‘ entropy

Article

Population—-Coherence Routes to Purity in Page-Type Models
of Black-Hole Evaporation

José J. Gil

W) Check for updates

Academic Editor: Juan F. Pedraza

Received: 31 January 2026

Revised: 18 February 2026

Accepted: 23 February 2026
Published: 27 February 2026
Copyright: © 2026 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license.

Independent Researcher, 29690 Casares Costa, Mdalaga, Spain; ppgil@unizar.es

Abstract

We revisit the black-hole information problem from the viewpoint of a population—coherence
decomposition of density-matrix purity. Building on a previously developed formalism
for n-dimensional density matrices, we characterize each state by a normalized global
purity index and two complementary indices, which quantify the contributions of level
populations and coherences. This yields a simple quadratic relation and a geometric
representation in a “population-coherence plane”, where different routes to purity can be
distinguished. In the two-level case, we construct explicit families of states with identical
spectra and global purity but opposite internal structure, realizing population-dominated
and coherence-dominated routes. We then apply this framework to a standard Page-type
evaporation model without an explicit Hamiltonian, in which a black hole and its Hawking
radiation form a bipartite pure state with varying Hilbert-space dimensions. Using known
results for typical reduced states in large dimensions, we analyze the behavior of population
and coherence components of purity along the evaporation process. Under the physically
motivated requirement that, in this energy-free setting, the radiation populations remain
nearly uniform in the chosen basis, we show that the late-time recovery of purity must
be coherence-dominated: the global purity of the radiation approaches unity while the
population index stays small and the coherence index carries essentially all the purity.

Keywords: black-hole information paradox; Page curve; density matrix; purity; coherence;
quantum information; Hawking radiation

1. Introduction

The black-hole information problem remains one of the central conceptual challenges
at the interface between quantum mechanics and gravitation. In Hawking’s semiclassical
picture, an initially pure state collapsing to form a black hole evolves into a mixed state
of nearly thermal radiation, apparently violating unitarity [1]. The tension arises because
the standard quantum description of closed systems demands that the global evolution
be unitary, preserving the purity of the global state, whereas the effective description of
Hawking radiation suggests an irreversible loss of information.

Over the last decades, a variety of proposals have been put forward to reconcile these
two viewpoints. Some approaches modify the semiclassical dynamics or the near-horizon
structure of spacetime; others exploit nonlocal correlations or invoke subtle aspects of quan-
tum gravity. More recently, the development of the “island formula” and quantum extremal
surfaces has provided a framework in which the entanglement entropy of Hawking radia-
tion can exhibit the Page-curve behavior expected from unitary evaporation models [2—4].
In these accounts, the fine-grained entanglement entropy of the radiation initially grows,
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reaches a maximum near the Page time, and subsequently decreases back to zero, as the
black hole evaporates, restoring the purity of the global state.

Most discussions of the information problem, including those based on Page curves
and island constructions, focus on entropic quantities as the main diagnostic of information
flow. This is natural, given that the paradox is often phrased in terms of the entropy increase
and decrease. However, from the point of view of quantum statistical description, a density
matrix p contains more structure than a single entropic number. Even at the level of second-
order statistics, the spectrum of p and its matrix structure encode not only how “pure” the
state is but also where that purity resides: in the level populations (diagonal entries) or in
the coherences (off-diagonal correlations) in a given physically meaningful intrinsic basis
for which the real part of the density matrix is diagonal, while the off-diagonal elements
are pure imaginary.

In a different context, namely classical polarization optics and general density-matrix
analysis, previous work has shown that it is often useful to decompose the global purity of
a state into distinct contributions associated with populations and coherences [5]. In that
work, a normalized global purity index P, for an n-dimensional density matrix was
complemented by two auxiliary indices P, and P, capturing, respectively, the asymmetry
of the intrinsic populations and the asymmetry due to intrinsic coherences (or correlations).
For general 1, these indices obey a relation of the form

2 _p2 2 __n
Pn) = Pp —|—DCnPC, oy = m, (1)
which, in the two-dimensional case, reduces to the simple Euclidean decomposition
2 _ p2 p2
P(z) =P, +P. (2)

Geometrically, each state can be represented by a point in the (P,, P;) plane, with the global
purity P,y playing the role of the radial coordinate and the relative weights of P, and P
determining the angular coordinate. This “population—coherence plane”, which is easily
generalized to n dimensions, offers a compact way of visualizing how purity is distributed
within a density matrix.

The present work explores how this population-coherence decomposition of purity
can sharpen our description of the black-hole information problem. Instead of asking only
whether the entropy of Hawking radiation increases or decreases with time, we ask two
related questions. First, when the radiation becomes purer at late times, is that purity stored
primarily in the intrinsic level populations or in intrinsic coherences? Second, to what extent
can a state be locally thermal in its energy populations while still being globally pure?

These questions become particularly pressing in the context of unitary evaporation
scenarios. If we require that the global evolution be unitary, then the late-time radiation
must be nearly pure. At the same time, if we insist that local measurements in the energy
basis see a spectrum that remains close to thermal throughout the evaporation process,
then the diagonal of the radiation density matrix should not deviate strongly from a
thermal distribution. Under these conditions, it is natural to suspect that any recovery of
information must manifest in the off-diagonal structure of the density matrix, that is, in the
intrinsic coherences.

The population—coherence framework provides precise language to express this intu-
ition. In particular, we distinguish two limiting cases: a population-dominated route to purity,
in which P, carries most of the global purity P(,; and the density matrix is close to diagonal
in the chosen basis, so that information is encoded mainly in anisotropic level populations
leading to significant deviations from a thermal spectrum; a coherence-dominated route to pu-
rity, in which P carries most of P,y while P, remains small, so that the populations remain
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nearly thermal, and the information is stored in nontrivial coherences and correlations that
are invisible to measurements probing only the diagonal of p.

Our goal in this paper is to show that, within a standard Page-type model of evapora-
tion and under the assumption of locally thermal populations, the late-time recovery of
purity must follow a coherence-dominated route. We do this at two levels. First, in the
simplest two-level setting, we construct explicit families of states with the same eigenvalues
but opposite purity structure: one family with purity entirely in populations and another
with purity entirely in coherences. This illustrates in the clearest possible way that global
purity and spectrum do not uniquely determine how information is encoded. Second,
we consider a many-qubit Page-type model in which the black hole and radiation form a
bipartite pure state with varying Hilbert-space dimensions. Using known results on typical
reduced states in large dimensions, we analyze how the indices P, and P behave, as the
radiation subsystem grows, and the black hole shrinks.

