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Abstract

In this paper, we apply the double Fourier transform method to the two-dimensional
Vlasov equations for a charged particle subjected to white noise, exponentially correlated
Gaussian forces, trap forces and thermal and active noises in a magnetic field. By deriving
the corresponding Fokker-Planck equation, analytical solutions for the joint probability
density are obtained in different time domains. The mean squared displacement and ve-
locity of a charged particle driven by white noise exhibits a super-diffusive behavior, scal-
ing as ~ t? in the short-time regime, while it grows linearly with time (~ t) in the long-
time regime, in agreement with numerical simulations of the mean squared displacement.
When thermal noise is included together with harmonic trap and viscous forces, the char-

acteristic time scale increases as ~ t2M+1

in the corresponding time domains, whereas the
mean squared velocity scales as ~t?"*3. The moments of the joint probability density un-
der thermal noise scale as ~t2"*>. Furthermore, when the persistent Hurst exponent h —
1/2, the entropy of the joint probability density associated with thermal noise coincides
with that obtained for active noise in both the short-time (t « 1) and long-time (¢t > 1)

limits.

Keywords: Vlasov equation; trap force; random force; correlated Gaussian force;
super-diffusion; normal diffusion

1. Introduction

The Vlasov-Fokker-Planck equation is a fundamental partial differential equation
obtained by combining the Vlasov equation [1], which describes collisionless particle dy-
namics under long-range electromagnetic forces, with the Fokker-Planck equation, which
models stochastic diffusion processes in velocity space. This equation governs the evolu-
tion of particle distribution functions in phase space for systems in which collective self-
consistent fields coexist with weak collisions or dissipative effects. The Vlasov equation
has been widely applied in statistical mechanics, plasma physics, particle beam dynamics,
and even in certain biological systems.

Prior to the last four decades, the Chirikov-Taylor model [2,3] was extensively stud-
ied, and analytical solutions were developed for a wide range of plasma physics problems
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[4-6]. Probabilistic methods and powerful analytical techniques for solving the Vlasov
equation were directly applied to this model. As a result, analytical expressions for the
probability density function, its second velocity moment, and the associated spatial diffu-
sion coefficient were obtained. In the framework of the Vlasov equation, a collisionless
plasma is described by deterministic particle trajectories in a magnetic field. Each particle
follows a spiral trajectory around the magnetic field lines determined by its initial condi-
tions. Consequently, the mean squared displacement either oscillates around a constant
value or converges to a finite limit set by the initial distribution, rather than diverging
indefinitely. This behavior reflects the fact that particles remain confined by the magnetic
field and do not undergo unbounded diffusion.

Jimenez-Aquino and Romero-Bastida [7] investigated diffusion in the Langevin dis-
charge equation, incorporating the effects of magnetic fields and colored noise, and ana-
lyzed long-time diffusion behavior as well as the influence of magnetic fields on the mean
squared displacement. Tothova and Lisy [8] studied the diffusion of charged particles us-
ing an exponentially correlated random force model, identifying distinct time-domain be-
haviors through linear and exponentially decaying contributions to the mean squared dis-
placement. In a subsequent work, Tothova and Lisy [9] showed that subdiffusive behavior
(the fractal dimension a = 1/2) may emerge in the long-time limit within a generalized
Langevin equation framework. More recently, we obtained analytical probability densi-
ties for active particles coupled to two heat reservoirs [10], passive particles subjected to
harmonic and viscous forces [11], and passive particles in random environments under
magnetic fields with correlated Gaussian forces [12]. In addition, we analyzed the dynam-
ical behavior of an active Brownian particle confined by an optical trap and driven by
correlated Gaussian noise [13].

