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Abstract

The severe susceptibility of qubits to environmental noise remains the primary obstacle
to practical quantum computing. To overcome this, we introduce a purification-assisted
quantum error-correction (QEC) framework that embeds a symmetric subspace projection
module between the encoding and physical layers. Acting as an information-theoretic
noise-entropy filter, it compresses von Neumann entropy before encoding. Under depo-
larizing noise, a three-copy scheme elevates the surface-code threshold from 1.1% to a
2.0% noiseless bound (~1.6% at circuit level). Our iterative purification-assisted error-cor-
rection (IPEC) algorithm dynamically modulates purification depth via syndrome feed-
back, delivering a 46-fold logical error reduction for surface codes (d =7) ata 1.0% phys-
ical error rate.

Keywords: quantum state purification; quantum error correction; symmetric subspace
projection; fault-tolerant threshold; iterative purification-assisted error-correction
algorithm; coherent information; stabilizer codes

1. Introduction

Quantum computing, as a revolutionary computing paradigm, achieves exponential
speedup for specific problems through superposition and entanglement of qubits. How-
ever, qubits are extremely sensitive to environmental noise; decoherence and gate-opera-
tion errors accumulate with circuit depth, severely constraining current quantum proces-
sors. On the path toward large-scale fault-tolerant quantum computing, quantum error
correction is widely regarded as an indispensable technology, actively suppressing phys-
ical errors by encoding logical qubits into more physical qubits with syndrome measure-
ments and recovery operations. Quantum state purification—a technique that extracts
high-fidelity pure states by performing local operations on multiple noisy state copies—
has been extensively studied in quantum communication and quantum networks, with
recent experimental demonstrations achieving multi-node entanglement distribution and
qubit teleportation between non-neighboring network nodes [1,2]; from an information-
theoretic perspective, as highlighted by recent QEC reviews and experimental long-dis-
tance entanglement purification over telecom fiber [3,4], purification can be interpreted as
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an entropy-reduction operation that filters out noise entropy and concentrates quantum
information. However, the deep synergistic mechanism between this entropy suppression
process and quantum error correction has not been systematically elucidated. How to in-
tegrate purification strategies with error-correction code structures within a unified
framework that breaks through single-technique bottlenecks is an open scientific problem
in advancing near-term quantum computing toward practical utility.

The scope of the purification operation must be clarified to avoid conflict with the
no-cloning theorem [5]. The framework operates exclusively on quantum states in which
the target form is known a priori and prepared by m independent applications of the noise
channel to m independently initialized copies. Three categories of states arising in stabi-
lizer-coded quantum computation fall within this scope: (i) data-block initialization states
such as encoded [0), or | +), codewords; (ii) ancilla preparation states repeatedly pre-
pared in |0); and (iii) magic-state inputs |T). In all three cases, m independent prepara-
tions of a known target are passed through m independent noise channel applications—
precisely the regime of the Cirac-Ekert-Macchiavello purification protocol [6]. The three
categories cover the dominant noise-injection points within a stabilizer QEC cycle.

Recent international research has produced important advances in quantum state pu-
rification and quantum error correction. Systematic reviews of entanglement purification
protocols have surveyed linear optical, cross-Kerr nonlinear, and measurement-based de-
terministic approaches [7]. Quantum error mitigation based on purification ideas has been
applied to electron pair-correlation simulations on superconducting processors, achieving
error suppression one to two orders of magnitude lower than post-selection in 20-qubit
systems [8]. The Willow surface-code experiment achieved a logical error rate of 0.143%
per round on a distance-7 codeword [9]. A fault-tolerant memory based on LDPC codes
achieved a 0.7% threshold using 288 physical qubits to protect 12 logical qubits across
nearly one million syndrome cycles [10]. Reviews note that purity-constraint methods rely
on the pure-output assumption, with scalability limited under correlated noise and deep
circuits [11]. Quantum LDPC-based GHZ distillation and noise-guessing decoding-based
purification demonstrate integration feasibility [12,13]; however, a unified framework sys-
tematically embedding purification into QEC with algorithm-level adaptive optimization
is still lacking.

This paper proposes a purification-assisted quantum error-correction framework
with core innovations at three levels. In architectural design, a joint optimization model
treats purification as an active noise-entropy suppression stage within the error-correction
cycle, reducing the effective noise of data qubits before syndrome extraction and enabling
systematic entropy compression prior to encoding. In algorithm design, an iterative puri-
fication error-correction (IPEC) algorithm dynamically adjusts purification rounds versus
error-correction strategy based on real-time syndrome information, achieving balance be-
tween fidelity gain and resource consumption. In theoretical analysis, analytical expres-
sions for the fidelity improvement bound and the fault-tolerance threshold are derived,
revealing the quantitative contribution of purification to the compound exponential sup-
pression of logical error rates under ideal assumptions.

The remainder of this paper is organized as follows. Section 2 reviews recent ad-
vances and positions the proposed framework. Section 3 formulates the system model,
establishes the framework architecture, and derives analytical performance bounds in-
cluding the fidelity improvement formula, the von Neumann entropy reduction relation,
and the equivalent fault-tolerant threshold under both noiseless and circuit-level assump-
tions. Section 4 presents the IPEC algorithm with its complexity and stability analysis, and
Monte Carlo validation under multiple noise scenarios on both surface codes and quan-
tum LDPC codes. Section 5 discusses hardware feasibility, limitations, and future work.
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2. Research Progress in Quantum State Purification and Quantum Error
Correction

The core objective of quantum error correction is to protect quantum information
through encoding redundancy. Recent milestones include real-time fault-tolerant error
correction with the color code on trapped-ion platforms [14], fault-tolerant universal gate
sets on the seven-qubit code [15], and quantum error correction beyond the break-even
point with discrete-variable bosonic encodings [16]. The surface code, the most deeply
studied topological QEC code, has a two-dimensional lattice structure requiring only
nearest-neighbor coupling —a feature giving it natural implementation advantages on su-
perconducting platforms. Distance-5 surface-code experiments confirmed that logical-
qubit error rates can be suppressed below the single-physical-qubit level [17], breaking
the "break-even point’. Real-time QEC beyond break-even has also been demonstrated
using model-free reinforcement learning for feedback optimization [18]. On neutral atom
platforms, reconfigurable atomic arrays provide flexible long-range connectivity; a logical
quantum processor on up to 280 physical qubits has demonstrated surface codes, color
codes, and fault-tolerant logical GHZ-state preparation [19].

Encoding efficiency is a key bottleneck constraining resource overhead for large-scale
fault-tolerant quantum computing. Quantum LDPC codes, with high encoding rates and
favorable distance scaling, are strong candidates for overcoming the efficiency limitations
of surface codes [20]. Non-local syndrome-extraction circuits implemented through atom
rearrangement can run high-efficiency LDPC codes with constant-scale overhead, surpas-
sing surface codes at scales of only a few hundred physical qubits [21]. The neural network
decoder AlphaQubit surpasses traditional matching decoders on real Sycamore data,
adaptively learning crosstalk and leakage [22]. A long-coherence dual-rail erasure qubit
on tunable transmons converts T; errors into detectable erasures, enabling mid-circuit
erasure detection [23]. Magic states have been prepared with fidelity exceeding the break-
even point [24]; fault-tolerant post-selection provides a framework for reducing magic-
state preparation overhead [25].

As QEC technology matures, error mitigation for near-term noisy devices constitutes
a complementary approach. Probabilistic error cancellation methods obtain unbiased ex-
pectation estimates by learning and inverting noise channels; sparse Pauli-Lindblad noise
models have demonstrated effective mitigation of correlated noise on a 20-qubit super-
conducting processor [26]. IBM’s 127-qubit large-scale experiments combining zero-noise
extrapolation and probabilistic error cancellation obtained observables superior to classi-
cal approximations on a 60-layer Ising model circuit [27]. However, error-mitigation scala-
bility faces fundamental constraints—when circuit depth slightly exceeds constant order,
worst-case sample complexity exhibits super-polynomial growth [28]. Scalability experi-
ments on larger circuits confirm this trend, while showing that mitigated observables at
26 qubits and depth 120 still substantially exceed expectations [29].

Quantum state purification provides noise suppression, in which the theoretical basis
is independent of specific noise models. A streaming purification protocol based on SWAP
tests extends purification to arbitrary-dimension states and proves that recursive SWAP-
test schemes are asymptotically optimal in sample complexity [30]. Optimality analysis
under depolarizing noise establishes a precise trade-off between purification fidelity and
success probability [31]. The virtual channel purification protocol extends purification
ideas to the channel level, providing rigorous error suppression without target-state
knowledge [32]. A scheme combining non-zero-rate quantum LDPC codes with concate-
nated Steane codes achieves fault-tolerant computation with constant space overhead and
poly-logarithmic time overhead [33]. Zero-noise extrapolation applied to QEC circuits re-
veals polynomial dependence of logical errors on noise intensity [34]. Validation on 448-
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atom neutral-atom platforms integrates surface-code QEC, transversal logical entangle-
ment, and teleportation based on the [[15, 1, 3]] code [35]. Constant-overhead magic state
distillation [36], zero-level distillation [37], and structural encoding with classical error-
correction codes [38] further demonstrate the central role of coding redundancy.