The analysis reveals a simple but important feature: in the large-dimension regime
of a Page-type model, and if the radiation populations in the energy basis are constrained
to remain close to thermal, the population purity index P, (k) remains small, while the
coherence purity index P, (k) must grow and eventually account for almost all the global
purity of the late-time radiation. In the geometric (Pp, b.) representation (with b= Vo Pe),
the typical trajectory of the radiation state starts near the origin (maximally mixed), stays
close to it around the Page time, and then moves towards the upper point of the unit circle
(Pp, P.) ~ (0,1), indicating a coherence-dominated route to purity.

Although our main technical analysis is performed within the standard static Page
model, we argue in the Discussion (Section 5) that the conclusion—the necessity of a
coherence-dominated route under the assumption of locally thermal populations—is robust
and expected to hold in more realistic dynamical models of evaporation that exhibit
quantum chaotic scrambling.

Summarizing our main conclusion, we show that, in Page-type evaporation models
with locally thermal radiation populations, the late-time recovery of purity is necessarily
coherence-dominated: the population index remains small, while the coherence index
grows to carry essentially all the purity. In the (P,, P;) plane, this corresponds to trajectories
ending near (0, 1), in contrast to population-dominated routes near (1,0).

Our conclusions are explicitly derived within a Page-type setting without an explicit
Hamiltonian. We therefore regard the coherence-dominated route identified here as a robust
kinematic feature of unitary evaporation under locally featureless populations, rather than
as a complete dynamical model of black-hole evaporation.

The paper is organized as follows. Section 2 recalls the definition of the global purity
index P(,;) and the associated population and coherence indices P, and P for generic den-
sity matrices, emphasizing their interpretation and the basic decomposition (1). Section 3
analyzes the two-dimensional case in detail, constructing explicit examples of population-
dominated and coherence-dominated routes to purity and introducing the (P,, ;) plane as
a simple geometric representation. Section 4 applies these ideas to a standard Page-type
evaporation model with N qubits, derives the typical behavior of the radiation purity,
and shows that, under locally thermal populations, the late-time purity must be carried by
the coherence index P.. Section 5 concludes with a discussion of how this framework com-
plements entropic analyses of the information problem, outlines possible extensions to more
elaborate models of quantum gravity and to higher-order descriptors of statistical structure,
and examines the robustness of our conclusions in dynamical evaporation scenarios.

https://doi.org/10.3390/e28030263


https://doi.org/10.3390/e28030263

Entropy 2026, 28, 263

4 0f 20

2. Global Purity and Population—-Coherence Decomposition

In this section, we recall the definition of the global purity index P, for an n-
dimensional density matrix and outline the associated decomposition into population
and coherence contributions, P, and P.. The detailed construction and normalization of
these indices were originally developed in the context of polarization optics and general
density-matrix analysis [5]; here, we present only the elements needed for the present
application to black-hole radiation.

2.1. Global Purity Index P,

Let p be an n x n density matrix, i.e., a positive semidefinite unit-trace Hermitian
matrix acting on an n-dimensional Hilbert space. The standard purity

Tr(0?) (©)

ranges from 1/ for the maximally mixed state p = I, /n to 1 for pure states p = |¢) (¢|.
A convenient normalized measure of global purity is given by [5]

2) _
Hmzvi%%%ir (4)

which satisfies

0<P, <1, ®)
with
I, 5

Equation (4) depends only on Tr(p?) or equivalently on the quadratic invariant Y )\]2
of the eigenvalues {A;} of p. It is insensitive to the basis in which p is expressed, but it does
not distinguish whether purity arises from anisotropic level populations or from nontrivial
off-diagonal structure in an appropriate intrinsic (IRB) decomposition.

2.2. Separation of Populations and Coherences

To separate population and coherence contributions, it is convenient to work with an
intrinsic density matrix associated with p. In the formalism developed in Ref. [5], one starts
from the decomposition

p=R(p) +iS(p), )

where R(p) and I(p) are Hermitian, and (p) has real antisymmetric matrix elements in
any orthonormal basis. One then constructs a real orthogonal matrix Q that diagonalizes
the real part R(p). The transformed density matrix

po=QpQ" (8)

is said to be expressed in the intrinsic basis, and po itself will be referred to as the intrinsic
density matrix [5]. In general, populations are basis-dependent; what singles out the
intrinsic basis is precisely that in this representation the real part is diagonal, so that
populations and coherences are cleanly separated.

More explicitly, writing

po=A+iN,  A=R(po), N=S(po), 9)
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one has that A is a real diagonal matrix, and N is a real antisymmetric matrix (N7 = —N, n;; = 0).
The diagonal entries of A define a set of intrinsic populations {ay}}_,, with Y ar = 1 and

A = diag(ay, ..., an). (10)

These intrinsic populations coincide with the eigenvalues of the real part ®(p), and by
convention, they are ordered in nonincreasing order [5], a1 > a2 > --- > ay, so as to
fix unambiguously the intrinsic basis and the associated ordering. In this frame, the
populations are thus encoded in the diagonal of pp and are decoupled from the coherences.
Note that, when R (p) has degenerate eigenvalues (e.g., in the two-level case a; = a, = 1/2
so that R(p) o I, the intrinsic basis is not unique: any real orthogonal rotation within the
degenerate subspace leaves R(p) diagonal. This non-uniqueness is harmless, because the
intrinsic invariants P, and P are basis-independent. In particular, for n = 2 and a1 = a3,
one always has P, = 0, while P. remains well defined (e.g., P- = 2|3 (p01)|-

Conversely, the off-diagonal elements of po are purely imaginary: R(pp) = A is diag-
onal, and $(pp) = N has vanishing diagonal. The imaginary off-diagonal entries represent
the intrinsic coherences or correlations of the state and are collectively parametrized by a
set of real intrinsic coherence parameters {ni]-}, 1 <i < j < n, through the antisymmetric
real matrix N = (n;;). The transformation from the original basis to the intrinsic basis is
an orthogonal similarity transformation (a particular case of a unitary transformation); so,
scalar quantities constructed from {a;} and {n;;} are invariant.

