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Abstract

Recently introduced, power Brownian motion and power Levy motion are versatile and
practical anomalous-diffusion models. On the one hand, the power motions are easily
constructed and are easily tracked. On the other hand, the power motions display an
assortment of anomalous behaviors including: sub-diffusion and super-diffusion; aging and
anti-aging; and persistence and anti-persistence. This paper investigates the power motions
from a socioeconomic-inequality perspective. Using this perspective, key statistical and
temporal behaviors of the power motions are interpreted and scored. In particular, the paper
provides simple and explicit quantitative answers — which are based on socioeconomic
inequality indices — to the following question: what is the ‘degree of anomaly’ of each of
the power-motions” anomalous behaviors? The socioeconomic approach presented in this
paper may be applied (in future research) to additional anomalous-diffusion models.

Keywords: selfsimilar processes; sub-diffusion and super-diffusion; aging and anti-aging;
persistence and anti-persistence; fractal wealth distributions; Lorenz curves; Gini index

PACS: 02.50.-r (probability theory, stochastic processes, and statistics); 05.40.-a (fluctuation
phenomena, random processes, noise, and Brownian motion); 89.65.-s (social and economic
systems)

1. Introduction

Fractals are objects that are invariant with respect to ‘zooming in” and ‘zooming out’
[1-3]. Fractality appears naturally in the context of physical diffusion processes [4-7].
Indeed, such processes ‘run’ on the molecular level, and they are observed on the human
level. In the transition from the molecular level to the human level, fractality emerges
universally [8].

Following the works of Ingenhousz [9], Brown [10], and Bachelier [11,12], the theory
of physical diffusion processes began with the works of Einstein [13] and Smoluchowski
[14]. The theory’s keystone is the foundational Brownian-motion model [15-17]. Further
works [18-22] unveiled the fact that beyond the dominion of ‘regular” diffusion processes
there is a vast realm of ‘anomalous’ diffusion processes [23-35].

Since Einstein and Smoluchowski, via the discovery that diffusion comes in both
regular and anomalous ‘flavors’, the interest in diffusion processes is extensive and ongoing.
Recent examples of anomalous-diffusion studies include: higher-order diffusion [36];
origins of diffusion [37]; robust criterion of diffusion [38]; convolutional transformers [39];
self-propelled particles [40]; change-point detection [41]; power-law-correlated noises [42];
elastic gels [43]; super paramagnetic walkers [44]; free-ranging birds [45]; conical channels
[46]; fractal homogenization [47]; and shear-driven anomalous diffusion [48].
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(The wide span of topics covered by the above examples demonstrates the highly multi-
disciplinary nature of diffusion research. Many more examples of anomalous-diffusion
works will be noted along this paper.)

Among the recent studies on diffusion theory are the models of power Brownian motion
(PBM) [49-51] and power Levy motion (PLM) [52-54]. The word “power” in the names
of these models is due to the following fact: the ‘pillars” of PBM and PLM are certain
power-laws, and these power-laws define PBM and PLM.

PBM is the unique fractal diffusion model that is Gaussian and Markovian [50,55].
The white noise that ‘drives’ PBM is Gaussian, and its statistical fluctuations are ‘mild’.
Elevating from Gaussian white noise to Levy white noise — whose statistical fluctuations
are ‘wild’” — yields PLM. As PBM, also PLM is a fractal and Markovian diffusion model.

On the one hand, PBM and PLM are easily constructed and are easily tracked. On the
other hand, PBM and PLM display a host of statistical behaviors including: sub-diffusion
and super-diffusion; aging and anti-aging; and persistence and anti-persistence. Combining
together analytic simplicity and statistical riches, PBM and PLM have a significant potential
for practical applications. As these models were introduced only recently, applications are
yet to be proposed.

The purpose of this paper is to illuminate PBM and PLM from a rather unexpected
perspective: socioeconomic inequality [56—60]. To that end let’s shift from fractality in the
context of physical diffusion to fractality in the context of wealth distributions (in human
societies).

Fractal wealth distributions [61,62] are defined by a certain power-law with a positive
power p. Depending on the value of the power p, the fractal wealth distributions are
classified as follows.

When the power is smaller than one (p < 1) then the fractal invariance is with respect
to ‘zooming in” on the rich [61,62], and hence: the wealth distribution among the rich is
statistically identical to the wealth distribution among all society members. When the
power is larger than one (p > 1) then the fractal invariance is with respect to “zooming
in” on the poor [61,62], and hence: the wealth distribution among the poor is statistically
identical to the wealth distribution among all society members.

The threshold p = 1 marks the phase transition between ‘rich fractality’ (p < 1) and
‘poor fractality” (p > 1). This threshold manifests the perfect-equality benchmark: the
socioeconomic ‘ground state” in which all society members share the very same wealth.
In turn, socioeconomic inequality is gauged by quantifying deviations from the perfect-
equality benchmark.

With the fractal wealth distributions described, let’s return to the PBM and PLM
models. As noted above, PBM and PLM are defined by their power-law pillars. In turn,
these pillars have two key parameters — the exponents J and y — which are both positive,
and whose roles are as follows.

The exponent § determines the pace at which the motions’ positions diffuse with time,
and the pace at which the motions’ inherent fluctuations change with time. Consequently,
the exponent J determines the sub-diffusion and super-diffusion behaviors, as well as the
aging and anti-aging behaviors.

For PBM, the exponent vy determines the correlations of the motion’s positions. For
both PBM and PLM, the exponent y determines the pace at which the motions’ inherent
clock ticks. Also, the interplay between the exponents J and  determines the persistence
and anti-persistence behaviors.

Mapping the axes of PBM and PLM power-laws to the axes of the power-law of
fractal wealth distributions, this paper establishes Table 1. Using a single scheme — the
socioeconomic classification of fractal wealth distributions — Table 1 classifies the following
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anomalous behaviors of PBM and PLM: sub-diffusion and super-diffusion; aging and
anti-aging; sub-linear and super-linear inherent clock; and persistence and anti-persistence.

As noted above: the benchmark of the socioeconomic classification is the ground-
state of perfect equality; and socioeconomic inequality is quantified via deviations from
the perfect-equality benchmark. Per each anomalous behavior of PBM and PLM, Table 1
specifies (in the perfect-equality row): the PBM and PLM benchmarks that correspond to
the perfect-equality benchmark. In turn, the deviations from the PBM and PLM benchmarks
can be measured by socioeconomic inequality gauges — and so they will in this paper. Thus,
in a nutshell, the following is stated.

» This paper establishes and presents a socioeconomic-inequality perspective via
which: main statistical and temporal behaviors of PBM and PLM are interpreted
and scored.

The paper is organized as follows. Gaussian-selfsimilar diffusion models are reviewed
in Section 2, and the measurement of socioeconomic inequality is reviewed in Section 3.
(On their own, Sections 2 and 3 can serve readers as ‘crash introductions’ to their respective
topics.) Following these reviews, the socioeconomic gauging of PBM is presented in Section
4. Elevating from the ‘Brown kingdom’ to the ‘Levy kingdom’, Section 5 reviews PLM and
then presents the socioeconomic gauging of PLM. Last, Section 6 concludes with a brief
recap and an outlook.

