas such as
image processing, associative memory and parallel computing. As a consequence, CNNs
have been extensively and intensively investigated, among scientific and engineering com-
munities, in recent years from the point of view of mathematics (dynamical system theory
and/or mathematical control theory, say); see References [3,6,10-14], for example.

The convergence property of state trajectories to equilibrium states (or fixed points)
of NN is usually referenced as the stability of equilibrium states (or fixed points), and is
termed occasionally as the stability of the NNs. Convergence is one of the key properties to
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guarantee the NNs be successfully applied in the engineering community. And therefore,
CNNs have been widely investigated for the existence and the stability of equilibrium
states (or fixed points); see the pioneering works [1,12,13] and the references mentioned
therein. For example, Chua and Yang [1] briefly discussed the importance of studying the
existence and stability of equilibrium states (or fixed points) of CNNs via using dynamical
system theory, and obtained some interesting existence and convergence criteria.

As is well known to all, probability theory has been widely used to model the in-
determinacy phenomena brought about by randomness of the environment; see Refer-
ences [4,6,11,15]. In recent years, Liu has developed, based on the understanding an
individual’s belief degree, uncertainty theory to portray the indeterminacy in individual’s
subjective cognition; see Reference [16] (see also [17,18] and the vast references therein).
Since its birth date, uncertainty theory has attracted extensive attentions in both the research
and application communities. Up to now, uncertainty theory nearly has all theoretical
results parallel to probability theory; see References [16-29]. In particular, the theory of
uncertain processes and the uncertain calculus have been already developed well; see
Reference [16] (see also [17,18,28], say). The well-established uncertain calculus has paved
the area of studying behaviors of dynamical systems subject to uncertain perturbations
(for example, the concerned dynamics is driven by the so-called canonical Liu process). In
this paper, we shall consider a class of NNs whose dynamics is driven by the canonical
Liu process.

It would certainly cost time for nodes (cells) themselves to process information and in
the procedure of transmission of information between every pair of nodes (cells), therefore,
time delay exists unavoidably in real world NNs; see [3-6,9,10,12,14,15,23,30,31], among
the vast existing references. Generally speaking, time delay in NNs would certainly bring
about more challenges in proving the convergence of state trajectories of NNs.

By reviewing the aforementioned references, we are inspired to study time-delayed
uncertain CNNs (DUCNNS) for the convergence of their state trajectories. One of the main
aims in this respect is to provide a criterion ensuring the existence of equilibrium states (or
fixed points); and another main aim is to put forward a criterion to guarantee that state
trajectories of the concerned DUCNNSs converge to equilibrium states (or fixed points).
In this direction, some interesting results have already been published in the literature.
As alluded to previously, the existence and stability of equilibrium states (or fixed points)
of deterministic CNNs (whose dynamics is not influenced by stochastic or uncertain
environment) were discussed in References [1,12,13]. (Almost) periodic state trajectories
of NNs play similar roles as equilibrium states (or fixed points). Kong, Zhu et al. [5]
studied a class of discontinuous bidirectional associative memory NNs (briefly referenced
as BAMNNS, and can be viewed as a specific class of CNNs) with hybrid time-varying
delays and D operator, and obtained a criterion ensuring the existence of almost periodic
state trajectories of their concerned BAMNNSs, and provided another criterion guaranteeing
the stability of the almost periodic state trajectories. We shall discuss briefly (almost)
periodic state trajectories of NNs in Section 5 again. When the dynamics of CNNs is
influenced by some stochastic environment, the problem concerning the almost surely
exponential stability almost stochastic was investigated in [14,15,30-34] and some related
references therein. For example, Cong [33] obtained an interesting robust almost sure
stability result for continuous-time linear systems subject to exogenous disturbance.

As with stochastic dynamical systems driven by Brownian motions (Lévy processes,
semimartingales with/without jumps, and so on), the problem concerning the existence
of state trajectories for uncertain dynamical systems driven by canonical processes has
aroused extensive research interest in recent years. In this respect, a large number of
meaningful results were published; see References [16-18,21,29,35], for example. Chen and
Liu [18] considered general uncertain differential equations and obtained some important
(unique) existence results. Shu and Li [35] studied a class of switched nonlinear uncertain
systems and proved, via the Contraction Mapping Principle, the existence and uniqueness
of state trajectories for their concerned systems. The results concerning the convergence
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property of state trajectories or the stability of equilibrium states (or fixed points) can
be seen in References [21-29]. Jia and Liu [29] studied, besides the (unique) solvability,
the convergence property of age-dependent uncertain population equations subject to
stochastic perturbations. Lu and Zhu [23] investigated a class of uncertain dynamical
systems, and came up with several criteria ensuring the convergence of state trajectories of
their concerned time delayed uncertain dynamical systems in the sense of moments. Jia
and Li [21] obtained a criterion to ensure almost sure exponential stability of uncertain
HNNs (UHNNSs) under stochastic perturbations. For (deterministic, stochastic, uncertain)
dynamical systems, the continuous dependence of state trajectories on initial states is also
very important. In the context of uncertain dynamical systems, the continuous dependence
of state trajectories on initial states is frequently referenced as the stability (of the concerned
dynamical systems). Yao, Gao et al. [36] obtained some general stability (continuous
dependence) theorems of uncertain differential equations. In References [19,20], some inter-
esting stability (continuous dependence) results in the mean sense for uncertain differential
equation were obtained. Some other interesting stability (continuous dependence) results
can also be seen in References [22,28] and the references therein.
Our principal contributions in this paper are as follows.

*  We investigate in-depth in this paper a class of DUCNNSs driven by a canonical Liu
process for the stability of their equilibrium states (or fixed points). As alluded to
previously, the dynamics of NN is inevitably influenced by a random (stochastic)
environment. And analogously, humans’ subjective cognition based on intuition or
inspection (in terms of belief degree) may have some influence on the structure of
NNs when the workers are designing the NNs, and therefore have a certain influence
on the dynamics of the constructed NNs. Therefore, the research results concerning
uncertain NNs may be more suitable and reliable for the decision makers. Uncertainty
theory laid the foundation (the notion of belief degree on measurable spaces) of the
mathematical theory that are capable of portraying quantitatively humans’ subjective
cognition. Therefore, it is of great importance to study uncertain NN for the large time
behavior of their state trajectories. By reviewing the existing references, we conclude
that our research results in this paper seem to be new. For example, in comparison
with Reference [23], in which stability criteria were provided in terms of moments, our
aim in this paper is to provide a stability criterion in the sample sense for DUCNNS.
For another example, in contrast with Reference [21], our concerned model DUCNNs
include discrete time and finitely distributed time delay.

*  Via applying the classical Contraction Mapping Principle, we establish a criterion (see
Theorem 1 in Section 3), and prove that this criterion can guarantee that our concerned
model DUCNNSs have unique equilibrium states (or fixed points).

*  We design meticulously a class of Lyapunov-Krasovskii functionals, which take into
account the after-effect (or time delay) in our concerned model DUCNN:Ss, analyze
in detail our concerned model DUCNNSs with these coined Lyapunov—Krasovskii
functionals as the key tools, and establish a criterion to ensure that equilibrium states
(or fixed points) of our concerned model DUCNNSs be almost surely exponentially
stable; see Theorem 2 in Section 3. We also come up with a specific example DUCNN
to validate our theoretical results; see Section 4.

Notational Conventions. We write R for the totality of real numbers, and R for the interval
[0, +00) of non-negative real numbers. We write N for a positive integer throughout this paper.
We denote by RN the N-dimensional Euclidean space, and by RN*N the algebra of N-th order real
square matrices. Following the common convention, we designate by (R, L, dt) the usual Lebesgue
measure space. We denote by (I, £,L,M) (or (I, £, 1L,dM) ) a complete filtered uncertainty
space (whose definition would be explained in detail in Section 2; see Definition 1), in which, the
filtration L = {%; t € Ry} is assumed to satisfy the usual conditions; that is, the o-algebra
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2y contains all M-null sets in the o-algebra £, and the filtration L is right-continuous in the
sense that

m,%:ﬂ, t€R+. (1)

s>t
“LL almost surely” is abbreviated as M-a.s. Let X be an arbitrarily given uncertain variable on
I, denote by IE X (see Definition 5) the expected value of X, and by F ¢(x) (see Definition 4) the
uncertainty distribution | ¢(x) of . (I' x R, £ @ L,dM x dt) denotes the product o-subadditive
measure space of (R, L,dt) and (I',.¢,M); {C(t); t € Ry}, an L-adapted uncertain process,
denotes a one dimensional canonical Liu process defined on the uncertainty space (I', £, 1L, M). Let
A be a positive definite matrix, we write Amin(A) and Amax(A), respectively, for the smallest and
largest eigenvalues of A. Let A be a square matrix, which we denote by tr A (or tr(A), occasionally)
the trace of A, and by sym(A) the symmetric matrix A+ A" with A" designating the transpose
of A here and hereafter. For any positive definite matrix A € RN*N  we designate its Cholesky
decomposition by 11} I1 4 with 114 an upper triangular matrix (11 4 is actually nonsingular and
unique). For any pair of symmetric matrices A and B € RN*N if A — B is positive definite, then
we write A > B. In particular, if the matrix A € RN*N is positive definite, then we write A > 0.