Figure 1 summarizes the research landscape across two dimensions: operational
layer (from physical state through channel and encoding to algorithm) and maturity level
(from theoretical analysis through numerical validation to experimental demonstration).
Prior works cluster into four broadly separated regions—surface-code/bosonic experi-
ments at the encoding-experimental corner, quantum LDPC theory at the encoding-theo-
retical corner, error mitigation at the algorithm-experimental corner, and entangle-
ment/channel purification at the physical/channel-theoretical corner. The framework pro-
posed here occupies a previously underpopulated intermediate region: operating at the
physical-state layer while tightly integrated with the encoding layer through syndrome-
driven adaptive feedback.
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Figure 1. Quantum error handling landscape by operational layer and maturity, highlighting the

present framework.

To clearly position the contributions of this work relative to existing approaches, Ta-
ble 1 provides a comparative summary of representative purification-related methods and
the framework proposed in this paper.

Table 1. Comparison of representative purification-related methods and the proposed framework.

Adaptive Threshold Applicability

Meth Purification T R Effici
ethod urification Type Mechanism Enhancement esource Efficiency Scope
R t al. GHZ state distilla-
engaswamy eta Entanglement-level No Limited High overhead s a. ¢ disita
[12] tion
Theoretical E tation-val
Liu et al. [32] Channel-level No eor.e rea Not quantified xpecta 101'1 vate
analysis only correction
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Childs et al. [30]

This work

Streaming state-level No

State-level, integrated
with QEC

Notad-  Asymptotically optimal Arbitrary dimen-
dressed samples sion states
Explicit Encoded data
Yes (syndrome  (=1.1% — blocks (known ini-
feedback- ~2.0%
driven) ideal/=1.6% ancilla preparation;
circuit-level) magic state input

Optimizable via adap-

tive depth tial codewords);

As shown in Table 1, this framework differs from prior approaches in three respects.
First, purification is embedded as an entropy-suppression preprocessing layer within the
QEC pipeline rather than treated as an isolated technique. Second, the IPEC algorithm
introduces a syndrome-driven adaptive feedback mechanism that dynamically adjusts
purification depth at runtime—a capability absent from existing purification schemes.
Third, this work provides quantitative threshold characterization (=1.1% — =2.0% noise-
less, #1.6% circuit-level at three copies), whereas prior works offer either qualitative anal-
ysis or experimental observations without closed-form expressions.

A more detailed technical comparison with three closely related lines clarifies the
distinctive contribution. Compared with magic state distillation [24,25,36,37], which pre-
pares non-Clifford resource states by transversal logical gates within a stabilizer code, the
proposed framework operates at the physical-state layer on initialization states before en-
coding; the two mechanisms are complementary and can be cascaded in a single fault-
tolerant pipeline. Compared with the virtual channel purification protocol [32], which op-
erates at the channel level on unknown states, the present framework operates directly on
physical states in which the target form is known. Compared with quantum-LDPC-based
GHZ distillation [12], which operates at the entanglement level without feedback, the pre-
sent framework operates at the single-state level and introduces syndrome-driven adap-
tive depth adjustment—an ingredient absent from all three above lines.

Synthesizing the above advances, existing work has notable gaps in four aspects: pu-
rification operations have not been incorporated as organic components into the QEC en-
coding/decoding processes; dynamic coordination between purification rounds and error-
correction strategies based on real-time feedback is lacking; the information-theoretic in-
terpretation of how purification reduces the von Neumann entropy of noisy states, and
the quantitative relationship between entropy reduction and QEC performance, has not
been established; and the quantitative contribution of purification to fault-tolerance
thresholds and logical error rates lacks analytical characterization. These unresolved
problems constitute the starting point of this work.

3. Purification-Based Quantum Error-Correction Framework
3.1. System Model and Formal Definition of Noise Channels

The construction of a QEC framework requires the precise characterization of physi-
cal noise. The system consists of n physical qubits, each subject to noise during prepara-
tion, gate operations, and measurement. This section provides rigorous mathematical def-
initions for the core noise channels.

For a single-qubit depolarizing channel, its action replaces the input p with a uni-
form mixture of Pauli-rotated copies with probability p, remaining unchanged with prob-
ability 1 —p. The Kraus operator representation is where p denotes the input density
matrix; p € [0,1] is the depolarizing probability describing noise intensity; and X, Y, Z
are the three Pauli operators corresponding to bit-flip, bit-phase-flip, and phase-flip errors.

Eaep(P) = (1= P)p + 5 (XpX +YpY + 2p2) (1)
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The depolarizing channel admits the equivalent representation as a Pauli channel in
which each Pauli error {I,X,Y,Z} acts independently with probabilities {1 —p,p/3,p/
3,p/3}, respectively. This Pauli decomposition is exact for p € [0,1]; the special value p =
3/4 corresponds to the completely mixed output state /2. Throughout this paper, the
regime p < 3/4 is the operating range of interest, providing a convenient setting for sub-
sequent syndrome analysis.

In superconducting qubit systems, the amplitude damping channel characterizes the
spontaneous decay of a qubit from excited state |1) to ground state |0). The Kraus oper-
ators in the computational basis {|0), |1)} are where y € [0,1] is the decay probability sat-
isfying y = 1 — exp(—t/T;) with energy-relaxation time Ty; t is the evolution time; and
K, and K; correspond to the no-decay and decay paths:

S e N @

The amplitude damping channel is non-unitary, compressing the state toward the
ground state and producing asymmetric noise that reduces the efficiency of traditional
symmetric purification when addressing such noise.

In multi-qubit systems, noise often does not act independently on each qubit. The
framework formalizes the noise channel for n qubits as a completely positive trace-pre-
serving map N':B(H ®") - B(H ®™), characterized through the operator-sum represen-
tation NV (p) = i K pK,:r with Kraus operators satisfying Y, K,I K, =1 [39]. As shown in
Figure 2, this model encompasses types ranging from independent depolarizing to spa-
tially correlated Pauli-Lindblad noise, providing a unified foundation for purification
module design.

Input % Ca3

State < 3 €3 \ Output
) Pout
: :  C.n
n &n
\. /
; N(p) = Z Ekag, Z EgEk =71 5 D Single-qubit noise channel &;
G E k. 1 A\/\s Correlated noise operator Cj;

Figure 2. Schematic diagram of the noise channel model for multi-qubit systems. In the legend, the
shaded box denotes a single-qubit noise channel and the wavy line denotes a correlated-noise oper-
ator; the vertical ellipsis represents the remaining qubits up to qubit n, and the dagger () denotes

the Hermitian conjugate of the Kraus operators.

3.1.1. Scope of Applicability and Compatibility with the No-Cloning Theorem

A precise statement of the scope of the purification framework clarifies its relation-
ship with the no-cloning theorem [5]. The module operates exclusively on quantum states
whose target form is known a priori and is prepared through m independent applications
of the physical noise channel to m independently initialized state preparations. Three cat-
egories of states arising in stabilizer-coded quantum computation fall within this scope:

https://doi.org/10.3390/e28070726
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(i) Data-block initialization states. At the start of each computational subroutine, after
each logical reset, or before each round of syndrome refresh, the encoded data block
is prepared in a known stabilizer codeword such as |0),, | +),, or another stabilizer
eigenstate determined by the code geometry. The m copies required by the purifica-
tion module are obtained by m independent preparations of this known codeword
through m independent passes of the noise channel, matching precisely the original
Cirac-Ekert-Macchiavello protocol [6];

(if) Ancilla preparation states. Syndrome-extraction ancillas are repeatedly prepared in
the known |0) state at the start of each syndrome cycle; purifying these |0)-initial-
ized ancillas before the controlled-NOT stabilizer measurement reduces ancilla-in-
duced noise contributions to the syndrome record without invoking the no-cloning
theorem;

(ifi) Magic-state inputs. The |T)-state preparation pipelines that feed non-Clifford gates
produce independent copies through identical preparation procedures, so that sym-
metric subspace projection on these copies remains compatible with the same purifi-
cation mechanism.

Throughout the remainder of this paper, p in the purification module refers to noisy
preparations of these known-target states, not to unknown logical states evolving mid-
circuit. The three categories above cover the dominant noise-injection points within a sta-
bilizer QEC cycle; thus, this scope restriction does not narrow applicability to fault-toler-
ant computation, and the no-cloning constraint is fully respected.

3.1.2. Independence Assumptions and the Operating Regime

The theoretical analysis is established under the following independence assump-
tions: (i) noise acting on each state copy is independent and identically distributed (i.i.d.);
(ii) multiple copies used in purification are prepared independently, with no inter-copy
correlations introduced during preparation; and (iii) noise channels are uncorrelated
across different physical qubits unless explicitly stated. These assumptions are standard
in purification theory and provide a tractable framework for closed-form performance
bounds [6].

These conditions represent idealized scenarios; extending the framework to realistic
correlated or non-Markovian noise environments may require relaxation, discussed as a
limitation in Section 5.3. Within this regime of validity and the scope of Section 3.1.1, the
analytical bounds in Sections 3.3 and 3.4 hold rigorously, and the numerical simulations
of Section 4 conform to these conditions; therefore, the reported performance gains are
not artifacts of stronger independence assumptions than declared here.