Table 1. Socioeconomic perspective of PBM and PLM. The fractal wealth distributions are parameter-
ized by a positive power p, and are classified by the table’s rows as follows: rich fractality when p < 1;
poor fractality when p > 1; and perfect equality when p = 1, which is the phase transition between
rich fractality and poor fractality. Key parameters of PBM and PLM are the positive exponents §
and <. The table’s columns set these exponents, as well as their ratio y/J, to assume the role of the
power p. In turn, the table’s cells showcase a unified socioeconomic classification of main statistical
and temporal behaviors behaviors of PBM and PLM: sub-diffusion and super-diffusion; aging and
anti-aging; sub-linear and super-linear inherent clock; and persistence and anti-persistence. The
socioeconomic benchmark is the ‘ground-state” of perfect equality, and the corresponding PBM and
PLM benchmarks are specified in the cells of the perfect-equality row.

p=9 p="7 p=17/6
Rich s<1 <1 v<9
fractality Sub diff. & Sllél;(lmear Persistence
Aging
Perfect =1 — 7=90
. . 7=1 Time-scaled
equality Regular diff. Space-scaled p
motion motion
Poor §>1 7> 1 i v>0
fractality Super diff. & S;Eir'hnear Anti-persistence
Anti aging

2. Gaussian-Selfsimilar Diffusion Models

This section reviews the prominent Gaussian diffusion models of Brownian motion
(BM), fractional Brownian motion (FBM), and time-scaled Brownian motion (TSBM). Vis a
vis these prominent models, power Brownian motion (PBM) is introduced and its advan-
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tages are described. The section begins with general diffusion models (Section 2.1), then
it focuses on Brownian diffusion models (Section 2.2), and thereafter it focuses on PBM
(Section 2.3).

2.1. General Diffusion Models

Along this section all random motions are considered as follows. The motions’ tempo-
ral axis is the non-negative half line ¢ > 0, the motions’ spatial axis is the real line, and the
motions initiate from the origin of the real line. Also, the motions’ positions are real-valued
random variables with zero means and with finite variances.

Regarding a random motion of interest: the motion’s position at time ¢ is denoted
X(t); and the motion’s increment over the temporal interval [a,b] is the displacement
X(b) — X(a). Several classes of random motions shall now be noted.

Gaussian class G [63—65]: motions whose positions — corresponding to any finite set of
time points — form a random vector whose statistical distribution is multivariate
Normal.

Stationary-increments class Zs,; [66—68]: motions whose increments’ statistical distribu-
tions depend only on the temporal difference b — a (rather than on the time points a
and b).

Independent-increments class Z;,,4, [66-68]: motions whose increments” — over non-
overlapping temporal intervals — are independent random variables.

Markovian class M [69-71]: motions whose future trajectory — with respect to any present
time point — depends only on the present position (rather on the trajectory up to the
present time point).

Selfsimilar class S [72-74]: motions whose trajectories are fractal objects that are statisti-
cally invariant to ‘zooming in” and ‘zooming out’.

Of the above classes, the one that is universal is the selfsimilar class. Specifically, when
observing from a macroscopic level a random motion that ‘runs’ on the microscopic level,
then: selfsimilarity emerges universally at the macro level [8,74,75]. The elevation from
the micro level to the macro level appears naturally in the context of physical diffusion
processes. Indeed, physical diffusion processes take place at the micro level (of molecules)
and are observed at the macro level (of humans). So, it is natural to use selfsimilar random
motions as general diffusion models.

Selfsimilarity implies the variance pattern

Var[X(t)] = Var[X(1)] - £°, (1)

where J is a positive exponent [74]. With no loss of generality, the variance at the time point
one is henceforth set to be one, Var[X(1)] = 1. Thus, the variance function of Equation (1)
is Var[X(t)] = t°.

The variance function of Equation (1) quantifies how the motion’s positions become
more and more diffuse with time. Thus ¢ is a diffusion exponent, and the motion is classified
as follows.

e  Sub-diffusion when the variance function is sub-linear (6 < 1).
e Regular diffusion when the variance function is linear (6 = 1).
o  Super-diffusion when the variance function is super-linear (J > 1).

Namely, as time progresses: in the sub-diffusion case the variance function grows
infinitely slower than linear; and in the super-diffusion case the variance function grows
infinitely faster than linear. The sub-diffusion and the super-diffusion cases are commonly
termed anomalous diffusion [23-35].
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2.2. Brownian Diffusion Models

Having specified several classes of random motions in Section 2.1, this subsection shall
address several specific Gaussian-selfsimilar models of diffusion. These models produce
random motions with continuous trajectories.

Of all random motions with continuous trajectories, the following model is arguably
the best known and the most famous one.

Brownian motion (BM) is characterized by the intersection G N Zstar N Zjgp [16]. BM
belongs to the Markovian class M and to the selfsimilar class S, and the BM diffusion
exponent is one dppr = 1.

Across science and engineering, BM is the archetypal model of diffusion [4,5,16]. BM
is the universal scaling limit [76-78] of the foundational micro-level diffusion model: the
random walk [79-83]. As the BM diffusion exponent is one dpp; = 1, BM is a regular diffu-
sion. Two principal generalizations of BM that ‘upgrade’ regular diffusion to anomalous
diffusion are the following.

Fractional Brownian motion (FBM) is characterized by the intersection G N Zg NS
[84-86]. FBM does not belong to the Markovian class M, and its diffusion exponent
takes values in the range 0 < drpp < 2.

Time-scaled Brownian motion (TSBM) is characterized by the intersection G N Zj;,4, N S
[87-89]. TSBM belongs to the Markovian class M, and its diffusion exponent is
positive drspp > 0.

FBM is arguably the most widely applied anomalous-diffusion generalization of
BM [90-110]. Commonly termed “scaled BM”, TSBM is a widely applied anomalous-
diffusion generalization of BM [111-126]. In this paper the term “TSBM” is used in order
to distinguish this motion from another anomalous-diffusion generalization of BM: space-
scaled Brownian motion (SSBM), which will be defined in Section 2.3.

The diffusion behaviors of FBM are coupled with its persistence behaviors [127].
Indeed, when FBM is sub-diffusive then it is anti-persistent, i.e. it tends to flip its direction.
And when FBM is super-diffusive then it is persistent, i.e. it tends to maintain its direction.

The diffusion behaviors of TSBM are coupled with its aging behaviors [113,121].
Indeed, when TSBM is sub-diffusive then it is aging, i.e. its statistical fluctuations decay
with time. And when TSBM is super-diffusive then it is anti-aging, i.e. its statistical
fluctuations grow with time.

FBM and TSBM are attained by ‘tinkering” with the increments’ properties of BM.
On the one hand, FBM retains the stationary-increments property, and it discards the
independent-increments property — thus giving rise to the persistence behaviors. On
the other hand, TSBM retains the independent-increments property, and it discards the
stationary-increments property — thus giving rise to the aging behaviors.

An altogether different approach to generalizing BM — rather than tinkering with
the increments’ properties — is to tinker with other properties. This approach leads to the
following generalization.

Power Brownian motion (PBM) is characterized by the intersection G N M N S [50,55].

From an anomalous-diffusion perspective, FBM and TSBM have — each — upsides and
downsides. PBM combines together the upsides of FBM and of TSBM (while circumventing
their downsides). Specifically, key anomalous-diffusion features of PBM are the following
[49-51].
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e  Diffusion: as the TSBM diffusion exponent — and in contrast to the FBM diffusion
exponent — the PBM diffusion exponent is free to assume any positive value.

e  Persistence: as FBM — and in contrast to the TSBM — PBM displays the anomalous
behaviors of persistence and anti-persistence.

e  Aging: as TSBM —and in contrast to the FBM — PBM displays the anomalous behaviors
of aging and anti-aging.

So, PBM exhibits anomalous-diffusion features that neither FBM nor TSBM can exhibit
on their own. Section 2.3 shall provide further details regarding the PBM model.

2.3. Power Brownian Motion

The statistics of Gaussian random motions are determined by their positions’ covari-
ances. Equivalently, the statistics of such random motions are determined by: the standard
deviations of their positions; and the correlations of their positions.

When a random motion under consideration is selfsimilar then Equation (1) implies
that the positions’ standard deviations are: SD[X(t)] = t°/2 (t > 0). And, when the random
motion is PBM then the positions” correlations are [49,50]:

a>7/2

Cor[X(a), X(b)] = (b

(2)
where a < band b # 0, and v is a positive correlation exponent.