The modified Vlasov model that includes magnetic fields is of particular interest be-
cause it can be extended to chaotic and turbulent stochastic dynamics. This extension be-
comes possible through the incorporation of correlated Gaussian forces, which allows new
analytical solutions to be obtained using the Fourier transform method. The purpose of
this paper is to present analytical solutions of the modified Vlasov equation. Specifically,
we consider a charged particle in a magnetic field subjected to exponentially correlated
Gaussian forces. The paper is organized as follows. In Section 2, we introduce the modi-
fied Vlasov equation for a charged particle in a magnetic field and derive the probability
density functions for the displacement and velocity in the limits t <<, t >> 7 and for
7 = 0, where © denotes the correlation time. In Section 3, we analyze the Vlasov equation
with exponentially correlated Gaussian forces in a magnetic field. Section 4 presents ana-
lytical solutions for a charged colloidal particle subjected to trap forces, thermal equilib-
rium noise {y(t), and active noise {,.(t) with exponentially decaying correlations. In
Section 5, we compute statistical quantities such as the non-Gaussian parameter, correla-
tion coefficients, entropy, and combined entropy. Finally, our conclusions are summa-
rized in Section 6.

2. Modified Vlasov Equation

The general Vlasov equation [6], including nonrelativistic electric and magnetic
fields, is given by

L+v-0f+1(E+vxB)-V,f = D7%f. 1)

In the case where only the magnetic field B = B,Z exists in two dimensions, the probabil-

ity density function in the Vlasov equation is written as
d 0 d 0 q 0 92 0*

q
—f+v,—f+v,—f+—v,B,—f ——v,B,—f =D, —f + D, — f.
ot ”xaxf ”yay mvy Z v, mvx Zavy "axzf Y ay? @)
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Here, the velocity is v =v,&+v,9, and D, and D, denote the spatial diffusion coeffi-
cients.
The equations of motion for a charged particle in the presence of B,z are given by

i} i}
Ex - vx+nx(t) ma Uy = quBzr (3)

and

0 6

T = v,+1,(t), Mo vy = +qv,B,. 4)
Here, the random forces n,(t) and n,(t) depend on the time difference and satisfy <
(i (") >= 2 5=
the joint probablhty density derived from Equations (3) and (4) is consistent with Equation

).

——) for i = x,y. We show in Appendix A that the time derivative of

The joint probability densities f(x,vy,t) and f(y, vy, t) for the displacement x,y
and the velocity vy,v, are defined by f(x,vy,t) =<&(x —x(£))8(vy — v,(t)) > and
f,vy,t) =< 8@ —y(t)d(vy — vy (t)) >. By taking time derivatives of these joint proba-
bility densities, we have the differential equations

T f v ) = =2 < T8 (x = X(D)E (W = ve(6) > — 52 < TEE(x = X(E)E (v — ve(6)) >, (5)

0 0 0 0
af(y, vy, t) = —@ < a—}t/(S(y — y(t))6 (vy — vy(t)) > _6_ < —5(y y(t))6 (vy — vy(t)) (6)

We then introduce the following equations for the evolution of the joint probability den-
sities:
0 0 9?
af(x’ Uy, t) = [~VUr 5= ox + B, ]f(x vy, t) + Dxa zf(x Uy, t) (7)
2
Ef(y’vy't) Vya +v,B, f(y’vy't)+Dya Zf(y,vy,t) (€©))

Substituting Equations (3) and (4) into Equatlons (5) and (6), we use Equation (12) of Ref.
[13] for the two cases of random forces 71,(t) and 7,/(t). Then, Equations (7) and (8) are
derived. Here, the dimensionless parameters m = 1 and q = 1 are used. The derivation
of Equations (7) and (8) is presented in Appendix B.

Qv t) = [T dx [ dv, exp(— igyx — ivivy) f(x, vy, 1), )

f(zvat) = :L: dy f_Jr: dvy exp(— i,y — ivovy) f (1, vy, t). (10)

By applying the double Fourier transform to Equations (9) and (10), we obtain the varia-
ble-separating equations

6tf(€1’ vy, t) = [(1 - B, V1] f((pvp t) = Dy f (G, va, t) + Af (G1,ve,t), (11)
Ef(fz'vz,t) = [Zz - Bzzvz]ﬁf(fz'vz,t) - Dyfzzf(fzyvzft) = Af ({3, v 1), (12)
2

where A is the separation constant, and the initial conditions are x, = y, = 0. and v, =

Uyo = 0.

