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Abstract

Graph-based narrative extraction relies on a coherence function to score transitions be-
tween events, but the coherence metrics in current use are defined operationally and lack
an information-theoretic foundation. We study the composite metric C = vV A - T, where A
is the angular similarity of document embeddings and T = 1 — djs is the topic proximity
through the Jensen-Shannon distance of soft cluster memberships, and we provide an
information-geometric reading of this metric together with an axiomatic characterization of
the geometric-mean combinator. On the product manifold S7~1 x Aﬁfl, the negative log-
coherence decomposes additively into an angular and a topic cost. Because the Riemannian
metric tensor induced by the Jensen—Shannon distance on the simplex is proportional to the
Fisher information matrix, the topic component is locally consistent with the Fisher-Rao
metric singled out by Chentsov’s theorem. Within a parametric family of combinators
(the compensability spectrum), the geometric mean is the unique combinator consistent
with four natural axioms (a boundary/veto condition, symmetry, log-additivity, normal-
ization), and the construction also motivates a proper product metric d that we use as a
reference distance. Experiments on four corpora spanning news and academic domains
(40 to 6000 documents), three general-purpose embedding families (GPT-4/ada-002, MP-
Net, MiniLM-L6) plus citation-aware SPECTER2, and three alternative topic models (LDA,
soft k-means, GMM) are consistent with the framework: the Fisher identity holds with
R > 0.99, the geometric mean tracks d« closely (0 = 0.999), and a downstream LLM-as-
judge consistency check shows that the geometric mean is not empirically dominated by
any alternative combinator or single-channel baseline. Sweeping the compensability spec-
trum, the bottleneck-coherence gap between extracted storylines and random sequences
splits into a symmetric component—maximized at the geometric mean on the four corpora
above and a fifth, human-navigation corpus—and a displacement term; a cross-modal
case study on a human-curated image narrative reproduces the same effect in a second
modality. Together, these results provide an information-geometric justification for the
composite coherence metric and articulate the conditions under which the geometric mean
is the natural choice.

Keywords: information geometry; Fisher-Rao metric; Jensen-Shannon divergence;
narrative extraction; coherence metric; product manifold; Chentsov theorem; axiomatic
characterization; scale complementarity; information theory

1. Introduction

Narratives are fundamental structures through which humans organize and communi-
cate knowledge about sequences of events [1,2]. Computational narrative extraction seeks
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to automatically discover these structures from document collections, and has applications
in intelligence analysis [3], journalism [4], and social science [5].

At the core of graph-based narrative extraction methods lies a coherence function that
measures how smoothly one event transitions into another. Following the standard event-
based formulation, in which each document represents a single event [5]—a common and
natural assumption for news corpora, whose scope we discuss in Section 2.1—a corpus of
n documents induces a coherence graph G = (V, E, C) with documents as nodes and edge
weights C(d;, d;) quantifying the transition quality between events d; and d;. Storylines,
the basic unit of a narrative, are paths through this graph that maximize some aggregate of
edge coherence [2,3,6,7].

A survey by Keith Norambuena et al. [5] documents the diverse, operational ways
coherence has been defined: word-influence random walks [3], KL divergence with tempo-
ral decay [8], and, in multi-criteria path objectives, a coherence term weighted alongside
auxiliary criteria such as relevance and coverage [9]. Each definition captures an intuitive
aspect of narrative smoothness, but none of them is derived from an underlying geometry
of the document space, none is shown to satisfy proper metric properties, and none is
the consequence of an explicit set of axioms. These three concerns—absence of geometric
structure, lack of true metric properties, and absence of an axiomatic foundation—are
related but distinct, and the present paper addresses all three in a single framework.

Keith and Mitra [2] introduced, in their narrative maps framework, a composite
coherence metric,

C(d;, dj) = \/A(ei/ej) - T(é;,¢)) 1)
that combines the angular similarity A of the document embeddings with the topic simi-
larity T = 1 — djs (where djg = V/JSD is the Jensen—Shannon distance) of the soft cluster
membership distributions through the geometric mean. While this metric performs well
empirically, an information-theoretic justification has not been formally established for it.

This paper makes four contributions:

Geometric contribution (Section 3). We give a product-manifold reading of the com-
posite coherence metric on S x Aﬁfl, on which the negative log-coherence decomposes
additively into an angular and a topic cost. Because the Riemannian tensor induced by the
Jensen—Shannon distance on the simplex is proportional to the Fisher information matrix,
the topic component is locally consistent with the Fisher-Rao geometry singled out by
Chentsov’s theorem [10]. We also define a proper product metric d« that we use as a
reference distance in the empirical analysis.

Axiomatic contribution (Sections 4 and 5). Within a parametric compensability spec-
trum of power-mean combinators (Min, HM, GM, AM, Max), we characterize the geometric
mean as the unique combinator consistent with four natural axioms (a boundary/veto
condition, symmetry, log-additivity, normalization). We discuss explicitly which axioms
are load-bearing for this uniqueness statement and how dropping each one enlarges the
admissible family. Adjoined to this spectrum is the Quad combinator 1 — d%, which is not
itself a power mean but arises directly as the similarity-domain counterpart of the product
metric. A further proposition decomposes the bottleneck-coherence gap between coherent
and incoherent storylines, swept across the compensability spectrum, into an even and
an odd part: the even part is maximized at the geometric mean exactly when incoherent
storylines are more channel-imbalanced—the design premise of the coherence metric—and
the odd part only displaces the observed peak. Section 5 records the formal properties of
this combinator family: the power-mean compensability ordering, the position of the Quad
combinator, and the metric structure of the bounded dissimilarities (notably that 1 — Cqym
is not a metric).
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Information-theoretic contribution (Section 6). We connect each per-channel cost
to an exact classical information-theoretic quantity: the angular cost is the surprisal of a
random-hyperplane (SimHash) collision, and the topic cost is a strictly increasing function
of mutual information. A data-processing argument further shows that the two channels
capture complementary scales of abstraction (scale complementarity), so that the composite
is genuinely more informative than either channel alone.

Empirical contribution (Section 7). We validate the framework on six corpora drawn
from the narrative-extraction literature. The metric-level and downstream analyses use four
event-based corpora—Cuba, COVID, VisPub, and AMiner (40 to 6000 documents) from the
narrative maps [2] and narrative trails [7] repositories—together with three general-purpose
embedding families plus citation-aware SPECTER2 and three alternative topic-model fam-
ilies (LDA, soft k-means, GMM). On these, the Fisher identity holds with R > 0.99, the
geometric mean tracks d closely (o = 0.999), and a downstream LLM-as-judge consistency
check shows that the geometric mean is not empirically dominated by any alternative com-
binator or single-channel baseline (Friedman p > 0.099). The bottleneck-gap analysis then
adds the Wikispeedia human-navigation corpus [11] as a non-circular, human-grounded
anchor and, as a cross-modal case study, the ROGER expedition-photograph corpus [12]:
throughout, the metric’s design premise holds so that the symmetric component of the
separation between extracted storylines and random sequences is maximized at the geo-
metric mean. A secondary observation from the downstream comparison is that different
combinators induce structurally different storylines at statistically indistinguishable aggre-
gate qualities, so the choice of combinator is a modeling decision about which narrative
structures to foreground rather than a free parameter to be tuned for quality (Section 8).

The remainder of the paper is organized as follows. Section 2 fixes notation and
reviews related work. Section 3 develops the product-manifold reading and its local
Chentsov compatibility; Section 4 gives the axiomatic characterization of the geometric
mean together with the bottleneck-gap analysis; Section 5 records the metric’s formal prop-
erties; and Section 6 connects the per-channel costs to classical information theory. Section 7
reports the experimental validation; Section 8 discusses implications and limitations; and
Section 9 concludes.

2. Preliminaries and Related Work
2.1. Event-Based Narrative Extraction

We consider a temporally ordered corpus D = {dy,...,d,} in which each document
represents a single event. Operationalizing events at the document level is the standard
assumption in event-based narrative extraction [5,7]: it is natural for news corpora, where
an article—especially a breaking-news article—typically reports one main event, and
it lets the narrative be studied at the level of inter-document transitions. Finer (sub-
document or multi-event) resolutions are possible [5] but are orthogonal to the coherence
question studied here. A coherence graph G = (V,E,C) has V = D, edges E connecting
temporally compatible documents (i.e., (d;,d;) € Eonly ifi < j, enforcing forward temporal
ordering), and weights C: VxV — [0,1] measuring transition quality. A storyline is
a path 7 = (d;,...,d; ) through G—a temporally ordered sequence of L documents
(i1 < --- < ip), so that L is the number of events in the storyline. A narrative map is a
collection of overlapping storylines forming a DAG [2], though a DAG structure is not a
strict requirement [5,7]. The quality of 7r depends on the coherence of its edges: common
objectives include maximizing the minimum edge coherence (maximin paths [7]) or the
geometric mean of edge coherences.

The survey by Keith Norambuena et al. [5] catalogues nine distinct mathematical
formulations of narrative coherence across three event resolution levels (clusters, docu-
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ments, sentences), none of which is grounded in a principled mathematical framework.
Existing metrics are either single-channel (e.g., word-influence random walks [3,6], min-
imum cosine similarity [13], n-gram overlap [14]) or combine multiple criteria via ad
hoc rules (e.g., KL divergence with exponential temporal decay [9], sigmoid-transformed
JSD [15], weighted multi-criteria scoring [16-18]). Keith and Mitra [2] introduced the
composite metric C = v A - T studied in this paper, combining angular similarity of doc-
ument embeddings with topic similarity via the Jensen-Shannon distance, which is the
only formulation in the surveyed literature that operates on two distinct representation
spaces with a multiplicative combinator. German et al. [7] adopted this metric in their
subsequent work on narrative trails. Both works specify the metric operationally, without
a theoretical justification. This paper provides the information-geometric justification for
that specific combination.

2.2. The Composite Coherence Metric

The composite coherence of Equation (1) combines two components.
Angular similarity. Each document d; has a dense embedding e; € R obtained from
a language model. The angular similarity is

arccos(cos(e;, e;)
Aleig) =1 - (n v5) @)

where cos(e;, ¢j) = el-Te]-/(HeiH llejll). Thus A ranges from 0 (antipodal) to 1 (identical
direction), and the angular distance dang (e;, e]-) = arccos(cos(e;, e]-)) is the geodesic distance
on the unit sphere S~ (see Section 2.4).

Topic similarity. Soft cluster membership distributions ¢; € AK~! are obtained by
applying UMAP dimensionality reduction [19,20] (n_neighbors = 32, n_components = 48,
min_dist = 0.0, cosine metric, fixed random seed) followed by HDBSCAN clustering [21]
(min_cluster_size = 5, excess-of-mass cluster selection) with soft membership assign-
ment, where AK"1 = {p € RK : p > 0, Yypr = 1} denotes the probability sim-
plex. The cluster count K is an emergent output of this configuration rather than a
tuned parameter, with K > 4 the recommended operating regime (see Section 7.5, the
Supplementary Materials for the cross-corpus and sensitivity analyses, and the Limitations
in Section 8.4). The topic similarity is

T(éi,6) = 1 — dis(éi,), (3)

where djs(p,q) = /JSD(p,q) is the Jensen-Shannon distance [22,23], the Kullback—
Leibler divergence is Dky (p||q) = Lk px In(px/qx), and the Jensen-Shannon divergence
isJSD(p, q) = ADk1.(p||m) + 3 Dxr(q]| m) with m = J(p + q) [24]. Under the base-2 loga-
rithm convention, JSD € [0,1] and hence djs € [0,1],so T € [0, 1]. We use the JS distance
(square root of the divergence) rather than the divergence itself for two related reasons.
First, djs is a proper metric [22,23], which is needed for the product-metric construction
of Theorem 2. Second, the topic similarity then has the same first-order structure as the
angular similarity: A = 1 — dang/ 77 is linear in the spherical geodesic distance dang, and the
relation djs ~ drr/v/21n 2 established in Remark 1 makes T = 1 — djg linear, to first order,
in the Fisher—Rao geodesic distance on the simplex. The two components thus enter the
log-coherence decomposition (Proposition 1) at the same order in their respective geodesic
distances, which is what we mean by “aligning” them; using the divergence JSD in place of
dyjs would make the topic component second-order and break this symmetry (Remark 2).
Composite coherence. With the two components A and T now specified in detail,
the composite coherence of Equation (1) is their geometric mean, C = vV A - T. Why this
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particular combinator, applied to these particular components, is well-founded is the
question the rest of this paper addresses.

2.3. Information Geometry

The Fisher—-Rao metric was introduced by Rao [25] and studied systematically by
Amari [26,27]. For textbook treatments, see Ay et al. [28] and Nielsen [29].

Information geometry in text analysis. Information-geometric methods have been
applied to several NLP tasks, though not previously to narrative coherence. Lafferty and
Lebanon [30] introduced diffusion kernels on the multinomial manifold for text classifica-
tion, exploiting the Fisher-Rao geometry of word distributions. Lebanon [31] extended this
to margin classifiers adapted to the simplex geometry. Colombo et al. [32] used the Fisher—
Rao distance between masked language model output distributions as an evaluation metric
for text generation, finding it outperforms standard n-gram metrics. Dhillon et al. [33]
used the generalized Jensen-Shannon divergence for information-theoretic word clustering,
minimizing within-cluster JSD. In a different geometric direction, Nickel and Kiela [34]
embedded symbolic data in hyperbolic (constant negative curvature) spaces to capture
hierarchical structure. Our work differs in that the geometry arises from the coherence
metric’s structure rather than being imposed as a design choice: the product manifold
S9=1 x AK=1 and the Fisher-Rao connection emerge from analyzing an existing metric, not
from constructing a new one.

We now recall the key definitions used in the rest of the paper.

Jensen-Shannon divergence. Lin [24] popularized the JSD as a symmetrized, bounded
variant of the KL divergence. It satisfies JSD(p,q) > 0 with equality iff p = g. Endres
and Schindelin [22] and Osterreicher and Vajda [23] independently proved that 1/JSD is a
metric. Fuglede and Topsee [35] showed that /JSD admits an isometric embedding into a
Hilbert space.

Fisher information matrix. For a discrete distribution p = (p1, ..., px) on a finite
alphabet, the Fisher information matrix has entries

E(p)a = —=, 4
P
where 6 is the Kronecker delta. This is a diagonal matrix with entries 1/ py.
Fisher-Rao manifold. The open probability simplex AX™! = {p € RK : p; >
0, Yk px = 1}, equipped with the Riemannian metric tensor gFR( ) = F(p) induced by
the Fisher information matrix, is the Fisher-Rao manifold (AK ,grr). The Bhattacharyya

angle is
K
der(p,q) = arccos(z ) e [0, /2. (5)

The Fisher-Rao manifold has constant positive sectional curvature x = 1/4, and via the
square-root parameterization ¢y = 2,/py, it maps isometrically onto a piece of the sphere
Si‘l of radius 2 [27]. Note that drr as defined is the Bhattacharyya angle, i.e., the angular
separation on the unit sphere under 7, = /p. Infinitesimally, § p'F(p)op = 4d%;. The
factor of 4 arises because the metric (4) corresponds to the radius-2 sphere, whose geodesic
distance is 2dgR.

Chentsov’s theorem. Chentsov’s uniqueness theorem [10] is a cornerstone of informa-
tion geometry. Among all Riemannian metrics on the manifold of probability distributions
on a finite sample space, the Fisher-Rao metric is the unique metric (up to a global scaling
constant) that is invariant under sufficient statistics (equivalently, under the congruent
Markov embeddings of the sample space that they induce). See Campbell [36] for an exten-
sion and Bauer, Bruveris, and Michor [37] for a modern proof in the infinite-dimensional
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setting. The scope of this uniqueness statement is important: it characterizes the metric
tensor (an infinitesimal object), not the global finite-distance distance function, so any
monotone reparameterization of arc length yields a different scalar distance with the
same underlying Riemannian geometry. We will use Chentsov’s theorem in this restricted
sense throughout.

JSD-Fisher connection. The second-order expansion

1
JSDrat(p, p+0p) = gop E(p)ép + O([épl°) 6)

(equivalently %d%R, since 6p ' Fép = 4d2y for the Bhattacharyya angle (5)) is a well-known
identity in information geometry [29]. The novelty in the present paper is not the identity
itself but its application: recognizing that the topic component of an existing narrative
coherence metric inherits, at the level of the Riemannian metric tensor, the Fisher-Rao
geometry that Chentsov’s theorem singles out among invariant metrics on the simplex
(Section 3.3).