So, the standard-deviation function and the correlation function of PBM are both
power-laws. In turn, the statistics of PBM are determined by two positive parameters: the
diffusion exponent §; and the correlation exponent -y. Special cases of the PBM model are
pinpointed by specific PBM exponents as follows.

BM: characterized by 6 = 1and v = 1.

Regular diffusion: characterized by 6 = 1.
Space-scaled BM (SSBM): characterized by v = 1.
Time-scaled BM (TSBM): characterized by 6 = 1.

The stochastic meaning of SSBM will be unveiled in Section 5.3. Note that when the
diffusion exponent is one § = 1, and when the correlation exponent is different than one
v # 1, then: PBM yields a random motion that is a regular diffusion — yet it is nof BM.

As in the case of TSBM, the diffusion behaviors and the aging behaviors of PBM are
coupled, and they are determined by the interplay between the diffusion exponent § and
the BM diffusion exponent dpy; = 1 [49]. The persistence behaviors of PBM are determined
by the interplay between the diffusion exponent J and the correlation exponent -y [49].
Table 2 presents a ‘map’ of the anomalous-diffusion behaviors of PBM.

PBM can be formulated as a spatio-temporal transform of BM [49,55]. Also, PBM
can be formulated as the Lamperti transform of the Ornstein-Uhlenbeck process [50]. The
dynamics of PBM are governed by a closed-form Markov propagator, as well as by a certain
Langevin stochastic differential equation [49-51].

Due to these formulations and dynamics, it is easy to construct and track PBM. In sharp
contrast, FBM has no such formulations and dynamics — and thus it is hard to construct
and track FBM.

PBM conclusion. PBM is a versatile and practical Gaussian-selfsimilar model for
regular and anomalous diffusion alike. PBM includes BM, as well as SSBM and TSBM,
as special cases. And PBM combines together the upsides of FBM and TSBM, while
circumventing their downsides. Thus, PBM is worthy of comprehensive investigation. This
paper studies PBM from a socioeconomic-inequality perspective.
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Table 2. A ‘map’ of the anomalous behaviors of PBM. The table’s rows address the diffusion behaviors,
which are coupled to the aging behaviors. The table’s columns address the persistence behaviors.
Each combination of anomalous-diffusion behaviors is characterized by a corresponding combination
of the PBM parameters: the positive diffusion exponent J of Equation (1); and the positive correlation
exponent 7y of Equation (2).

Persistent Anti-Persistent
Sub-diffusive y<o<l1 0 < min(1,7)
Aging
Super-diffusive max(1,7v) <4 1<éd<y
Anti-aging

3. Measuring Socioeconomic Inequality

With regard to a given human society of interest, consider the following question:
how unequal is the distribution of wealth among the society members? This question has
well-established quantitative answers which will be reviewed in this section. The review
starts with the notion of Lorenz curves (Section 3.1), carries on with the notion of inequality
indices (Section 3.2), and culminates with fractal wealth distributions (Sections 3.3 and 3.4).

3.1. Lorenz Curves

Consider a human society comprising of members, where each member has a (non-
negative) wealth. The members are ordered from the poorest (with the smallest wealth) to
the richest (with the largest wealth). The distribution of wealth among the society members
is quantified — in a universally calibrated way — by Lorenz curves [128-131].

The Lorenz curves come in pairs [132,133]: a ‘bottom-up’ curve y = Lpy;(x); and a
‘top-down’ curve y = Ltp(x). Both Lorenz curves reside in the unit square 0 < x,y <1,
and they are monotone increasing from the square’s south-west corner (x = y = 0) to the
north-east corner (x =y = 1).

The bottom-up Lorenz curve y = Lp;(x) is convex, and its socioeconomic definition
is [132,133]: the low 100x% of the poorest society members hold, collectively, 100y% of
the society’s overall wealth. The top-down Lorenz curve y = Ltp(x) is concave, and its
socioeconomic definition is [132,133]: the top 100x% of the richest society members hold,
collectively, 100y% of the society’s overall wealth.

[More specifically, consider the society to comprise of n# members, with wealths w; <
wy < --- < wy. Then, the society’s overall wealth is w = wy + - - - + w;,. The values of
the Lorenz curves at the grid points x = k/n (where k = 1,2, -- ,n) are: Lpy(k/n) =
(w1 +---+wy)/w;and Lrp (k/n) = (wy_g41+ - - - + wy) /w. The grid values are extended
to all values by linear extrapolation. ]

Due to their definitions, the two Lorenz curves are coupled by the relation

LBu(x)+LTD(1*x) =1. 3)

So, the bottom-up Lorenz curve and the top-down Lorenz curve manifest two alternative
ways of coding the very same information. And, using Equation (3) one can easily shift
from each Lorenz curve to the other.

Due to their shapes, the Lorenz curves are ‘ordered’ as follows:

0< LBu(x) <x< LTD(JC) <1. 4)
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Namely, the bottom-up Lorenz curve y = Lp;(x) is bounded from below by the value zero,
and is bounded from above by the diagonal line ¥ = x. And, the top-down Lorenz curve
y = Ltp(x) is bounded from below by the diagonal line y = x, and is bounded from above
by the value one. These bounds manifest two antithetical socioeconomic poles.

One pole is the socioeconomic ‘ground state” of perfect equality: all society members
have exactly the same (positive) wealth. This state is defined by the diagonal line y = x,
and it is attained if and only if the two Lorenz curves coincide, Lpi;(x) = Lrp(x).

The other pole is the socioeconomic state of perfect inequality: a zero fraction of the
society members hold, collectively, the society’s entire wealth; and all other society members
have zero wealth. This state is attained when the society’s population grows infinitely
large, and if and only if: the bottom-up Lorenz curve coincides with its lower-bound
Lpy(x) = 0 (where 0 < x < 1); and the top-down Lorenz curve coincides with its upper
bound Ltp(x) =1 (where 0 < x < 1).

3.2. Inequality Indices

The pair of Lorenz curves defines a Lorenz set [132,133]. Namely, the Lorenz set
comprises of the unit-square points that reside between the two Lorenz curves [132,133]:

£:{0§x,y§1|LBu(x)§y§LTD(x)}. 5)

The Lorenz set provides a quantitative geometric description of the distribution of wealth
among the society members.

The ‘minimal” Lorenz set is the diagonal line £, = {0 < x,y < 1 | x = y}, which
characterizes the socioeconomic ‘ground state’ of perfect equality. The ‘maximal’ Lorenz
set is the unit square Epi = {0 < x,y < 1}, which characterizes the socioeconomic state of
perfect inequality. These minimal and maximal sets are, respectively, the lower and upper
‘bounds’ of the Lorenz set: Ly, C L C Epi.

Inequality indices score, numerically, the degree of socioeconomic inequality in human
societies [56-60]. An inequality index is a functional of the Lorenz set I( L) that takes values
in the unit interval 0 < I(£) < 1, and that satisfies the following properties [132,133].

e Zero score. The inequality index yields the minimal score if and only if the Lorenz set
is the minimal one: £ = Ly, < I(£) = 0.

e Unit score. The inequality index yields the maximal score when the Lorenz set is the
maximal one: £ = L,; = I(£) = 1.

e Monotonicity. The inequality index is a monotone increasing functional of its Lorenz-
set ‘variable”: L1 C Ly = I(Lq) < I(Ly).

So, the inequality-index score is zero only when the socioeconomic state is that of
perfect equality, and it is one when the socioeconomic state is that of perfect inequality. The
smaller the score — the more equal the distribution of wealth among the society members,
and the more egalitarian the society. Conversely, the larger the score — the less equal the
distribution of wealth among the society members, and the less egalitarian the society.