The rest of this paper is organized as follows. In Section 2, we recall some preliminaries
necessary for our later presentation and formulate our concerned existence and convergence
problems for DUCNN:S. In Section 3, we state the principal results in this paper and present
their proofs in detail. In Section 4, we justify, in both numeric and visual ways, the
effectiveness of our theoretical results, via bringing forward a specific example DUCNN
of which state trajectories converge to the unique equilibrium state (or fixed point). In
Section 5, we conclude our discussion in this paper by presenting several remarks.

2. Preliminaries and Formulation of the Problems
2.1. Some Preliminaries

Let (I',.#) be a measurable space with I a nonempty set and £ a o-algebra over
I'. We equip (I', .Z) throughout this paper the filtration L = {.%}; t € R} satisfying the
usual conditions. In other words, L is a collection of sub-c-algebra of .# and satisfies
(i) The o-algebra % contains all M-null sets in the c-algebra .#; and (ii) L is right-
continuous in the sense of (1). Here and hereafter, we shall write (I',.Z,1L) for the
measurable space (I',.¢) equipped with the filtration L = {.%}; t € R, } satisfying the
usual conditions.

Definition 1. Given a measurable space (I, £, L), equipped with a filtration L = {&; t € Ry}
that satisfies the usual conditions, and a given function M mapping . into [0,1]. The given
function M is called a uncertainty measure on the filtered measurable space (I', £, 1L) provided that
the following three axioms are fulfilled:

e (Normality). It holds always that M(I') = 1;
e (Self-duality). It holds always that M((I' \ A) =1 — M(A) for every event A in &;
e (Countable subadditivity). For every sequence { An }°_; in £, it holds always that

n=1

M(G Ay) < ilM(An).
n=1 n=

The quadruple (I', £, 1L,M), obtained by equipping the filtered measurable (I, £,1L) with the
uncertainty measure M, is called a uncertainty space.

From now on, we abide by the convention that (I',.Z, L, M) is a complete filtered
uncertainty space in which the filtration L satisfies the usual conditions.

Definition 2. The measurable function ¢ : I' — R is called a uncertain variable. In more detail, if
for any Borel subset B of R, then the set
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&'(B)={yeTI; &) eB}
={y € I'; 3x € B, such that {(y) = x}

belongs to the o-algebra 2, then ¢ is said to be a uncertain variable.

Definition 3. Let ¢ be a uncertain variable on the uncertainty space (I', £, 1L, M). The following
associated real-valued function

Fe(x) =M({ye;{(r) <x}), xeR 2
is called the uncertainty distribution of ¢.

Definition 4. Let ¢ be a uncertain variable on the uncertainty space (r,&,L,M). If the uncer-
tainty distribution | (x) of ¢ is exactly

Fe(v) =o(* =)

1
@ Y€ R 3)

1+e Vi

with §o a given constant in R and o a given positive constant, then we call ¢ a normal uncertain
variable with expected value & and variance 0. If & = 0 and o = 1, we call & a standard normal
uncertain variable, and write its uncertainty distribution as

1

P(x) = —5, xR 4)

1+e V3

It is obvious that the function @(x) given by (4) is strictly increasing in R. We can
conclude therefore that the function @(x) has inverse function ®~!(x). Actually, by some
routine calculations, we have immediately

@*1(x):§1n1fx, x € (0,1). ©)

We shall call the function @~ (x) (the inverse function of ®(x) given by (4)), given as in
(5), the inverse standard normal uncertainty distribution throughout this paper.

Definition 5. Suppose that § is an uncertain variable on the uncertainty space (I', £, 1L, M). If at
least one of the following two integrals:

|y e i) = e

and 0
| My e T e(n) < e

are finite, then we call

Bo= [ M({y € I3 i(y) > ¥hdx

~ [ Mt e ria) < s

the expected value of the uncertain variable ¢.

Based on the definitions of E ¢ and f #(x), it is straightforward to verify that

0

Ee— /Om(l—Fg(x))dx—/m Fe(x)dx. ©)
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This identity facilitates the calculations of expected values of uncertain variables. To provide
some intuitions for our later theoretical development in this paper, we would like to share
the next two examples on the computations of expected values of uncertain variables.

Example 1. Let & be a normal uncertain variable, with expected value &y and variance o2, on the
uncertainty space (I', £, 1L, Ml). The expected value E & of  is equal to &y. Indeed, based on (6), we
deduce from (4) that

:/ (1—Fe(x )dx—[ong(x)dx
_ 50))dx—/io (X0
(Co—x)
e 0 dx
~Jo o—x)dx_/foo m(Go — x)
1+e \fa 1+e V30

(x — o)
V3o [0 1 A
T Tn Loo 7t(x — o) d1+e Vi )

1+e V30

- ) (G0 — x)
0— (o]
e h gt Y

1+e V3o
v ) -t

1n(1+efa) In(1+e Vi) @)

Example 2. Let & be a normal uncertain variable, with expected value &y and variance o2, on the
uncertainty space (I', £, 1L, M). Following the steps to derive (7) in Example 1, we have

g = [T ra@)ic- [ ratoae= [Ta- o8
M
e e Vi B B S
/ EETE) dx =e /0 1+(ef€ox)ﬁd(e X)
1+e Vi
) ﬁge@oB(\/jU, \fU) fgegocsc(\fa) ifoe (O,%),
+ 00 ifo e [%,4-00),

where B(x, %) is Euler’s Beta function.

Definition 6. Let T be a nonempty subset of Ry.. The function X : I' x T — R is said to be an
uncertain process provided that it is progressively measurable.

Definition 7. Let {C(t)};cr, be an uncertain process. The given process {C(t)}icr, is called a
canonical Liu process provided that the following three assertions hold:

e M({yerl;C(y,0)#0}) =0, and
M({7y € I'; C(v,t) is Lipschitz continuous in Ry }) = 1;

o {C(t)}er, has stationary and independent increments;
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e Foreveryt € Ry and every s € (0,4o0), the increment C(t 4+ s) — C(s) is a normal
uncertain variable with expected value 0 and variance t2.

Definition 8. Let {C(t)};cr, be the aforementioned canonical Liu process. We denote

C(v,s) — C(v,1t) for M-a.e. y€I.

k(y) = sup p—

S,t€R+,
s#t

®)

Some remarks concerning the uncertain variable k, given by (8) in Definition 8, are in
order here. It was proved by Yao, Gao et al. [36] that

M({r)’ er; k(r)/) < x}) > 2¢(x) -1, xe R+/ (9)

where the function @(x), given as in (4), is the uncertainty distribution of a standard normal
uncertain variable. By the definition of limit superior of a sequence of sets, we have

{v eI k(y) < x} Climsup{y € I k(y) <x}, xe€R,.

X—+o00

This, together with (9), implies immediately

M(limsup{y € I'; k(7) < x}) ZM({y € I k(7) < x})

X—r+00

>29(x)—1, xeRy,
which implies further

M(limsup{y € I; k(y) < x}) > 2 lim &(x)-1=1

xX— 400 X—>+00

This, alongside with the definition of the uncertainty measure M (see Definition 7), implies

M(limsup{y € I; k(y) < x}) = 1.

X—>+00

This implies, in particular, that possibly there exists a Ml-null set in I" such that, for every
sample 7 in the sample space I, it holds that k(-y) € [0, +oc0) (see (8) for the definition of k).