2.1. Probability Densities in Steady State

In this subsection, we obtain the Fourier transforms of the probability density func-
tion given by Equations (13) and (14) for the modified Vlasov equation, Equation (9), de-
scribing a charged particle.

2.1.1. f(x,t) and f(v,,t) in the Short- and Long-Time Domains.
By taking % f ({1, vy, t) =0 for v, in the steady state, f({1,v4,t) reduces to the sta-

tionary distribution f*t({;, v, t). The Fourier transformed equation for the steady proba-
bility density from Equation (11) is

https://doi.org/10.3390/e28070766
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[¢1 — B,%v; aiv]f“({l’v]’ t) = D3 f5E(Gy, v t) + AfSE(Gy, vy, t) = 0. (13)

The first term of the left-hand side in Equation (15) is approximated as [{ 1= Bzzvl]_1 =

2
G+ BZ(—;}I]. The stationary solution with respect to v; is then given by
2 2

st 1 2 B, , V1
5, vt) = exP[a [DxG vy — Avq] + F] [Dx (7 5 Avq]]. (14)
1
Introducing f({y,vq,t) = O[t +v1/[{1 — B,vy]] £54(4y, vy, t) [13], we obtain
(&, vy, t) = exp| — Dyt{? — D, B,*t?(7 /2 — D, B,°t*v3 /2. (15)

Using the inverse Fourier transform, the probability densities in the short-time domain
when 1 < B,’t are given by

x? v2
fCx,t) = [2nDB,*t?] 7% exp| —W],f(vx, t) = [2nD,B,%t?*]"?exp[ — m]- (16)
In the long-time domain when B,*t < 1, the probability densities are obtained as
x? vy
= [4nD,t]~1/2 - = [2rD,B,°t?] " exp| - ———]. 17
£ 1) = [rDt] expl = 7521, f (0 8) = PRDB,SCT Pexpl = ool (17)

The mean squared quantities corresponding to Equations (16) and (17) are given by
< x?(t) >= D,B,*t?, < vi(t) >= D,B,°t?, (18)
in the short-time domain, and
< x%(t) >=2D,t, < vi(t) >= D,B,°t?, (19)

in the long-time domain. Therefore, Equations (16) and (17) correspond to two asymptotic
regimes determined by the dominant contribution in Fourier space rather than to the lim-
its t > 0 and t — oo.

212 f(y,t) and f(vy,t) inthe Short- and Long-Time Domains

Taking % f({vp,t) =0 for v, in the steady state, f({»v,,t) becomes

f*5({5,v5, t). The Fourier transformed equation for the steady probability density function
from Equation (8) is obtained as

]
[¢, = B,*v,] Ef“(((z'vz. t) = Dy G5 (o vart) — A1 (G, v, t) = 0. (20)
For Equation (22), using a similar procedure to Equations (14) and (15), we have
f (G2, v2,t) = exp[ — Dytg5 — D, B,*t7(3/2 — D, B,°t?v3 /2], 21)

Using the inverse Fourier transform, the probability density in the short-time domain
when 1 « B,?t is calculated as

2 2

_ y _ v
\t) = 21D, B,*t2]" /2 exp[ - ———], f(v,, t) = [2nD, B,°t*] 12 exp[ - —2—]. 22
f,t) = [2nD, B, t"] pl ZDyBZth] f(vy,t) = [2nD,B,°t?] pl 2DyBZ6t2] (22)