Note that in Ref. [5], the intrinsic decomposition is written as po = A + iN(qyig) /2.
Here, we adopt the slightly different convention (9), with N = Nqjg)/2 absorbing the
factor 1/2. The coherence index P. defined below is adjusted accordingly so that its
numerical value coincides with that in Ref. [5]; only the symbol used for the antisymmetric
matrix has changed.

Within this intrinsic representation, the global purity of p can be expressed in terms of
a “population part” depending only on the {a;} and a “coherence part” depending only
on the matrix N. Concretely, given the intrinsic density matrix pp with diagonal entries
{ax}}_, and purely imaginary off-diagonal elements encoded in the antisymmetric real
matrix N = (n;;), one introduces a population purity index P, as a normalized measure
of the anisotropy of the populations with respect to the equiprobable distribution 1/7.

Explicitly [5],
2 n
2_ "y _IN o om 2_1
P”n—lz(ak n) n—1<;ak n)' (1)

k=1

sothat0 < P, < 1and
1

P,=0 <« a = vk, (12)
i.e., P, depends only on the diagonal of pp and vanishes if and only if all intrinsic popula-
tions are equal.
A second quantity is a coherence purity index P, constructed from the intrinsic off-
diagonal quantities {7;; } and normalized so that it measures the overall strength of intrinsic
coherences. In terms of the real antisymmetric matrix N, one can write

P2=2|N|t=4 Y =n} (13)

ijr
1<i<j<n

where || - | denotes the Frobenius norm, and the parameters n;; are real-valued by construc-
tion (since the corresponding off-diagonal entries of pp are i n;;). Again, onehas0 < P <1,
and P. = 0 & po is diagonal, while P, = 1 corresponds to the maximal allowed intrinsic
coherence (or correlation asymmetry) for a given dimension # [5]. In the two-dimensional
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case, Equation (13) reduces to P, = 2|pg;| in the intrinsic basis, in agreement with the
standard Bloch-sphere parametrization.

By construction, P, is the Frobenius-norm weight of the intrinsic antisymmetric imagi-
nary part of pp; equivalently, it quantifies how much of the global purity is stored in intrin-
sically off-diagonal structure (intrinsic coherence). In principle, P; can be accessed from
full state tomography of p (followed by the intrinsic-basis construction) or, more economi-
cally, via interferometric protocols that estimate off-diagonal correlators and purity-related
quantities (e.g., two-copy interference/swap-type measurements of Tr(p?) combined with
diagonal constraints). While P is determined by the reduced density matrix (a second-order
object), scrambling diagnostics such as out-of-time-order correlators (OTOCs) probe operator
growth through higher-order (typically four-point) correlation functions. In many chaotic
(strongly scrambling) unitary models, the rapid spreading of operators is accompanied by
a fast build-up of nonlocal correlations. Under the additional assumption that the diago-
nal populations remain (approximately) thermal, such correlations are then expected to
account for most of the purity recovery, which in our population—coherence decomposition
manifests primarily as growth of P,.

A short calculation using the intrinsic decomposition po = A + iN shows that

Tr(p?) = Tr(pp) = Y ag + |IN||3. (14)
k=1

Inserting Equations (11) and (13) into the definition of the normalized purity P, in
Equation (4) then yields [5]

n

20— 1) (1

Ply =Py +anP?,  an=
which is the general quadratic decomposition announced above. This relation holds
for any n-dimensional density matrix and, for n = 2, reduces to the simple Euclidean
decomposition P(zz) = PI% + P2 used in Section 3.

Itis important to emphasize that P, and P are invariants of the state, not quantities tied
to a particular representation. They are defined via the intrinsic decomposition (9), but once
the invariants have been computed, they can be associated with p in any basis: changing to
another orthonormal basis simply acts by a unitary similarity transformation and leaves
Py and P; unchanged. In Section 4, we will therefore be able to speak of population and
coherence contributions to purity in physically preferred bases (in particular, the energy
basis of the radiation) while still using the same intrinsic indices P, and P,.

2.3. Geometric Representation in the (Py, P;) Plane

For our purposes, it is convenient to absorb the dimension-dependent factor «;, into a

rescaled coherence index

n

P. = /ay P = =T P.. (16)

In terms of (Pp, D), the decomposition (15) becomes
P(zn) =P+ P2 (17)

This suggests a natural geometric representation (see Figure 1). In this representation,
each density matrix p is associated with a point in the plane with coordinates (P, ;).
The normalized global purity P, is the radial coordinate,

Py = /P2 + P2, (18)
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and the angle 6 defined by
Py = P(ycosb, P =Py, sinf, (19)

quantifies the relative contribution of populations and coherences: 6 ~ 0 corresponds
to purity dominated by populations, while § ~ 7 corresponds to purity dominated
by coherences.

In this picture, the origin (Pp, PC) = (0,0) corresponds to the maximally mixed state
P,y = 0, while the unit circle P,,) = 1 represents pure states. Points near (1,0) describe
states whose purity is almost entirely due to population asymmetry, whereas points near
(0,1) describe states whose purity is almost entirely due to coherence asymmetry. This

population—coherence plane will play a central role in the rest of the paper.

£,y =0
Figure 1. Population—coherence representation of density-matrix purity. Each state is mapped
to a point in the (Py, P;) plane, with Py = ,/P,% + P? as radial coordinate. The origin corre-
sponds to the maximally mixed state, while the unit circle corresponds to pure states. Horizon-

tal trajectories illustrate population-dominated routes to purity, and vertical trajectories illustrate
coherence-dominated routes.

3. Two-Level Illustration: Population and Coherence Routes to Purity

In order to make the population-coherence decomposition fully transparent, it is
useful to first analyze the simplest nontrivial case of a two-level system. In this section,
we show explicitly how the global purity can be split into population and coherence
contributions, and we construct two opposite “routes to purity” that will later serve as
prototypes for black-hole evaporation scenarios.

3.1. Global, Population, and Coherence Purity for n = 2

Let p be a 2 x 2 density matrix written in some fixed orthonormal basis {|0), (1)},
which we shall regard as the energy basis for later physical interpretation. We write

o= (Poo p01>, P10 = P91/ poo +p11 = 1. (20)
P10 P11

The standard purity satisfies
Tr(p®) = pgo + 1 + 2lpon > (21)

For n = 2, we introduce the normalized global purity index

P = P(Z) = \/ZTI'(pz) -1, (22)
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which ranges from P = 0 (maximally mixed state) to P = 1 (pure state).