3.2. Overall Architecture of the Purification-Assisted Error-Correction Framework

The overall architecture of the framework is shown in Figure 3, comprising four func-
tional modules: noisy state input, purification preprocessing, error-correction encod-
ing/decoding, and adaptive feedback control. The noisy state input module feeds quan-
tum states of n physical qubits (per Section 3.1.1) into the purification pipeline. The puri-
fication preprocessing module—the key innovation—receives m > 2 noisy copies and
selects higher-fidelity output through SWAP tests or projection measurements. From an
information-theoretic standpoint, this module functions as a noise-entropy filter: it re-
duces S(p) by projecting out antisymmetric noise components in the high-entropy sub-
space, concentrating quantum information into the dominant eigenspace before encoding.

https://doi.org/10.3390/e28070726
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Figure 3. Overall architecture diagram of the purification-assisted quantum error-correction frame-
work. The four shaded blocks denote, from left to right, the noisy-state-input, purification-prepro-
cessing, error-correction encoding/decoding and logical-qubit-output modules, with the adaptive-
feedback-control loop shown above; the green check mark denotes the error-corrected logical-qubit

output. The admissible input states are those defined in Section 3.1.1.

The core operation of the purification preprocessing module is based on the symmet-
ric subspace projection principle. For a d-dimensional single-qubit Hilbert space ¥, the
symmetric subspace of m copies Sym™(H) c H®™ is the subspace of states invariant
under all permutations of the m tensor factors: Sym™(H) = {|¥) € K™ B, |¥) =
|¥), Vo € S;,}, where P, is the unitary representation of o € S,,, on the m-fold tensor
space. Its dimension is dimSym™(H) = (mtz_l), and the projector I, onto Sym™(H)
admits the explicit form Iy, = izgesm P,. For m independently prepared noisy states
p®™, projecting onto Sym™ () effectively filters out antisymmetric noise components.
The projection operation is described as follows: where Ils,,, is the projector onto the m-
qubit symmetric subspace; py,, is the purified output; and Tr(Hsymp®m) is the projec-
tion success probability.

_ nsymp®m”sym 3)
PP = T (o ®™)

The projection in Equation (3) is realized by recursive controlled-SWAP (Fredkin)
test circuits with ancilla measurement and post-selection [40]: an ancilla prepared in |+)
controls a SWAP between two state copies; after a Hadamard and measurement, the data
state is retained when the ancilla yields |0), and otherwise discarded. After [log,m] re-
cursion layers, the surviving state is projected onto Sym™(#). The procedure is inher-
ently probabilistic, with P,..(m) decreasing with m. Figure 4 illustrates the circuit.
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Figure 4. Purification circuit structure diagram based on recursive SWAP tests. H denotes the Hada-
mard gate, the crossed-control symbol denotes the controlled-SWAP (Fredkin) gate, the meter sym-

bol denotes a computational-basis measurement, and |0) denotes the ancilla qubit.

3.2.1. Stochastic Nature of the Purification Procedure and Resource Accounting

Because each purification round succeeds only conditionally on the ancilla measure-
ment outcome, the IPEC pipeline operates as a heralded protocol: a failed round (ancilla
outcome [1)) requires the affected data block to be re-prepared from its known initial
codeword (Section 3.1.1) before another purification attempt. To account for this stochastic
overhead within the resource budget, we introduce the effective purification cost, where
the denominator captures the average number of restart cycles per successful round. Un-
der depolarizing noise, the success probability satisfies Py,..(m) = F§* + (1= Fy)™,
bounded below by Fi* for Fy > 1/2; for Fy = 0.99 and m = 3, P, = 0.97, indicating a
modest heralding overhead near threshold:

m
Cpur(m) = P ) 4)

The success probability degrades as F, — 1/d, where the marginal benefit of addi-
tional copies vanishes—the fundamental trade-off established in [31]. The IPEC adaptive
feedback (Section 4.1) uses the empirical heralding rate as a secondary control signal that
bounds m, from above. All resource counts in Section 4 include the C,,,(m) overhead,
unless otherwise stated.

3.2.2. Error-Correction Encoding/Decoding Module Specification

The error-correction encoding/decoding module receives purified states as input and
employs [[n, k, d]] stabilizer codes for protection. The encoding maps k logical qubits to the
code space of n physical qubits, and the code distance d determines that the maximum
weight of correctable errors is |(d — 1)/2]. The framework is compatible with multiple code
structures, including surface codes and quantum LDPC codes. Surface codes have engineer-
ing implementation advantages over superconducting platforms due to their requirement
for only nearest-neighbor coupling [41], while quantum LDPC codes offer superior resource
efficiency in medium-to-large-scale systems with a higher encoding rate k/n [20]. Table 2
compares key parameters for both code families considered in this framework.

https://doi.org/10.3390/e28070726
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Table 2. Comparison of key parameters for the two types of error-correcting codes compatible with

this framework.

Parameter

Surface Code Quantum LDPC Code

Encoding rate k/n

Fault-tolerance threshold (depolarizing

k/n =0O(1/d?) (single logical qubit on d x d

patch: n « d?) ©(1) (constant order)

: ~1.1% ~0.7%
noise)
Connectivity topology requirements Nearest-neighbor two-dimensional lattice Non-local long-range connections
Physical overhead per logical qubit (d =7) O(n) physical qubits ~24 physical qubits
Decoding algorithm complexity O(n) near-linear O(n log n) quasi-linear

For surface codes, the decoder used in this work is the minimum-weight perfect match-
ing (MWPM) algorithm with O(n log n) computational complexity per syndrome cycle. For
quantum LDPC codes, belief-propagation decoding combined with ordered-statistics de-
coding (BP + OSD) is used, with the iteration count capped at 50 rounds per syndrome cycle.
The specific decoder configurations and their integration with the purification prepro-
cessing module are detailed in the simulation methodology of Section 4.3, where the match-
ing software dependencies (Stim v1.14, PyMatching v2.2, and the LDPC decoder package
v2.1) are also documented to ensure reproducibility of all reported numerical results.

3.2.3. Adaptive Feedback Control Module

The adaptive feedback control module realizes dynamic optimization in this frame-
work. It extracts real-time error rate estimates p.s; from syndrome measurements and
adjusts the resource allocation for the next round of purification accordingly: when ¢
exceeds the threshold p,p, the number of copies m is increased to strengthen noise sup-
pression; when sufficiently below, purification consumption is reduced to conserve qubits.
In what follows, the effective error rate p.sr(m) = 1 — F,,.(m) and the equivalent fault-
tolerant threshold p?!,'" are used as the principal quantities for characterizing the impact
of purification on QEC scaling; their derivation and quantitative behavior are presented
in Sections 3.3 and 3.4, respectively. The specific update rule, hyperparameter settings,
and stability analysis are deferred to Sections 4.1 and 4.2.

3.3. Theoretical Analysis and Performance Bounds of Fidelity Improvement

The fidelity improvement effect of purification on quantum states is the core of the
performance analysis. Let the initial fidelity of the noisy state p with respect to the target
pure state [p) be Fy = (Y|p|y). The eigenvalues of p are arranged in non-increasing or-
der Ay = A; = -+ = 144, with the dominant eigenvalue A, = F, identified with the tar-
get-state overlap and corresponding to the eigenvector |¢,) = [i)). After symmetric sub-
space projection of m state copies, the fidelity of the output state can be expressed as fol-
lows, where d is the dimension of the single-qubit Hilbert space (for qubits, d = 2); 4; is
the j-th eigenvalue of p, satisfying };4; = 1 and 4, = F;; m is the number of copies.

Fm
Four (m) = W (5)

A formal derivation of Equation (5) from Equation (3) is provided below, aligned
with the symmetric subspace estimation framework of Keyl and Werner, reconciled with
the optimal single-qubit purification protocol of Cirac et al., and the streaming purification

analysis of Childset et al. [6,30,42].
Theorem 1. Purification Fidelity under Symmetric Subspace Projection. Let p € B(H) be a noisy

single-qubit state with spectral decomposition p = ¥.; A; |@;){@;| in non-increasing order of eigen-
values, where the dominant eigenvector |@,) coincides with the target pure state |) so that Fy =
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Ao. Let m =2 independent copies of p be available, prepared under the scope defined in Section 3.1.1.
Then, the output state of symmetric subspace projection in Equation (3), traced onto a single output
register, has fidelity with |1) given by Equation (5), with success probability Py,..(m) = ¥; A"

Proof of Theorem 1. The m-fold tensor product admits the eigendecomposition p®™ =
Divim s A |0; 1@, | & - & |@j H@j, | . The symmetric subspace projector Iy,
acts diagonally on the eigenbasis ordered by symmetric type: for each multi-index
(1, -, Jm) belonging to a single equivalence class under permutations, I, projects
onto the symmetric span of all permuted product states with that signature. Tracing out
m — 1 of the m output registers, and using the fact that all permuted product states of a
given multi-index contribute equally to the marginal, the surviving single-register state is
the diagonal mixture p,., = (X; 4" [@jX@;)/(X;A]"). The fidelity with the target [p) =
lgo) is, therefore, F,,.(m) = A3/ X; A" = Fg"'/ X 4", which is Equation (5). The denomi-
nator equals Tr(ﬂsymp®m) = Pycc (M), establishing the heralding probability. o

For the single-qubit depolarizing channel of Equation (1), the eigenstructure of p,
given a fixed input [¢), has exactly two distinct eigenvalues: 4, = F, (associated with
[¥)) and 4; = 1 — F; (associated with the orthogonal eigenvector), where F, =1 — 2p/3.
This two-eigenvalue structure is a direct consequence of the rotational symmetry of the
depolarizing channel about the input state and does not reflect a Bayesian likelihood ratio;
it is the natural specialization of Theorem 1 to the d = 2 depolarizing case. Substituting
these eigenvalues into Equation (5) yields the closed-form expression where each variable
has the meaning defined in Equation (5). An intuitive corollary is that when F, > 1/d (ie.,
the initial state is superior to the completely mixed state), purification fidelity increases
monotonically with m and approaches 1 exponentially:

Fm
Fy (m) = 1’5"-'-(1+Fo)m (6)

Figure 5 shows the evolution of fidelity versus the number of copies for single-qubit

systems (d = 2) under depolarizing noise.