Definition 9. Let a, b € Ry witha < b, {C(t)}icg, a canonical Liu process, and {X(t) };c(qp)
a given L-adapted uncertain process. If there exists an uncertain variable ¢ such that

n—1

§= Jim ¥ X()(Cltisa) — C(1), Meas

where A: a = tg < t; < --- < t, = bis a partition of the compact interval [a, ], and

All = max (x — Xr),
1Al = max (xice1 = i)
then the uncertain process { X () }yc(q,p) is said to be integrable, and the limit uncertain variable ¢
is said to be the uncertain integral of {X(t)} |4y in the interval [a, b] with respect to the canonical
Liu process {C(t) }scr , . In this situation, we denote

E= /abX(t)dC(t).

Suppose that the uncertain process { X(s) }sc|,5 is uncertain integrable in [a, b] with
respect to the canonical Liu process {C(s) }scr, - By virtue of Definition 9, we can conclude
that for every t € [a, ], the uncertain process {X(s) }sc[s,) is uncertain integrable in the
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compact subinterval [a, | with respect to the canonical Liu process {C(s) }scr, , and that
{Y(#) }e[ap) 1s also an uncertain process with {Y(t) };c(,4) given by

Y(t) = / 'X(s)dC(s), t € [a,b], M-as. (10)

Leta, b € Ry witha < b, {C(t) };cr, acanonical Liu process, {#(t) }ic(ap), {0(t) Hicfap)
and {X(t) };[s) three given L-adapted uncertain processes. If {3(s) }sc[s,p) is M-almost
surely Lebesgue integrable in [a, b], {0 () }s¢[4] is uncertain integrable in [a, b] with respect
to the canonical Liu process {C(s) }scr, , and moreover it holds that

X(t) = X(a) + /aty(s)ds + /at(f(s)dC(s), t € [a,b], M-as.,
then we call {X(#) };[,4 @ Liu process, and write equivalently
dX(t) = u(t)dt +o(t)dC(t),
in which, pu(t)dt and o(t)dC(t) are called the drift and diffusion terms, respectively.

Lemma 1 (see References [16,17]). Let f(x,t) bea €' (by €, we mean the totality of continuous
functions whose first order derivative is continuous) function on R?, and X (t) a Liu process with
u(t) and o (t) as its drift and diffusion coefficients, respectively, or equivalently

dX(t) = u(t)dt +o(t)dC(t), te€ Ry, M-a.s. (11)
Then, f(X(t),t) is a Liu process with u(t) fx(X(t),t) + fi (X (¢),t) and o (t) fx (X (), t) as its drift

term and diffusion term coefficients, respectively, in other words,

AF(X(8), 1) = (0 fe(X(D), 1) + fi(X(1), 1) )t
+o(t) fe(X(1),£)dC(t), te R, M-as. (12)

Lemma 2 (see Reference [18]). Let {C(t)}cr, be the aforementioned canonical Liu process, and
k the uncertain variable given as in Definition 8 (see (8) for the details). For any two constants a and
b € Ry witha < b, and any integrable L-adapted uncertain process {X(t)} /gy, it holds that

|/bX(t)dC(t)| <k/b\X(t)|dt, M-a.s. (13)

Leta, b € Ry witha < b and {C(f)};cr, a canonical Liu process. If for every
k=1,2,...,N, the uncertain process {xi(t)};c[45 is uncertain integrable in the interval
[a, b] with respect to the canonical Liu process {C(s) }scr, , then we write

b b b b
[ xace) = ([ n(ac), [ xadce),..., [ xwdc)’,
a a a a
where x(t) = (x1(t),x2(t),...,xn(t)) . By virtue of this definition, as with (10), we can
define the following RN-valued uncertain process

/tx(s)dC(s), t € [a,b], M-as.

And as with the one-dimensional case, we can define RN-valued Liu process. And it is not
difficult to imagine that we can establish a counterpart of Lemma 1 for the RN-valued Liu

process {x()}c(q,p) given by

dx(t) = p(t)dt + o (£)dC(t).
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In comparison with this, it seems to be unapparent and therefore much more laborious
to establish a counterpart of Lemma 2 for uncertain integrals of RN-valued uncertain
processes with respect to one dimensional canonical Liu processes.

Lemma 3. Let {C(t)};cr, be the aforementioned canonical Liu process, and k the uncertain vari-
able given as in Definition 8 (see (8) for the details). For any two constants aand b € Ry witha < b,
and any integrable L-adapted uncertain process {x(t) };c (o) (x(t) = (x1(£), x2(£),. .., xn(t) T €
RN) it holds that

\/(/ﬂbx(t)dc(t))Tbe(t)dc(t) < k/ﬂbq/xT(t)x(t)dt, M-a.s. (14)

Proof. Thanks to Lemma 2, we have

([ xtacw) [ xa ﬁ( )2

:N
Z / |2 (¢ |dt Me-a.s. (15)

\

By virtue of some careful calculations, we have further that
N b 2 N b b
Y ([ elar) =Y (] ublar) xe(s)lds
k=114 k=174 74
b N b
= [ ([ 1xelt)de) () s
a k=1 a

g\llizl(/ab|xk(t)|dt)2/ab\léxk(s)|2ds, M-as,  (16)

in which, the ‘<’ follows from the well-known Cauchy-Schwarz inequality. On the other
hand, we can deduce from (16) immediately that

(B o< {Emore
_ / \/mdt, M-as. (17)

Plug (17) into (15), and conduct some easy calculations, to end the proof of Lemma 3. O

It is worth pointing that, as can be seen from (8) in Definition 8, the uncertain variable
k depends merely on the aforementioned canonical Liu process {C(t) }+cRr. , in particular, k
is independent of a, b and the uncertain process { X () };c[q)-

Let A € RN*N be a positive definite matrix. Then, by the well-known theorem of
Linear Algebra, A admits a unique Cholesky decomposition, that is, there exists a unique a
upper triangular matrix [T with positive diagonal entries such that A = I1"I1. Hereafter,
we shall write I1 4 for the unique aforementioned upper triangular matrix in the Cholesky
decomposition of any positive definite matrix A; It is straightforward to see that the matrix
I 4 is nonsingular. With the help of the notion of Cholesky decomposition, we can prepare
the following lemma which is extremely useful in our later presentation.
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Lemma 4. Let A € RN*N pe g positive definite matrix, and B € RN*N g positive semi-definite
matrix. Then, the following two identities hold true:

x' Bx

= I, H T BII,Y), 18
xeﬁ}\?\ﬁo} T Ax max (( A ) A ) (18)
and -
. x' Bx _ _
min = Amin((I1;1) " BIT ).

xeRN\{0} x| Ax

Proof. It is obvious that the matrix (H;l)TB Hgl is positive definite (a fortiori, symmetric).
By Jordan’s decomposition theorem, there exists an orthogonal matrix Q such that

(I, "BIL,' = QT diag(A1, Az, ..., AN)Q.
Pre- and post-multiply both sides of this equation by (II4) " and 11 4, respectively, to obtain
B = (I14)"Q" diag(A1, Az, ..., AN)QIl4,
where Ay > 0(k=1,2,..., N). This, together with the definition of II4, implies

x"Bx  x"(II4)"Q" diag(Ay, Az, ..., AN)Q LI x
xT Ax xT () TQTQI ’

(19)

Aided by (19), we can complete the proof of Lemma 4, via some routine calculations. [

Lemma 5. Let P € RN*N be a positive definite matrix.

(Jensen’s inequality). Let a, b € R be any two constants with a < b. For any square integrable
vector-valued function [a,b] > t — y(t) € RN in Lebesgue’s sense, it holds that

b T b b
([ wwat) P [y <o —a) [ y" (0)Py(p)at, (20)
(Extrema of Rayleigh’s quotient). It holds always that

x' Px > Amin(P)xTx, x e RN, (21)

2" Py < Amax(P)y/(xTx)(yTy), xycRY. (22)

2.2. Formulation of the Problems and Main Assumptions

and that

In this paper, we consider the model DUCNNs
dx(t) = (—Dx(t) + AgFy o (x()) + A1Fy o (x(t — 11))

+ Az /ti Fz o] (x(S))dS + U(t)>dt
+ (BoGo o (x(t), 1) + BiGy o (x(t — ), 1) (23)

t
+By [ Gyol(x(s) t)ds+ V(t))dC(t), t e Ry, M-as.,
t=112

x(t) = xo(t), te [—max(t,12,11,12),0], M-as.,

in which: x(t) is a state trajectory and can be re-written in component form as

x(t) = (x1(t), x2(8),...,xn(t) T, te€R,, M-as,;
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the matrix D = diag(dy, dy, ..., dy) in the leakage term —Dx(t) is positive definite; Ay and
By, are the connection weight coefficient matrices (real square matrices) in the transmission
terms, k = 0, 1, 2; the activation functions F; and G; can be written in component form as

Feo(x) = (fu(n1) fia(x2), .- fin(xn)) T, x = (x1, %2, ..., xn) T € RN (24)
and

Gro (x) = (i1 (x1), g2 (x2), .-, gin(xn)) T, x = (x1,x2,...,xn) " €RY, (25)

respectively, k = 0,1, 2; the positive constants 7y, T2, 771 and # are the time delay; as stated
previously, {C(f) }¢cr, is a canonical Liu process on the uncertainty space (I', £, L, M));
the initial state xo : I' X [— max(7, T, 71, %2),0] is % ® L measurable.