To define the population and coherence contributions consistently with the general
construction of Section 2, one must first pass to the intrinsic density matrix po = QpQ',
where Q is a real orthogonal matrix that diagonalizes #(p). In the intrinsic basis, one has
po = A+iN,with A = diag(ay,a2), (a1 > a2),and N = ( ° ), and the indices are

Py = |ay — a2, P. =2|n| =2|(po)n |- (23)

In this 2 x 2 case, P, and P can be expressed directly in terms of the matrix elements of
p in the chosen basis. Writing pg; = x + iy with x = R(po1) and y = 3(pg1), the eigenvalues
of R(p) = (" ), ) arearp = 5[1+ v/ (poo — p11)? + 4x?], so that

Py = \/(Poo —p11)? +4R(e01)%,  Pe=2S(po1)l- (24)

(Here, we used the fact that, in two dimensions, the antisymmetric part is invariant under
real orthogonal rotations; so, the intrinsic parameter n coincides with I(po1).)
In terms of the Bloch vector r = (ry, 1y, 7;), with

re =2R(o01), 1y = —23(po1), 7Tz = poo— P11, (25)

P = x|, P, = \/ 12412, Pe = |ryl. (26)

Thus, in the two-level case the decomposition takes the particularly simple form

we therefore have

P? =P} + P2, (27)

i.e., the global purity is the Euclidean norm of the two-component vector (P, P;).

Finally, note that if the chosen basis is already intrinsic (equivalently, f(pg1) = 0, so
the off-diagonal element is purely imaginary), then Equation (24) reduces to the familiar
simplified expressions P, = |pgo — p11]| and P: = 2|01 |-

In the (Py, P;) plane, each state p corresponds to a point with coordinates

(Pp, P2) = (1/ (po0 — p11)2 + 4 R(p0n 2, 2/ (pen) ), 28)

and fixed global purity P corresponds to a circle of radius P. The maximally mixed state
p = 1/2 lies at the origin (0,0), whereas the pure states lie on the unit circle P = 1.

3.2. Route A: Purity Stored in Populations

Our first example is a family of purely diagonal states of the form

1-— 0
Pdiag(p) = < 0 P P>, 0<p<l, (29)

These states have eigenvalues A; = 1 — p and A, = p and no coherence in the chosen basis:
pon=0 = P =0 (30)

The purity is
Tr(03iag) = (1—p)*+p> =1-2p+2p% (31)
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so, the global purity index reads
Paing(p) = \/2[(1 = p)2+p?] =1 =[1-2p]. (32)
The population purity index is
Pp(p) = lpoo — pua| = [(1 = p) —p| = [1 = 2p], (33)
and therefore,
Paiag(p) = Pp(p),  Pe(p) =0, (34)

so that Equation (27) is trivially satisfied.
This family provides a population-dominated route to purity. At p = 1/2, one has
Pdiag(1/2) = 1/2; s0,

Paiag(1/2) =0, Pp(1/2) =0, P(1/2) =0,

corresponding to the maximally mixed state at the origin (Py, P;) = (0,0). When p — 0 or
p — 1, the state becomes a pure basis vector, and

Pgiag 1, Pp—1, Pc—0,

i.e., the point in the (Pp, P.) plane moves along the horizontal axis from the origin
towards (1,0).

Physically, this means that the global purity is entirely stored in the anisotropy of the
level populations in the energy basis. If we interpret p as the state of Hawking radiation in
that basis, this scenario corresponds to a situation where information is recovered through
strong deviations of the emission probabilities from a thermal spectrum.

3.3. Route B: Purity Stored in Coherences

We now construct a second family of density matrices with the same eigenvalues as
Pdiag (P), but for which the intrinsic populations are exactly equiprobable, so that the global
purity is carried entirely by intrinsic coherences.

Consider the unitary transformation

U— é (1 l?), (35)

pcoh(p) = updiag(p) u'. (36)

and define

A simple calculation yields

Peon(p) = % (—i(ll— - i —12P)>, (37)

One easily verifies that p.o,(p) has the same eigenvalues A1 = 1 — p,p as pgiag(p)
and hence the same global purity

Peon(p) = Paiag(p) = 1 —2p|. (38)
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However, the internal organization of that purity is now completely different. The real
part of p.on (p) is proportional to the identity,

I
R(pcon(p)) = 5 (39)
so, the intrinsic populations are strictly equiprobable, a; = a; = %, and therefore,

Py(p) = |ay —az| = 0. (40)
At the same time, the off-diagonal element is purely imaginary,

-
pn =122 () = 200m)| = 1 - 2. @)

Therefore,
Peon(p) = Pe(p),  Pp(p) =0, (42)

so that the global purity is stored entirely in the intrinsic coherences.
In the (Pp, P;) plane, the trajectory of p.oh(p) is now as follows. At p = 1/2, one has
Peoh(1/2) =1/2; so,
Py(1/2) =0, Pc(1/2) =0,

and the state starts at the origin. When p — 0 or p — 1, the state approaches a pure state
(with fixed equiprobable intrinsic populations), and

Peoh — 1, Po—1, P, —0,

i.e., the point moves along the vertical axis towards (0, 1).
This family illustrates a coherence-dominated route to purity: the intrinsic populations
remain strictly equiprobable, while the intrinsic coherences grow and carry all the purity.

3.4. Physical Interpretation

The two families pgiag(p) and peon(p) demonstrate that, even for fixed eigenvalues
and fixed global purity P, the way in which information is encoded in the density matrix
can be qualitatively different: in pgjag (p), the purity is entirely associated with population
asymmetry in the energy basis (P, = P, P. = 0), whereas in p.n(p), the purity is entirely
associated with coherences and correlations in that basis (P. = P, P, = 0).

From the viewpoint of black-hole evaporation, if we model the late-time state of
Hawking radiation as a mixed state close to thermal in its energy populations, then insisting
that P, remains small effectively forbids a route of type pgi.e (p). Any recovery of purity
compatible with locally thermal populations must instead resemble a route of type pcon(p),
where the information is carried predominantly by coherences. In Section 4, we will see how
this intuition is realised, in a statistical sense, in a many-qubit Page-type evaporation model.