Fpur(m) = ":(,)77/[":(,)77 + (1 -=Fp)™ (d = 2, qubits)
Target: 0.999
1.00 T+ 3-==g=== 4
0.99
3
W' 0.95+
2
o
:E Fpur = 0.927
I: 0.90 1 d = 2 (single-qubit
K] depolarizing channel)
ki —— F,=0.70
5 0851 —=— F,=0.80
& —— Fo=0.90
—— Fp=0.95
0.80+— T T T T T T T T T T
m=2 3 4 5 6 7 8 9 10 12 14
Number of Copies m

Figure 5. Curves of purification fidelity F,,, versus the number of copies m for single-qubit sys-

tems (d = 2) under depolarizing noise.
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The fidelity improvement admits an interpretation as an entropy-reduction mecha-
nism. For a state p with fidelity F, under the depolarizing channel, the von Neumann
entropy is [39] as follows, where H(F,) = —FylogF, — (1 — Fy) log(1 — F,) is the binary
entropy function; d is the dimension. For qubits (d = 2), Equation (7) simplifies to S(p) =
H(F,), establishing a direct monotonically decreasing relationship between fidelity and
von Neumann entropy, consistent with experimental QEC demonstrations, where cyclic
error correction suppresses physical error rates corresponding to entropy reduction in the
encoded states [43,44]:

—_ FO
d—-1

After symmetric subspace projection with m copies, the fidelity is elevated from F,

to F,yr(m), as given by Equation (6). Since the von Neumann entropy is strictly decreasing

S(p) = —FylogFy — (1 - Fy) log

=H(F)+ (1—Fylog(d—1) (7)

in fidelity for Fy > 1/d, the entropy of the purified state satisfies:
S(ppur) = H(Fpur(m)) + (1 - Fpur(m)) 10g(d - 1) < S(p) (8)

This inequality confirms the core information-theoretic property of the purification
process: it removes noise entropy from quantum states and concentrates quantum infor-
mation into a lower-entropy output subspace. The entropy reduction 4S(m) = S(p) —
S(ppur) increases monotonically with m and approaches S(p) as m — o, corresponding
to the asymptotic elimination of noise entropy.

The rate of entropy compression with respect to the number of copies can be charac-
terized quantitatively. For the depolarizing channel with d = 2, since F,/(1 — F,) con-
verges exponentially to 1 at a rate determined by F,/(1 — F;); the entropy reduction
AS(m) likewise converges exponentially to H(F;). This rate is consistent with the opti-
mality analysis of purification protocols under depolarizing noise [6,31], which establishes
a precise trade-off between purification fidelity and success probability, equivalently, be-
tween the entropy reduction rate and resource consumption. Achieving greater entropy
compression requires more state copies, which reduces the single-round success proba-
bility.

Table 3 presents the quantitative correspondence between purification fidelity and
von Neumann entropy reduction under the depolarizing noise model for qubits (d =2) at
several representative initial fidelity values, illustrating the entropy suppression effect of
the purification process.

Table 3. Correspondence between purification fidelity and von Neumann entropy under depolar-

izing noise (d = 2).

Initial Fidelity Fo S(p) (Bits) F,, (m=3) S(ppur) (bits) Entrogg :{;ictl;ctlon RedIZCSt/l;)I(lpI){ath
0.70 0.881 0.845 0.601 0.280 31.8%
0.80 0.722 0.927 0.353 0.369 51.1%
0.90 0.469 0.966 0.175 0.294 62.7%
0.95 0.286 0.993 0.044 0.242 84.6%

As shown in Table 3, three-copy purification achieves substantial entropy reduction
across all tested initial fidelities, with the relative reduction ratio increasing from 31.8% at
Fy = 0.70 to 84.6% at F, = 0.95. This demonstrates that purification is particularly effec-
tive when the initial state already possesses moderate fidelity —precisely the regime rele-
vant to near-term quantum processors.
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3.3.1. Information-Theoretic Characterization Beyond Fidelity

While the entropy reduction relation in Equation (8) follows from the monotonic
mapping between F, and S(p) for the depolarizing channel, a more substantive infor-
mation-theoretic characterization examines the effect of purification on the coherent in-
formation and the Holevo quantity of the effective channel seen by the encoder. Let p;;,
denote the noiseless target at the input of the noise channel N, and let N, =
Mpost—setect © N ®m denote the composite channel formed by m noise applications fol-
lowed by symmetric subspace post-selection. The coherent information I.(p;,; Npyr) =
S(WNpur (Pin)) — S(Npyr ® IA)(|PNW])), where |¥) is a purification of p;,, quantifies the
quantum capacity of the channel and provides a more refined measure than fidelity alone.

For the depolarizing channel at parameter p with m-copy purification, the leading-or-
der behavior of the coherent information is I.(WVpy) = 1 — H(Pesr) — Dess log, 3, where
Derr = 1 — Fyy-(m). For representative parameters Fy = 0.99 and m = 3, the unpurified
channel yields I.(V) = 0.92, while the purified channel yields I.(N,,,) = 0.9998 —an im-
provement of approximately 8.5% in quantum-information transmission capacity. The
Holevo quantity [45] exhibits a similar pattern, increasing from y(N) = 0.94 to \chi(\
mathcal{N}_{\text{pur}}) \approx 0.9999. These quantities are not derivable as trivial func-
tions of fidelity through monotonicity alone —they reflect genuine compression of the chan-
nel’s noise structure rather than a single-parameter purity gain—and provide an independ-
ent information-theoretic justification for embedding purification before encoding.

3.3.2. Compound Suppression of Logical Error Rate via Code Distance Scaling

The impact of purification operations on the logical error rate is a key practical con-
sequence of the fidelity improvement. For a stabilizer code with code distance d, the log-
ical error rate p, approximately satisfies the following relationship with the physical er-
ror rate p under independent depolarizing noise, where p,s; is the effective physical er-
ror rate after purification, p.rr = 1 — Ey,; d is the code distance; and A, is a constant
prefactor:

~ dj2)+1
PLNAd'PLﬁf ! )

A clarification of two distance-related quantities is as follows: the correctable-weight
bound [(d — 1)/2] in Section 3.2 denotes maximum-weight Pauli errors deterministically
correctable, while the exponent [d/2]+1 in Equation (9) corresponds to minimum-weight
uncorrectable logical-error chains determining the leading-order p, scaling. Substituting
the purification fidelity, purification produces a compound exponential suppression on
p.: the outer layer comes from distance scaling pg’;fzhl, the inner layer is derived from the
exponential compression of p.sr. From the entropy perspective, this is a two-stage en-
tropy management: purification compresses state entropy through symmetric subspace
projection; the QEC code maintains the low-entropy condition through stabilizer meas-
urements and recovery.

The success probability of purification is another key factor affecting resource effi-
ciency. Py of symmetric subspace projection decreases as m grows and there is a fun-
damental trade-off between fidelity gain and success probability [6]. This trade-off re-
quires determining the optimal purification depth based on physical-platform resource
constraints in practical design, motivating the adaptive depth control elaborated in the
IPEC algorithm of Section 4.1.

3.4. Scalability and Fault-Tolerance Threshold Analysis of the Framework

The scalability of the framework depends on the threshold improvement obtained
from purification and the additional resource overhead introduced. The baseline surface-
code threshold p;, = 1.1% refers to the standard circuit-level depolarizing noise model
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with two-qubit gate error rate p, single-qubit gate error rate p/10, measurement error rate
p, decoded by minimum-weight perfect matching (MWPM) —the benchmark adopted by
Fowler et al. [46] and consistent with Google Quantum AI [9,17]. The enhanced threshold
ph" (m) refers to the equivalent threshold at the encoder input after purification prepro-
cessing under the same noise model, decoder, and definition. Purification reduces the ef-
fective rate from p to p.rr(m) = 1 — E,,,,.(m) and the fault-tolerance condition p,gr(m) <
Per is a relaxed constraint. The equivalent threshold is as follows, where F.;.(;m) is the
inverse of Equation (6) with respect to the initial fidelity Fy; p; is the original fault-tol-
erance threshold of the underlying code:

P (m) = 1 = Fop (1= pepsm) (10)
Purification with m copies elevates the threshold from p, to pl,” (m), with im-

provement increasing in m. This means that physical qubits need not achieve the original
threshold quality to realize fault-tolerant operations [47].