Logarithm base and JS distance. The identity (6) is stated for the natural-logarithm
convention, written JSD,,;. Throughout the rest of the paper, JSD (unsubscripted) de-
notes the base-2 Jensen—Shannon divergence, JSD = JSD,,;/ In2 € [0, 1], for which the
identity becomes

1
JSD(p, p+0p) = g1—p F(p)op + O(llop[®), 7)
so that JSD ~ d2;/(2In2) for nearby distributions. Since the topic similarity uses the
Jensen-Shannon distance djs = /JSD, we obtain

drr(p, p +9p)

dis(p, p+0p) ~ Ny o(llepl?) . ®)

which is first-order in the Fisher—Rao distance, paralleling the first-order relationship
A =1 — dang/ 7 on the angular side. Two levels of this connection must be distinguished.
At the infinitesimal level, the relationship is exact: the Riemannian metric tensor induced by
djs on AK"1is (1/(81n2)) F(p), i.e., proportional to the Fisher information matrix, so djs
induces the same Riemannian geometry as the Fisher-Rao metric (up to the global scale
factor 1/v/21n2). At finite distances, the relationship (8) is approximate, with higher-order
corrections that vanish as ||dp|| — 0. Empirically, the finite-distance approximation achieves
a Pearson correlation R > 0.99 across all corpora (Section 7.5); throughout, R denotes the
Pearson product-moment correlation coefficient (not its square) and p a rank correlation.
Finite-distance justification. Chentsov’s theorem guarantees uniqueness of the met-
ric tensor (an infinitesimal object), but the coherence metric operates at finite distances.
This is principled for three reasons. (a) The metric tensor induced by djs on Aﬁfl is ex-
actly (1/(8In2)) F(p), a constant multiple of the Fisher information matrix, so djs and
drr/V2In2 have the same unparameterized geodesics (the global constant rescales arc
length and sectional curvature). (b) The product decomposition (Proposition 1) uses djs
directly, not its Fisher-Rao approximation. (c) Writing BC(p,q) = Y \/Pxqx = cosdrr
for the Bhattacharyya coefficient (exact, by (5)), the known bound %(1 —BC) <JSDju <
1 — BC [38] sandwiches JSD,,,; between two explicit functions of the Fisher-Rao distance
at every distance, not merely infinitesimally—equivalently H? < JSD,,; < }H? with
H? = 2(1 — BC) the squared Hellinger distance (Proposition 7)—and provides explicit non-
asymptotic control, confirmed empirically by R > 0.99 across all four corpora (Section 7.5).
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2.4. Spherical and Product-Manifold Geometry

The unit sphere in R? is denoted S9! = {x € R? : ||x|| = 1}. For unit vectors
u,v e S the angular distance dang (1, v) = arccos(u ' v) is the geodesic distance of the
round metric on S?~1. The sphere is a Riemannian manifold of constant positive sectional
curvature 1, and the normalized angular similarity A = 1 — dang /7t maps [0, 7] — [0, 1].

On the topic side, the relevant construction is the product Riemannian manifold:
M; x M; with the product metric ¢ = g1 @ g is standard in Riemannian geometry [39].
In multi-view learning, combining similarity functions from different feature spaces is
common [40], but the standard approach is additive (kernel sums) rather than multiplicative
(geometric mean). The geometric mean of positive-definite matrices has been studied
extensively in matrix analysis [41], but its use as a combinator of scalar similarities has
been less often explored.

3. The Product Manifold Structure

We now show that the composite coherence metric admits a natural interpretation as a
distance on a product Riemannian manifold. The tools we use (product Riemannian mani-
folds, the Fisher-Rao metric, and Chentsov’s theorem) are well-established in information
geometry [27,28]. The contribution is recognizing that they apply to this specific coherence
metric from the narrative extraction literature, yielding consequences for its justification
and diagnostic use that were not previously apparent.

Formal results, interpretations, and empirical checks. Sections 3—6 mix three kinds
of statements, and we keep them typographically distinct so that the logical status of each
conclusion is clear. Theorems, propositions, and corollaries (with proofs) state what is formally
established under explicitly stated hypotheses. Paragraphs labeled Interpretation give the
conceptual or geometric reading of a formal result; they are not themselves proven and
should be read as motivation. Paragraphs labeled Empirical check, and all of Section 7,
report measurements on real corpora; these support the framework but do not extend the
proofs. Where a result is exact and where it is approximate or corpus-dependent is stated
explicitly at each occurrence.

3.1. Two Geometric Spaces

The composite coherence metric operates on two distinct Riemannian manifolds.
The angular component A = 1 — dang/ 7T measures proximity on S4-1 via the geodesic
distance of the round metric: after /2-normalization, the embeddings ¢; = e¢;/|l¢;| lie
on S?! and dang(;, gj) = arccos(é{re‘j) is that geodesic distance. The topic component
T = 1 — djs measures proximity on Ai_l via the Jensen-Shannon distance djs = /JSD,
which is a proper metric [22,23] and is locally Fisher-Rao-compatible in the sense recorded
in Section 2.3.

3.2. Coherence as Product-Manifold Cost

The decomposition that we record next is algebraically immediate—it follows from
log VAT = 1(log A + log T)—and its value lies in the geometric reading it enables. Read as
a cost on a product Riemannian manifold, the identity puts the angular and topic terms on
the same footing, and this product-manifold picture is what subsequently motivates the
product metric dx (defined and shown to be a proper metric in Theorem 2), the diagnostic
attribution it enables (Section 4.2), and the axiomatic characterization of the geometric
mean (Section 4.3). Readers familiar with product spaces and combined distance functions
may find Proposition 1 unsurprising on its own; its role here is structural as the pivot
between the metric-construction and axiomatic strands of the framework.
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Proposition 1 (Product decomposition). Let dang € [0, 7] be the angular distance on §é-1
and dyg € [0,1] the base-2 Jensen—Shannon distance on Aifl. For any documents d; and d; with
C(d;, d]-) > 0 (ie., dang < wand djg < 1),

—logC(d;,dj) = 3 [~log(1 —dang/7)] + 5 [—log(1—djs)] . )
angular cost topic cost
Both cost functions h(x) = —log(1 — x) are monotonically increasing and convex on [0,1), so C

is monotonically decreasing in each component distance separately; it is not, however, a monotonic
function of the product metric d (Theorem 2).

Proof. Directalgebraicidentity: —log C = —log VAT = —%(log A+1log T) = 1[—log(1—
dang/ﬂf)] + %[— log(1 — d]S)]' O
Figure 1 illustrates the product-manifold reading: each document pair contributes one

geodesic on the sphere factor and one geodesic on the simplex factor, and the log-coherence
—log C adds the two costs with equal weight.

A 57 1 (Fisher—Rao)

gd-1
—log C(d;,dj) = 3[—log(1—dang/7)] + 5[—log(1—djs)]

angular cost topic cost

Figure 1. The product-manifold reading of the composite coherence metric. The angular component
of the document representation lives on the unit sphere $9-1 and the topic component lives on the
open simplex A{fl equipped with the Jensen-Shannon (Fisher-Rao-compatible) geometry. Each
document i is represented by an angular vector ¢; on the sphere and a topic distribution &; on the
simplex; for a document pair, the geodesic on each factor has length dang and djs respectively. The
log-coherence decomposes additively into an angular cost and a topic cost, one per factor of the
product manifold.

Remark 1 (Fisher-Rao connection). The J[SD-Fisher identity (8) gives djs ~ dpr/V2In2 for
nearby distributions. Substituting into the topic term of (9) yields

—logC ~ 3[—log(l —dang/m)] + 3[—log(1—dpr/V2In2)], (10)

connecting the coherence cost to the Fisher—Rao distance, which is the Riemannian metric on the
statistical manifold singled out by Chentsov’s theorem (Theorem 1). The angular term is left exact.
Only the dys — dgR substitution is approximate, and it is only defined where dpr /v21In2 < 1; its
finite-distance accuracy on the corpus is reported in the approximation-quality test (Section 7.2).

Remark 2 (Infinitesimal limit). In the limit of vanishing distances ( dang — 0, dys — 0), Taylor-
expanding each term of (9) via —log(1 — x) = x + x%/2 + O(x3) yields the exact expansion:

~10gC = 3(dang/m+djs) + §((dang/7m)* +dfs) + O(€?). (11)
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Both the angular and topic contributions enter at the same order: the first-order terms are dang / (277)
and dys /2. This structural symmetry arises from using the Jensen—Shannon distance djg = /JSD
(which is first-order in dpr by Equation (8)) rather than the divergence JSD (which is second-order
in dFR)

If one further substitutes dys ~ dgr/v21In2 (valid at first order), the leading terms become
%(dang/ 7T+ dpr/V21n2). This first-order relation cannot, however, be substituted throughout
while keeping the second-order expansion exact: since djs = dpr/v/2In2 + O(d2y), the first-order
term %djs already carries an O(dZg) correction—of the same order as the second-order terms—so
re-expressing the whole expansion in drg would drop a second-order contribution. (Substituting
inside the second-order term itself, dJZS — d%./(21In2), is by contrast harmless: it errs only at
O(d3R).) The second-order expansion is therefore exact only in terms of djs.

At typical corpus distances (dang /7T = 0.35, see Section 7.2), the exact formula (9) should be
used.

Since d% = %[(dang/70)% + dis] (Theorem 2), the expansion (11) can be written —log C =
% (dang/ 7+ djg) + % d2 + O(€®): the squared product metric appears exactly as the second-order
correction to the additive first-order cost.

3.3. Local Chentsov Compatibility of the Topic Component

Theorem 1 (Chentsov). Among all Riemannian metrics on the manifold A{fl of probability
distributions over a finite alphabet of size K, the Fisher—Rao metric is the unique metric (up to a
positive multiplicative constant) that is invariant under sufficient statistics—equivalently, under
the congruent Markov embeddings AK' =1y AK=1 (K < K) that they induce [10].

This is a classical result of information geometry, not a contribution of the present
paper; we restate it here, without proof, only so that the local compatibility statement below
can refer to it. See Chentsov [10] for the original, Campbell [36] for an extension, and Bauer
et al. [37] for a modern proof.

Interpretation. In the restricted (metric-tensor) sense of Section 2.3, Theorem 1 bears
on the present setting through the following compatibility statement.

Corollary 1 (Local Fisher—Rao compatibility of the topic component). The Riemannian metric
tensor induced by the Jensen-Shannon distance dys on AKX~ is exactly (1/(81n2)) F(p) (iden-
tity (7)), that is, proportional to the Fisher information matrix. The topic component T = 1 — djg
therefore induces a constant multiple, 1/(81n2), of the Fisher—Rao metric tensor on the open sim-
plex: it has the same unparameterized geodesics and the same notion of invariance under sufficient
statistics, with arc length rescaled by the square root of that constant and the sectional curvature by
its reciprocal (the Fisher—Rao value 1/4 becoming 21n2). Any other smooth Riemannian distance
whose metric tensor is proportional to ¥(p) shares these geodesics; at finite distances, however, it
need not be a fixed function of djg—uwhich is itself not a function of the Fisher—Rao arc length, since
two pairs with equal Bhattacharyya coefficients (hence equal dgg) can have different dys (Section 2.3).

The corollary is a local statement, in the restricted sense of Section 2.3: it identifies the
metric tensor, and does not claim that djg is a monotone function of the Fisher-Rao distance
at finite distances. The role of Chentsov’s theorem in our framework is therefore to single
out the Fisher—Rao geometry as the invariant local geometry on the simplex, and to record
that the Jensen—Shannon distance is locally consistent with it; this is what we mean by
“local Chentsov compatibility” in what follows.

Empirical check. The corollary is infinitesimal, but the linear relation djs =~
drr/V21n2 it rests on holds at the finite distances of real data (Section 2.3, quantified
in Section 7.5), so the local result is usable in practice. It is not part of the corollary, and the
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framework does not depend on the relation being exact, since the product decomposition
of Proposition 1 uses djg directly.

Why djs rather than another Fisher-compatible distance. Once Theorem 1 singles
out the Fisher—Rao geometry, the Hellinger distance, the Bhattacharyya distance, and the
Jensen—Shannon distance are all candidate scalar distances that share that local geometry.
The Jensen-Shannon distance djs = /JSD has three operational advantages in the present
setting, beyond the metric property already required for Theorem 2 (Section 2.2). First,
its square JSD(p, q) = H(m) — $[H(p) + H(q)] has a direct information-theoretic reading
(mutual information between sample and label under a uniform mixture; Section 6.2),
which connects naturally to the notion of a narrative transition cost. Second, djs is bounded
and normalized under the base-2 logarithm (djs € [0,1]), so that the topic similarity
T = 1 — djs lies in [0,1] without additional normalization. Third, JSD(p,q) = H(m) —
I[H(p) + H(q)] with m = (p +¢) /2 is a function of the mixture and the per-distribution
Shannon entropies, so it is obtained from the same entropy primitive already used for
the cluster-membership vectors, without the per-coordinate products ,/piqi on which the
Hellinger and Bhattacharyya distances rely.

3.4. Unified Spherical Structure

Proposition 2 (Product of spheres). Under the square-root parameterization gy = 2./py, the
Fisher—Rao manifold (Ali_l, QFR) maps isometrically onto the positive orthant of a sphere of radius 2.
Both components of the composite coherence metric therefore live on spheres, and the product manifold
is S41 x SK-1.

Proof. From (4), the squared Fisher—Rao line element is ds%R =Y dp%/ px- Under ¢ =
2,/Pr, we have d¢, = dpi//Px, SO dp,%/pk = d§]%. Thus dsl%R =Y dgi, which is the
Euclidean metric restricted to the positive orthant of the sphere ||¢|| = 2 (since {; > 0 and
Y% 2/4 = Y pr = 1,50 ||¢|| = 2). This is the round metric on a sphere of radius 2—the
classical square-root isometry recalled in Section 2.3 [27], derived here to make the product
structure explicit.

The embedding sphere S?~! carries the standard round metric. On the product
S4-1x Sli_l, the product metric is ds?> = dsélH + dsé,fl, which is the sum of two angular

distances squared. [

4. Why the Geometric Mean

This section makes the case for the geometric mean. We situate it on the compensabil-
ity spectrum of candidate combinators (Section 4.1), establish its distinguishing structural
properties—log-additivity and scale invariance (Section 4.2)—give an axiomatic charac-
terization that singles it out under four stated conditions (Section 4.3), and close with a
property of extraction output across the spectrum (Section 4.4).

4.1. Candidate Combinators
We consider the following combinators F: [0,1]> — [0, 1]:

CaMm = %(A +T) (arithmetic mean), (12)
Cum =2AT/(A+T) (harmonic mean), (13)
Com = VAT (geometric mean), (14)
Couad = 1— dzX = w (metric-squared complement), (15)
Cmin = min(A, T) (minimum), (16)
Cmax = max(A, T) (maximum). (17)
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More generally, the power mean family M, (A, T) = ((A% 4+ T%)/2)"/* includes AM (x = 1),
HM (¢« = —1), and GM (¢« — 0) as special cases, with Min (x — —o0) and Max (x — +0o0)
as limits. The parameter a controls a single axis, the degree of compensability, between the
two channels. The Quad combinator Cgyaq = 1 — d? is not a power mean; it arises directly
from the product metric and is treated separately below.

The compensability spectrum. Among the power-mean combinators, as « increases,
a high score in one channel increasingly compensates for a low score in the other:

Cmin < Cum < Com < Cam < Cmax
—— —~ =~ =~ =~
a——00 a=—1 a—0 a=1 a—r—+00

forall A # T in (0,1). At the extremes, Min enforces a bottleneck (both channels must

be good, AND-semantics), while Max enforces sufficiency (either channel being good is

enough, OR-semantics). Each intermediate value of a corresponds to a distinct ontological
claim about the relationship between angular similarity and topic similarity.

e HM (¢« = —1). Appropriate when A and T are rates (e.g., averaging speeds over equal
distances). Neither coherence nor transition probability is naturally a rate. Moreover,
HM exhibits pathological zero-dominance (HM(0.9,0.01) = 0.020), collapsing to
near-Min behavior for asymmetric scores.

* GM (« — 0). Appropriate when A and T are multiplicatively independent, so that the
joint “pass-through” quality is A - T. This is the natural model when both quantities
behave like probabilities or signal transmittances.

¢ AM (a = 1). Appropriate when A and T contribute additively to quality, with one
unit of angular similarity perfectly substitutable for one unit of topic similarity. This
implicitly assumes commensurable units, a strong claim that is hard to justify when
the two channels measure different geometric quantities.

Quad as the product-metric complement. The Quad combinator Cquaq = 1 — d% =
w is not a member of the power-mean family. It arises directly from the
product metric: since d is the natural ¢?-distance on the product manifold (Theorem 2),
CQuad = 1 — d?% is the metric-squared complement. Two properties distinguish Quad from
the power-mean combinators. First, functional equivalence with d: since d% is a monotone
transformation of d on [0,1], maximin extraction on Cqu.q yields the same paths as
minimax on dx (maximin extraction is invariant under monotone transforms of the edge
weights; Corollary 2). In other words, Quad is the product metric in similarity-domain
clothing. Second, additive separability: Cquag = f(A) + f(T) with f(S) = S(2—-5)/2, s0
the total cost ), (1 — Cquad,) decomposes into per-channel contributions for sum-based
algorithms such as Dijkstra shortest paths and linear programs (LPs), analogous to the
log-additive decomposition of GM (Proposition 3) but in linear rather than log space.

Despite this geometric legitimacy, Quad operates in the Euclidean domain while the
component similarities A and T are bounded in [0, 1] and behave like probabilities, for
which the natural geometry is log-Euclidean. The geometric mean is the natural mean
in this geometry: log GM(A, T) = 1 (log A + log T), i.e., the arithmetic mean in log-space.
Quad computes the Euclidean complement of a non-Euclidean quantity. This is reflected
empirically: Cgy achieves the highest rank correlation with dx among the power-mean
combinators (p = 0.999; Quad attains p = 1.000 trivially, as a monotone function of dy),
despite not being derived from d, and the log-transform better captures the product-
manifold geometry than the linear complement does.