There are many approaches to devise inequality indices. Three such approaches —
leading to five different inequality indices — shall now be noted. The resulting inequality
indices are detailed in Table 3.

The first approach is the area of the Lorenz set. This approach yields the Gini index
IGini, which is arguably the most popular and the most widely applied socioeconomic
inequality index [134-138]. In addition to its Lorenz-set representation, the Gini index has
many more representations [139,140] — each interpreting and illuminating the Gini index
from a different ‘angle’.

https://doi.org/10.3390/e28020216
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The second approach is the diameter of the Lorenz set [59,132,133]. From a “vertical
view’: the diameter is the maximal vertical distance between the pair of Lorenz curves, this
maximal distance is attained along the line x = 1, and it yields the vertical-diameter index
Iyp. From a ‘horizontal view’: the diameter is the maximal horizontal distance between
the pair of Lorenz curves, this maximal distance is attained along the line y = %, and it
yields the horizontal-diameter index Iyp.

The third approach can be perceived as a combination of the first and second ap-
proaches, and it yields two indices [141]: the vertical-Bonferroni index lIyp, which is the
‘classic” Bonferroni index [142-149]; and the horizontal-Bonferroni index Iyp. These indices
are functionals of the Lorenz curves, and in addition to their Lorenz-curves representa-
tions, they have many more representations [141] — each interpreting and illuminating the
Bonferroni indices from a different ‘angle’.

Table 3. Inequality indices. The table’s rows correspond to five different inequality indices. Per each
inequality index: the middle column details a general formula that is based on general Lorenz curves;
and the right column details a ‘fractal formula’ for the specific power-law Lorenz curve of Equation
(6), whose parameter is the positive power p. In the general formulae: x = Lgﬁl (y) and x = Lil) (y)
denote, respectively, the inverse functions of the Lorenz curves y = Lpy;(x) and y = Lp(x).

Inequality General Fractal
Index Formula Formula
. . Iclini = Ll

Gini fO [LTD(x) B LBu(x)]dx Gini = “pF1
Vertical _ (1) (1 1 _olp

Iyp=1L =) —1L = Iyp=11-2
diameter VD TD\ 2 BU 2) VD ’ ‘
Horizontal _1-1(1 -1(1 1-1
diameter Inp = LBU<§) —L D(Z) Inp = ‘1 -2
Vertical _ lax—Lpy(®) —1_1

Iyg = B dx Iyp =1 whenp > 1
Bonferroni VB 0 x VB P ( p )
Horizontal  y-Lh () I =1— p (when p < 1)
Bonferroni T = Jo y dy P P

3.3. Fractal Wealth Distributions

There are infinitely many ways of distributing wealth among the members of a given
human society. Of these many ways, there are two particular ways in which wealth can
be distributed in a ‘fractal’ fashion [61,62]: rich fractality and poor fractality. These fractal
wealth distributions shall now be described and quantified.

Qualitatively, rich fractality holds when the distribution of wealth among the rich is
identical to the distribution of wealth among the society’s entire population. Quantitatively, rich
fractality is characterized by the top-down Lorenz curve Lrp(x) = x? [61,62], where 0 < p < 1.

Qualitatively, poor fractality holds when the distribution of wealth among the poor is
identical to the distribution of wealth among the society’s entire population. Quantitatively, poor
fractality is characterized by the bottom-up Lorenz curve Lp;(x) = x? [61,62], where 1 < p < 0.

Consider the power-law Lorenz curve

L(x) = xF, (6)

where the power p is positive. As described in Section 3.1: Lorenz curves come in pairs, and
the pairs are coupled by Equation (3). Hence, the “twin’ of the Lorenz curve of Equation (6)
is the Lorenz curve 1 — L(1 —x) =1 — (1 — x)”.

https:/ /doi.org/10.3390/e28020216
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The power-law Lorenz curve of Equation (6), as well as its twin Lorenz curve, charac-
terize — via their positive power parameter p — the three following socioeconomic regimes.

e Rich fractality when p < 1 (in which case the Lorenz curve of Equation (6) is top-down).

e  Perfect equality when p = 1 (in which case the Lorenz curve of Equation (6) is both
top-down and bottom-up).

e Poor fractality when p > 1 (in which case the Lorenz curve of Equation (6) is bottom-up).

So, the socioeconomic state of perfect equality is the borderline between rich fractality
and poor fractality. The antithetical socioeconomic state of perfect inequality is attained at
the following ‘fractal extremes’: the limit p — 0 of rich fractality; and the limit p — oo of
poor fractality.

As the power p crosses the threshold one, the shape of the power-law Lorenz curve
of Equation (6) changes from concave (p < 1) to convex (p > 1). From a socioeconomic
perspective — as described below — the threshold p = 1 manifests a phase transition.

With regard to a society whose wealth distribution is quantified by the power-law
Lorenz curve of Equation (6): sample at random a member of the society, and set W to be
the wealth of this member. Also, with no loss of generality, consider the average wealth (of
the society members) to be one. Then, the random variable W has mean one (E[W] = 1),
and its statistics are determined by the power p as follows.

e  Rich fractality: W takes values in the range (p, o), and its statistical distribution is
Pareto.

o  Perfect equality: W is a deterministic random variable.

e Poor fractality: W takes values in the range (0, p), and its statistical distribution is
inverted Pareto.

So, indeed, the threshold p = 1 marks a profound phase transition. The Pareto
statistical distributions [150] of the random variable W (below and above the threshold
p = 1) are specified in Table 4.

The derivations of the Pareto statistical distributions (of Table 4) are detailed in [61,62],
and are based on the Pietra representations of Lorenz curves [151]: formulae that connect
Lorenz curves on the one hand, and statistical distribution functions on the other hand. In
short, these derivations are described as follows.

Denote by F(w) = Pr(W < w) (0 < w < o0) the cumulative distribution function of
the random variable W. When the Lorenz curve is bottom-up then the Pietra representation
implies that: the derivative of the Lorenz curve is the inverse of the cumulative distribution
function, L'(x) = F~!(x).

Denote by F(w) = Pr(W > w) (0 < w < o0) the tail distribution function of the
random variable W. When the Lorenz curve is top-down then the Pietra representation
implies that: the derivative of the Lorenz curve is the inverse of the tail distribution function,
L'(x) = F~1(x).

The relations L' (x) = F~!(x) and L' (x) = F~!(x) hold for general Lorenz curves, and
for general distribution functions with a unit mean. In particular, for the power-law Lorenz
curve of Equation (6) these relations (and a bit of algebra) yield Table 4.
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Table 4. The phase transition of fractal wealth distributions. Consider a human society whose
average wealth is one, and whose wealth distribution is quantified by the power-law Lorenz curve
of Equation (6). Set W to be the wealth of a society member that is sampled at random. Per each of
the three socioeconomic regimes (noted after Equation (6)), the table’s columns detail: the values
of the power parameter p; the range of the random variable W; and the distribution function of the
random variable W. Evidently, the threshold p = 1 marks a phase transition. Indeed, when crossing
the threshold, the statistical distribution of the random variable W changes from Pareto (below the
threshold) to inverted Pareto (above the threshold).

Power Wealth Statistical

Parameter Range Distribution
Rich p<l1 p<W<oo Pr(W>w):(%)1/(1*”)
fractality
Perfect p=1 W=1 Pr(W = 1) = 1
equality

1/(p-1)

Poor >1 0<W< Pr(W < w) = (2
fractality P P W= w) (P>

3.4. Fractal Inequality

As noted at the opening of this section, the section’s pivotal question is the following.
With regards a given human society of interest: how unequal is the distribution of wealth
among the society members? Considering the distribution of wealth to be fractal, the society’s
Lorenz curve is that of Equation (6), and it is parameterized by the positive power p.

