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Abstract 

We study the properties of a plasma sheath containing cold positive ions, secondary elec-
trons, and primary electrons with a Cairns distribution (a non-thermal velocity distribu-
tion). We derive the generalized Bohm criterion and Bohm speed, the new floating poten-
tial at the wall, and the new critical secondary electron emission coefficient. We show that 
these properties of the plasma sheath depend significantly on the α-parameter in the non-
thermal α-distribution, and so they are generally different from those of the plasma sheath 
if the primary electrons were assumed to be a Maxwellian distribution. 
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1. Introduction 
When plasma is in contact with other objects, a narrow space positive charge region 

is formed near the contact interface. This region is called the plasma sheath, and its thick-
ness is about ten Debye lengths. In the field of the materials industry, the study of the 
plasma sheath plays an extremely important role in guiding the improvement of material 
surface modification and etching technology. Meanwhile, the relevant theories of plasma 
sheath have been widely applied to magnetic fusion devices, Hall thrusters and other 
equipment [1–3]. 

Analyzing the Bohm criterion is a common way to study the properties of the plasma 
sheath. If ions can enter the sheath region, they need to satisfy the condition of minimum 
ion drift velocity, and a criterion based on this condition is called the Bohm criterion. In 
other words, the drift velocity of ions that can enter the sheath region must be greater than 
a certain minimum speed, which is called the Bohm speed. The Bohm criterion can not 
only be used to judge the stability of the plasma sheath, but also to study other properties 
of the sheath. Early in 1974 [4], it was pointed out that when the plasma sheath is formed 
in an electron-ion plasma, the drift speed of ions entering the sheath is no less than the 
ion sound speed. 

Due to the complexity of plasma application environments, plasma can have differ-
ent compositions in different situations, such as the presence of negative ions, secondary 
electrons and so on. Usually, the case is present in the plasma sheath that there is a charg-
ing phenomenon by the collisions between electrons and other objects, such as walls, 
workpieces, and dust particles, etc. Electron bombardment of other objects leads to sec-
ondary electron emission (SEE), and thus, the sheath contains the secondary electrons. 
The plasma compositions can affect properties of the sheath, such as the Bohm criterion, 
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etc. It was shown that [5] electrons produced by SEE can significantly change the potential 
distribution of the sheath. The intensity of SEE is described by the SEE coefficient γ, de-
fined as 

s

p

σγ
σ

= . (1)

where σs is the SEE flux, and σp is the primary electron flux. 
In addition to the fact that plasma components can change the sheath properties, the 

velocity distribution of charged particles can also change the sheath structure. Tradition-
ally, most of the studies were based on the assumption that electrons in the plasma have 
a Maxwellian velocity distribution. However, due to the possible existence of non-thermal 
electrons, the velocity distributions often deviate from the Maxwellian one, which re-
quires us to analyze the new properties of the plasma sheath with a non-Maxwellian ve-
locity distribution. In recent years, various non-Maxwellian velocity distributions have 
been observed and applied to study new properties in nonequilibrium complex plasmas, 
such as the kappa distribution, the nonextensive q-distribution, the Cairns distribution, 
etc. Sharifian et al. [6] discussed the nonextensibility of electrons to study the floating po-
tential of the plasma sheath. Hatami et al. used two types of sheath models with the non-
extensive q-distributed electrons and thermal ions to study the sheath structure and Bohm 
criterion [7,8], and later studied the Debye length in the magnetic sheath model [9]. Bor-
gohain et al. studied the plasma sheath with the nonextensive q-distributed two-temper-
ature electrons [10] and the electronegative plasma sheath with the nonextensive q-dis-
tributed electrons [11]. Zhao et al. [12] studied the effect of the plasma sheath with the 
nonextensive q-distributed electrons on the SEE. In addition, Dhawan et al. [13] consid-
ered the q-distribution of electron, ion temperature and ion-neutral collision in the simu-
lation. Ghani [14] et al. studied the dusty plasma sheath structure with superextensive 
electron and SEE effect. Bouzit et al. studied the sheath formation with the electrons fol-
lowing a Cairns–Tsallis distribution [15], and Asserghine et al. studied the effect of SEE 
on the plasma sheath with the nonextensive q-distributed electrons [16], etc. 