Figure 2 illustrates how the spectrum behaves on a balanced and an imbalanced simi-
larity pair. The geometric mean’s intermediate position is what permits the veto property
at the imbalanced end while preserving meaningful gradation in the balanced regime.
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Ma(A,T)
\
— (A, T) =(09,0.1): imbalanced 0.900
—— (A, T) = (0.6,0.5): balanced
0.545 0.548 0.550 0-600
o -
: >
Min HM GM AM Max
AND-like: veto on weak channel ORC-like: one strong channel sufficient

Figure 2. The compensability spectrum of power-mean combinators M, evaluated at two example
similarity pairs. The horizontal axis runs over the spectrum from Min = min(A, T) (as &« — —o0)
through HM, GM, and AM to Max = max(A, T) (as « — +o0), and each curve is drawn over the
full coherence range it attains. For a balanced pair (A, T) = (0.6,0.5) (blue) the output stays within
the narrow band [0.50, 0.60] across the whole spectrum, so the choice of combinator hardly matters;
for an imbalanced pair (A, T) = (0.9,0.1) (red) it sweeps the full range, from the minimum 0.10
through 0.18 (HM), 0.30 (GM), and 0.50 (AM) to the maximum 0.90, so the choice of combinator is
operationally consequential. The geometric mean sits at # = 0 and balances the two regimes.

4.2. Log-Additivity and Scale Invariance

Proposition 3 (Log-additivity). The geometric mean is the unique combinator in the power-mean
family such that — log C decomposes additively:

—logCGM:—%logA—%logT. (18)

This additive, cross-term-free structure parallels that of the Riemannian product metric g = g1 ® §
on S x AEil, whose line element satisfies ds?> = ds? + ds3: in both, each factor contributes
a separate term, with no cross-channel interaction. The correspondence is structural—each cost
—log(1 — d;) is first-order, not quadratic, in its geodesic distance (Remark 2)—and is precisely the
geometric consistency between Cgn and dy discussed after Theorem 2; the combinator derived from
d itself is Quad (Section 4.1).

Proof. Throughout, A, T € (0,1], so that all logarithms are defined. We first verify that the
geometric mean is log-additive. The member at & = 0 is defined by continuity, and the
limit is classical [42]: applying L'Hopital’s rule to log My,

log((A*+T%)/2) i A log A+ T"log T _ log A +1logT

im = lim =
x—0 ® a—0 Ax 4+ T 2 ’

so My = VAT = Cgym, and — log Com = —3 log A — 1 log T is additive.
Next we show that no other member of the family is log-additive. For a # 0,
A+ T
1
—logM, = —ElogT,
which decomposes into a sum of separate functions of log A and log T if and only if
A% + T* factors as F(A) G(T) for some functions F, G. Suppose such a factorization holds
forall A, T € (0,1]. Setting T = 1 and A = 1 in turn gives F(A) G(1) = A*+ 1 and
F(1)G(T) =1+ T, with F(1) G(1) =2 # 0, so that
(A*+1)(T*+1)

AY 4+ T = F(A)G(T) = > .
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Evaluating at A = T gives 4A% = (A* +1)?,i.e., (A* —1)? = 0 forall A € (0,1]. Hence
* =1, forcing & = 0, a contradiction. Thus no power mean with & # 0 is log-additive.

Finally, the limiting members M . = max(A,T) and M_o = min(A,T) of the
spectrum (Section 4.1) are excluded as well. Writing x = —logA andy = —logT (so
x,y > 0), we have —log Mo = min(x,y) and —log M_e = max(x,y). If min(x,y) =
f(x) + g(y), then evaluating at (x,y) = (0,0), (1,0), (0,1) gives f(0) + g(0) = 0 and
f(1)+g(0) = f(0) +g(1) = 0, s0 f(1) + g(1) = 0, contradicting min(1,1) = 1; the
same four points rule out max(x, y), for which they would force f(1) + g(1) = 2 against
max(1,1) = 1. The geometric mean is therefore the unique log-additive member of the
power-mean family. [

Theorem 2 (Associated product metric). Write dang := dang(d;, d ]-) for the angular distance on
S1 and djs 1= djs(8;,é;) for the Jensen—Shannon distance on Alj_l. The product distance

dx (di/dj) = % \/ (dang/n)z + d]2s (19)

is a proper metric on the document space (throughout the paper , “metric on the document space”
means a metric on the representation space S x A{fl ; on documents it is a pseudometric, since
two distinct documents with identical representations lie at a distance of zero) taking values in [0,1]:
it is the {2-product of two proper metrics, normalized by the diameter \/2 of the unit square [0,1]?.
The coherence Cgyy is monotone decreasing in dang and in dyg separately. However, Cgyy is not
a function of d alone: pairs at the same d« can have different coherences depending on how the
distance is distributed between channels.

Proof. Both dang/ 7 and djs [22,23] are proper metrics on their respective spaces with values
in [0,1]. The ¢?-product of two metrics is a metric on the Cartesian product (a standard

result in metric geometry [43]), so y/(dang/7T)% + dJZS is a proper metric on the product
space. Dividing by V2 (the diameter of [0, 1]2 under the ¢2 norm) gives d, € [0,1], which
is also a proper metric (positive scaling preserves all metric axioms).

Monotonicity: C = VA T = \/(1 —dang/7)(1 —djs). Both A = 1 — dang/7r and
T = 1 — djs are monotonically decreasing in their respective distances, so C is monotonically

decreasing in each component distance separately. [

Interpretation: three levels of relationship between Cgy and d . The result above
shows that d is a proper metric on the document space and that Cg)y is monotonic in each
component distance, but the relationship between Cgy and dx is more nuanced than “Cgy
is derived from d.” Three distinct levels of the relationship are worth separating, and we
use this terminology consistently throughout the rest of the paper.

e Monotone compatibility. The rank correlation p(1 — Cgy, dx ) = 0.999 reported in the
combinator comparison (Section 7.3) is an empirical observation about the ordering of
document pairs, not a derivation. Two scalar functions can produce essentially the
same ranking while still being mathematically different objects.

*  Geometric consistency. Both Cgy and dy exist on the same product manifold SA-1
Ai_l and respond in compatible ways to changes in the two component distances: the
log-additive decomposition of Cgy mirrors the additive Riemannian product metric
that d« instantiates (the correspondence stated with Proposition 3).

®  Metric derivation. A metric derivation would be a stronger statement, namely that
Cgm is a function of d« alone. This is not the case in our setting, as Theorem 2 records.
The Quad combinator 1 — 1712X is the combinator that is derived from d, and it differs
from Cgy in exactly this respect (Section 4.1).
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The high rank correlation between Cgy and dx supports monotone compatibility and
geometric consistency; it does not establish metric derivation. We will use this distinction
below when discussing why Cgy remains the recommended combinator despite dx being
a proper metric in its own right.

Empirical check. Theorem 2 is exact, so the quantity worth measuring is the one
it does not fix: the rank correlation p(1 — Cgpm, dx ) = 0.999 (the combinator comparison,
Section 7.3), which measures how closely Cgp tracks the product metric (monotone com-
patibility). This tracking is not implied by the theorem: the theorem holds on any document
space, whereas the strength with which Cgy follows d . —without being a function of it—is
a property of the corpora studied.

Path cost and diagnostic attribution. The log-cost —log C is the natural edge
weight for path extraction. The additive decomposition —logC = —4logA — 1logT
(Proposition 3) means that the total cost of any extracted path separates cleanly:

Y. (—logCe) = % Y, (—logA.) +% Y (—logT,).

ec€path ecpath ecpath

angular cost topic cost

This enables diagnostic attribution. Given an extracted storyline, one can identify whether
its total cost is dominated by semantic dissimilarity or topical divergence, and localize
expensive edges to one channel or the other. The proper metric d is retained for the formal
metric-space guarantees needed by triangle-inequality-dependent constructions.

The operational force of log-additivity depends on the extraction algorithm. For sum-
based extractors (Dijkstra shortest paths, or the linear-programming formulations with cov-
erage and connectivity constraints used in structured narrative extraction [2,3,6]), —log C
serves as an additive edge cost and the per-channel budgets above directly shape which
paths are optimal. For bottleneck-based extractors (maximin/minimax), any monotone
transformation of C preserves path optimality (Corollary 2), so log-additivity is irrelevant
to path selection but remains valuable as a post hoc diagnostic.

A heuristic information-theoretic intuition for why the log-additive structure and the
geometric-mean summary fit together can be developed from a rate-distortion analogy
under the assumptions of approximate channel independence and logarithmic per-channel
rate-distortion functions; we record this analogy in the Supplementary Materials (Section S6)
as a conceptual reading rather than a derivation, since the geometric mean is already
characterized by Theorem 3 at the level of an exact algebraic identity.

Proposition 4 (Scale invariance). For A > 0, consider the common power rescaling A’ = Al
T' = T of the similarity components—equivalently, a common multiplicative rescaling of the
per-channel costs, —log A’ = A (—logA) and —logT' = A(—logT). Call a combinator
ranking-invariant if, for every A > 0, the ranking of document pairs it induces on the rescaled
components coincides with the ranking it induces on the originals. Within the power-mean spectrum
of Section 4.1, the ranking-invariant members are exactly the geometric mean and the limits Moo,
the geometric mean is the unique ranking-invariant member with a finite exponent—equivalently,
the unique one that is strictly increasing in both channels.

Proof. Invariance of the geometric mean. Clpy = (AATM)V/2 = (AT)M2, and x +— xM/2 is
strictly increasing for A > 0, so the ranking by Cg;, coincides with the ranking by Com =
V/AT. In cost terms, —log Cy; = A (— log Com) by the log-additivity of Proposition 3.
Invariance of the limits. A strictly increasing map commutes with min and max, so
min(A*, T") = min(A, T)* and max(A*, T") = max(A, T)": each rescaled combinator is
a strictly increasing transform of the original, and the induced rankings are unchanged. We
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note that M are ranking-invariant under any common strictly increasing reparameteri-
zation, being order statistics of the two channels; neither, however, is strictly increasing in
both channels.

Non-invariance for finite x 7 0. For A > 0 and & # 0,

waan T = (2507 = [ S, e

so the ranking on rescaled components is the ranking induced by M,,. Take A = 2, so &
and 2« are distinct, nonzero, and of the same sign. By the strict power-mean inequality [42],
for fixed x # y in (0,1) the map q — M;(x,y) is strictly increasing on R. Fix g* strictly
between & and 20 and t— < t; in (0,1), and seta := My« (t—,t+), e1 == (a,a),e2 := (t—, ).
Then M, (e;) = a for every g, while g +— Mj(ez) is strictly increasing with My« (e2) = a.
Since exactly one of &, 2« lies below g* and the other above, M, and Mj, rank the pair
{e1,e2} oppositely, so the ranking is not invariant under A = 2. As a concrete illustration
with the arithmetic mean (¢« = 1, A = 2): the pairs (A, T) = (0.9,0.1) and (0.52,0.52) satisfy
Cam = 0.50 < 0.52 before rescaling but C),,; = 0.41 > 0.27 after—a strict reversal (for
A > 1, convexity of x* shifts the AM ranking toward imbalanced pairs; for A < 1, concavity
shifts it toward balanced ones). [

Corollary 2 (Scale invariance of maximin extraction). Consider the uniform rescaling A’ = A,
T = T* with A > 0 of Proposition 4. On every coherence graph, the maximin (widest-path)
preorder on storylines induced by the geometric mean—together with its set of optimal storylines
and the bottleneck edge of every path—is invariant under this rescaling for every A > 0, and the
same holds for the limits M4.c.. Conversely, for every power mean M, with finite o # 0 there exist
a coherence graph and an exponent A > 0 for which the rescaling changes the extracted maximin
storyline. The geometric mean is thus the unique finite-exponent power mean whose maximin
extraction is scale-invariant in this sense—equivalently, the unique member of the spectrum that
combines this invariance with strict monotonicity in both channels.

Proof. Step 1 (maximin extraction is ordinal). Let G be a coherence graph with edge-coherence
map w: E — [0,1]; the maximin score of a storyline 7 is ¢(7r) = mine.c, w(e), and
the extractor returns a storyline of maximal score between the prescribed endpoints. If
¢: [0,1] — [0,1] is strictly increasing, then minec, ¢(w(e)) = ¢(min.c w(e)) for every
path, since a strictly increasing map commutes with min. Hence o(7r) > o(nn') <=
¢(o(m)) > @(o(7')): replacing w by ¢ o w leaves the maximin preorder on storylines, its
set of maximizers, and the bottleneck edge arg min.c, w(e) of every path unchanged.

Step 2 (invariance of My and M+o). For each of these three combinators the rescaling
sends every edge coherence to its A-th power: My (A", TA) = (AMTM)1/2 = My(A, T)*, and,
since a strictly increasing map commutes with order statistics, min(A*, T*) = min(A, T)*
and max(A*, T") = max(A, T)" (as in the proof of Proposition 4). In all three cases the
rescaled weight map is ¢ o w with ¢(x) = x* strictly increasing, so by Step 1 the maximin
preorder, the set of optimal storylines, and every bottleneck edge are unchanged on every
coherence graph.

Step 3 (non-invariance for finite « # 0). Fix a finite a # 0 and take A = 2. By the proof of
Proposition 4, there exist channel pairs e; = (a,a) and e, = (f_, t+) with components in
(0,1) that M, and My, rank oppositely; since their components lie in (0,1), My(e;) < 1 for
every exponent 4. Build G on temporally ordered vertices s < m; < my < t with exactly
two s—t storylines 7; = (s, m;, t), assigning the channel pair ¢; to edge (s, m;) and (1,1)
to edge (m;, t). Because M;(1,1) = 1 > Mjy(e;), the bottleneck of 7; is its first edge, so
the extractor under M, returns the storyline with the larger M,(e;). After the rescaling
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A’ = A%, T' = T?, the exponent-shift identity (20) gives edge coherences My, (+)?, and by
Step 1 (with ¢(x) = x?) the extraction is governed by the My,-ordering of {ej, e, }; since
that ordering is opposite to the M,-ordering, the extracted storyline differs before and after
the rescaling.

Steps 2 and 3 together establish the corollary: within the spectrum, maximin extraction
is rescaling-invariant exactly for My and M4, and among these only the geometric mean
is strictly increasing in both channels. [

Operationally, Corollary 2 says that the storylines extracted under the geometric mean
are insensitive to a uniform multiplicative rescaling of the per-channel costs—the otherwise
arbitrary calibration of how strongly raw dissimilarity is penalized—and that it is the only
power mean responsive to both channels with this property. The limits Min and Max
share the insensitivity, but for the degenerate reason that order statistics commute with any
common monotone recalibration, at the price of responding to only one channel at each
comparison; for every other combinator the cost scale must be fixed before the extraction
output is well-determined.

4.3. Conditional Axiomatic Characterization

The geometric mean is the unique combinator consistent with the four axioms stated
below. The characterization is conditional on those axioms; the discussion after the proof
identifies which axioms do the most work and what is admitted when each one is dropped.

Theorem 3 (Axiomatic characterization). Let F: [0,1]> — [0, 1] be a coherence combinator

satisfying:

A1 (Boundary/veto) F(0,t) = F(t,0) =0 forall t € [0,1], and F(1,1) = 1.

A2 (Symmetry) F(a,t) = F(t,a) foralla,t € (0,1].

A3 (Log-additivity) There exist functions f,g: [0,00) — [0, 00) such that, for all a,t € (0,1],
—logF(a,t) = f(—loga) + g(—logt) (in particular F > 0 on (0,1, so the left-hand
side is finite).

A4 (Normalization) F(a,a) = aforall a € [0,1].

Then F(a,t) = a -t

Proof. From A3, letting x = —loga and y = —logt (so x,y > 0), we have —logF =
f(x)+g(y) with f, g: [0,00) — [0, 00), soin particular f, g > 0. The corner value F(1,1) =1
from A1 gives f(0) + ¢(0) = 0, and since f,g > 0 this forces f(0) = g(0) = 0.

From A2, f(x) + g(y) = f(y) + g(x) for all x,y > 0, which implies f — g is constant.
Since f(0) — g(0) = 0, we conclude f = g.

From A4, F(a,a) = a foralla € (0,1], so —loga = f(—loga) + g(—loga) =
2f(—loga). Dividing both sides by 2: f(x) = x/2 for all x > 0.

Substituting — log F(a,t) = 71§g“ + 71§gt = —Lllog(at), so F(a,t) = (at)/? = Vat
on the open square (0, 1]2. The boundary axiom A1 then fixes the axes, F(0,t) = F(t,0) =
0=+0-t,50 F(a,t) = Vatonall of [0,1]?. O

+
+

Scope of the characterization. Theorem 3 is stated for an arbitrary F: [0,1]*> — [0,1],
so axioms A1-A4 single out the geometric mean among all coherence combinators—not
only within the power-mean compensability spectrum used to introduce it. That spectrum
(Min, HM, GM, AM, Max) situates the geometric mean among familiar combinators and
grounds the compensability discussion of Section 4.1, but the uniqueness statement itself
imposes no power-mean restriction.