In turn, a straightforward answer to the inequality question is: the deviation of the
power p from the threshold one, |p — 1|. Indeed, the absolute deviation |p — 1] is arguably
the simplest answer that comes in mind. However, this answer has drawbacks.

On the one hand, the absolute-deviation answer yields markedly asymmetric values: in
the rich-fractality regime (p < 1) the values are bounded, 0 < |p — 1| < 1; whereas in the
poor-fractality regime (p > 1) the values are unbounded, 0 < |p — 1| < oo. On the other hand,
the absolute-deviation answer is intuitive, and does not ‘stand” on a socioeconomic foundation.

Inequality indices — which were described in Section 3.2 — have no such drawbacks.
Applying the inequality indices of Section 3.2 to the power-law Lorenz curve of Equation
(6) yields “fractal outcomes’ that are detailed in the right column of Table 3. These fractal
outcomes follow via straightforward calculations using the general formulae of Table 3,
and they are discussed below.

When p < 1 then the fractal horizontal-Bonferroni index is Iyp = 1 — p. And when p > 1
then the fractal vertical-Bonferroni index is Iy = 1 — 1/p. These fractal outcomes can be
combined to the following ‘amalgam’: the fractal Bonferroni index Iy, = 1 — min{p,1/p}.

When p < 1 then the fractal vertical-diameter index is Iyp = 21-7 — 1. And when
p > 1 then the fractal horizontal-diameter index is Iyp = 21=1/p _ 1. These fractal
outcomes can be combined to the following ‘amalgam”: the fractal diameter index Ipj,,; =
pl-min{p,1/p} _ 1.

Note that the fractal diameter index is, in effect, an exponential version of the fractal
Bonferroni index: Ip;,;, = 2%Borf 1. Also note that the fractal Bonferroni index I Bonf and the
fractal diameter index Ip;,,,, as well as the fractal Gini index Ig;,; = |p — 1|/(p + 1), share the
following property: invariance with respect to the parameter transformation p <+ 1/p —which
is a one-to-one and onto mapping between rich fractality and poor fractality.

Shifting from the power parameter p to its logarithm I = In(p), the reciprocal transfor-
mation p ¢+ 1/p shifts to the mirroring transformation [ <+ —I. In turn, symmetry between
rich fractality and poor fractality emerges.
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Indeed, negative values of the logarithmic parameter | < 0 characterize rich fractality,
and positive values of the logarithmic parameter / > 0 characterize poor fractality. And,
the following holds for any fractal inequality index with the above invariance property: for
any positive number 7, the inequality score of rich fractality with parameter | = —n is the
same as the inequality score of poor fractality with parameter | = .

Stripping the Gini-index outcome off its absolute value yields the fractal Gini gauge

g=L—"2 L tanh(;l) : )

The hyperbolic-tangent representation of the fractal Gini gauge, g(/) = tanh(%l) (=00 <
I < ), has a sigmoidal shape. The details of the sigmoidal shape are as follows.

The hyperbolic tangent is monotone increasing from the lower-bound value lim; , , g(I) =
—1, via the value g(0) = 0, to the upper-bound value lim; ., g(I) = +1.

Negative values g(I) < 0 characterize rich fractality, and the lower-bound value —1
characterizes the perfect-inequality extreme of rich fractality.

Positive values g(I) > 0 characterize poor fractality, and the upper-bound value +1
characterizes the perfect-inequality extreme of poor fractality.

The zero value g(0) = 0 characterizes perfect equality, and is the inflection point of the
hyperbolic tangent — which is convex when negative, and which is concave when positive.

4. Socioeconomic Gauging of Power Brownian Motion

Having reviewed power Brownian motion (PBM) in Section 2, and having reviewed
the measurement of socioeconomic inequality in Section 3, the stage is set to apply the
latter to the former. Namely, the stage is set for the socioeconomic gauging of PBM.

The socioeconomic gauging is established and presented via a temporal approach
involving three PBM clocks (Section 4.1). Then, the temporal approach is discussed (Section
4.2), and a complementary statistical approach is presented (Section 4.3).

Some readers may find the statistical approach (of Section 4.3) to be more straight-
forward than the temporal approach (of Section 4.1). However, the temporal approach is
advantageous due to the following facts.

The temporal approach uses a single perspective — that of a power-law clock —and
applies this one perspective to the various anomalous behaviors of PBM. In contrast, the
statistical approach uses three different perspectives — one per each of the anomalous
behaviors (that are addressed in Section 4.2). More importantly, when elevating from PBM
to power Levy motion (as will be shown in section 5): the temporal approach carries on ‘as
is’, whereas the statistical approach does not.

As an illustrative metaphor, envisage a hotel with two residential floors: a Brown floor;
and a Levy floor. On the one hand, the temporal approach is akin to a master key that opens
all doors on both the Brown and Levy floors. On the other hand, the statistical approach is
akin to a set of keys (a key per door) that open the doors on the Brown floor alone.

4.1. PBM Clocks

In this subsection PBM is tracked along the temporal window [0, T], where T is a fixed
and positive time point. Thus, the temporal variable t takes values in the range 0 < ¢t < T.

Consider a power-law clock C(t) = t¥, where p is a positive power. Measuring the
clock’s count at the time point ¢ —relative to the clock’s count at the time point T — yields
the clock ratio C(t)/C(T) = (t/T)". The temporal ratio r = t/T manifests the relative
location of the time point t within the temporal window [0, T|. In terms of the temporal
ratio r, the clock ratio is the power-law 7 (0 <r < 1).
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Now, map the axes that underpin the clock ratio 7 to the axes that underpin Lorenz
curves. This mapping yields the power-law Lorenz curve of Equation (6). In turn, the
following matching — between a clock classification on the one hand, and the socioeconomic
regimes of Section 3.3 on the other hand - is attained.

e Sub-linear clock (p < 1) corresponds to rich fractality.
e  Linear clock (p = 1) corresponds to perfect equality.
e Super-linear clock (p > 1) corresponds to poor fractality.

The clock classification is based on a comparison of the subjective clock C(t) to the
objective clock t. Indeed, as time progresses: in the sub-linear case the subjective clock
grows infinitely slower than the objective clock; and in the super-linear case the subjective
clock grows infinitely faster than the objective clock.

As described in Section 2.1 with regard to a general selfsimilar random motion: the
motion’s variance function is Var[X(t)] = t°, where 4 is the positive diffusion exponent. In
effect, this variance function manifests the motion’s ‘diffusion clock” Cy;f(t) = #°. Namely, the
diffusion clock counts time according to the pace at which the motion’s positions diffuse.

As shall be described in Section 5.3: the inherent clock of PBM is C;,;,(f) = 7, where
7 is the positive correlation exponent. In terms of its diffusion clock, the inherent clock
of PBM admits the representation Cy,(t) = [Cyif(t)]7/°. This representation yields the
relative clock C,,(t) = tr/9, Namely, the relative clock counts the PBM inherent time
according to the ticks of the PBM diffusion clock.

So, three power-law clocks emanate from PBM: a diffusion clock whose power is the
diffusion exponent p = J; an inherent clock whose power is the correlation exponent p = 7;
and a relative clock whose power is the ratio of the correlation exponent to the diffusion
exponent p = v/é. The above clock classification, together with its socioeconomic match,
holds for each of these clocks.

The attained clock classifications are showcased — vis a vis the PBM anomalous behaviors
—1in rows #1 to #3 of Table 5. A discussion of the clock classifications follows in Section 4.2.

Table 5. PBM clocks and anomalous behaviors. The table’s columns address the three PBM clocks.
Per each clock: rows #1 to #3 address the clock classification and the matching socioeconomic regimes;
and the table’s cells specify the corresponding PBM exponents and anomalous behaviors. Also, per
each clock: row #2 specifies the PBM benchmark (in boldface); and row #4 specifies the fractal Gini
gauge that scores the deviation from the benchmark.