Definition 10. A %y-measurable N dimensional uncertain variable x* is said to be a equilibrium
state (or fixed point) of the model DUCNNs (23), provided that

— Dx* + A()PO o (x*) + AlFl o (x*) + TzAze o (x*) + U(t) =0, te RJ” M-a.s., (26)
and that
ByGg o (x*,t) + B1Gy o (x*, i’) +172B2Gy 0 (x*,t) + V(t) =0, teRy, M-as. (27)

Definition 11. Suppose that the uncertain variable x* : T — RN, required to be £y-measurable, is
a equilibrium state (or fixed point) of the model DUCNNS (23). x* is said to be M-a.s. exponentially
stable provided that there exists a positive definite matrix P € RN*N  as well as two uncertain
variables 1 : I' — [0,400) and j : I — (0,+00) such that for any state trajectory x(t) of
DUCNN s (23), it holds that

(x(t) —x*) "P(x(t) —x*) <1/, teR,, M-as. (28)

From the perspectives of the mathematical complexity and application, it seems to be
more interesting to require the decaying exponent  in (28) (see Definition 11) be essentially
bounded, or equivalently, to require ; be an absolute positive constant.

By some routine but seemingly tedious calculations, we can conclude that the decay
estimate (28) in Definition 11 holds true if and only if the assertion holds true: either (i)
there exists a positive time instant T* such that

(x(t) —x*) "P(x(t) —x*) =0, te[T", +o), M-as. (29)
which is equivalent to
x(t) =x%, te[T% +x), M-as., (30)
or (ii) x(t) # x* for every t € Ry and

NTPx(f) — x*
_— In((x(t) =) TP(x(t) - "))

< —j, M-as. 31)
t—+0c0 t

Based on the analysis conducted in this paragraph, we conclude that proving that the
equilibrium state (or fixed point) of DUCNNSs (23) boils down to proving the inequality (31)
holds true under the assumption that x(t) # x* for any t+ € R,;. The positive valued
uncertain variable j in (28) and (31) is called a (exponential) decay rate.

Assumption 1. The L-adapted uncertain processes {U(t) }scr, and {V(t)}icr, satisfy

U(t) =U(0)and V(t) = V(0), te Ry, M-as.
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The (%y-measurable) uncertain variable x* : I — RN satisfies automatically (27), M almost
surely, whenever x* is a solution to (26).

Assumption 2. The constants T and 1y, independent of sample and time, (occurred in the model
DUCNNS; (23)) are all non-negative, k = 1,2. Moreover, it holds always that

T) = max(T1, T, N1, 772)

Assumption 3. The activation function Fy is Lipschitz continuous and satisfies the linear growth
condition at infinity, k = 0, 1, 2. More precisely, it holds that

tr((LFk)z) < 400, k=0,1,2, (32)
where Ly, is a diagonal matrix defined by
Lg, = diag(lf, [§,...,I}), k=012, (33)
with the diagonal entry i ., 4 non-negative constant, given by

| frj(x) = frj(v)]

o
R = Xyl
xyER, x#y Yy

, j=12,...,N, k=012 (34)

The activation function Gy satisfies Carathéodory’s condition, is Lipschitz continuous and satisfies
linear growth condition at infinity, k = 0, 1, 2. In addition, it holds that

—+o0
/ tr((Lg())?)ds < +o0, k=0,1,2, (35)
0
where the diagonal matrix Lg, (s), as with the matrix L F,, assumes the form
L, (s) = diag(I§ (s),1& (s), ..., 18, (s)), k=0,1,2, (36)

with the function lék (s), defined in the interval R, being Lebesgue integrable in R, being
essentially bounded in R and defined explicitly by

« 18 (x,5) — Gy, 5|
l]Gk(S) = sup ! !

, j=12...,N, k=0,1,2. (37)
x,yER, x#£y |x *y|

3. Main Results and the Proofs

Theorem 1. Suppose that Assumptions 1 and 3 hold true. DUCNNS (23) admit unique equilibrium
states (or fixed points), provided ¢ < 1 with the non-negative constant ¢ defined by

: :b(\/m)\mx(%) + \/m max (L)

)\min
+ 0 /\max(A;AZ)/\max(LFz)) . (38)

Proof. Let us recall that RV, equipped with the mapping

RN s x— VxTx e Ry,

is indeed a Banach space, and the natural induced metric space is complete.
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Let us write, in this proof, U :— U(0) (it is worth reminding that U (0) = U(t) for every
t € Ry, M-ass.). Since D is positive definite, it is non-singular. This implies, in particular,
that for any x, there exists a unique A(x) such that

DA(x) = ApFo o (x) + A1F o (x) + A2 0 (x) + U. (39)
Thus, we obtain a mapping A of RV into itself. For any x1 and x5, we have
DA(xl) = Aok o (xl) + A1F 0 (xl) + nAyF 0 (xl) + U,

and
DA(xy) = AgFyo (x2) + A1Fi o (x2) + oAy 0 (xp) + UL

We have therefore

D(A(x2) — A(x1)) =Ao(Fyo (x2) — Fyo (x1)) + A1(Fro (x2) — Fy o (x1))
+1Az(Fo (x2) — Fo (x1)),

which implies further that

Amin(D)/ (A(x2) = A1) T(A(x2) — A1) </ (Alx2) — Alx1)) TD2(A(x2) — A1)

<y/(Foo (x2) — Foo (x1))AJ A(Fo o (x2) — Foo (x1))
+y/(Fro (x2) = Fr o (x1)) AT A1(Fr o (x2) — Fr o (x1))
+ 11/ (Fro (1) — Fro (11))A] A2(Fro (32) — Fyo (x1))

<[/ Amax(AJ A0)Amax(Liy) + / Amax (A A1) Amax(Lr,)

+ T2y Amax (A3 Ax)Amax (L) )/ (32 = 1) T (2 — x1).

Recalling the notation ¢ defined by (38), we conclude immediately

V(AE) — AGD) T (Alx) — A(x) < 6/ (2~ 31) T (12— 1), (40)

By Banach'’s fixed-point theorem, this, together with the assumption that ¢ < 1, implies
that A admits a unique fixed point x*. Recalling (39), we conclude that A(x*) = x* implies
that x* satisfies (26), and furthermore satisfies automatically (27). Since D is non-singular
(positive definite, actually), the activation function F; is globally Lipschitz continuous
(k=0,1,2), and U is .%)-measurable, x* is .Zp-measurable. By Definition 10, x* is indeed a
a equilibrium state (or fixed point) of the model DUCNN s (23).

Assume that x] and x7 are equilibrium states (or fixed points) of DUCNNS (23). By
the above analysis, x] and x3 are fixed points of A. In view of (40), we have

V02— 2T (12— 1) =\/(Alx2) — Ax) T (AGx2) ~ A(x1)
<g\/(x2 —x1) " (%2 — x1).