No regularity is assumed. The characterization requires no continuity, monotonicity,
or measurability of f and g. Functional-equation characterizations of means—of Cauchy,
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Pexider, or bisymmetry type [44]—typically impose such hypotheses to exclude patholog-
ical (e.g., non-measurable) solutions; here the value f(x) is pinned pointwise for every
x > 0 (axiom A4 on the diagonal, with f = ¢ from A2, gives 2f(—1loga) = —loga, and
a — —loga maps (0,1] onto [0, c0)) rather than left to satisfy a functional equation, so
pathological solutions cannot arise.

Interpretation: each axiom and its role. Each axiom has independent motivation.
The boundary/veto condition (A1) enforces that a zero in either component yields zero
coherence while perfect similarity on both yields one. Note that the clause F(1,1) = 11is
implied by axiom A4 (at a = 1); it is retained in A1 so that the boundary axiom remains
self-contained when A4 is ablated (Table 1)—a single failed channel cannot be compensated.
Symmetry (A2) reflects that the two representation spaces play symmetric roles in our
setting. Log-additivity (A3) is needed because sum-based narrative extraction algorithms
(Dijkstra on — log C edge costs, LP formulations) require the total path cost to decompose
into independent per-factor contributions. Normalization (A4) is a calibration requirement:
when both components agree on a value 4, the composite must equal a.

Which axioms are load-bearing. Each of the four axioms does independent work:
dropping any one admits a combinator that is not the geometric mean, as Table 1 records.
Log-additivity (A3) and normalization (A4) carry the most weight—A3 alone cuts the
entire compensability spectrum down to a single member, and A4 fixes the calibration
exponent—while symmetry (A2) fixes the equal-weight balance between the two channels
and the boundary/veto condition (A1) fixes the behavior on the axes, without which the
characterization pins F only on the open square (0, 1]2.

Table 1. Axiom ablation for Theorem 3. For each row, the axiom in column 1 is dropped while the
other three are retained, and column 2 gives at least one combinator that satisfies the remaining
axioms but is not the geometric mean. The geometric mean is the unique combinator that satisfies
all four.

A Combinator Admitted by

Axiom Dropped the Three Remaining Axioms

Role of the Dropped Axiom

The surviving-channel
extension F(0,t) = F(t,0) =t,
equal to v/at on the open
square but returning the
non-zero channel on the axes
(only F(0,0) = 0is forced, by
A4); the veto F = 0 at a zero
channel is no longer enforced.
Weighted GM
A2: Symmetry Fy(a,t) = a®t'=®, any Fixes equal weights (w = 1/2).
€(0,1),w#1/2
Veto-respecting non-GM

Fixes the axes (the veto);
without it F is determined only
on the open square.

Al: Boundary/veto

power means, e.g., HM Picks GM out of the
A3: Log-additivity (« = —1) and the minimum veto-respecting compensability
spectrum.

(6 = —o0);i.e., My with o < 0.
Fg(a,t) = (at)P,any B > 0,
B#1/2.

A4: Normalization Fixes the exponent to f = 1/2.

The empirical weight-sensitivity analysis in the Supplementary Materials (Section S2)
corroborates the role of A2: across cluster-count configurations, the optimal angular—topic
weight w* (the exponent of the weighted geometric mean A”T!~%, distinct from the com-
pensability exponent «) tracks the equal-weight value 0.5 closely (Cohen’s d < 0.25 away
from the degenerate K = 2 boundary), so the data are consistent with the symmetric
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weighting that A2 imposes. Theorem 3 is therefore best understood as a conditional char-
acterization: it identifies the geometric mean as the unique combinator simultaneously
consistent with log-additivity, calibration, symmetry, and the boundary/veto condition.
The intent is not to argue that the geometric mean is universally optimal, only that it is the
natural choice under the stated operational requirements.

4.4. The Bottleneck-Gap Profile

The arguments above are properties of the geometric mean as a combinator. We close
Section 4 with a property of extraction output: across the compensability spectrum My,
which exponent most sharply separates coherent storylines from incoherent ones, measured
on the maximin (bottleneck) objective that narrative extractors optimize?

Fix ¢ € (0,1) and let Dy, Dg be Borel probability measures on [e, 1]2—the laws of the
channel pair (A, T) of the bottleneck edge (the minimum-coherence edge under the geometric
mean M), held fixed across «) of, respectively, a coherent and an incoherent storyline. With
My = VAT the geometric mean, we define the bottleneck-gap profile

$() = Ep,[Mu(A,T)] - Ep[Mu(AT), weR. @)

Proposition 5 (Bottleneck-gap profile). Let g = E + O be the decomposition of (21) into an even
and an odd function of . Write ue = Ep,[Mo], A =log A —log T, and ¢, = log M, — log M.
Then:

(@) g@uisoddina, and E(a) = Ey[M cosh ¢o] — Er[ My cosh ¢, ], O(a) = Eyy[My sinh @] —
Er[Mp sinh ¢,].

(b) E(0) = py — pr, and E(0) — E(a) = ER[Ya] — Eg[Ya] with Yy = My(cosh ¢ —1) > 0.
Hence the even part is maximized at & = 0 (the geometric mean) if and only if Er[Y,] >
En[Ya] for every a.

() g is smooth, with §'(0) = §(Ex[MoA?] — Er[MpA?]) and g"(0) = & (En[MoA*] —
Eg[MoA*%]). Suppose g (0) < 0, and fix (by continuity) 6 > 0 and m > O with g’ < —m
on [—6,6]. If |§'(0)| < mé, then g has a unique critical point «* in (—98,6); it is a strict local
maximum and satisfies |a*| < |g’(0)|/m together with

g'(0) <£/ 2 -
g = 280 L= maxls

/H|‘

a4

In particular

8(En[MoA?] — Er[MpA?])

« =gy TOWO) = T oAt Eeaat T O8O

with implied constant L3/ (2m3).

Proof. A direct computation gives the reflection identity MyM_, = AT = M3, so log M, +
logM_, =2logMpand ¢y = —@u: @ isodd ina. Withu =log A, v =1og T € [loge, 0],
one has log M, = K(«)/a, where K(a) = log(1(e* + %)) is the cumulant generating
function of the uniform law on {u,v}; K is real-analytic on R with K(0) = 0, so log M,
extends real-analytically across & = 0 and M, is real-analytic in «. On the compact domain
e, 1]2, M, and all its a-derivatives are bounded uniformly on compact a-intervals, so g is
C* and its derivatives may be taken under the integral sign (dominated convergence).

(a) Since M1, = Myet?%:, Equation (21) gives g(a) = Ey[Moe?:] — Eg[Moe?:], and
3 (g(a) £ g(—w)) yields the stated E and O; cosh ¢, is even and sinh ¢, odd in a because
@ is odd.
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(b) cosh ¢y = 1 gives E(0) = pyg — pr, and E(0) — E(a) = Er[My(cosh ¢, — 1)] —
Eny[Mp(cosh gy —1)]. Ascosh > 1, Y, > 0, so E(x) < E(0) for all « if and only if
Er[Ya] > Eg[Ya] throughout.

(c) From K(0) = 0 and K”(0) = Var{u, v} = }AZ, the analytic odd function ¢, satisfies
¢a = o+ O(a3) with ¢ = $K”(0) = 1A2. Since E is even and O odd, g’(0) = O’(0) and
§"(0) = E"(0); differentiating the closed forms of (a) at « = 0 (using ¢9 = 0, ¢, = ¢,
¢y = 0) gives O'(0) = En[Mo¢] — Er[Mo¢] and E”(0) = En[Mo¢?] — Er[Mo¢*], which
are the stated ¢’(0), ¢” (0) after substituting ¢ = A%/8. If ¢"(0) < 0, continuity yields § > 0
and m > 0 with ¢’ < —m on [—4, ], so ¢’ is strictly decreasing there. Assume |¢'(0)| < md.
If ¢'(0) > 0 then ¢'(6) < ¢/(0) —md < 0;if ¢'(0) < 0 then ¢'(—6) > ¢'(0) +md > 0. In
either case ¢’ changes sign on (-4, 6) and, being strictly decreasing, has a unique zero a*
there, with ¢’ > 0 to its left and g’ < 0 to its right, so a* is a strict local maximum of g.
Integrating g”” < —m between 0 and a* gives |¢'(0)| > m|a*|, i.e., |a*| < |¢’(0)|/m. Finally,
a second-order Taylor expansion of g’ gives 0 = g’(a*) = ¢’(0) + ¢”(0) a* + 3¢ () a*?
for some ¢ between 0 and a*, rearranging gives a* + ¢’(0)/¢"” (0) = —(g"(¢) /28" (0))a*?;
using [¢”(0)] > m and |a*| < |¢'(0)|/m yields the stated bound. [

Interpretation: the geometric mean and extraction output. Proposition 5 isolates what
the geometric mean does for extraction output. The even part of the gap—its symmetric,
combinator-balanced component—is maximized exactly at the geometric mean precisely
when ER[Y,] > Ey[Ya], i.e., when incoherent storylines carry more channel imbalance than
coherent ones. This is not an additional assumption: it is the design premise of the coherence
metric itself—a coherent transition is good in both channels (balanced), an incoherent one
fails at least one (imbalanced; a transition coherent in only one channel is vetoed, Cop = 0,
Section 5). The odd part only displaces the observed peak, by —g’(0)/¢"” (0), an explicit ratio
of imbalance moments of the data. Unlike the axiomatic characterization (Theorem 3), this
argument refers to extracted storylines rather than to the combinator in isolation.

Empirical check. Experiment 7 (Section 7.8) measures g(«) on five corpora. The
design-premise condition ER[Y,]| > Eg[Y,] holds on every one; the even part is accordingly
maximized at the geometric mean, and the observed peak of g itself is interior to the
spectrum, displaced from &« = 0 by the odd part. The decomposition g = E 4+ O and
the closed forms of Proposition 5 are exact; that the even part is maximized at « = 0 is
conditional on the design premise, which Experiment 7 verifies rather than assumes.

5. Formal Properties

The compensability ordering of Section 4.1 is the classical power-mean inequality: for
all A, T € [0,1] (with the convention 2AT/(A+T):=0at A =T = 0),

min(A,T) < 24L < VAT < 44T < max(A,T), (22)

with equality throughout iff A = T. This is the monotonicity of g — M;(A, T) in the
exponent [42], evaluated at § = —oo0, —1,0,1, 4-co—the same fact used in the proof of
Corollary 2.

Interpretation. The geometric mean occupies a balanced middle ground: stricter than
the arithmetic mean (penalizing imbalance between the components) but less harsh than
the minimum (which ignores the stronger channel entirely).

Lemma 1 (Position of the Quad combinator). The Quad combinator Cquaq = 1 — d> isnota
power mean and does not join the chain (22) at a fixed position. Forall A, T € [0,1],

Couad — Cam = 3[A(1-A)+T(1-T)] >0, (23)
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50 Com < Cam < Cquad everywhere, with Cayvt = Couad iff A, T € {0,1}. Its position relative
to the maximum, by contrast, depends on the channel imbalance: writing S = max(A, T) and
S =min(A,T),

CQuad < Chmax <= S% + (1 - 52)2 > 1, (24)

which holds for sufficiently imbalanced pairs (e.g., (0.9,0.1), where Cqouag = 0.59 < 0.9) and fails
for every balanced interior pair: A =T € (0,1) gives Coyag = A(2 — A) > A = Crax-

Proof. With Couaq = 3[A(2 — A) + T(2 — T)], equation (23) is immediate and vanishes
iff each nonnegative term does. For (24), assume A > T, s0 Cmax = A; then Cguaqg — A =
HT2-T)-A?] =1[1- (1-T)%— A%], whichis < 0iff A2+ (1-T)2>1. O

Intuitively, squaring a value in [0, 1] shrinks it, so the metric-squared complement
1 — d% is the most generous combinator in the table over balanced pairs—and the same
squaring, applied to the proper metric d, is what breaks the triangle inequality for 1 —
Couad = d2 (the 8.21% violation rate in the combinator comparison, Section 7.3).

Proposition 6 (Metric structure of bounded dissimilarities). Let di = dang/ 7t and dp = djs
be the normalized component distances. Then:

1. 1—Cam = (dq +d2)/2 is a proper metric (scaled €' product);

2. 1— Cmin = max(dy, dyp) is a proper metric ({*° product);

3. 1-Com=1—-+/(1—dy)(1—dy) is nota metric in general.

Proof. For (1): 1 — # = (1_A);(1_T) = dlgdz; a sum of metrics is a metric, and positive
scaling preserves all metric axioms. For (2): 1 —min(A,T) = 1 —min(1 —dy,1 —dp) =
max(dy,dy), and the ¢®-product of metrics is a metric: for any x,y,z, max;d;(x,z) <
max; (d;(x,y) +di(y,z)) < max;d;(x,y) + max; d;(y,z).

For (3), consider first an abstract three-point space {x,y,z} with di(x,y) = d1(y,z) =
0.01, d1(x,z) = 0.02 and da(x,y) = 0.99, d»(y,z) = 0.01, da(x, z) = 1.00. Both components
satisfy the triangle inequality (with equality in d», which is permitted). Then Dgp(x, z) =
1.000 while Dy (%, v) + Dam (v, z) = 0.901 4 0.010 = 0.911 < 1.000, violating the triangle
inequality; symmetry and the identity axiom hold, so only the triangle inequality fails. The
configuration is realized on the actual component spaces: place the three embeddings along
a great circle of S9-1 at normalized angular distances dang /7 =0.01, 0.01, 0.02 (so Axy =
Ay, = 0.99, Ay, = 0.98) and take K = 2 topic distributions &, = (1,0), é, = (0.01,0.99),
é, = (0,1). The base-2 Jensen—-Shannon distances are then dp(x,y) = 0.980, d>(y, z) = 0.071,
dy(x,z) = 1, giving Dgm(x,y) = 0.858, Dom(y,z) = 0.041, Dgm(x,z) = 1.000 and the
violation 1.000 > 0.858 + 0.041 = 0.899. A sufficiently small perturbation of &, and é, into
the open simplex Al preserves the strict violation by continuity (the margin at the vertex
configuration is ~0.10). In all cases the violation arises when the intermediate point y has
extreme channel imbalance: close on one channel, far on the other. [

Empirical check. In practice, HDBSCAN soft membership concentrates mass on one
or two clusters but retains numerically small probabilities across the others, so membership
vectors rarely approach the simplex vertices closely enough to produce the extreme channel
imbalance the counterexample requires. Accordingly, no violations were detected among
10° sampled triplets in corpora with K > 11 (the cross-corpus validation, Section 7.5);
violations appear only under degenerate clustering (K = 2, where membership vectors
concentrate near the simplex vertices).

Figure 3 renders the configuration geometrically: the violation requires an intermediate
point that is close on one channel and far on the other, which is exactly the channel-
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imbalance regime that scale complementarity (Remark 3) and smooth clustering rule out
in practice.

dy = djs
A
X

Triangle inequality violated
Dgwm(x,z) = 1.000

> Dom(x,y) + Dom(y, )
= 0.901 + 0.010 = 0.911

 J > dl = dang/n

dy axis exaggerated

DGM (]/, Z) =0.010

Figure 3. Geometry of the triangle-inequality counterexample for 1 — Cgyg. The three points x, y, z are
plotted in the normalized component-distance plane (dy,d>) = (dang/ 7, djg); the dq axis is shown on
a greatly exaggerated scale, since the three points span only d; € [0,0.02]. The intermediate point
y is close to both endpoints on the angular channel (d; ~ 0.01 on both edges) and asymmetric on
the topic channel (d;(x,y) = 0.99 but d;(y,z) = 0.01). This channel imbalance is what produces the
violation Dy (x,z) = 1.000 > 0.911 = Dgm(x, ) + Dom (v, 2)-

Proposition 7 (Connection to the Hellinger distance). Let H(p,q) = (Lx(\/Px — /Tx)?) 12

be the Hellinger distance and BC(p,q) = Y_x \/Pxqx the Bhattacharyya coefficient. Then, exactly
and at all distances,

H?> = 2(1-BC) and H = 2sin(d/2), (25)

i.e., H is the chordal distance subtended by the Fisher—Rao arc under the square-root embedding.
Moreover, for all p,q € AK—1,

H H
< dg < )
2vVIn2 — T V22

with the upper bound tight to first order as p — q. Consequently, wherever H < /21In2, the topic
cost of the exact decomposition (9) satisfies

(26)

—log(l — 2\/%) < —log(l - dJS) < —log(l — ;fﬂ), (27)
and to first order in dpg, —log(1 — djg) = —log(1— H/v2In2).