Diffusion Inherent Relative
clock clock clock
Sub-linear <1 ¥ < 5
D Rich fractality gu<b (1ii f 7 Persistent
Aging
2) Linear 0=1 y=1 ¥y=9
Perfect equality Regular diff. SSBM TSEM
Super-linear >1 0% >.5 '
3) Poor fractality gu>pelr diff T Anti persistent
Anti aging
4) Gini gauge G==501 g = % g = 1;‘5
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4.2. Discussion

Main anomalous behaviors of general diffusion models (as noted in Section 2.1)
are: sub-diffusion and super-diffusion; aging and anti-aging; and persistence and anti-
persistence. As described in Section 2.1 with regard to selfsimilar diffusion models: the
diffusion behaviors are determined by the positive diffusion exponent 9.

As noted in Section 2.2, PBM is the only selfsimilar diffusion model that is Gaussian
and Markovian. In addition to its diffusion exponent § — which is shared by all selfsimilar
diffusion models — PBM has the positive exponent . As described in Section 2.3, v is a
correlation exponent that determines the correlation structure of the PBM positions. And,
as noted in Section 4.1 (and as will be shown in Section 5.3),  also determines the inherent
clock of PBM.

As described in Section 2.3: the aging behaviors of PBM are coupled to the diffusion
behaviors (which are determined by the diffusion exponent §); and the persistence behav-
iors of PBM are determined by the interplay between the diffusion exponent J and the clock
exponent 7. Table 2 presented a ‘map’ of the PBM anomalous behaviors.

Section 4.1 showcased three different PBM clocks. Per each of these clocks: Section
4.1 established a clock classification and a matching socioeconomic classification — whose
benchmark is the socioeconomic ‘ground state” of perfect equality. These classifications
are summarized in rows #1 to #3 of Table 5, and they provide a socioeconomic-inequality
perspective via which the PBM anomalous behaviors are interpreted and scored.

Indeed, the classification of the PBM diffusion clock is in accord with the PBM dif-
fusion and aging behaviors — for which the benchmark is regular diffusion (6 = 1). The
classification of the PBM relative clock is in accord with the PBM persistence behaviors —
for which the benchmark is TSBM (y = ). And, the benchmark for the PBM inherent clock
is SSBM (y = 1). These benchmarks are highlighted in row #2 of Table 5.

As described in Section 3.2, socioeconomic deviations from the benchmark of perfect
equality are scored by inequality indices. In particular, with regard to fractal wealth
distributions: Section 3.4 presented several such inequality indices, as well as the fractal
Gini gauge of Equation (7). Per each of the PBM clocks: row #4 of Table 5 specifies the
corresponding fractal Gini gauge.

The fractal Gini gauges in row #4 of Table 5 provide numerical scores — with values
ranging between —1 and +1 — that quantify the deviation of PBM from its benchmarks.

e A gauge based on the diffusion exponent J, which scores the deviation from regular-
diffusion.

e A gauge based on the correlation exponent -y, which scores the deviation from SSBM.

e A gauge based on both exponents, § and -, which scores the deviation from TSBM.

Note that PBM is BM if and only if the following condition holds: any two of the three
scores is zero. In conclusion, and ‘in a nutshell’, the following is stated.

» Inequality indices in general, and the fractal Gini gauge in particular, provide
quantitative answers to the question: what is the ‘“degree of anomaly’ of each of the
PBM anomalous behaviors?

Theoretically, the quantitative answers are ‘solid” — as they ‘stand” on a well-established
socioeconomic foundation (described in Section 3). Practically, the quantitative answers
are easy to use and comprehend. Indeed — as evident from the right column of Table 3,
and from row #4 of Table 5 — these answers are given by markedly simple and transparent
formulae.

The degrees of anomaly can be measured directly by the PBM exponents as follows.
Regarding the anomaly relative to the regular-diffusion benchmark (6 = 1): directly by the
diffusion exponent 4, via the absolute deviation |6 — 1|. Regarding the anomaly relative
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to the SSBM benchmark (y = 1): directly by the correlation exponent v, via the absolute
deviation |y — 1|. And regarding the anomaly relative to the TSBM benchmark (y = 9):
directly by the exponents J and v, via the absolute deviation |y — J|.

These absolute deviations are identical — in both their essence and their form — to the
absolute-deviation answer that was described at the opening of Section 3.4 (regarding the
socioeconomic inequality of fractal wealth distributions, measured relative to the perfect-
equality benchmark). Section 3.4 described the drawbacks of using the absolute-deviation
answer — in contrast to the advantages of using inequality indices. This argumentation
applies “as is” to using the above absolute deviations — in contrast to the advantages of
using the quantitative answers of the above statement.

4.3. Statistical Approach

The results showcased in Table 5 are based on the three PBM clocks: the diffusion
clock, the inherent clock, and the relative clock. As described in Section 4.1, the clock ratio
of the diffusion clock is the following variance ratio:

Var[X(t)] _ 4
Var[X(1)] | ®

wherer =t/T.

Mapping the axes that underpin the right-hand side of Equation (8) to the axes that
underpin Lorenz curves yields the power-law Lorenz curve of Equation (6) — with power
p = 6. So, the socioeconomic match of the diffusion-clock classification (see Table 5) is
attained.

This subsection shall present statistical formulae that — akin to the statistical formula of
Equation (8), which leads to the socioeconomic match of the diffusion-clock classification —
lead to the socioeconomic matches of the inherent-clock and the relative-clock classifications.
To that end the temporal ratio r = /T will be used, as well as the following result regarding
the bivariate Normal distribution [63-65].

Consider a two-dimensional random vector (Z7, Z;) whose statistical distribution is
bivariate Normal with the following characteristics: zero means E[Z;] = 0 and E[Z;] = 0;
positive variances Var[Z;] = vy and Var[Z;] = v;; and correlation Cor[Z;, Z;] = p. Then,
the conditional statistical distribution of Z, — given the information Z; — is Normal with
the following characteristics: conditional mean E[Z;|Z;] = py/v2/v; - Z1; and conditional
variance Var[Z|Z;] = (1 — p?)vs.

4.3.1. Inherent Clock

Apply the conditional variance formula Var[Z,|Z;] = (1 — p?)v; to the random
variables Z; = X(t) and Z; = X(T). Using Equations (1) and (2), and doing a bit of algebra,
yields

Var[X(T)] — Var[X(T)|X(t)]

Var[X(T)] = ©)

The left-hand side of Equation (9) manifests the following quantity: the variance reduction
of the position X(T) given the information X(t) (the enumerator of the left-hand side),
measured relative to the variance of the position X(T) (the denominator of the left-hand
side).

Mapping the axes that underpin the right-hand side of Equation (9) to the axes that
underpin Lorenz curves yields the power-law Lorenz curve of Equation (6) — with power
p = 7. So, the socioeconomic match of the inherent-clock classification (see Table 5) is
attained.
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An alternative formulation of Equation (9) is

Var[X(T)|X (1)

Varx(T)] (10)

The left-hand side of Equation (10) manifests the following quantity: the variance of the
position X(T) given the information X(t) (the enumerator of the left-hand side), measured
relative to the variance of the position X(T) (the denominator of the left-hand side).

The temporal ratio 7 = (T — t) /T manifests the distance of the time point ¢ from the
time point T, measured relative to the length of the temporal window [0, T]. In terms of the
temporal ratio 7, the right-hand side of Equation (10) is the curve 1 — (1 —7)7 (0 < 7 < 1).

Mapping the axes that underpin the curve 1 — (1 — 7)7 to the axes that underpin Lorenz
curves yields the ‘twin’ of the power-law Lorenz curve of Equation (6) — with power p = 7. So,
again, the socioeconomic match of the inherent-clock classification (see Table 5) is attained.