Among the many models with non-Maxwellian distributions in complex plasmas, 
the non-thermal α-distribution (i.e., the Cairns distribution) is a typical nonequilibrium 
model that has been widely used to study new properties of the plasmas. As is known, 
the non-Maxwellian velocity distribution of primary electrons significantly affects the sec-
ondary electron emission (SEE) flux [17] and consequently alters the structure and prop-
erties of the plasma sheath. In this regard, the Cairns distribution offers a physically dis-
tinct and complementary description for non-thermal electrons. Unlike Tsallis-type dis-
tributions, which mainly modify the asymptotic high-energy behavior, the Cairns distri-
bution introduces a controlled non-thermal population at finite velocities through the pa-
rameter α, resulting in a non-monotonic velocity profile. This characteristic has been 
shown to modify sheath properties considerably, even when the high-energy tail remains 
close to a Maxwellian one. For example, the fluid dynamics and numerical analyses of 
electrostatic plasma sheaths containing non-thermal electrons revealed that adopting a 
Cairns-type distribution leads to substantial changes in sheath potential, charge density 
profiles, and the Bohm criterion, particularly in the presence of multi-component ions, 
dust particles, or external fields [18]. Similar findings were also reported in the numerical 
studies of electrostatic sheaths with charged nanoparticles [19], where non-thermal elec-
trons were found to enhance intermediate-energy transport and strongly influence sheath 
structure and stability. 

Motivated by these results and the growing evidence that edge and near-wall plas-
mas may exhibit non-thermal features beyond simple power-law tails, in this work, we 
re-examine the fundamental sheath properties, including the Bohm velocity, the floating 



Entropy 2026, 28, 237 3 of 14 
 

https://doi.org/10.3390/e28020237 

potential and the secondary electron emission by using the Cairns distribution. Our ap-
proach is to provide an alternative and complementary framework suitable for regimes 
where intermediate energy non-thermal populations play a dominant role. In this study, 
we examine several properties of the plasma sheath in the presence of non-thermal pri-
mary electrons with the Cairns distribution. 

The paper is organized as follows: In Section 2, we introduce the basic theory of 
plasma sheath and the Cairns α-distribution. In Section 3, we study properties of the 
plasma sheath if the primary electrons are the Cairns α-distribution. In Section 4, we make 
numerical analyses, and in Section 5, we give the conclusions. 

2. The Basic Theory of Plasma Sheath and the Cairns Distribution 
For the convenience of discussion, we consider a plasma sheath to be in a stable state, 

the ions to be cold, and the plasma model to be a one-dimensional non-collision form. The 
boundary between the sheath and the neutral region of the plasma is the starting point of 
the one-dimensional coordinate, x = 0, and the position of the wall is set as x = xw (See 
Figure 1). 

If vs and vi are the secondary electron velocity and the ion velocity respectively, ns and 
ni are the number density of the secondary electrons and ions respectively, e is the elemen-
tary charge, and φ is the electrostatic potential function, one can have the following hy-
drodynamics model of the plasma sheath [9]: 

s
e s

vm v e
x x

ϕ∂ ∂=
∂ ∂

, (2)

( ) 0s sn v
x

∂
=

∂
, (3)

i
i i

vm v e
x x

ϕ∂ ∂= −
∂ ∂

, (4)

( ) 0i in v
x

∂
=

∂
. (5)

By combining Equations (4) and (5), one obtains the number density of ions, 

2
0

0 2
0 2

i i
i i

i i

m vn n
m v eϕ

=
−

, (6)

where me and mi are the mass of an electron and an ion, and ni0 and vi0 are respectively the 
number density and velocity of ions at the sheath boundary x = 0. 

If one uses the subscripts j = s, p, and i to represent the secondary electrons, the pri-
mary electrons and the ions, respectively; σjw to represent the particle flux at the wall; and 
Φjw to represent the particle current flux at the wall, then the current flux is zero 

0jwj
Φ =  because the total charge is conserved at the wall, namely, 

pw sw iwσ σ σ= + , (7)

where the particle fluxes are 0 0j j j j jn v n vσ = = . 
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Figure 1. Schematic diagram of plasma sheath. 