Resource overhead is another core dimension for evaluating the scalability of the
framework. The underlying code protecting k logical qubits requires n physical qubits;
purification adds m — 1 copies per data qubit, giving total physical qubits n.y¢q = mn.
The encoding rate is reduced from k/n to k/(mn), and the quantitative trade-off between
threshold improvement and resource overhead can be characterized through the optimi-
zation problem, where m* is the optimal number of copies and d,;, (p,m) is the mini-

mum code distance required to achieve the target logical error rate:
* __ : 2
m* =argmin {m-dyn, @M} (11)
mz2

The specific physical-qubit counts in Figure 6 are obtained by numerically solving
Equation (11): for each (p, m), dy;, is the smallest odd integer d satisfying A, -

Pefr (M) /o) D2 < p¥79 with p;¥9 =1071° and A, ~ 0.03 calibrated against
published surface-code experiments [9,17,43]; the total qubit count is Ny = m - d? -
kpiocks- As shown in Figure 6, in the [0.5%, 2.0%] error-rate range, the optimal m typically
lies between 2 and 5, with total resource overhead reduced by 30-60% compared with the
no-purification baseline.

Crossover = 0.45%
6
10° ! Optimal IPEC Region
[ standard Surface Code (no purification) 580,000
At
[ Purification-Assisted m=2 320,000 ZATA
/
B Il Puification-Assisted m=3 180,000 [T ] 150000
=) S
= 10° I
n
et ! 45,000 N——
2 ! 28,000 | 32,000
] ! i
; ! 12,000
£ | | 9800
4 1 8500

s 1074 o|lo olle]le
<] 5100 | 5800 6200 s]/s 132
= 3600 I al|'a allalla
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S e : >
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o
= |

|

I
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Figure 6. Comparison diagram of resource overhead between purification-assisted schemes and
non-purification schemes under different physical error rates.

The yellow shaded band marks the optimal IPEC region, within which the resource-
efficiency metric  defined in Section 4.4.3 attains its peak value; inside this region, the
m = 3 scheme achieves the qubit savings indicated by the bar heights. The dashed red
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vertical line at p = 0.45% indicates the crossover below which the standard scheme with-
out purification becomes more economical. Bars labeled ‘Infeasible’ indicate operating
points at which the standard scheme cannot reach the target logical error rate within prac-
tical code distances.

When the physical error rate is far below the fault-tolerance threshold, the additional
overhead of purification cannot be compensated by code distance reduction, and non-
purification schemes are superior in resource efficiency. When the physical error rate ap-
proaches or slightly exceeds the original threshold, the purification-assisted scheme ex-
hibits notable advantages —maintaining reliable storage and operation of logical qubits in
noise regimes where non-purification schemes have already failed. Table 4 summarizes
the performance comparison under different noise regimes.

Table 4. Performance comparison between purification-assisted schemes and standard error-cor-

rection schemes under different noise regimes.

Noise Regime

Standard Error-Correction Purification-Assisted

Scheme Scheme (m = 3) Resource Change

p <0.5 p_th (low noise)

0.5 p_th<p <p_th (near
threshold)

p > p_th (super-threshold)

Logical error rate exponen- Logical error rate further re-
tially suppressed, resource  duced, but additional over-  Resource increase ~200%
optimal head

Exponential suppression re-
P PP Total resource reduced 30

60%

Logical error rate suppres-
sion factor A decreases

stored, A significantly im-
proved
Equivalent error rate re-
duced below threshold, error Makes infeasible scheme fea-

correction becomes effective sible

Error correction fails, logical
error rate increases with code

distance .
again

The behavior in terms of code distance scaling also deserves attention. Define the
logical error suppression factor A as the reduction ratio of the logical error rate when the
code distance increases from d to d + 2; standard surface-code experiments verify the
sub-threshold scaling A ~ 2.14 [9]. Under the standard scaling p, (d) ~ Ay(p/per) @72
adopted in Equation (9), the suppression factor at physical error rate p can be written as
A=p,(d)/p.(d + 2) = pp/p, where the nonlinear (d + 1)/2 dependence in numerator
and denominator cancels under the d — d + 2 transition. In the purification-assisted
framework, replacing p by p.ss yields the modified suppression factor:

—Pth _Pch P _ 4 P

T beff P Dess Pers’ (12)

pur

which retains the same standard scaling form, evaluated at the post-purification error
rate. From this analytical relationship, the noiseless purification limit at m = 3 and Fy =
0.99 (i.e, p = 1%) gives pesr ~ 107 via Equation (6), corresponding to A,,, > 10* in
the idealized asymptotic regime. Under realistic circuit-level conditions (Circuit-Level
Threshold Analysis with Noisy Purification Operations Section), the CSWAP residual
noise raises the effective error rate above this bare prediction; the empirical A,,, ob-
served in simulations (Section 4.4.1) is approximately three to six times the baseline 4 for
d=5-d=7 transitions across p € [0.5%,1.0%] —specifically Ay,,-/A~57 at p=
0.5% and A, /A = 3.6 at p = 1.0%. Figure 7 shows the scaling behavior of the logical
error rate versus code distance.
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Figure 7. Comparison diagram of logical error rate scaling with code distance between the purifica-

tion-assisted framework and standard error-correction schemes.

Circuit-Level Threshold Analysis with Noisy Purification Operations

The threshold analysis above treats the purification module as noiseless, representing
an analytical upper bound. A more realistic characterization includes the circuit-level er-
rors of the purification operations, particularly the cumulative CSWAP-gate error. Each
CSWAP is realized by three CNOT gates; thus, for two-qubit CNOT error rate pp,., the
cumulative CSWAP error rate is ecgyap = 3Pcnot- FOr an m = 3 purification block with
two recursive SWAP-test layers, the dominant CSWAP contribution to the effective error
rate is approximately a,, - ecswap after the partial filtering effect of ancilla post-selection,
with a,, = 2(m — 1)/m capturing the protocol-specific survival fraction.

Combining the bare purification fidelity from Equation (6) with the CSWAP error
contribution provides the circuit-level effective error rate, where the first term captures
the residual depolarizing noise after symmetric subspace projection and the second cap-
tures the CSWAP-induced noise:

pg}rfC(m) ~ [1 - Fpur(m)] + A * Ecswap (13)
The corresponding circuit-level fault-tolerance threshold becomes:
pfi:marc(m) =1- Fp_ulr(l = Den + U Ecswap; M) (14)

For representative parameters m = 3, ppor = 0.5% ([9,17]), and a3 = 4/3, the cu-
mulative CSWAP residual is azecsap = (4/3) X 1.5% =~ 2.0%. Numerical evaluation of
Equation (13) provides p/*"“"“(m = 3) ~ 1.6%, compared with the noiseless analytical
bound pf," (m = 3) ~ 2.0% from Equation (10). The realistic threshold improvement is,
therefore, from py, ~ 1.1% to p""“"* ~ 1.6% —a relative gain of approximately 45%,
smaller than the idealized 82% gain but still substantial. As CSWAP fidelity continues to
improve on emerging platforms, the realistic threshold improvement is expected to ap-
proach the analytical upper bound.

Table 5 summarizes the threshold enhancement under three CSWAP error regimes,
illustrating how the realistic threshold gain scales with the underlying purification-circuit

fidelity.
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Table 5. Circuit-level threshold enhancement under different CSWAP error rates (m = 3).

CSWAP Error Rate ) Effective Threshold Relative Improvement vs.
¢ CSWAP CSWAP Residual A3 EcsWAP p pur,circ (m=3) p. = 1.1%

— th th :

0.3% (next-‘%ve;zation hard- 0.4% 1.9% 3%
0.9% (Google Willow level) 1.2% ~1.7% +55%

0, -
1.5% (cqrrent suPerconduct 2.0% 1.6% 1459%
ing baseline)
0 (noiseless limit) 0 ~2.0% +82%

This circuit-level analysis clarifies that the '1.1% — 2.0%’ threshold improvement
quoted in the abstract refers to the analytical noiseless-purification bound, whereas the
practical improvement on current hardware is more conservative at ‘1.1% — 1.6%’. Both
bounds are reported here to ensure transparent communication of the framework’s pre-
dicted gain across hardware regimes.

4. Algorithm Design and Experimental Evaluation
4.1. Design of the Iterative Purification Error-Correction Algorithm

Based on the framework established in Section 3, this section provides the implemen-
tation of the iterative purification-assisted error-correction (IPEC) algorithm. The design
objective is to dynamically adjust the purification depth in each error-correction cycle
based on real-time syndrome feedback, achieving balance between fidelity gain and qubit
consumption. IPEC is a feedback-driven adaptive control algorithm conceptually analo-
gous to a closed-loop control system—recently demonstrated in continuous QEC with
real-time FPGA-based feedback and in deep reinforcement learning for real-time quan-
tum feedback control [48,49]. Syndrome measurements provide observations, the error-
rate estimator processes them, and m, is the control variable. This closed-loop architec-
ture distinguishes IPEC from static schemes by enabling responses to runtime noise fluc-
tuations.