4.3.2. Relative Clock

Apply the conditional mean formula E[Z;|Z;] = p\/v2/v; - Z1 to the random variables
Zy = X(t) and Z, = X(T). Using Equations (1) and (2), and doing a bit of algebra, yields

1,(5/2 71,7/2
E[X(T) - X(W)IX(1)] = ———55— - X(1). (11)
slope

The left-hand side of Equation (11) manifests the following quantity: the mean of the
increment X (T) — X(t) given the information X(t).

The right-hand side of Equation (11) is a linear function of the given information — the
position X(t). Applying a square root to Equation (8) yields the standard-deviation ratio
Vo1/v; = r*/2. In terms of the quantity u = r°/2 the slope appearing on the right-hand
side of Equation (11) is (u — u?/%) /u.

Observing the integrands of the general Bonferroni formulae of Table 3, note that:
these integrands are identical to the slope (1 — u7/%) /u if and only if the Lorenz curve is
the power-law of Equation (6), with power p = 7 /4. Thus, mapping the axes that underpin
the ‘slope term” #7/9 to the axes that underpin Lorenz curves yields the power-law Lorenz
curve of Equation (6) — with power p = /4. In turn, the socioeconomic match of the
relative-clock classification (see Table 5) is attained.

5. From Brown to Levy

So far, this paper addressed PBM. Elevating from the ‘Brown kingdom’ to the ‘Levy
kingdom’, this section addresses power Levy motion (PLM) [52-54]. To that end the section
reviews the following topics: the symmetric Levy-stable distribution and motion (Ssections
5.1 and 5.2); and PLM and its Markovian propagator (Sections 5.3 and 5.4). Then, the
socioeconomic gauging of PLM is presented (Section 5.5).

5.1. Symmetric Levy-Stable Distribution

Consider a real-valued random variable R. The statistical distribution of the random
variable is symmetric Levy-stable (SLS) [152-154] when its Fourier transform admits the form

E{exp(iBR_m>] :exp<—)1\|6|/\>, (12)

where —c0 < 0 < oo is the Fourier variable. The three parameters appearing in Equation

(12) =m, s, and A — are as follows.
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The parameter m is real valued, it is the median of the SLS distribution, and it manifests
the distribution’s ‘center’. The parameter s is positive valued, it is the scale of the SLS
distribution, and it manifests the distribution’s ‘width” about its center. The parameter A —
termed Levy exponent — takes values in the range 0 < A < 2, and it determines the statistical
behavior of the SLS distribution.

When 0 < A <1 then the mean absolute deviation of the SLS distribution from its center is
infinite E[|R — m|] = oo, and hence the distribution does not have a well-defined mean. When
1 < A < 2 then the distribution’s mean is its median E[R] = m, and the distribution’s variance is
as follows: infinite Var[R] = co when 1 < A < 2; and finite Var[R] = s? when A = 2.

In fact, when A = 2 then the SLS distribution reduces to the Normal distribution —
with mean m and with variance s2. In general, i.e. for all values 0 < A < 2 of the Levy
exponent: the quantity s* manifests an extended variance of the SLS distribution [155].

5.2. Symmetric Levy-Stable Motion

Akin to Section 2.1, consider random motions that are as follows. The motions’
temporal axis is the non-negative half line t > 0, the motions’ spatial axis is the real line,
and the motions initiate from the origin of the real line. In the context of such random
motions, the following class is foundational.

Levy class Zstat N Zjngp [66-68]: motions that display the stationary-increments property
and the independent-increments property (both described in Section 2.1).

Further consider random motions whose positions are symmetric real-valued random
variables. For such random motions the positions’ medians are zero (and when the positions’
means are well-defined then they are also zero). In the context of such random motions,
the following Levy motion is of principal importance.

SLS motion is characterized by the intersection Zstat N Ziy, N S.

The name “SLS motion” is due to the fact that the statistical distributions of this
motion’s positions are SLS [66-68]. Indeed, denote by L(t) the position of the SLS motion
at the time point t. Then, the Fourier transform of the motion’s positions is

E{expliL(t)]} — exp<—/l\|9|/\ . t) (13)

(—o0 < 6 < o0). Namely, the statistical distribution of the position L(t) is SLS with the
following parameters: median zero; and scale /7.

When A = 2 then the SLS motion is BM, and the temporal term t appearing on the
right-hand side of Equation (13) is the variance of the BM positions. In general, i.e. for all
values 0 < A < 2 of the Levy exponent: the temporal term t appearing on the right-hand
side of Equation (13) manifests the extended variance of the SLS-motion positions [155].

Stochastic models based on the SLS motion attracted major interest in science and
engineering [156-167]. To date, such models are continuing to attract much interest [168-190].

5.3. Power Levy Motion

Power Levy motion (PLM) is a spatio-temporal transformation of the SLS motion. Specif-
ically, the PLM positions are attained via the following spatio-temporal transformation of
the SLS-motion positions [52,53]:

X(t) = 7L, (14)

where ¢ and ¢ are positive parameters of the transformation. (As above, A is the Levy
exponent of the SLS motion.)
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The temporal power-law t7 appearing on the right-hand side of Equation (14) is, in
effect, the inherent ‘clock” of PLM. Thus, the parameter 7 is the clock exponent of PLM.
Equations (13) and (14) imply that the Fourier transform of the PLM positions is

E{exp[i0X(t)]} = exp(—/l\|9|)‘ . t‘5> (15)

(—00 < @ < ). The temporal power-law t° appearing on the right-hand side of Equation
(15) manifests the extended variance of the PLM positions.

The PLM extended variance #° quantifies how the PLM positions become more and
more diffuse with time. Thus, the parameter J is the diffusion exponent of PLM.

Special cases of the PLM model are pinpointed by specific PLM exponents as follows.

e  SLSmotion: X(t) = L(t), characterized by 6 =1and v = 1.
e Space-scaled SLS motion: X(t) = t®=1/A . (), characterized by v = 1.
e  Time-scaled SLS motion: X(t) = L(t7), characterized by ¢ = 6.

As noted in Section 5.2, when A = 2 then the SLS motion is BM. Consequently, when
A = 2 then [52,53]: PLM is PBM,; the special space-scaled case is SSBM; and the special
time-scaled case is TSBM.

So, in particular, Equation (14) provides a formulation of PBM as a spatio-temporal
transformation of BM. In turn, the above special cases provide formulations of SSBM and
of TSBM as spatio-temporal transformations of BM.

5.4. Markovian Propagator

Due to their independent-increments property, Levy motions in general — and hence the
SLS motion in particular — belong to the Markovian class M [66—68]. The spatio-temporal
transformation of Equation (14) maps the SLS-motion input to the PLM output. Due to its spatio-
temporal structure, the transformation of Equation (14) maps Markovian inputs to Markovian
outputs. So, as the SLS motion, also PLM belongs to the Markovian class M.

The evolution of a general Markovian motion is governed by its propagator [69-71]:
a statistical rule that specifies how to advance from the motion’s (observed) position at a
present time point to the motion’s position at any future time point. The PLM propagator
follows from the statistical properties of the SLS motion, and from the spatio-temporal
transformation of Equation (14) [52,53].

Consider PLM and two positive time points: the present time point ¢t and the future
time point T (where ¢t < T). Then, the conditional statistical distribution of the future
position X(T) — given the present position X(t) — is SLS with Levy exponent A. In turn, so
is the conditional statistical distribution of the increment X(T) — X(t). The parameters of
these conditional SLS distributions are detailed in Table 6.

Table 6. Conditional SLS distributions. Consider a present time point ¢ and a future time point
T (where 0 < t < T), and set r = t/T. Given the present position X(t), the conditional statistical
distributions of the future position X(T) and of the increment X(T) — X(¢) are SLS with Levy
exponent A. The table’s columns specify the parameters of conditional SLS distributions: median and
extended variance (which is the A™ power of the scale).