If the secondary electron emission coefficient γ at the wall is defined as γ = σsw/σpw, 
combining Equation (7), we get 

,       1
1

 
1

    pw iw sw iw
γσ σ σ σ

γ γ
= =

− −
. (8)

From Equations (2) and (3), we can get 

( )2 2
s sw w

e

v v
m

ϕ ϕ= + − , (9)

where φw is the floating potential at the wall. From Equations (6)–(9), the particle number 
density of the secondary electron is obtained as 

( )
2
0

2(1 ) (1 ) 1 2
sw sw iw io io io e i

s
s s s w e sw

n v n v n m vn
v v v e m v

γσ γ γ
γ γ γ ϕ ϕ

= = =
− −

=
− − +

. (10)

Conventionally, if the primary electrons are assumed to be a Maxwellian distribu-
tion, their number density is np = np0 exp (eφ/kTp). And then, by using the quasi-neutral 
condition at the boundary of the sheath, np0 + ns0 = ni0, and Equations (6) and (10), one can 
derive that 

( )
2
0

0 0 0 2 2
exp 1 exp

1
e i

p i s i
p e sw w p

m ve en n n n
kT m v e kT

ϕ γ ϕ
γ ϕ

    
= − = −        −   −  

. (11)

For the Poisson equation, 

( )
2

2
0

p s i
d e n n n
dx

ϕ
ε

= + − , (12)

and if one makes a dimensionless transformation by using the following six parameters, 

2
2 0

0

,  , ,  ,  ,  j j i i i
j j

D i i p e p

v n m m vx eN M
u n kT m kT

ϕξ θ ψ μ
λ

= = = = = = , (13)
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where 2
0 0   D p ikT n eλ ε=   is the Debye length, M is the Mach number, 

/ i p iu kT m=  is the ion acoustic speed, and Tp is the primary electron temperature, 

then one has that 

2

2 p s iN Nd N
d

ψ
ξ

= + − , (14)

where the dimensionless particle population densities are, respectively, 

2
21 1iN
M
ψ = − 

 
, (15)

( )
2

21 2s
w sw

MN γ
γ μ ψ ψ θ

=
− − +

, (16)

( )
2

21 exp
1 2p

sw w

MN γ ψ
γ θ μψ

 
= −  − − 

, (17)

where θsw = vsw/ui is the dimensionless initial speed of SEE, and ψw is the floating potential 
at the wall. 

Usually, one uses the Sagdeev potential to analyze the properties of quasi-particles. 
The Sagdeev potential V is defined [4] by 

( )2

2
d dV
d d

ψψ
ξ ψ

= − . (18)

The configuration of the Sagdeev potential must be a potential well; therefore, the 
function value and first derivative of the Sagdeev potential at ψ = 0 are both zero, and the 
second derivative of the Sagdeev potential must be less than zero at ψ = 0. One has that 

2

2
0

0V
d
d

ψψ =

 
≤ 

 
. (19)

And then, on the basis of Equations (14)–(19), one obtains the Bohm criterion [16], 

( )

2

2 2

32 2

1

1
1 2 1 2sw w sw w

M
M Mγ γμ

γ θ ψ μ γ θ ψ μ

≥
− −

− − − −

. 
(20)

Equation (20) is an implicit inequality with the Mach number M appearing on both 
sides. When equality holds, it defines the critical Mach number Mc that satisfies the sheath 
formation condition, and its value has to be determined numerically. In the limit of no 
secondary electron emission (γ→0) this inequality reduces to the classical Bohm criterion 
M⩾1. 

In the above basic theory, the ions and the electrons (primary electrons and second-
ary electrons) in the plasma sheath were often assumed to have a Maxwellian velocity 
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distribution. But in many plasma situations, such as astrophysical and space plasmas, 
non-Maxwellian velocity distributions of the particles are very common, among which 
there is a non-thermal velocity α-distribution. In 1995, Cairns et al. introduced a velocity 
α-distribution [20] inspired by the observation data of Freja and Viking satellites, called 
the Cairns distribution, which is non-thermal, written by 

( )
2 4 2

2 21 exp
2

m v mvf v C
k T kTα α α   

= + −   
   

, (21)

where T is the temperature, k is the Boltzmann constant, m is the mass of the particle, α ≠ 
0 is a non-thermal parameter which describes the amount of high-energy particles in the 
plasma, and Cα is a normalization constant, 

3 1 2
n mC

kTα α π
=

+
. (22)

If one takes α = 0, the distribution function (21) returns to a Maxwellian distribution. 