4. Page-Type Evaporation Model and Large-Dimension Behavior

We now consider a standard Page-type model of black-hole evaporation and analyze
how the population and coherence purity indices behave in the large-dimension regime.
This will show that, under the assumption of locally thermal populations in the energy
basis, the late-time recovery of purity must be driven predominantly by the coherence
contribution P,.
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4.1. Page-Type Evaporation with N Qubits

We model the black hole (BH) and its emitted radiation (rad) as a bipartite quantum
system with Hilbert space
H= HBH(k) ® Hrad (k)/ (43)

where k =0,1,..., N counts the number of emitted qubits. Initially, the black hole consists
of N qubits, and the radiation is empty. After the emission of k qubits, the dimensions are

dpr (k) =2N7K,  dq(k) = 2F, (44)

so that the total dimension is conserved, dp (k) dyaq (k) = 2N.

Following Page’s original approach [2], we assume that, at each step, the global state
|'¥x) € H is a typical pure state drawn from the Haar measure on H compatible with
the above bipartition. The Haar-random ensemble, while static, is known to accurately
capture the average behavior of reduced states under chaotic, scrambling dynamics [2,6]. It
therefore serves as a reliable proxy for studying the kinematic constraints that any unitary
evaporation model must satisfy, a point we revisit in Section 5.1 when discussing dynamical
extensions. The reduced state of the radiation is then

prad(k) = TrBH(ITk> <Tk|)/ (45)
a mixed state on H,q(k) of dimension
n(k) = dypaq (k) = 25 (46)

For any n-dimensional density matrix, we define the normalized global purity index
as in Equation (4). In the present context, we write

P(k) = P(y(k)) (Praa (k) (47)
for the global purity of the radiation after k emissions.

4.2. Average Purity of the Radiation and Page-Type Behavior

For a bipartite pure state on H 4 ® Hp with dimensions d 4, dp, the average purity of
the reduced state p 4 with respect to the Haar measure is known to be [2]

da+d
2\ _ “4atap
(o) = g1 (48)
Taking subsystem A to be the radiation, we have d 4 = d;.q(k), dg = dpp(k), so that
drad (k) + dpr (k)
Tt (0raa (k)?)) = 24 : 49
(r{ena(%)) = 330 dyra(l) + 1 4

For large total dimension 2N the “+1” in the denominator can be neglected, and we obtain
the simple approximation

1 1
Tr K)?)) ~ + .
< (Prad( ) ) > drad (k) dBH (k)
Substituting Equation (50) into Equation (4) with n1(k) = d,aq(k), we recover the typical
Page-like behavior of the global purity P(k). Early radiation (k < N /2, dyaq(k) < dpp(k))
corresponds to

(50)

T (Praa (k)?) = - = P(k)=0; (51)

rad (k)
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so, the radiation is almost maximally mixed. This substitution is justified in the Page/Haar-
typical setting: in high-dimensional bipartite systems, Tr(p%) is sharply concentrated
around its Haar average (concentration of measure). Therefore, the typical purity curve is
well approximated by (Tr(p% )), and using the mean provides an accurate analytic proxy for
the behavior of almost all pure states in the ensemble (up to exponentially small deviations
in the relevant dimensions).

Around the Page time (k >~ N /2, dyaq(k) ~ dppi(k)), one finds

Tr(prad(k)z) ~ d (52)

rad (k) '
and P(k) reaches its minimum value, corresponding to maximal entanglement between
black hole and radiation. Late radiation (k S N, dyaq(k) > dppy(k)) is characterized by

1 1

2\ ~
Tr(ena®)) ~ F0® > T’ )

and as the black-hole dimension approaches unity, dgp (k) — 1, we have Tr(ppaq(k)?) — 1,
and hence,
P(k) — 1. (54)

The radiation becomes nearly pure, as the black hole evaporates completely.

Thus, at the level of the global purity index P(k), the model reproduces the characteris-
tic Page curve: low purity at early times, a minimum around the Page time, and recovery of
purity at late times. What is missing in this description is how this purity is encoded in the
density matrix, i.e., whether it is stored in the diagonal populations or in the off-diagonal
coherences. This is precisely what the indices P, and P capture.

4.3. Population and Coherence Indices in Large Dimension

In the present application, we are interested in populations in a physically preferred
basis for the radiation (ideally, the energy eigenbasis). The diagonal entries in that basis are
basis-dependent and encode the local spectrum seen by energy measurements. By contrast,
the indices P, and P; are basis-invariant: for each k, they are defined via the intrinsic
decomposition of py,4(k), obtained by diagonalizing R (a4 (k)) with a real orthogonal
matrix Q(k) and forming po (k) = Q(k)prada(k)Q(k)T = A(k) 4+ iN(k). The indices P, (k)
and P.(k) then follow from Equations (11) and (13). When the preferred physical basis
approximately diagonalizes (0,04 (k)) (i.e., the real off-diagonal part is negligible), the in-
trinsic populations {a;(k)} are well approximated by the physical populations {p;(k)},
and the intrinsic coherences are directly reflected in the off-diagonal structure in that basis.

We now fix a physically meaningful basis in H,,q(k), which we identify with the
energy eigenbasis of the emitted quanta. In that basis, the diagonal entries

pi(k) = (Prad (k))ii’ i=1,...,n(k), (55)

represent the level populations, while the off-diagonal elements

(Prad(k))ij/ i 7é jr (56)

encode coherences and correlations between different energy levels. These matrix elements
are basis-dependent. Throughout the paper, the indices P, and P; are defined from the
intrinsic (IRB) form of p,,q (k) (Section 2); so, the “off-diagonal” contribution relevant to P,
should be understood in that intrinsic basis (and is directly visible in the energy basis only
when R (0,44 (k)) is already approximately diagonal there).
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As in Section 2, we compute for each k the intrinsic indices P, (k) and P¢(k) associated
with paq(k), which satisfy

n

P(Zn)(k) = P]z%(k) + l’(npcz(k)/ Ay = m

(57)

In the random Page model, standard concentration-of-measure arguments imply that
in the chosen energy basis the diagonal elements of p;,4 (k) have average

(pi(k)) = n(l) (58)

with typical fluctuations

— () 1 N 1

Here and in the following, the symbol “~” is used to indicate order-of-magnitude be-
havior in the limit of large dppy(k), as obtained from standard random-matrix (Wishart)
estimates for typical reduced states. The precise numerical factors are not important for
our conclusions and will not be needed.