Proof. Expanding the square, H> = Y py —2Y Pk + Xk g = 2(1 —BC). By the
definition (5) of the Bhattacharyya angle, BC = cosdrr, so H> = 2(1 — cosdr) =
4sin?(dpg /2), proving (25); under 1, = /P the distributions lie on the unit sphere, where
dpg is the arc and H the chord. For (26), the bound %(1 —BC) < JSD,,+ < 1—BC [38]
reads }IHZ < JSDpa < %Hz; dividing by In2 and taking square roots gives the claim.
Near the diagonal, JSD,,,; = %dl%R + O(d%R) (identity (6), the cubic term vanishing) while
%H 2= %d%R + O(dyg), so the upper bound is tight to first order. The cost sandwich follows
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from the monotonicity of x —+ —log(1 — x); the lower expression is defined for all H < /2

since H/(2vIn2) < v/2/(2v/In2) < 1, the upper for H < v/2In2. O

Interpretation. Both djs and H/+/2In2 are first-order in the Fisher-Rao distance
with the same constant, and (26) bounds their finite-distance discrepancy by a factor /2.
They are not interchangeable as similarity measures, however: 1 — H/+v/2In2 becomes
negative for near-disjoint supports (H > v/21In2), so the Hellinger substitute is not [0, 1]-
bounded—concretely the boundedness advantage that Section 3.3 cites in favour of djs.
Combining (25) and (26) with 2sin(dpr/2) < dgg also gives the pointwise exact bound
djs < dpr/v2In2: the scatter of Figure 4 can only lie on or below the identity line,
as observed.

(a) Fisher identity, Pearson R = 0.994 (b) Fisher substitution, Pearson R =0.916
7 35 ] R 7
121 F3.0 . k3.0
L
3.01 »
1.01 l2.5 < & F2.5
g 5§25 % g
o 081 2,02 E ,.) 2.02
g 5 3204 5
s Iy I
0.6 1 153 < 153
© T & 159 I
£ O £
E o £
0.4
1.0 TO 104 1.0
021 ."" ro.5 0.51 Los
/' 4
/ F:
0.0 " " " " " " =l 0.0 0.0 / " " " " " " " = 0.0
00 02 04 06 08 1.0 1.2 00 05 10 15 20 25 30 35

drr/V2In2 (first-order approximation) —log C (exact)

Figure 4. Approximation quality on Cuba, both panels colored by the minimum base-2 Shannon
entropy of the two cluster-membership vectors in each pair. (a) First-order Fisher metric identity:
exact djg vs. the linear approximation dgg/+v/2In2 on the 80,950 pairs with C > 1010, Pearson
R = 0.994. The scatter resolves into two branches: an upper branch (yellow/green, high minimum
entropy, diffuse distributions) hugging y = x where the first-order identity is tight, and a lower
branch (dark, low minimum entropy, at least one near-delta distribution) dipping below y = x as
the Fisher-Rao metric tensor degenerates near the simplex boundary (Remark 4). The horizontal
hook at the top is where djs has saturated at its base-2 ceiling of 1. (b) Fisher substitution (10): exact
angular term with djg replaced by dgr / v/21n2, on the 51,342 pairs where the substitution is defined
(drr/V2In2 < 1). Pearson R = 0.916. The same two-branch structure appears here: the diagonal
agreement band at the lower left is the upper-branch population (high entropy, faithful substitution),
and the vertical tail is the surviving ~34% of lower-branch pairs whose substituted cost is amplified
toward the log-singularity by the —log(1 — -) transform. The dashed line is y = x.

Behavior at extremes. If A = 0 (antipodal embeddings) or T = 0 (djs = 1, maximally
different topics), then C = 0, so the geometric mean enforces that both channels must
contribute non-trivially. This “veto” property is desirable for coherence because a transition
that is semantically coherent but topically incoherent (or vice versa) should receive zero
coherence. In practice, the veto is redundant for unconstrained maximin extraction, because
such paths inherently avoid low-weight edges when alternative routes exist. It does,
however, provide a hard safety guarantee for extraction algorithms that impose global
constraints (the coverage, flow, and cardinality requirements of the narrative maps linear
program) which may force otherwise-avoidable edges.

6. Connections to Classical Information Theory

This section connects the composite coherence metric to classical information-theoretic
concepts: the data processing inequality, and the identification of each per-channel cost
with an exact information-theoretic quantity. These connections are not required by the core
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results of Sections 3-5, but they explain why the two channels, despite being structurally
coupled (topics are derived from embeddings), capture genuinely different information.

6.1. Multi-Scale Complementarity
The pipeline for computing topic distributions involves successive information-
reducing transformations:

UMAP HDBSCAN
e

e e RY —255 5, c RP 6 e AT, (28)

Since the topic channel is derived from the embedding channel via a lossy pipeline,
statistical independence between A and T is structurally impossible. The relevant property
is not independence but complementarity: the two channels should capture information at
different scales of abstraction, from fine-grained semantic direction (A) to coarse-grained the-
matic membership (T), so that combining them yields a richer similarity than either alone.

Proposition 8 (Information hierarchy). Let (e;, ¢;) be a pair of document embeddings with arbi-
trary joint distribution (for instance, a uniformly random pair from the corpus, or the endpoints of a
random transition), and let ¢ = UMAP (e) and é = HDBSCAN(€) be the reduced representations
and topic distributions, the fitted pipeline being treated as a fixed, measurable, deterministic map (it
is fit once on the corpus, with fixed seed, Section 2.2; the randommness refers only to the draw of the
pair). Then

) = 1(é;;¢). (29)

I(el-;e]-) 2 I(éi,'é j

j
Proof. We use the following consequence of the data processing inequality [45]: if X' =
f(X) and Y’ = g(Y) are deterministic functions, then X’ — X — Y and X' — Y — Y’ are
Markov chains, so applying the inequality twice,

(XY < I(X5Y) < I(X;Y)

(all quantities are well defined in [0, o] and the inequalities hold there). Applying this
with (X,Y) = (e, ¢j) and f = ¢ = UMAP gives I(¢;;¢;) < I(e;;¢j); applying it again with
(X,Y) = (¢;,¢)) and f = g = HDBSCAN gives I(¢;;¢;) < I(¢;;¢;). O

Interpretation. The proposition fixes the direction of information flow: the topic chan-
nel computed from the K-dimensional clustered representation (K < d) cannot carry more
pairwise information than the angular channel computed from the full d-dimensional
embedding—it is a genuine compression. The inequality bounds the amount of informa-
tion retained, not its content; that the discarded information is specifically fine-grained
directional structure is an interpretation, while the load-bearing empirical fact is the sep-
arately measured non-redundancy of the two channels (the scale-complementarity test,
Section 7.4).

Remark 3 (Scale complementarity as a design principle). Two similarity channels A and T
derived from the same underlying representations exhibit scale complementarity when three quali-
tative conditions hold.

1. Non-redundancy: NMI(A, T) < 1, i.e., the channels share a small fraction of their informa-
tion content despite the structural coupling. In our experiments, NMI ~ 0.03 (well below
0.05) across all corpora with K > 11 (Section 7.4).

2. Scale separation: T is obtained from A’s representation space via a many-to-one mapping
(compression) that discards fine-grained structure while preserving coarse-grained structure,
so the channels capture different levels of abstraction. This is verified structurally by the
UMAP—HDBSCAN pipeline (Proposition 8).
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3. Composite informativeness: The composite C = F(A, T) is not a function of A alone, nor
of T alone. For Can = /AT this is immediate: two pairs with equal A but different T receive
different Cgyp.

Scale complementarity is a design principle, not a formal prerequisite: the axiomatic characteriza-

tion (Theorem 3) and product metric (Theorem 2) hold at any correlation level. It guides practitioners

toward pipelines where the composite is genuinely more informative than either channel alone; the
scale-complementarity test (Section 7.4) confirms this for the present pipeline.

Condition 1 is verified empirically in Section 7.4, Condition 2 holds structurally
because the pipeline is a deterministic compression (Proposition 8), and Condition 3 holds
for Cgy by the elementary argument above; the joint (A, T) distribution (Figure 5) further
shows the corpus pairs populate a genuinely two-dimensional region rather than collapsing
onto a curve T = f(A), so the non-redundancy is exercised in practice and not merely
possible in principle.

Cuba, all 87,153 document pairs
Spearman p =0.283, NMI =0.027

1.0
N
O
0.8 '
2
N " 108
Z 06 " 3
g ' g
E 3
@ =
2 04 5
o L o
e 10t ©
0.2
0.0 T S 10°
0.0 0.2 0.4 06 0.8 1.0

Angular similarity A

Figure 5. Joint distribution of angular similarity A and topic similarity T across all 87,153 document
pairs. The Spearman rank correlation is p = 0.283 (NMI = 0.027): the channels are structurally
coupled but capture different levels of abstraction (scale complementarity).

6.2. Information-Theoretic Content of the Per-Channel Costs

The log-coherence cost decomposition
—logCom = %(—logA) + L(—1logT) (30)

is an algebraic identity (Proposition 3) that holds at any correlation level. Each of the
two per-channel costs admits an exact information-theoretic identity. Both are classical
results; we record them because together they pin down the information-theoretic content
of (30), in place of an informal reading of —log A and —log T as “rates.”

The angular cost. The angular similarity is exactly a hash-collision probability.

Proposition 9 (Angular similarity as collision probability; 46,47). Let u,o € R\ {0} be
two document embeddings separated by angle 8 € [0,71], 50 A = 1 —60/m. Let ¢ € R? be
isotropically random with Pr[g = 0] = 0 (e.g., a standard Gaussian), inducing the one-bit hash
he(x) = sign(g, x). Then

A = Prg[hg(u) = he(0) ], (31)

the probability that the uniformly random hyperplane g through the origin does not separate
uand v.
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Proof. Conditional on the radius of g, its law is a mixture of uniform measures on spheres,
each of which assigns zero mass to any proper subspace; hence, it is almost certain that
(g,u) # 0 # (g,v) and the hashes take values in {£1}. If 6 € {0, 71} the identity is
immediate: v is a positive (resp. negative) multiple of u, so the signs almost surely agree
(resp. differ), matching A = 1 (resp. A = 0). Assume 0 < 6 < 7, so that span(u,v)
is a plane. The signs sign(g, 1) and sign(g,v) depend on g only through its orthogonal
projection onto this plane, which is almost surely nonzero and whose direction is uniform
on the unit circle of the plane: in-plane rotations, extended by the identity on the orthogonal
complement, commute with the projection and preserve the law of g. The hyperplane
¢+ separates u and v exactly when that direction falls in the symmetric difference of
the two half-circles {w : (w,u) > 0} and {w : (w,v) > 0}, a union of two arcs of
length 0 each, with a total measure of 26 out of 27t. Hence Pr[separate] = 6/ and
Prlhg(u) =he(v)] =1—-60/m=A. O

This is the random-hyperplane (SimHash) identity. It gives the angular cost an exact
reading: — log A is the Shannon surprisal of a hash collision—the ideal codeword length in
the event that a random hyperplane fails to separate the two documents.

The topic cost. The Jensen-Shannon divergence underlying the topic channel is
exactly the mutual information between a sample and the latent label indicating which of
the two topic distributions produced it.

Proposition 10 (Topic dissimilarity as mutual information; 24). Let p,q € AKX~ be two topic
distributions (with the convention 0log0 = 0). Introduce a latent label Z ~ Bernoulli(%) and a
sample X € {1,...,K} drawn from p if Z = 0 and from q if Z = 1. Then, with base-2 logarithms,

ISD(p,q) = 1(X;2), (32)

the mutual information between the sample and the label, and 0 < I(X; Z) < 1 bit, with [(X; Z) =
0iffp = qand 1(X; Z) = 1iff p and q have disjoint support.

Proof. The marginal law of X is the mixture M = Ip + 1g,s0 I(X;Z) = H(X) — H(X |
Z) = H(M) — 1H(p) — 1H(g), the uniformly weighted Jensen-Shannon divergence. The
bounds follow from 0 < I(X;Z) < H(Z) = 1. The lower bound is attained iff X L Z; since
both values of Z have positive probability, this holds iff the two conditional laws coincide,
i.e., p = q. The upper bound is attained iff H(Z | X) = 0, i.e., Z is almost surely determined
by X; the posterior Pr[Z = 0 | X = k] = pi/ (px + qi) for k in the support of M lies in {0,1}
for every such k iff no k has pyqr > 0, i.e., iff the supports are disjoint. [

Corollary 3 (Topic cost as distinguishability). On I(X;Z) € [0,1), the topic cost satisfies
—log T = —log(1 — \/I(X; Z)), a strictly increasing function of 1(X; Z): it is an exact, strictly
increasing function of the information a single observation carries about which of the two topic
distributions generated it. As 1(X; Z) — 1 (disjoint supports), T — 0 and the cost diverges—the
information-theoretic face of the veto property (Section 5).

Proof. T = 1—djs = 1—+/JSD = 1 - /I(X;Z) by Proposition 10, so —logT = (g o
£)(I(X; Z)) with f(t) = Vtand g(s) = — log(1 —s), a composition of the strictly increasing
maps f: [0,1) — [0,1) and g: [0,1) — [0,00). [

Reading the decomposition. Equation (30) is thus an identity between three information-
theoretic costs: the composite cost is the arithmetic mean of an angular collision-surprisal and
a topic cost that is monotone with respect to the mutual information I(X; Z). The arithmetic
mean (not an unnormalized sum) is forced by the calibration axiom A4: A = T = a must
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give the composite cost — log 4, fixing the prefactor % ; summation is instead the aggregation
across edges of a path, }_, — log C.. That the two identities are of different types—collision
probability and mutual information—is not incidental: the angular channel measures
geometric agreement of directions and the topic channel distributional distinguishability,
the two “levels of abstraction” of scale complementarity (Remark 3). Under scale com-
plementarity (Section 7.4) the costs are also approximately uncorrelated, so they can be
diagnostically separated along extracted paths (Section 4.2)—a contingent benefit of the
corpus statistics, since (30) holds at any correlation level.

A heuristic rate-distortion reading. The decomposition (30) can also be read
informally through a rate-distortion analogy, in which approximately independent
channels with logarithmic rate-distortion functions make (D4Dr)'/? a natural scalar
distortion summary. That analogy rests on two non-factual assumptions (indepen-
dence and a logarithmic rate-distortion form) and is not a derivation; we record it in
the Supplementary Materials (Section S6). The identities of this subsection, by contrast,
are exact.

6.3. Soft Membership and Topic Resolution

Remark 4 (Soft membership preserves manifold structure). If ¢; € AKX~ has full support
(all &3 > 0), it lies in the interior of the simplex where the Fisher—Rao metric is well-defined and
non-degenerate, T takes values in the full interval (0,1], and d inherits the full Riemannian
structure. By contrast, hard assignment restricts membership vectors to the vertices of AK=1, where
the metric tensor degenerates (1/p, — oo as pr — 0) and T collapses to a binary same/different
signal (dys € {0,1}) that provides no graded similarity information.

HDBSCAN’s soft membership assignment [21] produces membership vectors with
full support in practice, so the topic channel operates on the interior of the statistical
manifold. This is a prerequisite for the product-manifold framework of Section 3: hard
assignment would collapse the Fisher-Rao geometry entirely. A component ablation in
the Supplementary Materials (Section S4) confirms this empirically: replacing the soft
membership vectors with their hard one-hot counterparts collapses the rank correlation
between Cgy and the product metric d from 0.999 to 0.65, and replacing the Jensen-—
Shannon distance with the divergence raises the triangle-inequality violation rate from 0%
to 7.5%.

7. Experimental Validation

We validate the theoretical results with seven experiments on real-world corpora, with
further supporting analyses in the Supplementary Materials (Sections S1-S8).

7.1. Datasets

The primary corpus is a subset of the Cuban news corpus from German et al. [7]:
418 documents with 1536-dimensional embeddings from a language model (GPT-4). Soft
cluster membership distributions are computed via the UMAP—HDBSCAN pipeline
described in Section 2.2. This yields K topic clusters with per-document membership
vectors & € AK~1. Experiments 1 to 3 use this corpus. Experiment 4 (Section 7.5) extends
the validation to three additional corpora from the narrative maps [2] and narrative trails [7]
repositories, covering different domains, sizes, and embedding models. Experiment 7
(Section 7.8) additionally draws on the Wikispeedia navigation corpus [11], which supplies
human storyline data absent from the other corpora.
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7.2. Experiment 1: Approximation Quality

Proposition 1 establishes the exact decomposition —log C = 3[—1log(1 — dang/7T) —
log(1 — djs)], where the topic term connects to the Fisher-Rao distance via Remark 1. We
test the Fisher identity and the resulting coherence approximation on all (4;8) = 87,153
document pairs, restricted to the 80,950 pairs with C > 1071 (i.e., neither channel collapsed
to zero). The excluded pairs correspond to documents in disjoint topic clusters where djg
saturates at 1 and dpg saturates at 77/2. These are boundary artifacts of the metric range,
and neither side of the approximation is finite there.

Figure 4a directly tests the first-order Fisher metric identity djs ~ dpr/v2In2
(Equation (8)). The Pearson correlation is R = 0.994, confirming a strong linear rela-
tionship. The scatter resolves into two visually distinct branches, which are separated
by the minimum Shannon entropy of the two cluster-membership vectors in each pair
(the Panel (a) colormap). The upper branch, consisting of pairs where both p and g are
diffuse (high minimum entropy, mass spread across most of the K = 11 clusters), hugs
y = x closely: for these pairs, both distributions sit in the interior of the simplex where
the Fisher-Rao metric tensor is well-conditioned, and the Taylor expansion of JSD around
p = q is accurate. The lower branch, where at least one of p, g peaks on a small number
of clusters (low minimum entropy), dips systematically below y = x: here the distribu-
tions approach the simplex vertices, the Fisher—-Rao metric tensor begins to degenerate
(1/px — oo as py — 0; Remark 4), and the linear approximation dpgr/+v21n2 overshoots
the truncated range of djs. The horizontal hook at the top, where djg has saturated at 1
while dpr/v21In2 continues to ~1.33, is the asymptotic limit of the lower branch: pairs
whose topic distributions approach disjoint-support deltas. The two-branch structure
is thus the empirical signature of the simplex-boundary degeneration the theory warns
about, not an artifact. That the entire scatter lies on or below the diagonal—the upper
branch tight against y = x, the lower branch below it, none above—is moreover mandated
pointwise rather than merely observed: the first-order identity is in truth the one-sided
bound djs < dpr/v2In2, exact at all distances (Proposition 7). It also explains why the
overall Pearson correlation is high despite a visible bias, since the branches rejoin at both
endpoints (origin and saturation) and only separate in the middle of the range.