3. The Plasma Sheath with the Cairns Distribution 
3.1. The Generalized Bohm Criterion 

In the plasma sheath model, we assume the primary electrons to be the Cairns distri-
bution. And when there is the potential φ(x), the Cairns distribution (21) can be written 
by [20] 

( ) ( )22 2

, 2 2

2 2
, 1 exp

2
e p e p

p p
p p

m v e m v e
f v x C

k T kTα α

α ϕ ϕ −  − = + −      

, (23)

where the normalization constant is 

0

3 1 2
p e

p

n mC
kTα α π

=
+

. (24)

Based on this distribution function, the number density of the primary electrons is 
derived as 

( )
2

, 0 1 expp p
p p p

e e en x n A A
kT kT kTα α α

ϕ ϕ ϕ    
 = − +            

, (25)

where Aα = 4α/(3α + 1). Correspondingly, the dimensionless particle density (17) becomes 

( ) ( )
2

2
, 21 1 exp

1 2p
sw w

MN A Aα
α α α

γ ψ ψ ψ
γ θ μψ

 
= − − + 
 − − 

. (26)

On the basis of Equations (18) and (19) and Equations (13)–(16) and Equation (26), 
one can obtain the following inequation, 

( ) ( ) ( )
2 2 2

2
2 2 2

0

1 1 exp 0
1 2 1 2 2sw w w sw

M M MA A
d M
d α α α

α α

ψ

γ γψ ψ ψ
ψ γ θ μψ γ μ ψ ψ θ ψ

=

  
 − − − + + − ≤ 
 − − − − + −   

. (27)
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And then, from (27), one can derive a generalized Bohm criterion for the plasma 
sheath if the primary electrons have the Cairns distribution, that is 

( )
( )

2

2 2

32 2

1

1 1
1 2 1 2sw w sw w

M
M MA

α

α α
α

γ μγ
γ θ ψ μ γ θ ψ μ

≥
 

− − −  − − − − 

. 
(28)

Obviously, this Bohm criterion depends on the non-thermal α-parameter; when one 
takes α = 0, one has Aα = 0, and thus the generalized Bohm criterion (28) returns to the 
classical form (20). From the new criterion (28), we obtain a new equation for the critical 
Mach number Mc,α (i.e., the Bohm speed) with respect to the SEE coefficient γ and the 
floating potential ψw at the wall, 

( )
( )

2 2
, ,2

, 32 2
1 1 1

1 2 1 2
c c

c
sw w sw w

M M
M A α α

α α
γ μγ

γ θ ψ μ γ θ ψ μ

  
  − − − =
  − − − −   

. (29)

This critical Mach number also depends on the non-thermal α-parameter, and we 
find that the generalized Bohm criterion can be written as Mα ≥ Mc,α. 

3.2. The Floating Potential at the Wall 

The concept of floating potential was once used to describe the potential on Langmuir 
probes. Because the probe is suspended in the plasma for detection, the potential energy 
on the suspended probe is also called suspended potential. When the net current flux on 
the probe surface is zero, a balance is achieved between the incoming current and the 
outgoing current, and then the potential energy state on the probe is in a suspended state. 
In fact, the potential on various objects such as electrodes, walls, workpieces, and dust 
grains that are immersed in or come into contact with the plasma with zero net electricity 
may be called the floating potential [21,22]. 

In order to study the generalized Bohm criterion (28), we need to analyze the floating 
potential ψw at the wall. At the same time, as an important part of the sheath potential 
structure, the property of floating potential at the wall is also very important. In the equi-
librium condition (7) between the secondary electron flux σsw, the primary electron flux 
σpw and the ion flux σiw at the wall, the primary electron flux σpw at the wall is calculated 
on the basis of the Cairns α-distribution (23) by 

( ) ( )22 2

, 2 200

2 2
σ , 1 exp

2
e p w e p w

pw p p p p
p

p
p

d
m v e m v e

f v x dv v
k T kT

v Cαα

α ϕ ϕ∞∞ −  −
= + − 

 
 =
 



 

   

( )
2 2

0
2 2  exp 1 8 8 4

3 1 2
p p w w w

e p p p

n kT e e e
m kT kT k T

ϕ ϕ ϕα α α
α π

  
= + − +    +   

. (30)

The ion flux and the secondary electron flux are respectively, 

0 0σiw iw iw i in v n v= =  and 0 0σ
1sw i in vγ

γ
=

−
. (31)

Then, based on the charge conservation Equation (7), we get that 
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( )
2 2

0 0 0
2 21 8 8 4 exp

3 1 2 1
p p w w w i i

e p p p

n kT e e e n v
m kT k T kT

ϕ ϕ ϕα α α
α π γ

   
+ − + =      + −   

. (32)