In the long-time domain when 1 > B,?t, the probability density also is calculated as
2 2
- y -
= [4nD, t]"1/2 - — [27D.B.5t21" 2 expl — —
f,t) =[4n yt] exp| 4Dyt]’f(vy’ t) [2m B, t ] exp| ZDyBZGtZ

Thus, the mean squared quantities for f(y,t) and f(v),t) from Equations (14) and (15)

1 (@)

are, respectively, given by
< y(t) >= D,B,*t?, <v(t) >= D,B,°t?, (24)
in the short-time domain, and
< y*(t) >=2D,t, < vj(t) >=D,B,°t?, (25)

in the long-time domain. Thus, if the diffusion coefficient D, is equal to D,, then the
mean square displacement and mean square velocity in the x- and y-axis directions are
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a
2 F G vnt) =

equal, as we have seen in subsections 2.1.1 and 2.1.2. This means that the motion of the
charged particles has a statistical isotropy in the x- and y-axis directions.

3. Modified Vlasov Equation with Exponential Correlated Gaussian
Forces in the Magnetic Field

In this section, we solve the probability density function for the modified Vlasov
equation, Equations (3) and (4), of a charged particle with two correlated Gaussian forces
within the limits of t << 1, t >> 1, and for T = 0, where 7 is the correlation time.

The two modified equations of motion for a charged particle with B = B,2 are given

by
X = Uk g (D), M B,~ 2%
Otx UxTZGx ma Uy = qu 2z~ T1Vxs ( )
and
a a
5 Y = 0tgy (), mo-v, = +quB,~1;v,. 7)

Here, the exponential correlated Gaussian forces g,(t) and g,(t) depend on the time
difference: < g;(t)g;(t") >= %exp(—@) for i = x,y [13,14]. —1yv, and —1,v, are the
viscous forces, respectively.

The joint probability densities f(x,vy,t) and f(y,vy,t) for the displacement x,y
and the velocity v,,v, are defined as f(x,vy,t) =<8(x —x(t))5(v, — v5(t)) > and
f,vy,t) =< 8@ —y(t)d(vy — vy (t)) >. By taking time derivatives of these joint proba-
bility densities we obtain the following differential equations:

- < 6(x —x(t)6(vy — v, (1)) > —— < 61;x 6(x —x(t)6 (v, — v, (1)) >, (28)

a 6 0
af(y. vy, t) = "oy < 55()/ —y(t))s (Vy - vy(t)) > ~a, < —5(y y(£))8 (vy vy(t)). (29)

Substituting Equation (26) into Equation (28) and Equation (27) into Equation (29), and
following the procedure of Ref. [13], we obtain

TG0V ) = [+ [=Byvyge ™2 + (B, 410 o] (6, v, ) + Dl =b(0) oz + (O 35l (1,006, (30)

2 f(y,vy,t) = [~vy = + [B,vy0e "t + (B,24+12)vy | -=1f (3, vy, ) + Dy [—b (t)i+a(t)i]f( v,,t). (31
ot Yoy, t) = Y ay zYx0 z 2)Yy vy Y, Vy, y 2 ay2 2 31/32; YUy, L) ( )

Here, we have set the dimensionless parameters m = 1 and q = 1. The time-dependent
coefficients are given by a;(t) = a,(t) =1 —exp(—t/1), bi(t) = b,(t) = (t + T) exp(—
t/t) — 1. Applying the double Fourier transform defined in Equations (9) and (10), we
obtain the Fourier-space equations

af((pvi'f) = [51 (B, +T1)V1] f(ZI'Vi't) + Dy[by (£)1vs — ay () TE1f (G1,v1, 1), (32)

6tf((z'V2;t) = [(2 (B, +7"2)V2] f(fz,Vz,t) + Dy [ba()32v2 — az ()35 (2, va, B). (33)

3.1. Probability Densities in Three-Time Domains
3.11 f(x,t), f(vy,t) and f(y,t), f(vy,t) in the Short-Time Limit t K 7

In the short-time domain t < 1, the steady-state solution of Equation (32) for fixed
{; is obtained as