Standard random-matrix results for Wishart ensembles imply that, in the limit of large
dpr(k), these fluctuations are of order 1/[n(k)+/dgu (k)].

When the black-hole dimension is large, dgpj(k) > 1, these fluctuations are extremely
small. Moreover, the typical real off-diagonal entries of p,,q(k) are of the same order
as 6p;(k); so, the symmetric matrix R (pyq(k)) is close to I/n(k) up to a small random
perturbation. Consequently, its eigenvalues (the intrinsic populations 4;(k)) remain close to
1/n(k), and one expects

Py(k) =0, (60)

consistent with locally featureless (thermal-like) populations in the chosen physical basis.
The off-diagonal elements satisfy

<’(prad(k))i]"2> ~ Wr i #]; (61)

so, each individual coherence is small, but there are n(k)? — n(k) such elements. The total
2

contribution of the off-diagonal terms to the purity Tr(pZ_ ;) then scales as

ra

2 (k)2 1 _ 1
l;’ (prad(k))ij’ ) n(k)?dpp(k)  dpu(k)’ ©2)

i.e., with the same scaling as the late-time contribution in Equation (50). These scalings
follow from the same Wishart-type considerations, now applied to the off-diagonal entries,
and are again to be understood as asymptotic estimates for large dpy (k).

Thus, in the late radiation regime d,,q (k) > dpy(k), the dominant contribution to the
global purity originates from the off-diagonal structure of p,,4 (k). If, in addition, we impose
the physically motivated condition that, in this simplified Page model without explicit
energy levels, the populations remain nearly featureless and close to the uniform distribu-
tion in the chosen basis—so that P, (k) stays small throughout the evaporation—then the
decomposition (57) forces the coherence index P (k) to grow and eventually carry almost
all the purity:

P(zn) (kfinal) ~ ln Pc2 (kﬁnal)/ PP (kﬁnal) ~0, (63)

and hence, P (kgn, ) must be close to its maximal value.

https://doi.org/10.3390/e28030263


https://doi.org/10.3390/e28030263

Entropy 2026, 28, 263

14 of 20

In other words, for a typical Page-type evolution with locally thermal populations,
the recovery of global purity at late times cannot be attributed to a strong population
asymmetry. Instead, it must be encoded in a build-up of coherence asymmetry, quantified

by P.(k).

4.4. Trajectories in the (Py, P;) Plane

We use the population—coherence plane introduced in Section 2.3 to visualize the evo-
lution of the radiation state. At each emission step k, we plot the point (P, (k), P.(k)), with

Pe(k) = \fay) Pe(k), (k) =2~ (64)

By the decomposition (57) (equivalently, Equation (17) applied at each k), the radial coordi-
nate is the global purity P, (k).

In this representation, early times (and around the Page time) correspond to points
close to the origin. In the late-time regime, if the radiation populations remain locally
featureless so that P, (k) stays small, the recovery of global purity P, (k) — 1 forces
P:(k) — 1. Geometrically, the typical trajectory therefore approaches the upper point of
the unit circle, (Pp, PC) ~ (0,1), i.e., a coherence-dominated route to purity (the many-body
analogue of Route B in Section 3).

5. Discussion

The analysis presented in this work suggests that the population—coherence decompo-
sition of purity provides a useful complementary perspective on the black-hole information
problem. Rather than focusing solely on entropic quantities, we have examined how the
global purity of the Hawking radiation can be split into contributions from level popula-
tions and coherences on a physically meaningful basis and how these contributions evolve
in simple models of evaporation.

At the most elementary level, the two-level examples of Section 3 already capture an
important conceptual point: even when the eigenvalues of a density matrix, and thus its
entropy and global purity, are fixed, the internal structure of the density matrix can differ
substantially. One family of states can realize purity almost entirely through population
asymmetry (P, ~ P, P, ~ 0), while another family with the same eigenvalues can real-
ize the same purity through coherences (P ~ P, P, ~ 0). In the (Pp, B) representation,
these correspond to orthogonal routes in the population—coherence plane. This demon-
strates that knowing how pure the radiation is does not tell us how the information is
encoded—whether in emission probabilities or in correlations.

The Page-type model of Section 4 extends this insight to a many-body setting that
captures the essential kinematics of black-hole evaporation. In such a model, the black
hole and radiation form a bipartite pure state with varying Hilbert-space dimensions,
and the average purity of the radiation follows a Page-like behavior: nearly zero at early
times, minimal around the Page time, and approaching unity as the black hole evaporates.
When we supplement this picture with the requirement that the radiation remain locally
thermal in its energy populations, the population purity index P, (k) is constrained to
remain small throughout the evolution. Under these conditions, the late-time recovery
of global purity P, (k) — 1 can only be achieved via an increase in the coherence index
Pe(k). In the (Py(k), P.(k)) plane, with Pc(k) = /&, Pc(k) as introduced in Section 2,
this corresponds to a trajectory that starts at the origin and ends near (P,, ;) ~ (0,1): a
coherence-dominated route to purity.

This observation does not, by itself, solve the information problem. It does, how-
ever, make more precise a qualitative idea that is often invoked in discussions of unitary
evaporation: that the late-time radiation must carry information in subtle correlations
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rather than in its local spectrum. The indices P, and P provide a way to quantify this
statement. Population-dominated scenarios, in which information reappears primarily
through large deviations from a thermal distribution of emission probabilities, would corre-
spond to trajectories that end near (Pp, P;) ~ (1,0) and are therefore incompatible with the
assumption of locally thermal populations. Coherence-dominated scenarios, in which the
spectrum remains nearly thermal while purity is restored, correspond instead to trajectories
approaching (0,1), as in the Page-type model with locally thermal diagonals.

From this viewpoint, the population-coherence plane can be regarded as a kind
of phase diagram of information recovery routes. Different proposals for resolving the
information problem—whether they rely on modified near-horizon physics, nonlocal
interactions, or quantum-gravity-induced correlations—can, in principle, be mapped to
different regions and trajectories in this plane, depending on how they partition purity
between P, and P.. This suggests that the pair (Pp, P:) may serve as a useful diagnostic for
comparing and classifying evaporation models, much as entanglement entropies and Page
curves are used today.