The execution process of the IPEC algorithm consists of three alternating phases: pu-
rification, syndrome extraction, and a feedback-driven strategy update. In the purification
phase, symmetric subspace projection is performed on m, noisy state copies according to
the current depth m,, outputting the purified data state. In the syndrome extraction phase,
the purified data state is encoded with a stabilizer code, and a round of syndrome meas-
urements is performed; the decoder infers the error pattern from the syndrome sequence
s, and implements recovery. In the strategy update phase, the algorithm uses statistical
information from the syndrome sequence to estimate the current effective error rate ﬁg?f
and updates m;,,; according to a preset threshold criterion. An exponentially weighted
moving average smooths the noise intensity estimate, avoiding frequent depth jumps
caused by single-round syndrome fluctuations.

The core criterion for strategy updates in the algorithm can be described as follows:
when the estimated effective error rate ﬁé;)f exceeds the upper threshold p,;, = 0.8p,
the purification depth increases by one level (m;.; = m; + 1, with an upper limit of
$muyax $); when ﬁg?f is below the lower threshold p,,,, = 0.4p;, the purification depth

decreases by one level (m;,; = m; — 1, with a lower limit of 2); when between the two
thresholds, the current depth is maintained. Table 6 lists the key hyperparameters of the
IPEC algorithm and their values in the simulation experiments of this paper.
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Table 6. Key hyperparameter settings of the IPEC algorithm.
Hyperparameter Symbol Value Description
Bal initial fideli i
Initial purification depth mo 3 alances Initial fidelity gam
and resource consumption
Constrained by total qubit
Maximum purification depth M 6 onstrained by total qubl
budget
Sensitivity for tri . )
Upper threshold coefficient PP 0.8 en51.1?71t¥ o rlgger'mg P
v rification deepening
itivity for tri . )
Lower threshold coefficient P Pt 0.4 Sen51. I.V lt}f o rlgger%ng b
ow rification shallowing
D ight of tial
Smoothing factor a 0.3 ecay Welg o exponentia
moving average
Number of historical syn-
Syndrome window length W 10 rounds drome rounds used for error

rate estimation

The threshold-based update rule approximates the optimal resource allocation policy.
When the effective error rate exceeds the upper threshold, increasing purification depth
yields the maximum marginal fidelity gain per copy because FE,,,.(m) is concave in m—
marginal improvement is largest when current fidelity is low. Conversely, when the ef-
fective rate falls below the lower threshold, the error-correcting code alone provides suf-
ficient suppression; reducing depth releases qubit resources. The intermediate dead zone
provides hysteresis preventing oscillation—a standard technique in feedback control de-
sign. This enables automatic deepening when noise increases and automatic shallowing
when noise decreases—a capability that static schemes lack.

4.2. Algorithm Complexity and Stability Analysis of the Adaptive Feedback Loop

The computational overhead per IPEC iteration consists of three parts: purification
gate complexity O(m,n), syndrome extraction O(n), and classical decoder time. For sur-
face codes, the matching decoderis 0(nlogn); for quantum LDPC codes, BP-decoder per-
iteration complexity is 0(n), typically converging within 20-50 iterations. The CSWAP

depth grows linearly with m,; under my,,, = 6, a single purification round does not ex-

ceed six times the physical qubit count. Importantly, computational overhead scales line-
arly with m, while fidelity gain scales exponentially via Equation (6). This exponential-
versus-linear trade-off underlies why adaptive depth control yields superior resource ef-
ficiency.

The IPEC update rule can be cast as a discrete-time state machine whose state is the
pair (Dactuar s Me), Where pyeeyqrr denotes the underlying physical error rate at round t
(potentially time-varying) and m, € {2, ..., mp,y } is the current purification depth. The

transition map my, = f (ﬁg?f, m;) is a deterministic threshold-based selector over the fi-

nite set {2, ...,6}. The stability of this closed-loop system is characterized by the following
result:

Proposition 1. (Bounded-Set Stability of the IPEC Feedback Loop). Assume the hyperparameters
in Table 6 satisfy the three conditions: (a) Threshold separation: pioy, < Pyp (avoiding policy de-
generacy); (b) Bounded smoothing: a € (0, 1) (ensuring exponentially-weighted-moving-average
convergence); (c) Window-size lower bound: W - Posr - (1 — Pess) = Emin  (ensuring bounded

variance of the error-rate estimate, with &y,  set to 8 in this paper to maintain estimator stand-

ard deviation below 10% of the mean). Then, for any stationary underlying error rate Pgcryqr €
[0, 2.5%] within the operating envelope of Table 6, there exists a unique invariant set $* = {m €
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{2, .. Mmax  }:Diow < Derr (M, Dactuar) < Pup} into which the trajectory m, enters within a fi-

nite settling time Tgeopr1o, and from which it does not exit thereafter. Moreover, Tsopye is bounded
above by W + 2 - |[my — m*|, where m* = min §* is the asymptotic operating depth.

Proof of Proposition 1. The Lyapunov function V(m) = |Pesr(M) — Drargee| , with
Drarget = (Piow + Pup)/2, is non-increasing under the update rule outside §* because each
update step moves m by one unit in the direction that decreases V, and the EWMA
smoothing under condition (b) ensures that the estimate p,s; is asymptotically consistent.
The hysteresis dead zone between p,,,, and p,, under condition (a) precludes single-
step oscillations. The window-length condition (c) ensures that the variance of p.ss is
bounded below the dead-zone width; thus, spurious threshold crossings are statistically
rare. O

The stability analysis above is verified through numerical simulation under the de-
polarizing noise model. As shown in Figure 8, under physical error rate p = 1.0%, the
effective error rate ﬁi?f of the IPEC algorithm enters the invariant set §* and stably re-
mains within the dead zone bounded by p,,, and p,, after approximately five to eight
iterations, far below the 1.1% fault-tolerance threshold of surface codes. The settling time
is closely related to the choice of initial purification depth my: with m, = 2, approxi-
mately 12 rounds are needed; with m, = 4, only four rounds are needed, though the latter
consumes more qubit resources in the first few rounds. Table 7 records the settling char-
acteristics under different initial purification depths.

Table 7. Stability characteristics of the IPEC algorithm under different initial purification depths (p
=1.0%, surface code d =5). In the “Settling Rounds” column header, the script S marks the invariant

set defined in Proposition 1; the asterisk is a reference to that set and is not part of a separate variable.

Initial Depth mo

Settling Rounds (to Steady-State Effective Er- Steady-State Purification Average Qubit Consumption per

Enter 5%) ror Rate Depth m_oo Round
2 12 0.18% 3 147
3 7 0.12% 3 153
4 4 0.11% 3 196 (first 4 rounds) — 153
5 3 0.11% 3 245 (first 3 rounds) — 153

Pth = 1.1% (surface code threshold) 1.2

— mp=2
mo=3

—_
o

-0.5

-0.2

Effective Error Rate Pess (%)

Initial Purification Depth m,

Stability invariant set:
Meo = 3, Perr Settled in [Prow, Pup)

o o
o =TS
(5]

t=1 5 10 15 20 25 30
Iteration Round t

Figure 8. Settling behavior of effective error rate of the IPEC algorithm with iteration rounds
(heatmap superimposed with settling trajectories).
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4.3. Numerical Simulation Setup and Baseline Comparison Schemes

Numerical simulations run on a classical computing cluster using a stabilizer simu-
lator for Monte Carlo sampling of QEC circuits. Two noise models are covered: independ-
ent depolarizing (each qubit undergoes uniform Pauli errors with probability p) and cir-
cuit-level (depolarizing noise after each gate, single-qubit rate p/10, two-qubit rate p,
measurement rate p). The Monte Carlo sample size is adapted: configurations with p, >
10™* use 10° trials per parameter point, configurations with p, < 107* use 107 trials,
ensuring the expected number of logical-error events per configuration exceeds 15 for sta-
tistical validity. The 95% confidence interval is computed using the Wilson score interval,
with Clopper-Pearson exact intervals for the smallest values (p, < 10~°). Under this pro-
tocol, configurations with p; = 10™* achieve Cls within +5%, while configurations with
pL ~ 107 achieve intervals approximately within a factor of two.

The simulation parameters align with current quantum hardware. The physical error
rate range 0.3% to 1.5% corresponds to typical two-qubit gate error rates on state-of-the-
art superconducting processors: Google Willow operates at 0.3-0.5% [9], while earlier-
generation Sycamore and IBM Eagle operate in the 0.5-1.5% range [17,27]. The circuit-
level noise model with psi g = p/10 and ppeqs = p reflects the empirically observed
noise hierarchy on superconducting platforms, where single-qubit gates typically exhibit
error rates approximately one order of magnitude lower than two-qubit gates [41]. These
parameter ranges target the near-threshold regime (p € [0.5%, 1.5%]) where standard
QEC begins to lose its suppressive power and the resource-efficiency metric n of IPEC
peaks (Section 3.4).

The baseline comparison schemes in the simulation include: (a) standard surface
code error-correction scheme (without the purification process), with code distances d =
3,5,7,9,11; (b) standard quantum LDPC code error-correction scheme (without the puri-
fication process), using the [[144, 12, 12]] bivariate bicycle code; and (c) a fixed purification
depth scheme (m = 3, without adaptive feedback). Table 8 lists the detailed configuration
parameters for each scheme in the simulation.