By using the dimensionless transformation (13), Equation (32) is written as 

( )2

2

11 2 2 exp
2 1 3 1 12

w w w

sw w

M MA A Aα α
α α α

μ γ ψ ψ ψ
π γ α γθ μψ

   − + − + =  − + − − 
. (33)

This equation gives a relation between the floating potential at the wall and the other 
plasma physical quantities of the sheath if the primary electrons are non-thermal and have 
the Cairns α-distribution. This new relation depends on the non-thermal α-parameter: 
only when one takes α = 0, it returns the original relation when the primary electrons were 
assumed to be a Maxwellian velocity distribution [17], 

( )
2

1 exp
2 1 12

w

sw w

M Mμ γ ψ
π γ γθ μψ

 
 − =
 − −− 

. (34)

3.3. The Critical SEE Coefficient 

We now study the critical SEE coefficient γc in the plasma sheath with the Cairns-
distributed primary electrons. Hobbs and Wesson obtained an expression of the critical 

SEE coefficient [23], 1 8.3c e im mγ ≈ − . If the SEE effect is weak, then γ < γc; if the SEE 

effect is strong, then γ > γc; and if the SEE effect is moderate, then γ = γc. As we know that 
[5] when the SEE effect is weak, the SEE coefficient γ < γc; at this time, the potential distri-
bution type of the sheath is a classical sheath, and the floating potential at the wall has a 
negative potential relative to the plasma. The electric field near the wall points to the wall, 
so all the secondary electrons emitted from the wall will enter the sheath and do not re-
turn. When the SEE effect is strong, the SEE coefficient γ > γc; at this time, the potential 
distribution type of the sheath is an inverse sheath. The floating potential of the wall has 
a positive potential relative to the plasma. The electric field near the wall points to the 
plasma region, and most of the secondary electrons will return to the wall. When the SEE 
effect is moderate, the SEE coefficient γ = γc; at this time, the potential distribution type of 
sheath is a space charge limited (SCL) transition sheath, and the sheath structure is such 
that its electric field near the wall is zero. γc is called the critical SEE coefficient. Mathe-
matically, the SCL transition sheath corresponds to the special form of wall electric field 
being zero, and physically, the corresponding SEE effect intensity is relatively moderate. 
Therefore, we take the SCL transition sheath structure to study the critical SEE coefficient. 

In order to find the critical SEE coefficient γc, by making use of the normalized form 
of the Poisson Equation (14), one finds that 

,( )p s i
d dd N N N d
d d α
ψ ψ ψ
ξ ξ

  = + − 
 

. (35)

Making integral from Ѱ0 to Ѱw on both sides of Equation (35), one has 

0 0
( )w wE

p s iE

d dd N N N d
d d

ψ

ψ

ψ ψ ψ
ξ ξ

  = + − 
 

  , (36)
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where the electric field at the boundary of the sheath is E0 = 0 and ψ0 = 0. In the SCL tran-
sition sheath, the electric field Ew = 0 at the wall (i.e., dψ/dξ = 0 at the wall), γ = γc, and so 
Equation (36) becomes 

,0
( ) 0w

p s iN N N d
ψ

α ψ+ − = . (37)

Substituting Equations (15), (16) and (27) into Equation (37), one derives the equation 
of the critical SEE coefficient γc when the plasma sheath has the Cairns-distributed pri-
mary electrons, 

( ) ( ) ( )

( ) ( )

2

2

2 2

1 3 3 exp 3 exp 1
(1 ) 2

2 2 0.
(1 )

c
w w w w

c sw w

c
sw sw w w

c

M A A

M M M M

α
α α

α
α α

γ ψ ψ ψ ψ
γ θ ψ μ

γ θ θ ψ μ ψ
γ μ

 
  − − + − + −  − − 

+ − − + − − =
−

 (38)

This new equation depends on the non-thermal α-parameter, which can be used to 
solve the new critical SEE coefficient γc. When we take α = 0, it returns to the form if the 
primary electrons were a Maxwellian distribution [24], namely, 

( )( ) ( ) ( )
( )

2

2

2

1 exp 1 2
1(1 ) 2

2 0.

c c
w sw sw w

cc sw w

w

M M

M M M

γ γψ θ θ ψ μ
γ μγ θ ψ μ

ψ

 
 − − + − −
  −− − 

+ − − =

 (39)