Figure 4b evaluates the Fisher substitution (10), which replaces djs with dgr /v21n2
in the exact decomposition while keeping the angular term exact. The substitution is
only mathematically defined when dgr/v2In2 < 1 (otherwise —log(1 — dgr/Vv2In2) is
undefined), so we restrict Panel (b) to the 51,342 pairs that satisfy this condition in addition
to the C > 10710 filter. The filter retains all 36,242 upper-branch pairs of Panel (a) but
removes about two thirds of the lower-branch pairs, specifically the most extreme ones,
where at least one cluster distribution is essentially a delta and dpr is near 7t/2. The
remaining 15,100 lower-branch pairs form the vertical tail seen at the upper left of Panel (b),
where the —log(1 — -) transform amplifies the Panel (a) bias toward the log-singularity
as dpr/V2In2 approaches 1. The diagonal agreement band in the lower left is the upper-
branch population where the substitution is faithful. The overall Pearson correlation on
Panel (b) is R = 0.916, lower than Panel (a) because the nonlinear transform stretches
the lower-branch residual vertically. The exact decomposition (9) remains perfect at all
distances and is what the rest of the paper uses. Panel (b) is reported as a diagnostic of the
first-order identity, not as an alternative computational path.

The exact decomposition (9) holds to machine precision (<1071%), as it is an algebraic
identity rather than an approximation. The infinitesimal expansion (11) requires dang /7T
and djs to be small, but in our corpus, typical angular distances are dang /7t ~ 0.35, well
outside this regime. The practical strength of the exact decomposition is that it provides the
additive cost structure (angular cost plus topic cost) at all distances, not just infinitesimally.
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7.3. Experiment 2: Combinator Comparison

We compare six combinators (GM, AM, HM, Quad, Min, Max) using the product-
metric framework from Theorem 2. Two evaluation criteria align the experiment with the
theoretical foundations: (a) triangle inequality violation rate for the bounded dissimilarity
1 — F, and (b) rank correlation of 1 — F with the product metric d«.

Product metric sanity check. The product metric d« (defined in Theorem 2) is a proper
metric by construction (the normalized ¢2-product of the angular and Jensen-Shannon
distances, with d € [0, 1]), so it cannot violate the triangle inequality. The 0.00% violation
rate it records on 10° random triplets is accordingly not a test of the theorem but a check
on the implementation—confirming that the computed d, matches the construction, not
validating a result that is already exact.

Bounded triangle inequality. We measure violations on the bounded dissimilarity
Dr = 1- F(A;;, T;j) € [0,1], which is defined for all triplets (the alternative —logF
diverges at F = 0). Proposition 6 establishes that 1 — AM and 1 — min are proper metrics
by construction (L1 and L® products, respectively), while 1 — GM is not a metric in general,
though no violations are observed empirically.

Rank correlation with d. For each combinator, we compute the Spearman rank
correlation between 1 — F and dx across all (5) document pairs. This measures how
faithfully each combinator’s ordering of document pairs matches the product-manifold
geometry recorded in Theorem 2.

Table 2 reads as a contrast between the combinators whose metric statuses are settled
and those whose statuses are not. AM and Min are proper metrics (Proposition 6), so
their 0.00% violation rates are required rather than measured findings, and confirm only
the implementation. The informative entries are the combinators with no such guarantee:
GM shows 0.00% empirically despite not being a metric in general because the patholog-
ical configurations that violate the triangle inequality (extreme channel imbalance at an
intermediate point) do not arise in this corpus. Quad shows 8.21% violations because
1 — Cquad = 4%, and squaring a metric does not preserve the triangle inequality. Max
shows 0.53% violations, reflecting its failure to penalize weakness in either channel.

Table 2. Combinator comparison on Cuba. Triangle inequality violations for the bounded dissimilarity
1 — F from 10° sampled triplets, and Spearman rank correlation with the product metric dx over all
(5) pairs. Wilson 95% binomial intervals for the violation rates are within +0.06% of the reported
rates at the 0-1% regime and £0.18% at the 8% regime (Quad); Spearman bootstrap ClIs (B = 200,
document-level resampling) are within +0.001 of the reported p(dx ) values for GM, AM, HM, Quad,
and Min and $0.01 for Max.

Combinator Viol. (%) p(dx)
Geometric mean (GM) 0.00 0.999
Arithmetic mean (AM) 0.00 0.997
Harmonic mean (HM) 0.07 0.998
Metric-squared (Quad) 8.21 1.000
Minimum 0.00 0.995
Maximum 0.53 0.533

The rank correlations with dy show that GM (p = 0.999), HM (0.998), AM (0.997),
and Min (0.995) all track the product-manifold geometry closely, and the empirical gap
among these four is narrow (Ap < 0.005). Quad achieves p = 1.000 by construction:
since 1 — Cquad = d2 is a monotone transformation of d, Spearman rank correlation
is perfect. This confirms that Quad is functionally equivalent to the product metric for
ranking purposes (Section 4.1). Only the maximum combinator (0 = 0.533) is clearly
inferior, losing substantial geometric information by ignoring the weaker channel. The
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narrow gap among GM, HM, AM, and Min is itself informative: it shows that the product-
manifold geometry is robust to the choice of combinator, and that the geometric structure of
the document space, not the combinator, is the primary determinant of pair ordering. What
distinguishes GM from the other three is not rank correlation but boundary behavior. GM
enforces C = 0 whenever either channel is zero (the “veto” property), blocking transitions
between topically unrelated events regardless of semantic similarity. AM permits nonzero
coherence when one channel is zero and thus lacks the veto, whereas HM and Min, like
GM, enforce it; HM, however, collapses pathologically toward zero for asymmetric inputs,
and Min ignores the stronger channel entirely, discarding information. The GM thus
occupies a unique position: it is the only combinator among the five that (a) enforces the
veto property, (b) uses information from both channels, and (c) satisfies the axiomatic
characterization of Theorem 3. A veto analysis on both the full (dense) graph and MST-
pruned graph confirms that unconstrained maximin extraction never traverses low-T
edges (0/100 paths on either graph for both corpora), making the veto redundant for that
algorithm class; under the cardinality-constrained LP extraction regime it instead becomes
binding (Supplementary Materials, Section S9).

GM vs. dy for path extraction. Since dx € [0,1], we define the coherence-space
counterpart C;, = 1 —dx € [0,1], so that all six methods (five combinators plus d)
produce coherence matrices in [0, 1] and use the same maximum-capacity-path algorithm.
Maximin on CdX is equivalent to minimax on dx because maximin extraction is invariant
under monotone transformations of the edge weights (Corollary 2). The downstream
evaluation in Section 7.6 compares all methods head-to-head using this unified framework.

7.4. Experiment 3: Scale Complementarity

Scale complementarity (Remark 3) posits that A and T capture different levels of
abstraction. Since T is derived from the same embeddings as A via lossy compression, true
statistical independence is structurally impossible, and a positive correlation is guaranteed.
The question is whether the channels are nonetheless non-redundant: does the compression
discard enough fine-grained information that T captures something genuinely different
from A? We test this by computing A;; and T;; for all (4%8) = 87,153 document pairs.

Figure 5 shows the joint distribution. The Spearman rank correlation is p = 0.283
(p < 1071%), a weak positive association, consistent with the structural coupling but far
from redundancy. Since Spearman captures only monotonic dependence, we also estimate
the mutual information I(A; T) via histogram binning (30 bins per axis). The normalized
mutual information NMI = 2I(A; T)/[H(A) + H(T)] = 0.027 captures arbitrary nonlinear
dependencies, confirming that A and T share less than 3% of their information content,
even accounting for the nonlinear UMAP+HDBSCAN pipeline. Together with the multi-
scale structure verified by the data processing inequality (Proposition 8), these results
confirm scale complementarity (Remark 3): the channels are non-redundant (condition 1)
and capture different levels of abstraction (condition 2).

Scale complementarity validates the pipeline design by confirming that the UMAP—
HDBSCAN compression produces a topic channel distinct from the angular channel.

7.5. Experiment 4: Cross-Corpus Validation

Experiments 1 to 3 use a single news corpus. To verify that the information-geometric
properties are not corpus-specific, we replicate the key findings across four corpora span-
ning different domains, sizes, and embedding models, and then test sensitivity to embed-
ding model choice on a fixed corpus. The four corpora are: Cuba (418 news articles on
Cuban politics; GPT-4 embeddings, d = 1536; the primary corpus), COVID (40 news arti-
cles on the COVID-19 pandemic; MiniLM embeddings, d = 384; from narrative maps [2]),
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VisPub (3549 visualization research papers with abstracts; GPT-4 embeddings, d = 1536,
for the metric-level analysis, and SPECTER2 embeddings, d = 768, over all 3620 papers
for downstream evaluation; from narrative trails [7]), and AMiner (6000 ML/ Al research
papers; GPT-4 embeddings, d = 1536; from narrative trails [7]).

For each corpus, we compute: (1) the Fisher identity correlation R(djs, dpr/v21n2)
on pairs with C > 101% (matching the filter of Experiment 1), (2) the GM rank correlation
p(1 — Cgm, dx ) over all pairs, and (3) the channel complementarity p(A, T) (lower values
indicate greater non-redundancy). We also test triangle inequality violations for 1 — Cgy.
Table 3 and Figure 6 summarize the results.

Table 3. Cross-corpus validation. Fisher identity R > 0.99, GM rank correlation p > 0.989, and
channel correlation low (indicating scale complementarity). Bracketed values are 95% bootstrap
confidence intervals from B = 200 document-level resampling iterations on the channel correla-
tion p4 T, excluding the same-document pairs created by resampling with replacement. The bootstrap
half-widths for Rg;ghey and pgy are all within 3-0.01 of the point estimates (typically £0.002) and are
omitted from the table for clarity T.

Corpus n K ReEisher PGM pa,r (95% CI)
Cuba 418 11 0.994 0.999 0.283 [ 0231, 0337]
coviD?t 40 2 0.998 0.993 —0.014 [-0.140, 0.154]
VisPub 3549 113 0.997 0.992 0.234 [ 0214, 0255
AMiner 6000 163 0.997 0.990 0.153 [ 0.140, 0.167]

* The COVID corpus (n = 40, K = 2) is below the framework’s recommended operating regime (K > 4); it
is included to illustrate boundary behavior. The wide p4 1 confidence interval on COVID reflects the small
sample size; the other corpora yield half-widths < 0.06. See text for discussion of its 7.6% triangle inequality
violation rate.

The Fisher identity holds consistently (R > 0.99) across all corpora, indicating that
the JSD-Fisher-Rao connection is not an artifact of a particular corpus or embedding
model. The GM rank correlation with dy is p > 0.989 in all cases (the smallest, 0.990 to
three decimals, is AMiner’s), consistent with the product-metric interpretation. Channel
correlation remains low across all corpora (|o(A, T)| < 0.283 with 95% bootstrap intervals
bracketed in Table 3), consistent with scale complementarity (Remark 3): despite the
structural coupling, the channels capture different levels of abstraction. The COVID corpus
shows a near-zero correlation (o = —0.014, CI [—0.14, 0.15]), consistent with its small size
(n = 40) and minimal cluster structure (K = 2). With only two clusters, the coarse-grained
thematic dimension is so impoverished that almost no monotonic structure couples it to
the fine-grained angular dimension, and the wide confidence interval reflects the limited
statistical leverage of n = 40 documents.

The COVID corpus (K = 2) exhibits 7.6% triangle inequality violations for the bounded
dissimilarity 1 — Cgy;, while all other corpora (K > 11) show 0%. With only two clusters,
membership vectors concentrate near the simplex vertices, producing T ~ 0 for documents
in opposite clusters, exactly the pathological channel imbalance identified in the counterex-
ample of Proposition 6. A hyperparameter sweep over HDBSCAN configurations on the
COVID corpus confirms a monotonic relationship, with the violation rate dropping from
7.6% at K = 2 to <0.5% at K = 4 and <0.1% at K > 5. For corpora with sufficient cluster
structure (K > 4), the empirical metric properties hold robustly.

Embedding model sensitivity. To disentangle the effect of the embedding model from
the corpus, we re-embed the Cuba and VisPub corpora with two further models (MiniLM-
L6, d = 384; MPNet, d = 768) and recompute the full UMAP—HDBSCAN — coherence
pipeline. The metric-level properties are stable: GM rank correlation with dyx stays at
p > 0.99 and triangle-inequality violations at 0% across all six corpus-embedding com-
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binations, while the channel correlation p4 1 varies within [0.23,0.29], remaining in the
low-correlation regime expected by scale complementarity. The full results are in the
Supplementary Materials (Section S3).

(a) Fisher identity: djs vs drr/V2In2 (b) p(1 — Cam, dx) 04 (c) Channel correlation p(A, T)
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Figure 6. Cross-corpus validation across four corpora: point estimates with 95% bootstrap confidence
intervals (B = 200 document-level resamples) as error bars. Panels (a,b) use zoomed p/R axes; the
markers are points (not bars), so the zoom does not exaggerate the sub-percent spread. (a) Fisher
identity holds consistently (R > 0.99). (b) GM rank correlation with d satisfies p > 0.989. (c) Channel
correlation remains low, confirming scale complementarity.

7.6. Experiment 5: Downstream Consistency Check

Experiments 1 to 4 validate the information-geometric framework; the Supplementary
Materials extend the validation to alternative topic models (Section S1) and cluster-count
sensitivity (Section S2). Here we perform a downstream consistency check on the axiomatic
recommendation of Section 4: we verify that the theoretically prescribed GM is not empiri-
cally dominated by any alternative combinator or single-channel baseline on the task the
metric is designed for, following the narrative trails framework [7].

Setup. We evaluate on two corpora: the Cuba news corpus (418 documents) and the
VisPub corpus (3620 papers). For VisPub, we use SPECTER2 embeddings [48,49] (d = 768)
rather than the GPT-4 embeddings used in the metric-level experiments; SPECTER? is
trained on citation graphs, producing paths that follow research lineages rather than generic
semantic similarity. The metric-level experiments use a 3549-paper subset—the papers
carry abstracts, which the text-based GPT-4 embedding requires—whereas SPECTER2
represents all 3620 papers, including 71 abstract-less entries. Both corpora use a unified
UMAP projection: both the angular similarity channel (A) and the topic similarity channel
(T, via HDBSCAN clustering) are derived from the same UMAP(k*) embedding space,
where k* is selected automatically via angular similarity saturation (<10% relative change)—
the smallest dimension at which the angular structure stops changing. Deriving both
channels from a single projection keeps them commensurable. Note that this configuration
preserves the metric-level guarantees established for the raw-embedding configuration
in Sections 3-5. On both downstream corpora the saturation criterion selects k* = 5,
and the product metric dx (Theorem 2) remains free of triangle-inequality violations
under triplet sampling; Cgy tracks dx at Spearman p = 0.98 (Cuba) and 0.99 (VisPub),
and the angular and topic channels remain complementary (Pearson correlation 0.26
and 0.23). These match the raw-embedding configuration, in which Cgy tracks d« at
o = 0.999 (Experiment 2, Section 7.3) and the angular and topic channels show a Pearson
correlation of 0.29 on Cuba (the Pearson counterpart of the Spearman p4 1t = 0.283 of
Experiment 3, Section 7.4). The shared UMAP coordinates are mean-centered before
the angular channel is computed, placing the corpus centroid at the origin so that A
measures relative direction among documents; because UMAP output sits at an arbitrary
off-origin offset, omitting this step collapses the angular similarities toward 1. Every other
angular channel in this paper—the metric-level Experiments 1-4 and the bottleneck-gap
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Experiment 7—is instead computed from the raw embeddings, where the UMAP step feeds
only the topic clustering and the reported relational summaries are insensitive to centering.
Both corpora are temporally ordered, so we build directed sparse coherence graphs using a
maximum spanning arborescence (Edmonds’ algorithm [50]) rooted at the earliest event,
rather than the undirected MST used in the original narrative trails pipeline. For each of
the six combinators (GM, AM, HM, Quad, Min, Max), we build a sparse graph using the
arborescence-derived critical weight. Each combinator is tested with and without Dirichlet
smoothing for channel balance (14 method variants total), plus two single-channel baselines
(A-only and T-only).

For each corpus, we select 30 source-target pairs (source in the first temporal third,
target in the last), requiring that all methods produce a valid path of length > 3 for the
same endpoints. This shared-endpoint design enables paired statistical comparisons. All
methods use the same maximum-capacity-path (maximin) algorithm from narrative trails.