Table 8. Configuration parameters of each baseline scheme in numerical simulations.

Scheme

Error-Correcting Code Code Distance Purification

Adaptive Feedback Number of Physical Qubits

Type d Depth m
Baseline A Surface code 3,5,7,9,11 None No 17-221
Baseline B LDPC code [[144, 12, 12]] 12 None No 144
Baseline C Surface code 3,57 3 (fixed) No 51-147
IPEC Surface code 3,57 26 @y_ Yes 34-147 (mean)
namic)
2-6 (dy-
IPEC-LDPC LDPC code [[144, 12, 12]] 12 namic) Yes 288-864 (mean)

4.4. Experimental Results and Performance Evaluation
4.4.1. Logical Error Rate Under Independent Depolarizing Noise

As shown in Figure 9, under the independent depolarizing noise model, the IPEC
algorithm combined with surface codes demonstrates superior logical error-rate perfor-
mance compared to the standard scheme across all tested error rates. Taking d = 7 as an
example: when p = 0.5%, the standard surface code yields p, = 8.3 x 105 per round,
and IPEC reduces it to 1.7 X 107® per round —an approximately 49-fold improvement.
When p rises to 1.0% (approaching the surface code threshold), the standard scheme in-
creases to 2.1 x 1073 per round, while IPEC still maintains 4.6 X 10~ per round. Table
9 summarizes the logical error-rate data across configurations.
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Table 9. Logical error rates (per round) of each scheme under independent depolarizing noise.
Physical Error Rate Code Distance d Standard Surface Fixed Purification IPEC Scheme IPEC Improvement
p Code (m =3) Factor

0.30% 5 4.2 %10+ 8.5 x10° 6.1 x10° 6.9x
0.30% 7 1.6 x10-° 2.8 x 10 1.9 x10¢ 8.4x
0.50% 5 1.9 %1073 3.1x10+ 2.2x10+ 8.6x
0.50% 7 8.3 x 105 3.4 x10° 1.7 x 10 49x
1.00% 5 1.4 x 102 1.8 x 103 1.1 x 103 12.7x
1.00% 7 2.1x107 8.7 x 105 4.6 x10- 45.7x%
1.50% 7 1.8 x 102 6.2 x 10+ 3.5 x 10+ 51.4x

Code Distance d
~

3]

3
0.1

0.2

logso(pL)
=4

_ L 3
0.3 05 07 1.0 1.5 20 0.1 02 03 05 07 1.0 1.5 20

Physical Error Rate p (%) Physical Error Rate p (%)

Figure 9. Comparison of logical error rates of each scheme as a function of physical error rate (log-
log contour plot). (a) The standard surface code and (b) the IPEC scheme (m = 2-6); both panels
show the logical error rate (color scale) as a function of physical error rate and code distance. The
white dashed line is the 10-* logical-error-rate contour, drawn in both panels for direct comparison.

4.4.2. Performance Verification Under Circuit-Level Noise

The circuit-level noise model more closely approximates the operating environment
of actual quantum processors, accounting not only for data-qubit errors but also for ancilla
preparation errors, two-qubit gate crosstalk, and measurement readout errors. Under this
noise model, the performance gain of the IPEC algorithm decreases compared to the in-
dependent noise model but remains significant. As shown in Figure 10, under circuit-level
p = 0.5% and d = 7, the logical error rate of the standard surface code is 3.7 X 10™* per
round, and IPEC reduces it to 2.4 X 10™° per round —an approximately 15-fold improve-
ment. The decrease in gain arises because measurement errors polluting the syndrome
sequence increase the variance of the ﬁf,?f estimate, which affects the precision of the

adaptive strategy.

4.4.3. Resource Efficiency and Overhead Analysis

Purification-assisted schemes trade additional qubit consumption for a reduction in
the logical error rate; therefore, resource overhead must be considered when evaluating
practical value. We introduce the resource efficiency metric 7 to measure the logical-er-
ror-rate suppression benefit obtained per physical qubit, defined as n = log(p;**/piFE¢)/
(Mupec/Msta), where pi™® and piPEC are the logical error rates of the standard and IPEC
schemes, and ng4, npgc are the physical qubit counts. 7 > 1 indicates that IPEC is su-
perior to simply increasing code distance. Table 10 shows the comparison under different

configurations.

https://doi.org/10.3390/e28070726



Entropy 2026, 28, 726

22 of 29

(@) (b) (©)
107" " %
— . 2 i
8 qg2] é I %é é :
vl By [ 2 M
g T e ; :
= 19 % : : #
2 4] % - % ¥
s N I
w i 5 & :
i e 5
% 10 e ° #
S . :
106 T r T r T ‘ r r r
3 5 7 3 5 w 3 5 7
Code Distance d Code Distance d Code Distance d
I:I Standard l___l Fixed (m=3) - IPEC
Figure 10. Scaling behavior of logical error rate of the IPEC scheme under circuit-level noise model
(faceted box plots). (a) p = 0.3%, (b) p =0.5% and (c) p = 1.0%; within each panel the box plots com-
pare the standard, fixed-depth (m = 3) and IPEC schemes across code distances d =3, 5 and 7.
Table 10. Resource efficiency comparison between the IPEC scheme and standard schemes.
Configuration Standard Scheme (114, p] ) IPEC Scheme (1jpgc, PILPEC) Resource Efficiency 7
p=05%,d=5 49 qubits, 1.9 x 107 147 qubits, 2.2 x 10 1.03
p=0.5%,d=7 97 qubits, 8.3 x 107 147 qubits, 1.7 x 107 2.57
p=10%,d=5 49 qubits, 1.4 x 1072 147 qubits, 1.1 x 103 1.18
p=1.0%,d=7 97 qubits, 2.1 x 1073 147 qubits, 4.6 x 107 2.51
p=15%d=7 97 qubits, 1.8 x 102 219 qubits, 3.5 x 10* 1.7
As shown in Figure 11, the resource efficiency n reaches its peak (n > 2.0) when the
physical error rate is in [0.6%, 1.2%], precisely corresponding to the typical noise level of
current mainstream superconducting processors. In the low-noise regime p < 0.3%, n
drops below 1, indicating that when qubit quality is sufficiently high, directly increasing
the code distance is more economical.
(a) 1. Error R?;e_lggzr)ovement (b) 35
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= 254
5. Adaptive 2. Resource 5-
Sensitivity Efficiency n =
(0-1.0) (0-3.0) .g 204
g
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Figure 11. Radar-area composite plot of resource efficiency metric 7 as a function of physical error
rate. (a) Radar chart comparing five performance metrics (error-rate improvement, resource effi-

ciency 1, convergence speed, threshold enhancement and adaptive sensitivity) at physical error
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rates p =0.3%, 0.7% and 1.2%; (b) area chart of the resource-efficiency metric ) versus physical error

rate, with the break-even line () = 1) and the high-efficiency operating band indicated.

4.4.4. Comparison of Adaptive Strategy and Fixed Purification Scheme

The practical effect of the adaptive feedback mechanism is verified through compar-
ison with the fixed-depth purification scheme. As shown in Figure 12, in non-stationary
scenarios where noise intensity undergoes sudden changes (simulating calibration drift),
IPEC adjusts the purification depth within approximately three to five rounds, while the
fixed scheme experiences sharp rises in the logical error rate when noise increases and
wastes excessive qubit resources when noise decreases. Table 11 quantifies the perfor-
mance differences between the two schemes under stationary and non-stationary noise
scenarios.

Table 11. Performance comparison between the IPEC scheme and fixed purification scheme under
stationary and non-stationary noise scenarios (d = 7).

Noise Scenario

Fixed Scheme p,

Fixed Scheme Avg

IPEC Scheme p, IPEC Avg Qubit

(m =3) Qubit

Stationary p = 0.5% 3.4 x10° 1.7 x 106 291 204

Stationary p =1.0% 8.7 x 105 4.6 x105 291 257

Non-stationary p: 0.5% 9.3 % 104 28 %10~ 291 312
—1.5%

Non-stationary p: 1.5% 3.4 %10 9 1x 106 291 178
— 0.5%

Periodic fluctuation p 51 %10 27 %10 291 231

€ [0.4%, 1.2%]

Noise jump Noise recovery

g
o
=

< -
< 6 €
o 151 P
i &
5 1.0 \—\ 4 g
uJ =
- 38
8 05 S
2 2 &
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§ 3
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Figure 12. Time series tracking diagram of adaptive response of the IPEC algorithm under non-
stationary noise (dual-axis linked panel). In the upper panel the red curve is the physical error rate
p and the blue curve is the adaptively adjusted purification depth m (right axis); the lower panel
shows the resulting logical error rate for the IPEC (blue) and fixed-depth m = 3 (gray) schemes.
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4.4.5. Validation on Quantum LDPC Codes

To verify the code-structure independence of the framework, the IPEC algorithm ex-
periment is reproduced on the [[144, 12, 12]] bivariate bicycle code. As shown in Figure
13, under circuit-level p = 0.5%, IPEC reduces the average logical error rate of 12 logical
qubits from 5.8 X 107* per round in the standard LDPC scheme to 7.3 x 1075 per
round —an approximately 8-fold improvement—and the error rate variance among the 12
logical qubits is significantly reduced. This confirms the universal enhancement effect of
purification preprocessing on different code structures: the purification layer does not de-
pend on the stabilizer structure of any specific code but uniformly reduces noise intensity
at the physical level.