4. Numerical Analyses 
In order to show the properties of the plasma sheath being the non-thermal primary 

electrons with the Cairns α-distribution more clearly, we now make numerical analyses 
on the basis of the generalized Bohm criterion (28), the new floating potential (33) and the 
new critical SEE coefficient (38) of the plasma sheath. In numerical analyses, as an exam-
ple, the plasma characteristic data are taken in an argon plasma containing secondary 
emission electrons [25], such as the mass ratio of an ion to an electron µ = 7.3334 × 104, the 
dimensionless exit speed of secondary electrons θsw = 20, the Mach number Mα = 1.4, the 
floating potential at the wall ψw = −3, and the SEE coefficient γ = 0.4. In addition, according 
to the Bohm criterion, Mα should be taken greater than the critical value Mc,α (the Bohm 
speed) when it is used as an independent variable. 

4.1. The Generalized Bohm Criterion and Bohm Speed 
The numerical analyses are performed for the critical Bohm speed Mc,α based on 

Equation (29). In Figure 2a,b, we illustrate the Bohm speed Mc,α as a function of the non-
thermal α-parameter for three representative values of the SEE coefficient and the floating 
potential, respectively. Figure 2a shows results for three different SEE coefficients, γ = 0.1, 
0.5 and 0.9, while Figure 2b presents results for three different floating potentials, ψw = −4, 
−3 and −2. 

It is shown that the Bohm speed depends significantly on the non-thermal α-param-
eter, but it is almost unaffected by the SEE coefficient γ and the floating potential at the 
wall ψw, as evidenced by the near overlap of the curves in both panels. The Bohm speed 
Mc,α increases substantially with increasing α-parameter, where α = 0 corresponds to the 
classical case of a Maxwellian distribution. Thus, the Bohm speed Mc,α in a plasma sheath 
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with non-thermal primary electrons described by the Cairns distribution is generally 
larger than that with a Maxwellian distribution. 

  
(a) (b) 

Figure 2. (a) The generalized Bohm speed as a function of the Cairns α-parameter for three different 
ψw-parameters. (b) The generalized Bohm speed as a function of the Cairns α-parameter for three 
different γ-parameters. 

Physically, an increase in the non-thermal α-parameter leads to a higher population 
of electrons in energetic states and the appearance of non-monotonic features in the ve-
locity distribution. This enhances the electron flux toward the wall and allows more elec-
trons to accumulate in the sheath region. Consequently, ions require greater kinetic en-
ergy to satisfy the generalized Bohm criterion at the sheath entrance, resulting in an in-
creased Bohm speed. 

4.2. The New Floating Potential at the Wall 

The numerical analyses are made of the floating potential at the wall, ψw, based on 
Equation (33). In Figure 3a,b, we illustrate the floating potential ψw as a function of the 
SEE coefficient γ and the Mach number Mα, respectively, for three different values of the 
α-parameter, α = 0, 0.05, and 0.15. In Figure 3b, the starting value of Mach number Mα is 
taken as the critical value Mc,α to ensure the Bohm criterion Mα ≥ Mc,α. It is shown that the 
floating potential depends significantly on the non-thermal α-parameter, and it decreases 
with an increase in the non-thermal α-parameter, where α = 0 is the case of the plasma 
with a Maxwellian distribution. Thus, the floating potential in the plasma sheath having 
the non-thermal primary electrons with the Cairns distribution is generally less than that 
with a Maxwellian distribution. 

In Figure 3a, we show that the floating potential ψw increases slowly with an increase 
in the SEE coefficient γ, but in Figure 3b, we show that it is almost unchanged with an 
increase in the Mach number Mα. 

In the figures, we observed that the floating potential decreases (i.e., it becomes more 
negative) with an increase in the non-thermal parameter α. This may be understood 
through the following mechanism. With an increase in the non-thermal parameter α, the 
primary electrons in the high-energy tails are enhanced. This significantly increases the 
flux of the energetic electrons that can reach the wall against the retarding sheath poten-
tial. To maintain the fundamental condition of zero net current at the wall, the system has 
to compensate for this increased primary electron current by adjusting the floating poten-
tial to a more negative value. This adjustment restores balance in two key ways: (1) it 
attracts a greater flux of positive ions, and (2) it reflects the lower-energy portion of the 
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primary electron population more effectively. The net effect reaches a new equilibrium 
where the increased influx of energetic electrons is counteracted, establishing a steady-
state floating potential with a lower (more negative) value. 