Structural pre-filtering. On Cuba, GM, AM, HM, and Quad form a single structural
equivalence class (>70% path identity or >85% Jaccard node overlap), consistent with the
narrow rank-correlation gap in Experiment 2. We use GM as the representative of this class
and evaluate in three stages, with path-level deduplication across methods that produce
identical paths for a given endpoint pair:

1.  Stage 1 (Balance): GM vs. GMy,; (Dirichlet-smoothed) to determine whether channel
balancing affects sequence quality.

2. Stage 2 (Combinator): GM, Quad, Min, Max (using the balance variant carried
forward from Stage 1) to compare structurally distinct combinator families.

3.  Stage 3 (Channels): The Stage 2 winner vs. single-channel controls (A-only, T-only)
to test whether combining channels improves sequence quality over either alone.

Path-level deduplication further reduces cost, since when two methods produce identical

paths for a given endpoint pair, the storyline is judged only once and the result is shared.

This yields 458 (Cuba) and 470 (VisPub) LLM judge calls, roughly 35-45% fewer than

judging all method variants on every endpoint pair.

Evaluation. Each extracted sequence is scored independently by two frontier LLM
judges, GPT-5.4 and Claude Opus 4.6, using the multi-judge protocol of Keith [51]. The
prompt presents the storyline in domain-agnostic terms (“document sequence coherence”),
asks the judge whether each document follows logically from the previous one and whether
the overall sequence forms a meaningful progression from source to target, and returns a
single holistic coherence score on a 1 to 100 scale with a one- or two-sentence justification.
The 1 to 100 scale, the absence of anchoring phrases, the single holistic score, and the brief
justification are the prompt configurations that [51] finds to maximize discriminative power
while controlling for the positivity bias of longer chain-of-thought protocols. Combined
with the paired design (shared endpoints), this yields a score matrix of shape 30 x k (k
methods per stage) suitable for repeated-measures analysis.

Inter-judge agreement. The two judges show moderate rank agreement: on Cuba,
Pearson r = 0.57 to 0.58 and Spearman p = 0.59 to 0.61 across the three stages; on VisPub,
r = 0.28 to 0.44 and p = 0.23 to 0.49. The Krippendorff « at the interval level is positive
on Cuba (« =~ 0.20) and negative on VisPub (¢« ~ —0.76), but this is driven by a systematic
offset between the two judges’ score levels on VisPub (Claude y ~ 20 versus GPT u =~ 55)
rather than by lack of rank agreement, since the Spearman correlation remains positive. For
the paired Friedman/Wilcoxon analysis below, the relevant signal is within-pair rank, not
absolute level, so the offset does not affect the consistency-check conclusion; we treat the
systematic offset as a known LLM-judge calibration effect and revisit it in Section 8.4.

Statistical analysis. Since all methods share the same endpoints, the comparison is
a paired (within-subjects) design. We apply the Friedman test [52], the nonparametric
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analogue of repeated-measures ANOVA, with the Nemenyi post hoc test [53] for pairwise

comparisons. For two-method stages, we use the Wilcoxon signed-rank test. The Nemenyi

critical difference is computed with a Bonferroni-normal approximation of the Studentized-

range statistic; this is mildly conservative relative to the exact critical value (the critical

difference is overstated by roughly 3%), which does not affect any conclusion below since

no pairwise comparison is significant even under the slightly larger critical difference.
Results. Table 4 summarizes each method’s theoretical profile.

Table 4. Theoretical properties of each coherence model. Properties: Veto = C = 0 when either
channel is zero; Metric = 1 — C satisfies triangle inequality; Log-add. = — log C decomposes additively;
Axioms = satisfies all four axioms of Theorem 3; p(dx ) = rank correlation with product metric.

Method Veto Metric Log-Add. Axioms p(dx)
GM v empirical v v 0.999
AM - v — — 0.997
HM v — — — 0.998
Quad — — — — 1.000
Min v v — — 0.995
Max — — — — 0.533

Stage 1: Balance. On both corpora, the balanced variant (Dirichlet-smoothed cluster
probabilities with UMAP dimensionality reduction) ties with or narrowly exceeds the
unbalanced variant: Cuba mean scores 83.18 (GMy,;) vs. 83.15 (GM); VisPub 37.77 (GMp,)
vs. 37.38 (GM). Wilcoxon signed-rank tests yield p = 0.71 (Cuba) and p = 0.53 (VisPub),
so the balance variant has at most a negligible effect. We carry the balanced configuration
forward as the default (tie-break) choice in subsequent stages. One subtlety affects the
notation: Dirichlet smoothing balances the two channels only when they are not already
balanced. For combinators whose channels already satisfy the balance condition (y ~ 1),
the smoothing step is a no-op and the base combinator is the balanced configuration. This
is the case for Min and Max on VisPub, where no smoothing is applied; we therefore write
Min and Max (without the “bal” subscript) for VisPub and GMy,;, Quady,,), Miny,;, Maxy,;
for Cuba, where all four receive smoothing (« ~ 0.016 to 0.022).

Stage 2: Combinator comparison. Table 5 reports the Friedman test results. On neither
corpus do the four combinators differ significantly: Cuba x* = 0.81, p = 0.846 (all pairwise
Nemenyi p = 1.0), VisPub x*> = 6.26, p = 0.0996 (no pairwise comparison significant
after Nemenyi correction). Quady, ranks first on Cuba (mean rank 2.40) with GMy,;
indistinguishable at 2.43. On VisPub, Max ranks first (2.02) but no pairwise difference
is significant.

The path-level overlap data explain these scores. On Cuba, GMy,,; and Quady,,; share
60% path identity and 86% Jaccard node overlap, producing nearly identical narratives,
while Maxy,, has 0% path identity with every other method. The functional equivalence of
GMp,; and Quady,, is thus structural, as identical paths receive identical scores, and the
0.03 rank gap between them is within sampling noise. The more informative finding is that
Miny,,; and Maxy,, which produce structurally different narratives (Jaccard < 0.30), still
score equivalently. On VisPub, GMy,,;/Quady,, overlap is high (Jaccard 0.82, identity 50%),
and Max remains a complete structural outlier (0% identity with all methods). Despite this
structural divergence, no significant quality differences emerge on either corpus.
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Table 5. Stage 2: Combinator comparison (30 endpoint pairs per corpus). Mean scores (1 to 100 scale),
Friedman mean ranks, and Friedman test statistics. Nemenyi critical difference CD = 0.879 at
a = 0.05 (computed with the Bonferroni-normal approximation of the Studentized-range statistic; see
text). Each method uses the balance configuration carried forward from Stage 1: on Cuba all four
combinators are Dirichlet-smoothed, while on VisPub GM and Quad are smoothed and Min and Max
are already channel-balanced and use the base combinator.

Cuba VisPub

Combinator Mean Rank Mean Rank
GM 83.4 2.43 38.2 2.68
Quad 83.5 2.40 37.6 2.72
Min 82.4 2.52 38.2 2.58
Max 83.2 2.65 40.1 2.02
Friedman x> 0.81 6.26

Friedman p 0.846 0.0996

Method column gives the combinator family; the balance configuration is corpus-dependent (Cuba: all Dirichlet-
smoothed; VisPub: GM and Quad smoothed, Min and Max unsmoothed because already channel-balanced).

Stage 3: Single-channel controls. The Stage 2 winner (Quady, on Cuba, Max on
VisPub) is compared against single-channel baselines (A-only, T-only). On Cuba, Quadyy
achieves the best mean rank (1.82), followed by A-only (2.07) and T-only (2.12), but the
Friedman test is not significant (x> = 1.69, p = 0.429, all pairwise Nemenyi p > 0.74). On
VisPub, A-only achieves the best mean rank (1.83), followed by Max (1.98) and T-only (2.18),
with the differences again non-significant (x> = 1.96, p = 0.374, all pairwise Nemenyi
p > 0.53). Unlike Stage 2, Stage 3 compares structurally distinct narratives: on Cuba,
Quady, shares only a 3% path identity and 32% Jaccard overlap with A-only, and a 7%
identity /43% Jaccard with T-only; on VisPub, Max shares a 13% identity/28% Jaccard
with A-only and 0% identity /16% Jaccard with T-only. The two single-channel controls
share 0% identity with each other on both corpora. The combined metric therefore does
not significantly outperform either single channel on holistic quality as measured by LLM
judges, but its value lies in structural properties that a scalar quality score cannot capture,
namely diagnostic decomposability (Proposition 3), the veto property (Table 4), and the
principled reference metric d.

The consistency check passes. Across all three stages, GMy, is never significantly
dominated by any alternative combinator or single-channel baseline (no stage significant;
the smallest Friedman p is 0.0996, on VisPub). On Cuba it is statistically indistinguishable
from Quady, (rank 2.43 vs. 2.40), with which it is in the same structural equivalence class
(60% path identity, 86% Jaccard node overlap). On VisPub the same holds relative to Max.
Had GM significantly underperformed, the axiomatic recommendation of Section 4 would
be called into question. The observed parity instead confirms that its distinctions from
the other compensability-spectrum members (Section 4.1) are theoretical (metric structure,
log-additivity, veto behavior) and structural (the bottleneck-gap profile of Experiment 7)
rather than a matter of holistic downstream quality, and that the theoretically prescribed
GM is safe to adopt in practice.

7.7. Experiment 6: Robustness to Embedding Perturbation

We test how the metric-level properties degrade when the document embeddings are
perturbed by isotropic Gaussian noise. For each noise level ¢ € {0.01,0.05,0.10} (relative
to the per-coordinate embedding standard deviation), we add fresh noise to the GPT-4
Cuba embeddings, run the full coherence pipeline, and compare against the clean pipeline
along three axes: the metric-level correlations (Rpigher, 0GM, 04,T), the triangle-inequality
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violation rate for 1 — Cgy, and the rank stability pgap = OSpearman (Cgcf\i,lsy, Cdean) over all
pairs. Three random seeds are averaged.

We report two modes, in line with the discussion of pipeline coupling in Section 6.1.
In the fixed-K mode, only the angular channel is perturbed: we hold the HDBSCAN cluster
labels fixed at the clean pipeline’s output, so the topic channel is unaffected and only A
changes under the noise. This cleanly isolates the robustness of the metric structure itself.
In the floating-K mode, the noise is fed through the full UMAP—+HDBSCAN— coherence
pipeline, so both the cluster count K and the membership vectors are allowed to shift; this
is the more honest end-to-end robustness number, but it conflates metric-level effects with
clustering instability. Table 6 summarizes the body-level results; the per-seed breakdown is
in the Supplementary Materials (Section S5).

Table 6. Embedding perturbation results on Cuba (n = 418, GPT-4 embeddings, clean K = 11). Each
cell is the mean over three seeds; “stab” is the Spearman correlation of the Cgy pair ranking under
noise against the clean ranking. The fixed-K block holds HDBSCAN output fixed at the clean labels;
the floating-K block re-runs the full pipeline.

Mode/o K  Rgisher PGM PAT stab Cgm tri. viol. (%)
clean (reference) 11 0.994 0.999 0.283 — 0.00
fixed-K, o = 0.01 11 0.994 0.999 0.283 1.000 0.00
fixed-K, o = 0.05 11 0.994 0.999 0.283 1.000 0.00
fixed-K, o = 0.10 11 0.994 0.999 0.283 1.000 0.00
floating-K, o = 0.01 11.0 0.996 0.984 0.223 0.513 0.18
floating-K, o = 0.05 10.0 0.996 0.987 0.197 0.488 0.19
floating-K, o = 0.10 14.3 0.995 0.998 0.305 0.610 0.00

Takeaway. Under fixed-K, the metric-level structure is exactly preserved at the rank
level (psap = 1.000 at all three noise levels and at the pair-Spearman precision of 10~4):
the angular channel is robust to embedding noise of up to 10% of per-coordinate standard
deviation, and the channel correlation p4 7, the Fisher identity correlation Rpigher, and
the triangle-inequality violation rate of 1 — Cgy are all unchanged. Under floating-K, the
cluster count itself becomes the dominant source of variability (K takes values {2,11—-16}
across seeds and noise levels; the standard deviation of K across seeds at o = 0.01 is 7.8),
and pg,, drops to roughly 0.5 as documents are reassigned to different clusters. Even so,
the within-run metric-level summaries (Rpigher, 0GM, 04,7, triangle violations) remain close
to their clean values: the rankings change at the level of which documents are clustered
together, but the geometric structure that the framework rests on is preserved at the same
statistical level as in the clean pipeline.

The contrast between the two modes is informative. It shows that the robustness limit
at small o in the floating-K mode comes from clustering instability rather than from any
fragility of the metric construction itself. This is consistent with the discussion in Section 7.5:
the cluster count is the most impactful pipeline parameter, and any framework that relies on
a soft-clustering pipeline inherits the variability of that pipeline as a downstream sensitivity.
The metric-level claims of the present paper (Theorems 2 and 3) are conditional on a fixed
clustering, and the fixed-K row of Table 6 verifies that, conditional on a fixed clustering,
those claims are robust to embedding noise at the magnitudes tested.

7.8. Experiment 7: Bottleneck-Gap Profile Across Five Corpora

Experiment 7 tests Proposition 5 directly: we sweep the compensability exponent «
of M, and measure the bottleneck-gap profile g(«) of equation (21) between coherent and
incoherent storylines on five corpora.
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Setup. On Wikispeedia [11]—3928 Wikipedia articles with 10,832 human navigation
paths—the coherent population is comprised of human paths and the incoherent one of
length-matched random path between the same endpoints. On the four narrative corpora
(Cuba, COVID, VisPub, AMiner), which carry no human navigation data, the coherent
population is comprised of the maximin storylines extracted as a temporal-DAG widest
path (a narrative trail [7]) and the incoherent one a length-matched random chronological
sequence between the same endpoints. For each storyline we take its bottleneck edge—the
minimum-coherence edge—and score it under M, across a grid of «; Dy and Dy are the
empirical laws of these bottleneck edges. From the « = 0 bottleneck edges we also evaluate
the leading-order peak prediction a* = —¢’(0)/¢” (0) of Proposition 5(c).

Results. Figure 7 and Table 7 summarize the sweep; three predictions of Proposition 5
hold on every corpus.

(a) Wikispeedia c (b) Narrative corpora
o
€ °
2 &
E 0.10 1 | 1.0 A
! =
< 0.09 A =
©
e % 0.8
2 =
g 0.08 s
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B8 0.06 1 —— even part E(a) g
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compensability exponent a compensability exponent a

Figure 7. The bottleneck-gap profile ¢(«) (Experiment 7, Proposition 5). (a) Wikispeedia, human
versus random navigation: the gap g(«) (blue, star at its peak « = 40.10) and its even part E(«)
(red), maximized exactly at the geometric mean a = 0. (b) The four narrative corpora, narrative-trail
versus random chronological sequence; each gap normalized by its value g(0) at the geometric mean;
every profile peaks at « < 0 (stars) modestly inside the compensatory side. Dashed line: « = 0, the
geometric mean.

Table 7. Bottleneck-gap profile across five corpora (Experiment 7). Wikispeedia contrasts the human
navigation path against a random path; the four narrative corpora contrast the narrative trail (the
maximin storyline) against a random chronological sequence. # is the number of documents (articles,
for Wikispeedia) in the corpus; the gap is estimated over the corresponding endpoint-pair populations
(10,832 human paths for Wikispeedia; 169 to 2000 endpoint pairs for the narrative corpora). pcon
and R are the mean geometric-mean coherence of the coherent and random bottleneck edges, and
their difference ¢(0) = peon — KR is the gap at the geometric mean. ¢’'(0) and ¢”(0) are the first
two Taylor coefficients of the profile at the geometric mean, given in closed form by Proposition 5(c);
Mired = — §'(0)/¢"(0) is the leading-order predicted peak and a, .
the swept grid. On every corpus, g (0) < 0, so the profile is concave at the geometric mean and has

the observed argmax of g over

an interior maximum, and the even part of g is maximized at « = 0.

Corpus n Heoh UR g’ g"(0) ®pred [
Wikispeedia 3928 0.200 0.094 +0.0129 —0.0398 +0.32 +0.10
Cuba 418 0.702 0177 —0.0695 —0.0757 —-0.92 —-25
COVID 40 0.774 0.588 —0.0062 —0.0056 —-1.11 -5.0
VisPub 3549 0.651 0.108 —0.0775 —0.2186 -0.35 —-0.75
AMiner 6000 0.666 0.116 —0.0800 —0.2367 —0.34 -0.5

(i) The even part is maximized at the geometric mean. On all five corpora the even part
E(a) = 1(g(a) + g(—a)), measured directly from the sweep, decreases monotonically away
from a = 0 (plotted for Wikispeedia in Figure 7a, red curve): the symmetric component
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of the coherent-versus-incoherent separation is maximized exactly at the geometric mean.
By Proposition 5(b), this is equivalent to the design-premise condition Eg[Y,]| > Eg[Ya],
which therefore holds on every corpus.