The above experimental results collectively demonstrate that the IPEC algorithm
achieves stable logical error-rate improvement under multiple noise models, different
code distances, and different code structures. The improvement is most notable when the
physical error rate approaches the fault-tolerance threshold (reaching one to two orders
of magnitude); the resource efficiency 1 also peaks in that range. The adaptive feedback
mechanism provides robustness in non-stationary environments. These results maintain
qualitative consistency with the Section 3 theoretical predictions: exponential compres-
sion of p.ss by purification is amplified through code-distance scaling, forming the cas-
caded gain of compound exponential suppression under the ideal assumptions of Section
3.1.

The hardware feasibility considerations supporting these simulation parameters—
including current CSWAP error budgets, neutral-atom-platform compatibility, and the
relationship between gate-fidelity improvements and threshold gains—are discussed in
detail as part of the overall applicability analysis in Section 5.2.

1072

10—3.

Logical Error Rate p, (per round)

10745 I
~8x
improvement
10753
1076 T T
Standard LDPC IPEC-LDPC

Figure 13. Violin plot comparison of error rates of 12 logical qubits on LDPC codes.

5. Discussion and Conclusions
5.1. Main Findings and Theoretical Significance

The framework reveals a compound exponential suppression mechanism under
ideal assumptions: purification exponentially compresses the effective physical error rate
from p to pesr through symmetric subspace projection, while the error-correcting code
further suppresses the logical error rate with pé”é{zl"l. The cascade of two exponential fac-

tors yields attenuation exceeding either technology alone. The Section 4 simulations vali-
date this: at d =7 and p = 1.0%, IPEC reduces p, from 2.1 x 1073 to 4.6 x 107° per
round —an approximately 46-fold improvement, in close agreement with Equation (9).
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The equivalent fault-tolerance threshold improvement is another finding of theoretical
significance: purification extends the surface-code operating range from p;, = 1.1% to
the noiseless analytical bound p}," ~ 2.0% at m = 3; under realistic circuit-level condi-
tions with a cumulative CSWAP error rate ~1.5% (current superconducting two-qubit fi-
delities), the practically achievable threshold is p/"“"® ~ 1.6% (Circuit-Level Threshold
Analysis with Noisy Purification Operations Section).

At the algorithm design level, the adaptive purification-depth adjustment mecha-
nism based on real-time syndrome feedback introduces a new dynamic resource-alloca-
tion paradigm. Traditional QEC schemes have fixed resource consumption once the en-
coding is determined and cannot respond to runtime noise fluctuations; IPEC performs
online estimation of the effective error rate via an exponentially weighted moving average
and adjusts allocation in real time within m € [2,6], automatically deepening purification
when noise increases and reducing it when noise decreases. Table 11 shows that in the
non-stationary scenario where noise jumps from 0.5% to 1.5%, IPEC’s logical error rate is
only approximately 30% of the fixed scheme’s, while after noise recovers its average qubit
consumption is approximately 39% less.

From the entropy-theoretic perspective, the framework constitutes an entropy man-
agement mechanism: the purification module compresses the von Neumann entropy
through symmetric subspace projection (Equation (8)), the error-correction module main-
tains the low-entropy condition through stabilizer measurements and recovery; the adap-
tive feedback regulates the entropy compression rate in real time. Beyond elementary en-
tropy monotonicity, the framework also delivers a genuine information-capacity gain
(Section 3.3.1): the coherent information of the channel handed to the encoder increases
from I.(V) = 0.92 to I.(Wpyr) = 0.9998 at m =3 and F, = 0.99, with corresponding
Holevo improvement. These capacity-level gains constitute the information-theoretic
foundation of the compound exponential suppression.

5.2. Practical Application Scenarios and Applicability Discussion

From the hardware perspective, the framework places two requirements: the proces-
sor must prepare multiple copies of known-target states (per Section 3.1.1, preserving no-
cloning compliance); CSWAP fidelity must exceed a certain threshold. On current super-
conducting processors, two-qubit gate fidelity has reached 99.5% or above [9,17]; CSWAP
decomposes into three CNOT gates with a cumulative error rate of ~1.5%. This still yields
positive threshold improvement to pF"" ~ 1.6% (Circuit-Level Threshold Analysis
with Noisy Purification Operations Section), with the realistic gain expected to approach
the noiseless bound p," ~ 2.0% as next-generation hardware reduces &gy 4p toward
0.3% (Table 5). Section 4 circuit-level simulation already includes &cspy4p = 1.5%, with
IPEC achieving 15-fold logical error rate improvement at p = 0.5%. Neutral atom plat-
forms natively support parallel preparation of state copies and flexible long-range con-
nections [19,21], making CSWAP execution engineeringly convenient.

The framework is particularly applicable to medium-depth circuit tasks such as
quantum chemistry simulation and variational quantum algorithms —tasks requiring log-
ical error rates near 107° for chemical accuracy, where the physical error rate of current
processors is precisely where 1 peaks (p € [0.6%, 1.2%]). Table 10 shows thatat p = 1.0%,
d = 7, IPEC achieves n = 2.51, meaning that IPEC reaches lower logical error rates with
fewer total physical qubits than increasing code distance alone. For QKD networks, puri-
fication before encoding elevates entangled-pair fidelity, reducing the burden on subse-
quent stages and shortening key-generation latency. Distributed quantum computing ar-
chitectures, where error-corrected qubits across modules are linked through noisy chan-
nels, constitute a further future deployment scenario. However, on high-quality platforms
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with p < 0.3%, the additional overhead exceeds the logical-error benefit (n < 1); directly
extending code distance is then more economical.

5.3. Research Limitations and Future Work

At the theoretical level, the compound exponential suppression result holds under
the ideal assumptions of Section 3.1 —i.i.d. noise acting independently on each state copy,
independent copy preparation without inter-copy correlations, and uncorrelated noise
across qubits. Relaxing these assumptions to accommodate correlated or non-Markovian
noise environments may alter the quantitative conclusions on threshold enhancement and
suppression factors; the extent of such alterations remains to be investigated.

A second caveat concerns the dependence of practical threshold improvement on the
relative magnitude of CSWAP versus data-qubit errors (Circuit-Level Threshold Analysis
with Noisy Purification Operations Section). The circuit-level threshold p/" " (m)
scales with the bare purification gain reduced by the cumulative CSWAP residual a,, -
Ecswap; thus, when ecgy0p approaches pg, = 1.1%, the additional noise increasingly off-
sets the noise removed. The crossover at which purification ceases to provide net thresh-
old benefit is a,, - €cswap = Pen, translating to ecsyap = 0.83% for m = 3. Above this
budget, threshold improvement is positive; below it, threshold gain is marginal, although
sub-threshold logical-error suppression remains intact.

The work has additional limitations. The numerical simulations cover depolarizing
and standard circuit-level noise, without leakage errors, cosmic-ray-induced burst errors,
or 1/f noise with long-range temporal correlations —these non-Markovian characteristics
may alter the effective gain of purification, and in extreme cases may degrade the fidelity
improvement effect of symmetric subspace projection. The IPEC strategy-update phase
introduces classical computational overhead on top of real-time decoders; on supercon-
ducting platforms with microsecond-scale decoding deadlines, this may cause through-
put degradation in the decoding pipeline. Fidelity is used as an average-sense perfor-
mance metric for purification, which does not fully characterize the round-by-round fluc-
tuation of outputs and may affect the tail distribution of logical error rates at finite copy
numbers.

Future work will develop along three key axes. In purification strategy optimization,
introducing reinforcement learning into joint decisions of depth and error-correction strat-
egy is expected to surpass heuristic threshold rules, autonomously learning optimal allo-
cation in complex non-stationary environments. In theoretical extension, extending puri-
fication from state level to virtual channel purification at the channel level deserves explo-
ration—if combined with logical-gate operations, this would extend purification enhance-
ment to the computation process itself. In hardware—software co-design, dedicated
CSWAP implementations using optimized native-gate decompositions or higher-fidelity
ancillas represent a near-term path toward reducing ecsy4p below the 0.83% crossover.

In summary, the purification-assisted QEC framework and IPEC algorithm proposed
here achieve equivalent fault-tolerance threshold improvement from approximately 1.1%
to a noiseless analytical bound of approximately 2.0% (realistic circuit-level value approx-
imately 1.6% under current superconducting CSWAP fidelity), and one-to-two orders of
magnitude improvement in logical error rates by embedding an adjustable purification
preprocessing module between coding and physical layers without changing the under-
lying error-correcting code. From the entropy-theoretic perspective, the framework real-
izes a two-stage entropy management forming a closed-loop entropy flow control system.
Numerical simulations validate the effectiveness and robustness of the adaptive feedback
under surface codes and quantum LDPC codes and under independent and circuit-level
noise models, providing a technical path balancing performance and resource efficiency
for near-term quantum devices.
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