Median Extended

Variance

Position r(r=9/A X (1) (1—)T?
Increment —[1— (/M X (1) (1—rMT°
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5.5. Socioeconomic Gauging of Power Levy Motion

The Normal distribution is characterized by its pair of parameters: the mean, which
manifests the distribution’s ‘center’; and the variance — the square of the standard deviation,
which manifests the distribution’s ‘width’ about its center. Elevating from the Normal
distribution to the SLS distribution, the pair of the Normal parameters are ‘elevated’ as
follows: mean — median; variance — extended variance.

In perfect accord with the elevation from the Normal distribution to the SLS distri-
bution is: the elevation from BM to the SLS motion; and, in turn, the elevation from PBM
to PLM. The spatio-temporal transformation that maps the SLS motion to PLM (and, in
particular, BM to PBM) has two positive parameters: the diffusion exponent J; and the
clock exponent 7.

The variance function of Equation (1) quantifies the diffusivity, as time progresses, of
the PBM positions. In turn, as described in Section 4.1: the variance function of Equation
(1) is the “diffusion clock” of PBM. Elevating from PBM to PLM, the extended variance of
the PLM positions is the same as the variance of the PBM positions. So, the PLM has the
same “diffusion clock’ as PBM: Cy;f(t) = .

As evident from Equation (14), the ‘inherent clock” of PLM is C;,;,(f) = 7. Conse-
quently, as explained in Section 4.1: representing the inherent clock C;;;(t) = 7 in terms
of the diffusion clock Cy;f(t) = # yields the relative clock C,,(t) = t7/%. So, PBM and
PLM share the same triplet of clocks, and hence: the clock classifications — which were
established and described Section 4.1 — hold for PLM just as they hold for PBM.

The anomalous behaviors of PBM were reviewed in Section 2, and were summarized
in Table 2. As established in [52,53], Table 2 holds also for PLM — after extending the
following notions from the ‘Brown kingdom’ to the ‘Levy kingdom’: sub-diffusion and
super-diffusion; persistence and anti-persistence; and aging and anti-aging. Thus, the
following conclusion is attained.

» Table 5 - which was presented with regard to PBM — holds “as is” also with regard
to PLM.

In the transition from PBM to PLM, the following notation adjustments should be
made in row #2 of Table 5: elevate the SSBM benchmark to the space-scaled SLS motion;
and elevate the TSBM benchmark to the time-scaled SLS motion. (Both these ‘benchmark
motions’ were defined in Section 5.3).

With regard to PBM, Section 4.3 presented a statistical approach that leads to Table 5.
According to the ‘hotel metaphor” (which was described at the opening of Section 4): the
statistical approach of Section 4.3 is akin to a set of keys that open the doors on the Brown
floor alone.

The Brown keys do not open the doors on the Levy floor. Elevating from the Brown
floor to the Levy floor, the Brown set of keys should be replaced by a parallel Levy set of
keys, as follows.

Replace the PBM variances that appear on the left-hand side of Equation (8) by the
corresponding PLM extended variances. This replacement yields the very same right-hand
side of Equation (8): 7.

Replace the PBM variance and conditional variance that appear on the left-hand
sides of Equations (9)-(10) by the corresponding PLM extended variance and conditional
extended variance (detailed in Table 6). This replacement yields the very same right-hand
sides of Equations (9)-(10): ¥ and 1 — r7, respectively.

Replace the PBM conditional mean that appears on the left-hand side of Equation
(11) by the corresponding PLM conditional median (detailed in Table 6). This replacement
yields the linear slope (r%/* — r7/A) /¥%/2 In terms of the quantity u = r%/* —a PLM scale
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ratio that is the Levy parallel of the PBM standard-deviation ratio u = r%/2

(11) — the linear slope admits the very same formulation as deduced from Equation (11):
(u—ur%)/u.

As explained in Section 4.3, the right-hand sides of Equations (8)-(11) lead to Table 5.
The replacements noted above yield the very same conclusions as the right-hand sides of

of Equation

Equations (8)-(11). Thus, these replacements describe the transition from the Brown set of
keys to the parallel Levy set of keys.

6. Recap and Outlook

Introduced recently, power Brownian motion (PBM) and power Levy motion (PLM)
are central fractal diffusion models in the Brown and Levy kingdoms, respectively. Indeed,
PBM is the unique fractal diffusion model that is Gaussian and Markovian, and PLM is the
‘Levy counterpart’ of PBM.

The PBM and PLM models have a significant potential due to the following com-
bination of facts. On the one hand, these models are analytically simple: it is easy to
construct PBM and PLM, and it is easy to track their Markovian evolutions. On the other
hand, these models are statistically rich. Indeed, PBM and PLM display an assortment of
anomalous behaviors including: sub-diffusion and super-diffusion; aging and anti-aging;
and persistence and anti-persistence.

This paper established and presented a socioeconomic-inequality perspective via
which: main statistical and temporal behaviors of PBM and PLM are interpreted and scored.
This perspective is summarized in Tables 1 and 5, and the steps leading to this perspective
are summarized below.

First, three power-law clocks of PBM and PLM were identified: a diffusion clock, with
a positive exponent J; an inherent clock, with a positive exponent <; and a relative clock,
with the positive exponent /4. In turn, these clocks induce, respectively, three clock ratios.

Second, the axes underpinning the three clock ratios were mapped to the axes un-
derpinning Lorenz curves — which are objects that quantify the distribution of wealth
(in human societies) in a universally-calibrated way. In turn, the three clock ratios got
mapped to power-law Lorenz curves — which are objects that characterize fractal wealth
distributions.

Third, conclusions that follow from the mapping were obtained. Here is a terse
summary of main conclusions.

» PBM and PLM anomalous behaviors were classified according to three socioeco-
nomic regimes: rich fractality; poor fractality; and perfect equality — which is the
socioeconomic benchmark.

»  The PBM and PLM benchmarks — which correspond to perfect equality — were shown
to be: regular diffusion; space-scaled Brown and Levy motions; and time-scaled
Brown and Levy motions.

»  The deviations of PBM and PLM from their benchmarks were quantified by inequality
indices — measures that score socioeconomic inequality on a zero-to-one scale.

The inequality indices provide numerical answers to the question: what is the degree-
of-anomaly of each of the PBM and PLM anomalous behaviors?

Described in an ‘illustrative nutshell”: the above mapping leads to a vantage point
which offers a socioeconomic view of the PBM and PLM landscape. In turn, the view offers
a socioeconomic interpretation and scoring of the PBM and PLM anomalous behaviors.

Apparently, this work is the first to apply a socioeconomic-inequality perspective
to gauge anomalous behaviors of fractal diffusion models. Possible directions for future
research are the following.
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As PBM and PLM were introduced only recently, applications of these models are yet
to be proposed. One direction for future research is to seek for PBM and PLM applications
in the physical sciences, as well as in other fields — e.g.: biology, finance, and engineering.
The implementation of the quantitative tools established in this work will be facilitated by
such applications.

Another direction for future research is to carry on with the socioeconomic-inequality
perspective (from PBM and PLM) to other fractal diffusion models, e.g.: general fractal
Brown and Levy motions; fractal random motions that are generated by stochastic differen-
tial equations driven by Brown and Levy motions [191]; fractal diffusion models with, so
called, diffusive diffusivity [192-194]; and multifractal diffusion models [195-197].

The latter direction will reveal the scope of the socioeconomic-inequality perspective.
Is the scope narrow (applying to PBM and PLM alone)? Or is the scope broad (applying
to many more fractal diffusion models)? Perhaps future research will manage to draw a
precise chart of the scope’s boundaries.
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