Noting that ¢ < 1, we conclude that xo — x; = 0, or equivalently, x; = x.
In conclusion, the proof of Theorem 1 is complete. O

Theorem 2. Suppose that Assumptions 1, 2 and 3 hold true. If the non-negative constant ¢ given
by (38) is strictly less than 1, there exists a positive definite matrix @ € RN*N  four positive
definite matrices ¥, € RN*N, ¥, ¢ RNXN 3 ¢ RNXN gswell as Q € RN*N, and three positive
constants &1, 0 alongside with 03 such that

Y, — 6, @B B] @ = 0(c RN*N), (41)
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and

@:

0O —9A; —DA;
* * 0

¥ 0 ) = 0(e RBN)*(BN)), (42)

where the symmetric matrix (can be proved to be positive definite) O is given by

U =sym(®D) — PAgAg @' — (LF,)* — Amax(¥1)Lp,
— ¥ — ¥ — Q2 — §;PByBy @ — 831,PB,B, P,

then DUCNNSs (23) have unique equilibrium states (or fixed points), and the equilibrium states (or
fixed points) are almost surely exponentially stable at a decay rate x given by

1 _ o _ -
= = max(Amax (115" TOIG"), Amax(#1) Amax((L5) T (L, 1L

+ Amax () THIIE!) + Amax () THI) + 72, (43)

where the matrix & € RON)*GN) js given by

® 00
o=+ 0 0]. (44)
x % 0

Proof. In view of the assumption that ¢ < 1 (see (38)), by Theorem 1, we conclude that
DUCNNS (23) have unique equilibrium states (or fixed points). It remains to prove the
almost surely exponential stability part of Theorem 2. In the rest of this proof, we write
x* for an equilibrium state (or fixed point) of DUCNNSs (23). As remarked previously, to
prove Theorem 2, it suffices to establish the inequality (31) for every state trajectory x(t) of
DUCNN:S (31) fulfilling x(t) # x* (t € R;).

For the sake of convenience of our later presentation, we introduce

w(t) =x(t) —x*, te€[—max(n, ™, N1,12) +o), M-as., (45)
and consider the new DUCNNS’s

dw(t) :(fD w(t) + AoEy o (w(t)) + Ar1Fy o (w(t — 1))

+ A, /t ;2 Bo (w(s))ds)dt
+ (B()GVO o (w(t), i’) + Blél o (w(t — 171),t) (46)

t v
+ B, Gy o (w(s),t)ds)dC(t), t € Ry, M-as.,
t=112

w(t) =wy(t), te€[—max(T, T, 1, 12),0], M-as.

where the initial datum wy(t) is given by
wo(t) = xo(t) —x*, t€[—max(T, ., 1, 12),0], M-as.,

F o (w(t)) is given by
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Feo (w(t)) =Fco (x(t)) — Fo (x¥)
=Fo (x" +w(t)) — Fo(x")
= (fia (w1(1), fra(w2(8), .., fin (won (1)) "
=(fu (x1(5) = fia (3}), fia(x2(1)) = fia(x3), ., fin(xn (8)) — fin ()
=(fu (2] +w1(t) = frr (x7), fra (x5 +wa(t)) = fra(x3),-- -,
fn (i +on (D) — fin(x5)) |, t € [~ max(t, T, 1, 12), +00), M-as., k= 0,1,2, (47)

~

Go o (w(t),t) is given by

Go o (w(t),t) =Gy o (x(t),t) — Gr o (x*,t)

=Gro (x* +w(t),t) — Gro (x*, 1)
=(8r (wl(f)rf)rgkz(wz(t)rt)r---/gkN(wN(f)rf))T

= (g (1 (), 1) — g (X5, ), @ra (x2(8), 1) — Qo (3, 1), -+, oy (e (£), ) — gion (¥ 1))
=(gr (2] +wi(t),t) — gra(x7, 1), Sra (%5 + w2 (), t) — gra(23,1), - -,
gin(xk + wn (1), 1) — gen(xi 1), € [~ max(ti, T, 71, m2), +0), Meas,,

~

and Gy o (w(s), t) is given by

Gy o (w(s),t) =Gr o (x(s),t) — Gro (x,1)

=Gyo (x* + w(s), t) — Gy o (x*1)

= (g1 (w1(s),

B, &2 (wa(s), 1), ..., Gin(wn (s), 1))

T

= (g (x1(5), 1) — g1 (x}, 1), G2 (x2(5), 1) — Qia (63, ), - .., Qe (¥ne(5), £) — g (3, 1))
= (g1 (x] +wi(s), 1) — g1 (x7, 1), Qo (x5 +wa(s),t) — gra(23,1), ..,

SN (xy +

wn(s), t) — gkn (XN, t))T, s, t € [—max(Ty, T, 71, 12), +o0) withs < t, M-a.s., k =1,2.

The stability of the equilibrium state (or fixed point) x* of DUCNNS (31) is equivalent
to that of the equilibrium state (or fixed point) 0 of DUCNNSs (46). The time delay in
DUCNN:s (31) (or equivalently, in DUCNNS (46)) brings about extreme difficulty in the
stability analysis procedure. To overcome the aforementioned difficulty, our basic idea is to
make full use of a certain Lyapunov-Krasovskii functional, associated to DUCNNSs (46), to
take in the after-effect in DUCNNSs (31) (or equivalently, in DUCNNS (46)). Let us introduce
the positive definite functional for DUCNNSs (46)

Vi(w,t) =e "+ V(w,t), t€R;, M-as. (48)

in which the positive parameter ¢ will be chosen appropriately (actually, the parameter ¢
will be specified deliberately to be equal to x with the constant x given ‘implicitly” by (43)),
and V(w, t) is a Lyapunov—Krasovskii functional candidate and can be expressed as

3
= E Vi(t), te€R4, M-as. (49)

where the functionals Vi (t), V5 () and V3(t) are given, respectively, by

Vi(t) =(x(t) — x*) T d(x(t) — x7)
—w' ()Pw(t), teR,, M-as., (50)
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Vat) = [ (F(x(s) = R() (R (x() — R(x))ds
—a
t
+ [ (x(s) —x*) ¥ (x(s) — x*)ds
!
t
+ [ (x(s) —x*) " ¥(x(s) — x*)ds
i
t t
= [ (Fo(w(s) ¥ifyo(w(s)ds+ |  w'(s)¥rw(s)ds
Jt—1 t—m
t
+ w' (s)¥w(s)ds, tcR,, M-as. (51)
t—?jz
and , .
nt) = [ [0 -T2 - ¥ )dgds
—Q
t t
- / / w! ()Qw()dgds, teR,, M-as. (52)
t—1 Js
By the chain rule of differentiation for Liu processes (see Lemma 1), we have
dVe(w,t)  dV(w,t) —ee dt
e _ — -a.s. 53
dIn Vé(w, t) Ve(w, ) Ve(w, , teR,, M-as (53)
Taking into account of (49), we have immediately
3
dV(w,t) =Y dVi(t), teRy, M-as. (54)
k=1

Thanks to that the uncertain process (Liu process, more precisely) w(t) is a state trajectory of
DUCNN:S (46), again we apply Lemma 1 (the chain rule of differentiation for Liu processes)
to the uncertain process Vi (t), given explicitly by (50), to obtain

dVy(t) =2w' (t)Pdw(t)

:2wT(t)<;D<—D w(t) + AoFy o (w(t)) + ArFr o (w(t — 7))
a4 [0 B (w(s))ds)dt
t—1
+ 2wT(t)q>(Boéo o (w(t),t) + B1Gy o (w(t —m), 1)

t v
+By [ Go (w(s),t)ds)dc(t), t € R, M-as. (55)
t*?]z

With the help of the experience of deriving the differential identity (55), illuminated by the
definition (51) of the uncertain process V»(t), we have, by Lemma 1, that

Ny T Ny T
dVo(t) =(Fro (w(t))) ¥iF o (w(t))dt — (Fo(w(t—7))) ¥iF o (w(t—1))dt
+ wT(t)‘sz(t)dt — wT(t — Ul)Yzw(t — ﬂl)df
+w (HWwt)dt —w' (t— ) Fw(t —np)dt, t€ Ry, M-as. (56)
Enlightened by the experience gathered in the procedure of deducing the differential dV ()

and dV;(t) (see (55) and (56) for the details) of the uncertain processes Vi (t) and V,(t), by
Lemma 1, we can deduce from the definition (52) of the uncertain process V3(t) that

dVs(t) = mw () Qu(t)dt — /t w' (s)Qw(s)dsdt, te Ry, M-as. (57)

t—1p
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Plug the differential identities (55), (56) and (57) into the differential identity (54), and
perform some routine calculations, to eventually arrive at

av(w, t) = {ZwT(t)CD(—D w(t) + AgFyo (w(t)) + A1F o (w(t — 1))

+ A /ttrz Fo (W(S))ds) + (B o (w(t)))T'f’lﬁ'l o(w(t))

— (B o (w(t— T1)))TY’1F1 o(w(t—1))

+w' ()w(t) —w' (t—m)Yw(t—1n)
+w' ()Bw(t) —w' (t—m)Bw(t—1)
+ow! (H)Quw(t) — /ti ds} dt