5.1. Robustness Beyond the Static Page Model: Dynamics, Scrambling, and Toy Models

The analysis of Section 4 relied on the canonical Page model, in which the global state
at each step is drawn from the Haar-random ensemble. While this approach correctly
captures the kinematic constraints of unitary evolution in a bipartite system with chang-
ing dimensions, it does not prescribe a specific dynamical law for the emission process.
A natural question is therefore whether the coherence-dominated route to purity is an
artifact of this equilibrium ensemble or a robust outcome of more realistic time-dependent
evaporation dynamics.

A growing body of work indicates that the key features of the Page model—in par-
ticular, the Page curve for entanglement entropy—emerge naturally from chaotic unitary
dynamics that scrambles information efficiently. In models of black-hole evaporation based
on random unitary circuits [6-8] or on fast-scrambling Hamiltonians [9], the reduced state
of the radiation at a given time is statistically indistinguishable from that of a Haar-random
state, provided the dynamics is sufficiently scrambling and the black hole has thermalized
internally. The underlying mechanism is that rapid scrambling effectively “resets” the
black-hole interior to a typical state after each emission, thereby justifying the use of random
ensembles for time-averaged properties. Consequently, the statistical arguments leading to
Equations (53) and (55)—the strong concentration of diagonal populations and the collec-
tive buildup of off-diagonal contributions—are expected to hold in any chaotic dynamical
model that reproduces the Page curve. Under the same physical requirement of locally
thermal populations, the late-time purity must therefore still be carried predominantly
by P..

This expectation is further supported by explicit toy models of quantum gravity in low
dimensions. In Jackiw-Teitelboim (JT) gravity coupled to matter, the evaporation process
can be described microscopically by a deterministic (though complex) unitary evolution of
a boundary theory [3,4]. The celebrated island formula, which yields the Page curve for
entanglement entropy, emerges from a gravitational path integral that sums over spacetime
geometries with replica wormholes. Although a direct computation of P, and P in such
models is technically challenging, the gravitational prescription implies that the radiation
density matrix, in the regime where a quantum extremal surface (island) dominates, is
well approximated by a thermal density matrix corrected by entanglement across the
wormbhole [3,4,10], schematically the structure of a state with small P, but substantial P,
for example via replica wormholes inducing correlations between radiation and interior
degrees of freedom that, for the reduced radiation state, manifest as intrinsic coherences
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(a nonzero antisymmetric part N in the IRB form of p,,4). In the language developed in
this paper, such correlations can be viewed as precisely the kind of intrinsic off-diagonal
(purely imaginary in the IRB) structure that increases the coherence index P. while leaving
the population index P, nearly unchanged. This provides suggestive evidence that the
coherence-dominated route is not a mere artifact of random averaging, but a generic
consequence of unitary evaporation that is consistent with semiclassical gravity, and that
semiclassical island formulas and replica-wormhole corrections offer concrete realizations
of such coherence-dominated routes in gravitational settings.

It is instructive, however, to consider scenarios where the coherence-dominated route
might be modified. In systems with weak scrambling, integrable dynamics, or symmetries
that protect population anisotropies, the trajectory in the (P, P.) plane could deviate
significantly from the vertical path. For example, in a free (non-interacting) emission
model, information might escape through systematic deviations in the energy spectrum,
leading to a more horizontal trajectory. The population-coherence plane can thus serve
as a diagnostic tool to classify evaporation models according to their scrambling strength
and dynamical properties. A concrete numerical study of (P, (k), P;(k)) in random unitary
circuit models—where the evolution can be followed step by step—would be a valuable
future direction to quantify these deviations and to identify regimes where population
effects become non-negligible.

The coherence-dominated conclusion hinges on restricting the diagonal structure of
the radiation in a physically preferred basis (typically the energy basis) to remain close
to thermal (or, more generally, close to locally featureless/equiprobable populations in
the intrinsic sense). The motivation is semiclassical: Hawking’s calculation predicts that
each outgoing mode is approximately thermal when coarse-grained, and many unitary toy
models of evaporation reproduce Page-curve behavior while keeping local spectra close to
thermal as a consequence of efficient scrambling and conservation laws. In our language,
this is precisely the regime where P, (k) stays small.

If local radiation is not thermal, the formalism and decomposition remain valid,
but the endpoint in the (P,, &) plane need not approach (0, 1). Instead, deviations from
thermality allow part of the recovered global purity to be carried by population anisotropy,
i.e, trajectories can interpolate between coherence-dominated and population-dominated
routes. Thus, the present framework makes transparent how much purity recovery can
be attributed to non-thermal diagonals (via Py) versus genuinely off-diagonal correlations
(via P.).

In summary, while the static Page model offers the clearest analytic window, the physi-
cal heart of the argument—that a large chaotic environment (the black hole) enforces locally
thermal diagonals, while unitarity forces global purity to be recovered via coherences—is
inherently dynamical. The population—coherence decomposition therefore provides a re-
fined lens to investigate not only whether information returns in a given model of quantum
gravity but also how it returns.

5.2. Thermal Reference States and Energy-Resolved Extensions

In the analysis above, the Page model has been treated as an “energy-free” kinematic
framework: the Hilbert space of the radiation is a tensor product of qubit spaces, but no
explicit Hamiltonian or energy spectrum has been introduced. In this setting, the natural
reference state for the diagonal of p;a4 (k) is the uniform distribution, and small values of
Py (k) simply express that the populations are close to equiprobable in the chosen basis. This
is sufficient for our purposes here, since the argument only requires that the diagonal be
nearly featureless, so that the recovery of purity must proceed via the intrinsic off-diagonal
(purely imaginary in the IRB) structure quantified by P, (k).
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In more realistic models of black-hole radiation, however, the Hilbert space comes
equipped with a Hamiltonian H and an associated thermal (Gibbs) state

e PH H
P = Z =Tr(e PH), (65)
which is diagonal in the energy eigenbasis with non-uniform populations pfth) o« e~ PEi.

With the convention adopted in this paper, P, measures deviations from the uniform
distribution 1/7; so, a genuine thermal state at finite temperature has P, > 0 and is, in this
sense, “pure by populations”. Physically, however, what matters in such energy-resolved

models is not the deviation from uniformity but the deviation from the thermal reference
(th)

H

This suggests a natural extension of the present framework in which the role of bench-

distribution p

mark state is played by a fixed reference density matrix o, typically chosen as o = py, or as
a microcanonical state on a suitable energy window. One can then consider the difference

Ap =p—-0 (66)

and decompose its structure into population and coherence parts in the energy basis: the
diagonal of Ap measures deviations of the actual populations from those of the reference
state, while the off-diagonal entries capture coherences between different energy levels.
In such a setting, it would be natural to define “thermal” population and coherence indices,
say P,gth) and Pc(th), which quantify, respectively, the population anisotropy relative to py,
and the amount of coherence in the energy basis. These “thermal” indices are distinct from
the intrinsic indices Py, P; defined via the IRB rotation (Section 2); they coincide only when
the energy basis approximately diagonalizes R(p).