(ii) The full gap has an interior maximum. On every corpus, g(a) has an interior
maximum—never at the Min or Max endpoint (Table 7, a7, ). By Proposition 5(c) the
peak sits at a* = —¢’(0)/¢”(0). The curvature ¢”(0) is negative on all five corpora
(Table 7), so the sign of the displacement follows ¢’(0): the peak lies above the geometric
mean for Wikispeedia (x = +0.10) and below it for the four narrative corpora. Here
¢'(0) = F(Eq[MoA?] — Er[MA?]) compares the My-weighted channel imbalance of the
coherent and random bottleneck edges (Proposition 5(c)): it is positive when the human
navigation paths carry the more imbalanced bottleneck and negative when the narrative
trail carries the less imbalanced one.

(iii) The predicted peak. The leading-order estimate af 4 = — <'(0)/¢"(0) of
Proposition 5(c) (Table 7) matches the observed peak a7, . in sign on all five corpora, and
in magnitude within a small factor when the peak lies near 0 (a factor of 3.2, 2.1, and 1.5
for Wikispeedia, VisPub, and AMiner respectively); for Cuba and COVID the predicted
and observed peak locations differ more, but this reflects the flatness of g on the compen-
satory side rather than a failure of the prediction: when the curvature at the geometric
mean is small, the interior-critical-point guarantee of Proposition 5(c) lapses (its hypothesis
|g'(0)| < mo fails), so the leading-order location is no longer pinned down. There the profile

forms a broad plateau—for both corpora g varies by under 4% across « € [—8, —1]—so

*
obs

which the path-level bootstrap confirms (Section S7). Measured instead by the quantity

the point argmax a, _is only weakly identified and is itself sensitive to sampling noise,
that matters for extraction, the gap height, the leading-order prediction is accurate on every
corpus: the gap at the predicted peak g(le’gre 4) recovers between 92% and 99.7% of the
maximum bottleneck gap (Wikispeedia 92.1%, Cuba 97.8%, COVID 96.4%, VisPub 99.7%,
AMiner 99.7%). The closed-form peak therefore lands on the high-gap plateau in all cases,
even where its precise location differs from the noisy empirical argmax.

(iv) Separation at the geometric mean, and a non-circular anchor. The mean gap g(0)
understates how cleanly coherent and incoherent storylines separate at the geometric
mean. On Wikispeedia the human navigation paths separate from length-matched random
paths with Cohen’s d = 0.65 and ROC AUC = 0.77 on the maximin (bottleneck) objective,
and more strongly (4 = 1.20, AUC = 0.80) on the geometric-mean path-score (reliability)
objective (both at « = 0). On the four narrative corpora the separation is larger still
(d =13to 4.1, AUC = 0.86 to 0.99), but these corpora are an unsupervised setting: lacking
human-annotated storylines, we take the extractor’s own maximin output as the coherent
population, so the four narrative corpora serve as an internal consistency check rather than
independent validation, and their separation magnitudes should be read in that light. The
human-grounded validation of this experiment rests on Wikispeedia, where the coherent
examples are actual human navigation paths rather than an output of the metric; it is the
non-circular anchor, and it still separates the two populations at d = 0.65 (bottleneck) and
d = 1.20 (reliability). The interior, compensatory-side peak is moreover not specific to the
maximin objective that Proposition 5 analyzes: the geometric-mean reliability gap has an
interior argmax on every corpus too—negative on all four narrative corpora (—1.5 to —8)
and —0.25 on Wikispeedia—so the same structure holds on both extraction objectives.

Robustness. These conclusions rest on replication across five independent corpora
rather than on within-corpus resampling. For the smallest corpus, COVID (169 endpoint
pairs), where sampling noise is most plausible, a path-level bootstrap (Supplementary
Materials, Section S7) confirms that g(0) > 0, g"(0) < 0, ¢'(0) < 0and a}, ;. < 0 each hold
across the full 95% interval; on the four larger corpora the corresponding intervals are far
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tighter. As a cross-modal check, Supplementary Materials Section S8 applies the same
analysis to a human-curated image narrative (the ROGER expedition-photograph corpus of
German et al. [12]): the expert storyline scores above its random null and the even part of g
are again maximized at the geometric mean, in a second modality.

The original narrative trails evaluation [7] reports a narrative-trail-versus-random
bottleneck comparison at the single geometric-mean combinator; that measurement is the
« = 0 point of these profiles. Experiment 7 shows that point sits on the apex region of a
curve whose structural separation—the even part—is, across five corpora, pinned to the
geometric mean. This is an extraction-output counterpart to the axiomatic argument of
Theorem 3: the geometric mean is not only the unique combinator consistent with the
four axioms, it is also where the symmetric component of the storyline-versus-random
separation is maximized.

8. Discussion
8.1. Interpretation

The product-manifold decomposition (Proposition 1) and Chentsov’s theorem
(Theorem 1) together provide an information-geometric reading of the composite coherence
metric as a distance on the product space S~1x A{fl equipped with the round metric on
the sphere factor and a Fisher-compatible metric on the simplex factor. Chentsov’s theorem
singles out the Fisher-Rao metric tensor (up to a positive scale) among Riemannian metrics
on the simplex that are invariant under sufficient statistics; because djs induces exactly
this metric tensor (identity (7)), the topic component of the coherence metric is locally
consistent with the Fisher—Rao geometry singled out by Chentsov’s theorem. The axiomatic
characterization (Theorem 3) is complementary: within the compensability spectrum, the
geometric mean is the unique combinator consistent with the four stated axioms, and
Section 4.3 discusses which axioms are load-bearing for this conclusion. Together, the
geometric reading and the axiomatic characterization provide an information-theoretic
justification for an existing operational construction [2,7].

8.2. Robustness in Practice

The mathematical pathologies of Section 5, in particular the non-metric status of 1 —
Cgm from Proposition 6, require extreme channel imbalance (A =~ 1 with T ~ 0) to manifest.
That configuration would need two documents to be nearly identical in embedding space
yet assigned to completely disjoint topic clusters, which the UMAP—HDBSCAN coupling
structurally prevents. Scale complementarity (Remark 3) is thus assigned a double duty: it
justifies the product-manifold model (the channels are non-redundant) and it rules out the
worst-case configurations that would break metricity.

8.3. Combinator Selection

Three properties favor Cgys as the operational tool despite d« being a proper metric
and Quad (=1 — d2) being its functionally equivalent similarity-domain counterpart. First,
the veto property Com = 0 when T = 0 (Section 5) is redundant for the unconstrained
maximin (narrative trails) extraction used in our experiments (Section 7.3), under which
every combinator already avoids disjoint-topic edges, but becomes load-bearing under
the cardinality-constrained linear-programming extraction of narrative maps [2], whose
storyline-size requirement can force the path through otherwise-avoidable edges. Because
Com = VA - T vanishes on disjoint-topic (T = 0) edges, those edges are pruned from the
geometric mean’s graph and its storylines can never traverse one, whereas the veto-less
combinators (d, AM) are routed through such transitions at a rate that grows with storyline
length; the Supplementary Materials (Section S9) quantify this across an extraction-length
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sweep. Because the composite metric is shared by both systems, this is a practical concern
rather than a hypothetical one. Second, the log-additive decomposition (Proposition 3)
keeps both channels diagnostically visible along extracted paths, whereas the squared
product metric 4% concentrates 78 to 92% of the path budget in the angular channel and
makes the topic channel nearly invisible. Third, the geometric mean is the established
coherence metric in narrative maps [2] and trails [7]. Our framework justifies this existing
choice rather than proposing a replacement.

Each combinator induces a distinct coherence landscape, a different weighting of
the angular and topic channels, which extraction algorithms traverse differently, yielding
structurally different narrative paths at statistically indistinguishable aggregate quality
(Section 7.6). The choice of combinator is therefore a modeling decision about which narrative
structures to foreground, not a free parameter to be tuned for quality. Table 4 makes
this decision concrete: practitioners who want the axiomatic characterization and log-
additive diagnostics should use GM; those who want a formal metric-space guarantee at the
similarity level should use AM; those who want the product-manifold metric in similarity
form should use Quad; and those who specifically want the veto property should use GM
or Min. Our default recommendation of GM rests on its simultaneous combination of three
properties: consistency with the four axioms of Theorem 3, the log-additive decomposition
of Proposition 3, and the veto property. It is the only combinator in the compensability
spectrum (Section 4.1) that satisfies all three together under the assumptions stated.

8.4. Limitations

LLM-as-judge evaluation, and the absence of a human anchor for the combinator
comparison. The downstream evaluation in Section 7.6 uses two LLM judges (GPT-5.4
and Claude Opus 4.6) rather than human annotators. The evaluation protocol (brief
justification with a single holistic score on a 1 to 100 scale, no anchoring) is designed to
maximize discriminative power based on the findings of [51], and the judge prompt uses a
domain-agnostic framing (“document sequence coherence”) to avoid privileging literary
narrative criteria. Even so, LLM judges are known to exhibit biases that differ from human
preferences (verbosity preference, positivity bias, sensitivity to surface form; [54]), and
we did not run a human-evaluation study of combinator choices. Human grounding in
this paper enters elsewhere: the bottleneck-gap analysis of Section 7.8 anchors the metric’s
design premise to human navigation traces via the Wikispeedia corpus.

Three mitigations partially address this gap, and one limitation remains. First, the
multi-judge design [54] reduces single-model bias. Second, the role of the downstream
evaluation in this paper is a consistency check on the axiomatic recommendation rather than
a quality comparison: the relevant question is whether the geometric mean is empirically
dominated, and a null result is harder for a judge’s bias to produce than a small positive
effect would be, because systematic biases would have to cancel almost exactly across all
combinators and baselines to yield a flat ranking. Establishing exact equivalence rather
than non-domination would instead require an equivalence test such as the two one-sided
tests (TOST) [55,56] against a pre-specified margin, which the consistency check does not
attempt. Third, the interjudge agreement statistics reported in Section 7.6 confirm that
the two judges agree on the relative ordering of sequences even where their absolute score
levels differ; the level offset that drives the negative Krippendorff « on VisPub does not
affect the within-pair Friedman analysis, which is invariant to monotone rescaling of each
judge’s scores.

The remaining limitation is that all three mitigations operate within the LLM-judge
family: agreement between two strong LLM judges does not establish agreement with hu-
man readers, and the absolute level of LLM scores is not a calibrated quality measurement.
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Two considerations bound the scope of this limitation. First, this paper is a justification of an
existing coherence metric, not a proposal of a new one; the composite metric C = vV A-Tis
already in use in the narrative maps [2] and narrative trails [7] systems, and the narrative
maps representation has been assessed in human user studies, from the Amazon Mechani-
cal Turk evaluation in the original work [2] to subsequent sensemaking studies [57,58], so
the metric’s downstream usefulness has independent human-grounded support—although
those studies evaluated the representation as a whole and did not compare combinator
choices against one another. Second, the comparison most relevant here—between com-
binators within a single structural equivalence class—is one where the candidates are
provably close: members of the class produce identical or near-identical paths (Section 7.6),
so there is little mathematical room for a quality difference. Whether a human-perceptible
difference nonetheless exists between mathematically near-equivalent combinators is a
well-posed question in its own right, and a controlled human study of that question is the
natural next step; a full human-evaluation study of narrative quality is otherwise beyond
the scope of a paper whose contribution is the formalization of the metric rather than a new
extraction method.

Prompt-domain trade-off. The domain-agnostic prompt (“document sequence coher-
ence”) is a deliberate choice: it keeps Cuba and VisPub comparable under one criterion,
which is essential for the cross-corpus consistency check, but may under-reward quali-
ties specific to a domain (e.g., story-arc structure in news, logical-progression structure
in research paper sequences). A domain-specific prompt per corpus would break this
comparability, and since the metric itself is domain-agnostic (C = v/ A - T), an agnostic
yardstick matches what the metric is trying to optimize. A per-domain evaluation study is
natural future work for benchmark-style comparisons.

Single coherence definition. We analyze the specific composite metricC = VA - T
from the narrative maps framework [2]. The information-geometric framework applies
whenever document similarity combines an embedding-space component with a proba-
bilistic topic component, but we do not empirically compare against coherence definitions
from other narrative extraction systems (e.g., word-influence [3], KL-based [9]).

Dependence on upstream representations. The theoretical results hold for any
embedding and any soft topic assignment. The embedding sensitivity analysis
(Supplementary Materials, Section S3) shows that GM rank correlation and triangle in-
equality violations are stable across three embedding architectures on two corpora, though
channel correlation varies with embedding choice (04,7 € [0.23,0.29]). The number of topic
clusters has a stronger effect: the COVID corpus (K = 2) exhibits 7.6% triangle inequality
violations for 1 — Cgy, with the rate dropping monotonically as the cluster count increases.
The practical recommendation is K > 4 clusters, which was sufficient in all other corpora
tested. The clustering pipeline (UMAP hyperparameters, HDBSCAN configuration) was
not varied independently of the cluster count.

Corpus scope. While the corpora used span news, academic, and encyclopedic
texts (40 to 6000 documents) and three embedding architectures, all are English-language.
Generalization to other languages or modalities was untested.

9. Conclusions

We have given an information-geometric reading of composite coherence metrics
in event-based narrative extraction. On the product Riemannian manifold S9! x Aﬁfl
the negative log-coherence decomposes additively into an angular and a topic cost; be-
cause the Jensen-Shannon distance induces a Riemannian tensor proportional to the Fisher
information matrix, the topic component is locally consistent with the Fisher-Rao ge-
ometry that Chentsov’s theorem singles out, and the same construction motivates the

https://doi.org/10.3390/e28070732


https://doi.org/10.3390/e28070732

Entropy 2026, 28, 732

41 0f 45

proper product metric 4« used as a reference distance. The central conclusion is a conver-
gence: two arguments resting on different stated premises—the four operational axioms of
Theorem 3 and the design premise that incoherent transitions are more channel-imbalanced
(Proposition 5)—independently single out the geometric mean within the compensability
spectrum, while the remaining combinators (AM, HM, Quad, Min, Max) each occupy
a distinct, characterized position and the Quad combinator 1 — alzX is recovered as the
similarity-domain face of d.. The empirical study is consistent with this picture: across
four corpora the metric-level experiments (Section 7) confirm the first-order Fisher approxi-
mation, the geometric mean’s tracking of the product metric, and the non-redundancy of
the two channels, while the supporting analyses establish robustness to the embedding
model, the topic model, and the cluster count (Supplementary Materials). The down-
stream consistency check finds no alternative combinator or single-channel baseline that
dominates the geometric mean on holistic quality, and the bottleneck-gap profile (Sec-
tion 7.8)—extended to a human-navigation corpus and, in a cross-modal case study, to a
human-curated image narrative (Supplementary Materials, Section S8)—shows the design
premise holding throughout.

These results together provide an information-geometric justification for the composite
coherence metric of [2,7] and articulate the conditions under which the geometric-mean
combinator is the natural choice. The framework applies whenever document similarity
combines a fine-grained embedding-space component with a coarse-grained probabilistic
topic component under the design principle of scale complementarity, and it illustrates
how information-geometric tools (Chentsov’s theorem, the Fisher-Rao metric, product
Riemannian manifolds, and the Jensen-Shannon distance) can clarify the structure of
existing constructions in the information sciences without claiming optimality beyond
what the stated assumptions support.

Several questions remain open. The downstream comparison shows that combinators
within a single structural equivalence class are indistinguishable to current LLM judges;
whether a human-perceptible quality difference nonetheless exists between mathematically
near-equivalent combinators is a well-posed question that a controlled human study could
settle. Generalization beyond English-language text—to other languages, to modalities
beyond the single image-narrative case study, and to coherence definitions from other
extraction systems—likewise remains untested. More broadly, scale complementarity as
a design principle, and the bottleneck-gap profile as a diagnostic of where a combinator
sits on the compensability spectrum, may transfer to other settings in which a similarity
combines a fine-grained geometric component with a coarse-grained distributional one;
characterizing that transfer is natural future work.

Supplementary Materials: The following supporting information can be downloaded at https:
/ /www.mdpi.com/article/10.3390/e28070732 /s1: Section S1, validation on alternative topic mod-
els (LDA, soft k-means, GMM); Section S2, cluster-count sensitivity; Section S3, embedding-model
sensitivity; Section 54, a component ablation isolating the contributions of soft cluster member-
ship and of the Jensen-Shannon distance; Section S5, the per-seed breakdown of the embedding-
perturbation experiment (Section 7.7); Section S6, a heuristic rate-distortion analogy for the geometric
mean; Section S7, a path-level bootstrap quantifying the sampling uncertainty of the Experiment 7
bottleneck-gap profile on the smallest corpus; Section S8, a cross-modal case study applying the
bottleneck-gap analysis to a human-curated image narrative (the ROGER corpus); and Section S9, a
validation of the geometric-mean veto property under the cardinality-constrained narrative maps
linear-programming extraction.
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Abbreviations

The following abbreviations are used in this manuscript:

JSD Jensen-Shannon divergence

KL Kullback-Leibler divergence

FR Fisher-Rao

GM Geometric mean

AM Arithmetic mean

HM Harmonic mean

NMI Normalized mutual information

LLM Large language model

LDA Latent Dirichlet Allocation

GMM Gaussian Mixture Model

UMAP Uniform Manifold Approximation and Projection
HDBSCAN  Hierarchical Density-Based Spatial Clustering of Applications with Noise
DPI Data processing inequality

Lp Linear program

MST Minimum spanning tree
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