+ 2w (1)@ (BoCo o (w(t),£) + BiGy o (w(t 1), b)
+ By tt Gyo (w(s),t)ds) dC(t), teRy, M-as. (58)
_,72

By the fundamental theorem of uncertain calculus, we can deduce from (53) that

t EAVe(
InVE&(w, t) :ans(w,O)—F/ dInV&(w,s)ds = In V¢(w,0) —l—/ dVVE;US))
FAdV(w,s) —ee %ds
—In Ve -
—In V¥ (w, 0) +/ e € Re Mas (59)

Substitute (58) into (59), and conduct some simple computations, to yield
t 1 .
e _ € T _
InV&(w,t) =InV¢(w,0) —1—/0 Ve(w,s) {27,0 (S)CD( Dw(s)+ Aoko o (w(s))
~ s ~
+MiFio(w(s =)+ 42 [ Fro(w())dg)
s—T

+ (Fro (w(s) ¥k o (w(s)) — (Fro (w(s — 7)) ¥iFio (w(s — 1))
+w' (s)¥aw(s) —w' (s — ) ¥aw(s — )
+wT@www®—uﬁ@—nﬁ w(s —12)

t
+nw! (s)Qw(s) — / w' (s)Qw(s)ds — se‘gs} ds
t—1
Eo - . 3
+ /0 m?w (s)@(BoGO o(w(s),s)+ Bi1Gy o (w(s —1n1),9)
s
+ B, / Ca0 (w(Z),5)d0)dC(s), tE Ry, Meas. (60)
5—7]2
To continue, our idea is to treat (60) part by part. By Lemmas 2 and 3, we have
[ e 02BCa s (s(s) )dC(s)

ik/ W‘w (S)@BOGOO(W(S),S)’dS

. T
W (5)PBB] Pw(s) K2 [t (Goo(w(s),5)) CGoo (w(s),s)
< _
‘51/ Ve(w,s) s+ 15 / Ve(w, s ds
w' (s)PByBy Pw(s) w' LG (s))?w(s)
< 0 -a.
51/ et 451/ s ds, teR,, M-as, (61)
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where the uncertain variable k is given exactly by (8) in Definition 8, the positive constant
61 can be chosen as small as desired, and is therefore imagined to be very close to zero in
the calculations here and hereafter. Mimic the steps in (61), to obtain

(s — Ul)(DBlBlT(Dw(s —1m)
Ve(w,s)

w
/ww T(s)®B1C1 o (w(s — 1), )dC(s) <52/ ds

i / w! VI;G;) S)) wO)gs teR,, Mas,  (62)
in which Lemmas 2 and 3 played a key role, the positive constant J,, as with the positive
constant 4 in (61), can be picked to be very close to zero (when necessary), and the
uncertain variable k is defined as in Definition 8 (see (8) for the details). By performing
calculations analogous to those taken in the procedure of deriving (61) as well as (62) and
apply Lemmas 2 and 3, we can show finally that

J | %w%)% / ~ Cro (w((),5)ddC(s)

w' (s)®B,B, Pw(s )
<531’]2/ Vs(w S) ds

453/ Vs (w, s /_ w' (0)(Lg,(s))*w(Q)dgds, te€ Ry, M-as., (63)

where k, as in (61) and (62), is an uncertain variable whose definition lies in (8) of Definition 8,
and the real constant J3, required to be positive, can be chosen to be as close to zero as
desired. Now let us plug (61), (62) and (63) into (60), to arrive at

In VE(w, t) <In VE(w,0) + /Ot V(lws) [ZWT(S)CD(D w(s) + AoEy o (w(s))

A (s =) + s [ Ty (w(@)d)

+ (F o (w(s) )) ¥1F o (w(s))
(Flo w(s —1))) ‘f’lFlO(w(S—Tl))

(
w' (s)¥w(s) —w' (s — ) ¥aw(s — )
w' (s)¥aw(s) —w' (s —12) Yaw(s — 172)
+nw' (s)Quw(s) — /t w' (s)Quw(s)ds — sees} ds
t—1p
w' (s)PByB; Pw(s) w' (s)(Lg,(s))*w(s)
+51/ Ve(w,s) 451/ Ve(w,s) ds
o f w (s —m ﬁ?fifw(s_m)ds
w' (s)(Lg, (s))*w(s) w' (s)®B,yB,) Pw(s)
452/ Ve(w,s) ds+53'72/ vs(iu,z) ds

453/ ve (w, s / w' (Q)(Lg,(s)*w(()dds, t € Ry, M-as., (64)

in which, the occurred diagonal matrix L, (s) is defined as in (36) alongside with (37) in
Assumption 3, k = 0, 1, 2. By recalling that the nontrivial entries of the diagonal matrix
Lg, (s) are Lebesgue integrable and essentially bounded, k = 0, 1, 2, and in view of

V&(w,s) = Vi(w,s)+e ¥ >e %, scRy,
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we can conclude immediately that the terms (occurred in (64), (61), (62) as well as (63))

)(L )(L
/ w ( G() ) S / / w G] ) (S)ds, and
451 Vs w, ) 4(52 V8 w, )

453/ ve (w,5 / @' (§)(L, (s))*w(g)dgds

are well-defined as uncertain processes (Liu process, more precisely). Based on (33) along
with (34) in Assumption 3, and by the famous Cauchy-Schwarz inequality, we have

2wT (S)@A()PO o (w(S)) ng (S)@A()AJQ)TW(S) + ZU—r (s)(Lpo)zw(s)
—w' (s) (@AOAJ o+ (Lpo)z)w(s), seR,, M-as. (65)

By Lemmas 5 (especially (22)) and 4 ((18), in particular), we have directly

(Fro (w(s))) "¥iF) o (w(s)) < Amax(¥1)w " (s)Lpw(s), t€ Ry, M-as. (66)

Based on the idea used in (66), with the Cauchy-Schwarz inequality as the main tool, we
apply Lemmas 5 and 4 ((22) and (18), in particular), to obtain

7 (E o (w(s)) QF 0 (w(s)) < ToAmax(Q)w ' (s)Lpw(s), t€ Ry, M-as. (67)

As with L, in (65), the diagonal matrices Lf, and LF,, occurred in (66) and (67), are defined
as in (33) alongside with (34) in Assumption 3. Based on (32) in Assumption 3, the right
hand sides of (65), (66) and (67) are all well-defined.

With (48), (49) as well as (50) at our disposal, we perform some routine but seemingly
tedious calculations, to arrive at

w' (s)(Lgy(5))*w(s) _tr((Lgy(s))?)w (s)w(s)
Vg(w,s) = Vg(w,s)
tr((Lgy(s))*)w" (s) Pw(s)
(,min @) Ve (w,s)
gtr((Lco( 5))%)

min
1<k<N Pk

fora.e.s € Ry, M-a.s. (68)

This implies automatically

w' (s)(Lg,(s))?w(s) 1 t ’
<
/ s < (Pk/ r((Lgy(5))%)ds
1<k<N
<L/+mtr((L (5))2)ds, tER,, M-as.  (69)
X min_ g Gy ’ +/ -S.
1<k<N

Borrowing the idea ‘to establish first the inequality (68) and based on this new established
inequality (68), to prove our desired (69)’, based on (48), (49) and (50), we have analogously

/ w' V€G1 )zw(S)dS < 1 /t ((Lcl(s))z)ds

w S min
) 1<k<N P

N

<; /+oo tr((L (S))Z)ds t € R4, M-as (70)
S Toin o1 G , + s.
1<k<N
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Enlightened by the experience of deducing (68), based on (48), (49) and (51), we conduct
some careful computations, to yield

s . 2 s
Vo) . @ O (o) P <5 <(<;;s$>(>w )’S) [ A @@z
(L, (5))
(

As can be seen already in (69), this implies directly

t 1 s . ,
/0 m /sf,72 wT(g) (LGQ(S))zw(C)dgds gm/o tr((LGZ(S))2>dS

1 +oo
<W/O tr((LGZ(S))Z)ds, t e R, M-as. 71)

)\min

By recalling (35) in Assumption 3, we conclude that the terms in (69), (70) and (71)

nﬁrllq)k/()+oo tr((LGo(s))2>dS/ rI;il’lg\](pk/o+OOtr((LGl (s))2)ds, and

EUSS EUSS

@ (e

are all well-defined as non-negative constants.
Plug (69), (70) and (71) into (64), to directly obtain

InVé(w,t) <InV&(w +/ VS (w,s {— T(s)®Dw(s)
+w (s)(chOAO @7+ (Lg,)?)ewl(s)