A fully developed version of this idea would involve choosing an appropriate
normalization for (Pr(,th), Pc(th)) and, ideally, constructing a relative purity measure that
decomposes as

Pr2e1 _ (P;(zth))z + (pc(th))zl (67)

with Pc(th) a suitably rescaled coherence index. In such a scheme, a strictly thermal state

would be characterized by P;S‘h) =0and Pc(th) = 0, while deviations from thermal behavior
would be encoded in non-zero values of these indices.

The present work has deliberately focused on the simpler energy-free Page model,
for which the uniform state plays the role of reference and the original indices (P, P;)
suffice to distinguish population- and coherence-dominated routes to purity. A detailed de-
velopment of thermal reference indices in energy-resolved evaporation models—including
explicit Hamiltonians, greybody factors, and frequency-resolved radiation—is left for future
work. Such an extension would provide a more realistic setting in which to test whether
the coherence-dominated route identified here persists when the full energy structure of
the Hawking spectrum is taken into account.

An important open technical aspect in this direction is the choice of normalization

Prgth) Pc(th). Unlike the uniform reference case, where the maximal values of the

for and
indices are fixed by the dimension alone, a non-uniform thermal reference py, introduces
an additional scale set by its spectrum. Ensuring that the resulting thermal indices remain
bounded (for instance, between 0 and 1) and admit a clean decomposition of a suitably
defined relative purity will require a careful analysis of the allowed deviations from py,.

We leave this normalization problem, together with explicit model studies, for future work.

https://doi.org/10.3390/e28030263


https://doi.org/10.3390/e28030263

Entropy 2026, 28, 263

18 of 20

5.3. Connection with Island Formulas and Entanglement Wedges

Modern treatments of the information problem express Page-curve behavior in terms
of quantum extremal surfaces and islands, building on the quantum extremal surface
prescription of Engelhardt and Wall [11] and its applications to evaporating black holes and
entanglement wedge reconstruction [3,4,10]. It would be interesting to investigate whether,
in models where island calculations can be performed, the microscopic reduced states of
the radiation (or suitable coarse-grained versions thereof) exhibit the population—coherence
structures described here. In particular, one could ask whether the onset of an island
corresponds to a qualitative change in the coherence index P, or in the angular parameter
0 in the (Pp, ) plane.

In modern gravitational computations of the Page curve, the restoration of unitarity
is often attributed to nontrivial saddle points (replica wormholes) and the emergence of
islands in the entanglement wedge. From the present viewpoint, such mechanisms can
be interpreted as generating nonlocal correlations that purify the radiation while leaving
its coarse-grained local spectrum approximately thermal. This is naturally captured as a
growth of the intrinsic coherence sector quantified by P, (k). Likewise, in random unitary
circuit models with conservation laws, the local reduced states can remain close to thermal,
while purification proceeds through increasingly structured many-body correlations, again
corresponding to a coherence-dominated trajectory in the (P,, &) plane.

For the definition and operational meaning of P.—including its interpretation as a
second-order (density-matrix) diagnostic and its distinction from higher-order scrambling
probes such as out-of-time-order correlators (OTOCs)—we refer the reader to Section 2.2.

Recent laboratory analogs of horizon physics may offer settings where coherence
structure is experimentally more accessible than in astrophysical situations. For instance,
phase-space horizons in surface-gravity water waves and shallow-water analog black
holes have been demonstrated in Refs. [12,13]. It would be interesting to explore whether
a population—coherence decomposition of reconstructed density matrices (or mode co-
variance matrices) can help diagnose where information-like signatures reside in such
analog systems.

5.4. Multipartite Structure and Early/Late Radiation

In the present work, the radiation has been treated as a single subsystem. A more
refined analysis would partition it into early and late radiation or into angular or fre-
quency sectors and study how purity and coherence are distributed among these sub-
blocks. This could help clarify how information is shared between early and late Hawking
quanta and whether certain sectors are particularly responsible for carrying coherence-
dominated purity.

5.5. Higher-Order Statistical Descriptors

The index P, is a second-order quantity, depending on Tr(p?). In previous work on
polarization and statistical optics, higher-order descriptors (e.g., fourth-order moments or
combined indices such as (1(?), (), S)) have proven useful for refining the characterization
of fluctuations and non-Gaussianity. Extending the population—coherence decomposition
to such higher-order descriptors could provide additional insight into the fine structure
of the radiation state, and perhaps distinguish between different coherence-dominated
scenarios that look similar at second order.
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5.6. No-Go Statements and Constraints

Finally, the decomposition P(zn) = PFZ, + a, P? suggests the possibility of formulating

simple inequalities that any unitary evaporation model must satisfy. For instance, if one
imposes that P, (k) < ¢ for all k (a quantitative expression of “almost thermal populations”),
then any late-time purity P, (kfina1) close to unity implies a lower bound on P (kginal)-
Exploring such constraints in concrete models could lead to no-go statements for classes of
semiclassical approximations that fail to generate sufficient coherence asymmetry.

For instance, if for some ¢ < 1, one enforces Pp(k) < ¢ at all stages of evaporation,
then for any final purity P(,)(kfina1) > 1 — 6, one must have

(1-06)2—¢
.

whenever (1 — 6)? > €2, so that the right-hand side is real and positive. Even such simple

P, (kﬁnal) 2 (68)

constraints already quantify the minimal coherence asymmetry required for a given level
of information recovery under nearly thermal populations.

In summary, the population—coherence decomposition does not replace entropic meth-
ods or island calculations, but rather complements them by providing a spectral and
structural refinement of what it means for the radiation to “become pure again”. It ex-
poses the internal organization of purity within the density matrix and offers a compact
geometric language—the (P,, ;) plane—to describe different routes by which information
may return. We hope that this framework will prove useful as a diagnostic tool in future
studies of black-hole evaporation and, more generally, in the analysis of complex quantum
systems where the distinction between population- and coherence-based information is
physically meaningful.
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