  
(a) (b) 

Figure 3. (a) The new floating potential as a function of the SEE coefficient for three different α-
parameters. (b) The new floating potential as a function of the Mach number for three different α-
parameters. 

4.3. The New Critical SEE Coefficient 

The numerical analyses are made of the critical SEE coefficient γc based on Equation 
(38). In Figure 4a,b, we illustrated the critical SEE coefficient γc as a function of the floating 
potential at the wall ψw and the Mach number Mα, respectively, for three different values 
of the non-thermal α-parameter, α = 0, 0.05, and 0.15. It is shown that the critical SEE co-
efficient depends significantly on the α-parameter, and it decreases with the increase in 
the α-parameter, where α = 0 is the case of the plasma with a Maxwellian distribution. 
Thus, the critical SEE coefficient in the plasma sheath having the non-thermal primary 
electrons with the Cairns distribution is generally more than that with a Maxwellian dis-
tribution. 

In Figure 4a, we show that the critical SEE coefficient γc decreases with an increase in 
the floating potential ψw, but the speed at which it decreases depends significantly on the 
α-parameter. When α = 0, γc decreases very slowly with an increase in ψw , but with an 
increase in the α-parameter, γc begins to decrease quickly with an increase in ψw. 

In Figure 4b, we show that the critical SEE coefficient γc increases with an increase in 
the Mach number Mα, but the speed at which it increases depends significantly on the α-
parameter. When α = 0, γc increases very slowly with an increase in Mα, but with an in-
crease in the α-parameter, γc begins to increase quickly with an increase in Mα. 
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(a) (b) 

Figure 4. (a) The new critical SEE coefficient as a function of the floating potential for three different 
values of the α-parameter. (b) The new critical SEE coefficient as a function of the Mach number for 
three different values of the α-parameters. 

5. Conclusions 
In conclusion, we have studied the properties of the plasma sheath with secondary 

electrons and non-thermal primary electrons with a Cairns distribution, including the 
Bohm criterion, the floating potential and the SEE coefficient. We have derived the expres-
sion of a generalized Bohm criterion given by the inequality (28), Equation (33) of the 
floating potential ψw at the wall and Equation (38) of the critical SEE coefficient γc when 
the plasma sheath has non-thermal primary electrons with Cairns α-distribution. We also 
obtained Equation (29) of the Bohm speed Mc,α. These new relations are all related to the 
non-thermal α-parameter. When we take 0α =  , they all return to those forms in the 
plasma sheath with the Maxwell-distributed primary electrons. 

We have made the numerical analyses to illustrate the Bohm speed, the floating po-
tential at the wall and the critical SEE coefficient, respectively, for three different values of 
the α-parameter. The results showed that: 

(a) The Bohm speed Mc,α depends significantly on the non-thermal α-parameter, but 
it is almost unaffected by the SEE coefficient and the floating potential at the wall. The 
Bohm speed increases with an increase in the α-parameter, so the Bohm speed of the 
plasma sheath having the non-thermal primary electrons with the Cairns distribution is 
generally more than that with a Maxwellian distribution. 

(b) The floating potential ψw at the wall depends significantly on the non-thermal α-
parameter, and it decreases with an increase in the non-thermal α-parameter. Therefore, 
the floating potential of the plasma sheath having the non-thermal primary electrons with 
the Cairns distribution is generally less than that with a Maxwellian distribution. The 
floating potential increases slowly with an increase in the SEE coefficient γ, but it is almost 
unchanged with an increase in the Mach number Mα. 

(c) The critical SEE coefficient γc depends significantly on the α-parameter, and it de-
creases with the increase in the α-parameter. The critical SEE coefficient in the plasma 
sheath having the non-thermal primary electrons with the Cairns distribution is generally 
more than that with a Maxwellian distribution. The critical SEE coefficient decreases with 
an increase in the floating potential ψw, but the speed at which it decreases depends sig-
nificantly on the α-parameter. When α = 0, γc decreases very slowly with an increase in 
ψw, but with an increase in the α-parameter, γc begins to decrease quickly with an increase 
in ψw. The critical SEE coefficient increases with an increase in the Mach number Mα, but 
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the speed at which it increases depends significantly on the α-parameter. When α = 0, γc 
increases very slowly with an increase in Mα, but with an increase in the α-parameter, γc 
begins to increase quickly with an increase in Mα. 
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