42w (5)DALE o (w(s — 1)) + 2w (5) DA, /_ £ o (w(2))dg

+ /\max(lf/l)w ( )LFlw(s)
(aow@—n»fﬂéowm—n»

(
w' (s)Hw(s) —w' (s — i) Yow(s — )
w' (s)¥sw(s) —w' (s —12)¥aw(s — 12)

+nw' (s)Quw(s) — /tt w' (s)Quw(s)ds — sess} ds

w' (s)PByB; Pw(s) k2 +oo ’
) d tr( (L d
* 1/ Vé(w,s) S+4(51 min gok/o r(( Go(8) ) *
1<kN

w' (s —1)PB1B] dw(s — 1)
+ 5 / s ds
k2 +oo w' (s)PByB,) dw(s)
4&DMMWA ﬁ«%&D)%+%m/ Vi) s

EUSS

+k2/+mtr((L (s))2>ds teR,, M-as
453)\min(lff3) 0 G2 ’ * -
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which can be written compactly into

lnvffw,t) <lr1 VSEW,O) _/t - iv 5 [wT(s)@’LIJ(S)

+w (s =) (¥~ 50BB] @)w(s — 1)
T(S 12)Faw(s —112)

n / w(0)d] + e ES] ds
kz. / +Ootr((LGO(s))2 ds

_I_i
461t min
1 1<k<N(Pk 0

)
[ k(L (9))ds
)

+ -
465t min 0
2 1<k<N Pk

3 e ((Les(9))?)d R,, M
+ / tr s s, te , M-a.s.,
463t Amin(¥3) Jo (< G(5)) -

in which the uncertain process @(s) is defined by

w(s) = col(w(s), Eo(w(s—1)), /SS_T2 Eo (w(@))d@), s € Ry, M-as.,,

(72)

(73)

and the symmetric block matrix © is defined as in (42). Since the block matrix © is positive

definite, it follows immediately from Lemma 4 that
Vi(s) =w' (s)®w(s)

=" (s)Ptw(s)

max (g TRIH@ ' (s)Ow(s), s € Ry, M-as.,

S

(74)

where @(s) is given as in (73) and the symmetric block matrix @ is given by (44). Since
the matrices ¥;, ¥, and Y3 are all positive definite, 7, > 71, T» = 71 and ©» = 1, (see
Assumption 2), it follows from the Cauchy-Schwarz inequality, Lemmas 5 and 4 that

vals) = [ (Fro (@) ko (@)l + [ w! (@)¥w(@)ds
[ @ @@
Amax (V1) /s L@ O e@dl + [ w (@¥w()d
[ w @@

< (Amaxwl)Amax((Hal)T(LH)zH;;) + Amax (151 THRI151)

FAman () HBIH) [ 0! @0w(@)de, s € Ry, Meas

It is not difficult to find that

9= [ [ vt 0w

<r2/_ w' (0)Qw(Z)dl, seR,, M-as.

(75)

(76)
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Plug (74), (75) and (76) into (49), to obtain

3
V(w,s) <kZ; Vie(s)
=1
max (IIgh) TR Hw T (s)Ow(s)
o (Amax (1) A (15D T (L JPTIGY) + Auman (L151) T 21151)

+ Amax (II5Y) "IN + Tz) ° w' ()Qw(0)dl, se Ry, M-as.

5—T

This implies immediately that
S
@7 (s)Ow(s) + / w0 (0)Qw()dl = kV(w,s), seR,, Mas., 77)
S—Tp

where the positive constant « is given such that (43) is fulfilled.
Thanks to the assumption that the matrices ¥, — @B BI @ and Y3 are both positive
definite, we plug (77) into (72) to arrive at

InVe(w,t) In VE(w,0)  (txV(w,s)+ee”®
t = t 0o V(w,s)+e 5

S /0 - tr((L, (5))?)ds

+ -
461t min
1 1<k<N(Pk

K /O+oo ’cr((LG1 (s))2>ds

+ -
46>t min
2 1<k<N Pk

]kz +o0 L ) d R y
* @) T((()?)ds e Ry, Mas

Fix e = «, and pass to the limit as ¢ — +oo to finally obtain that

InVE&(w, t)

N

lim sup —x, M-as.

t——+oco

For every state trajectory x(t) of DUCNNS (23), if x(t) # x* (recall that x* is an equilibrium
state or a fixed point of DUCNNS (23)) for every t € R, then it holds that

ln((x(t) — ) o(x(t) — x*))

lim sup n <limsup M
t—+o00 t— 400
€
<limsup M < —x, M-as. (78)

t—+4o0

The proof of Theorem 2 is complete. [J

4. Numerical Validation of the Theoretical Observations

In Section 3, we provided a criterion ensuring the (unique) existence of the equilibrium
state (or fixed point) of DUCNNS (23) and proved a criterion guaranteeing the convergence
of state trajectories of our concerned NNs. In this section, we are focused in coming up with
an example to illustrate that the aforementioned theoretical results are indeed effective.
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We consider a DUCNN having the form (23) with N = 3, x = (x1, xp, x3) . We assume
that the delay 11, 7, 1 and 72 are givenby 71 = 1, » = 4, 1 = 2 and 7 = 3, respectively.
We assume in our concerned example that the matrix in the leakage term is

500 O 0
D=1 0 500 0 |,
0 0 500

and that the connection weight coefficient matrices Ay, A1, Az, Bg, B1 and B, of the
transmission terms are given, respectively, by

3 1 9 8 9 3 1 11 13
Ao= |11 12 3|, A;=(7 4 12|, A,=1(8 10 2|,
6 2 7 11 10 2 6 12 5

10 11 1 1 9 3 3 11 7
Bop=|7 6 13|, Bij=|7 4 13|, andBy= |8 10 2
5 12 3 8§ 10 2 6 12 5

For the sake of convenience of our later computations, we assume in this example that
the exogenous disturbance U(t) and V (t) are zero for all t € R.

We assume in our concerned example DUCNN that the activation functions Fy, F;, F>,
Go, G1 and G; are given, respectively, by

|x1 + 1| —|x1 — 1] |2x2+1] —|2x2 — 1| [3x3+ 1| —[3x3 — 1|)T

FO o (x) :( ; X = (X1,.X2, XB)T c IR?’l

2 ’ 2 ’ 2
2 1| —[2x1 —1 1| — -1 1| — -1
Fo (x) :(| X1+ | | X1 |’ |x2 + ’ ‘xZ |, |3X3—|— | |3x3 |)T, x = (xl,X2,X3)T e R3,
2 2 2
3 1| —[3x1 —1| |2 1| — |2x, — 1 1| — -1
Fo (x) :(| X1+ | | X1 |, | X2 + | | X2 |, |X3+ | |X3 |)T/ x = (xl/x2/x3)T c RS,
2 2 2
G ’t = / 7 7 = 7 12 R /t R 12
00 (x,t) =( 205D Fn) 211D ), x=(x,x0,x3)" € eER,
|2x1 + 1] — |2x; — 1] [Bxa+1] = [3xp — 1| |x3+ 1| —|x3— 1|, T 3
Gro(xt) = , , , x=(x1,x2, R’ teR
10 (x,t) =( 205D ) 215D ), = (x,x0,x3)" € eER,
and
1| — -1 1| — -1 |12 1| —2x3 —1
Gyo (x,t) :(|3X1 + | |3x1 ’ |x2+ | |x2 ’ | X3 + ’ ‘ X3 |>T, x = (xlerIXS)T c R3’ Fe R+.

2(1+1) 2+ 2(1+1)

With the above given T, T2, Y1, Y2, AQ, Al/ Az, Bo, Bl/ Bz, (P, Yl/ Fo, Plr Fz, G(), Gl
and G,, we can prove easily that our concerned example DUCNN admits x = (0,0,0) "
as its equilibrium state (or fixed point). Next, we would like to check numerically and
graphically that x = (0,0,0) " is actually the unique equilibrium state (or fixed point) of
our concerned example DUCNN, moreover, it is almost surely exponentially stable. By
some routine but seemingly tedious calculations, we have

100 2 00 300
Lp,=(0 2 0], Lr =0 1 0], Lp=0 2 0],
00 3 0 3 00 1

0
AR L (200 L (300
Leg=+—(0 3 0|, Lg;=+——(0 3 0], Lg,=——0 1 0
1ty o o 1+tly o 1 1ty o »
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To reduce the computational burden, we choose to fix @ and ¥; as

100
o=%=[0 1 of. (79)
00 1

We determine ¥,, ¥3 and (2 by solving linear matrix inequalities (LMIs) (41) and (42) (with
merely Y7, ¥3 and (2 as the decision variables) via exploiting MATLAB (®2015b), to obtain

—73.0298 161.1998 —91.6697

244.8509 —73.0298 —94.5331
Y = ,
—945331 —-91.6697 218.0977

—39.9782 76.1573 —48.7077

118.1714 —39.9782 —50.9662
11/3 - 7
—50.9662 —48.7077 105.7461

and

—16.9317  44.6221 —20.9097
—24.0696 —20.9097  54.8402

With the above fixed 11, T, #1, 2, Ao, A1, A2, Bo, By, By, @, ¥1, and with the obtained
L, Ly, LF,, Ly, LGy, Lg,, Y2, ¥3 and 2, we again perform some numerical computations
via MATLAB (®2015b) and obtain ¢ = 0.8261 and x = 0.0947; see (38) and (43) for the
detailed definitions of ¢ and x, respectively.

In view of ¢ < 1, we conclude by Theorem 1 that our concerned example DUCNN
has a unique equilibrium state (or fixed point), namely x = (0,0,0)". In addition, by
Theorem 2, it follows from the conclusion the LMIs (41) and (42) (with merely ¥;, ¥3 and (2
as the decision variables) are both feasible that x = (0,0,0) " is almost surely exponentially
stable. More precisely, combine (78) and (79) to arrive at

( 60.5751 —16.9317 —24.0696)
Q= .

3
In ) ()

lim sup k= < —0.0947, M-as.,
t—+oc0 t
3
whenever ) |x¢()]? > 0 for every t € Ry, M-a.s. Let x(t) = (x;(t), x2(t), x3(t)) " be the
k=1

(unique) state trajectory of our concerned example DUCNN satisfying the initial condition

x1(f) = =5, dM x dt-a.e.inT x [—4,0],
xp(t) =1, dM xdt-ae. inI x [—4,0], (80)
x3(t) =3, dM xdt-ae. inT x [—4,0].

By viewing Figure 1, we find readily that the state trajectory x(t) of our concerned
example DUCNN supplemented by the initial condition (80) tends to 0, the equilibrium
state (or fixed point) of the concerned example DUCNN, as time t escapes to infinity. To
summarize, all the observations in this paragraph validate our theoretical results.
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Figure 1. Numerical and graphical illustration of the criterion (see Theorem 1) ensuring the (unique)
existence of equilibrium states (or fixed points) of our concerned DUCNNS (23), and the criterion
(see Theorem 2) guaranteeing the almost surely exponential stability of the equilibrium states (or
fixed points) of DUCNNS (23). x(t) = (x1(t),x2(t), x3(t)) T, t € [0,50], is the state trajectory of our
concerned example DUCNN in this section (i.e., Section 4) fulfilling the initial condition (80).

5. Concluding Remarks

We studied, in this paper, a class of DUCNNSs, namely DUCNNSs (23), driven by a one-
dimensional canonical Liu process; see Section 2. Our concerned model DUCNNSs include
discrete time and finitely distributed time delay in transmission terms. In the context of
uncertain dynamical systems, it seems to be new and difficult to investigate the influence
of time delay on the long time behavior of state trajectories. Our research, in this paper,
is inspired noticeably by the results in References [5,14,15,21-34], but we are faced with
some new challenges. For example, it is not difficult to recognize that the Brownian motion
is beneficial, in a certain sense, for proving almost surely the exponential convergence of
state trajectories of stochastic NNs, while the canonical Liu process is actually ‘harmful” for
proving almost surely exponential convergence of state trajectories of uncertain NNs; see
References [5,14,15,30-34]. Therefore, it seems to be much more challenging and laborious
to perform convergence analysis on state trajectories for ‘indeterminate’ NNs driven by
uncertain processes than for those driven by stochastic processes.

Based on some rudimentary analysis, we come up with a criterion (see (38)) under
which our concerned model DUCNNSs (23) were demonstrated, via a standard contraction



Entropy 2023, 25, 1482

26 of 28

mapping argument, to admit unique equilibrium states (or fixed points); see Theorem 1 and
its proof for the details. By designing meticulously a class of Lyapunov-Krasovskii func-
tionals, we brought forward, based on the analysis of our designed Lyapunov-Krasovskii
functionals, a criterion (see (41) as well as (42)) to guarantee that the equilibrium states
(or fixed points) of our concerned model DUCNNSs (23) be almost surely exponentially
stable; see Theorem 2 and its proof for the details. The aforementioned theoretical analysis
and the corresponding results are collected in Section 3, and our theoretical results are
‘demonstrated’, numerically and graphically, to be actually effective.

Dynamical systems governed by CNNs of nonlinear differential equations driven
by uncertain processes can be chaotic, in the sense some of the time series generated by
(i.e., state trajectories of) the dynamical systems are of great complexity (for example, they
are flexible and/or exhibit high entropy values). By exploiting machine learning, we can
establish model to predict accurately flexible time series based on NNs. NNs whose state
trajectories converging to their equilibrium states (or fixed points) perform better than
those having divergent state trajectories. And therefore, our convergence criterion (see
Theorem 2) helps us to design accurate CNN models to predict complex time series.

As pointed out in Section 1, to take sufficiently use of the after-effect in our concerned
model DUCNN:Ss (23), a class of Lyapunov—Krasovskii functionals, the main ingredients of
this paper, were carefully created. Among the merits, general positive definite matrices
are included in our designed Lyapunov—Krasovskii functionals to reduce the conservatism
of our stability results. An interesting notion that is closely related to the main theme of
our research in this paper is stabilization. By stabilization, we mean that extra control is
added in uncertain NNs to guarantee that state trajectories of the controlled uncertain NNs
converge to the equilibrium states (or fixed points). In the literature, various stabilization
problems have been extensively studied for deterministic and stochastic NNs. Inspired by
these observations, we shall work in the direction of designing suitable (impulsive control,
intermittent control, quantized control, adaptive control, pinning control, sliding mode
control, event-triggered control, and so forth) feedback control to stabilize DUCNNS.

As pointed out above, and by inspecting DUCNNS (23), it is not difficult to find
that the model DUCNNSs considered in this paper are driven by merely one dimensional
canonical Liu processes. By reviewing all our mathematical derivations throughout this
paper, it is not difficult to conclude that our methods can be adapted to treat similar
problems associated to UCNNSs (with or without time delay) driven by multi-dimensional
Liu processes. Recently, the multi-dimensional Liu processes situation was considered in
References [21,29]. Inspired by the results presented in these references, we plan to consider,
in the near future, the problems concerning the existence and stability of equilibrium states
(or fixed points) of DUCNNSs driven by multi-dimensional Liu processes.

As can be seen above, we are merely focused, in this paper, on the existence and
stability of equilibrium states (or fixed points). For NNs, equilibrium states (or fixed
points) are special cases of periodic trajectories, and equilibrium states (or fixed points)
as well as periodic trajectories latter are special cases of almost periodic trajectories. As
mentioned in Section 1, in Reference [5], the problem concerning the stability of almost
periodic trajectories of a certain class of NNs was considered. From the presentation of this
reference, we can find that it is actually important to generalize the notion of equilibrium
states (or fixed points) to that of (almost) periodic trajectories. In quite a few situations,
NNs have no equilibrium state (or fixed point), but have (almost) periodic trajectories. In
the procedure of investigating large time behavior of state trajectories of NNs, (almost)
periodic trajectories act in nearly the same role as equilibrium states (or fixed points). We
are therefore tempted to study the existence and stability of (almost) periodic trajectories
of DUCNNE.

The notion of synchronizability is very close to that of stability. By synchronizability,
we mean the phenomenon: Every difference trajectory of two NNs (the two NNs may have
different structure) (i) tends to zero as time escapes to infinity or (ii) tends to zero as time
approaches a finite instant (the so-called settling time), and remains to be zero constantly
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thereupon; see References [4,6,10,11]. As can be seen in many situations, complicated NNs
display chaos phenomena. This would certainly bring about difficulty in the application
of these NNs. To remove or attenuate the difficulty, synchronization control should be
introduced into these chaotic NNs to improve their structural properties. Inspired by these
brief disscusions here, we shall consider the (asymptotical, finite-time, fixed-time and/or
pre-specified time) synchronization problem for DUCNNS.
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