£ Guvst) = expl 2,006 2 — ay (0w, | + 2L b, (0, % - ay (0221, (34

which yields the explicit exponential form given in Equation (34). To proceed, we intro-
duce the successive transformations

fGuvit) = (G, v, ({1, vy, 1), (35)

https://doi.org/10.3390/e28070766
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D, : 2 DB+ t ;
910 = WGy v, 0 expl SO~ a0 51+ %} BOG -~ GoOED), 6o
1
4— 'V3 ( )
2 L

5
h(¢y,vy,8) = p(Gy,v4,0) exp[ [bil(t)ﬁ 12 —ay ()4F Z] + 1[bi' ()41 z_z) (t)(t)ﬁ 12]] (37)

&
PG, v, t) = q({1,v1, 0) 3xP[?_; [b{”(t)ﬁ ] + 101" ()41 360]] (38)

where higher-order terms proportional to 1/73 are neglected. Under this approximation,
q(gy, vy, t) satisfies

Dx(Bz +71)

0 0
aCI({pr t) =[{ — (B? +T1)V1] CI(Q V1, t), (39)

Expanding up to second order in t/7 and collectmg all contributions, we obtain
Dyt , D,B,*t?

f((]:let) = exp[ - 2 2 Vlz]' (40)
The probability densities for displacement and velocity are then given by
1 2 - %
fG D) = (20D, 2 expl = 525 f(0et) = [2nD,B, 1 P exp[ - 5 255), (41)
with mean squared values
< x2(t) >= D, t3, < vi(t) >= D,B,*t%. (42)
Applying the same procedure to Equation (36), we obtain
Dyt* , DBt
f(Gva,t) = exp[ - 2 G = ;2 I (43)
leading to
5173 y? 4,312 vy
f,t) = [2rD,t°] 2 exp[ - m];fvy, t) = [2mD, B, t’] Zexp| —W]- (44)
Consequently,
< y2(t) >= D,t3, < v(t) >= D,B,*¢3. (45)

3.12. f(x,t), f(vy,t) and f(y,t), f(v,t) int>T
In this subsection, we analyze the probability densities f({;,v;,t) and f({p, v, t) in
the long-time domain ¢ > t. In this limit, Equations (31) and (32) can be approximated as

2 F @i D) = Dylby (O3 — (O G v ©), (46)

2 £ (80 2,8) = Dy b (O)G2v — ax(OGF1f Garvar ), @7)
From these equations, we formally obtain

for G v1,©) = exp[ Dy [ b1y — @ (OF1dE], (49)

G vn® = expl Dy [ 52O, = ax()671de] (49)

Using the relations  f({y,v4,t) = g¢, ($1,v1, ) fz, (1, V1, t) and  f({ v, t) =
9z, (2, v2, )7, ($2, V2, t), the steady-state factors are obtained as

955 (G1,v1,6) = expl — Dy [[b1(Gv; — ay(DEFdt], (50)
GG ®) = expl=Dy [ (% = @57 1de]. (51)
The steady-state solutions f({;,vy,t) and f*'({,,v,, t), given in Equation (33), are re-
written as
G ) = expl [bl(t)cl 4, 0w+ ey [by(6)5; 4 a1<t)<2 a6
D, (B, 2+1,) V3

(G va,t) = exp[ [bz(t)fz — a,(t){3v,] + ][bz(t)fz —a,(t){3 ]] (53)

G?

https://doi.org/10.3390/e28070766



Entropy 2026, 28, 766

7 of 22

The Fourier-space solutions can therefore be written as

9(G1,v1,t) = h({y, vy, t) exp[ — Dy [[b1(£)3yvy — ay (£)37]dt], (54)

9, vy, t) = h($y, V5, t) exp[ — D, J-[bz(t)fzvz - az(t)fzz]dt]- (55)

In the long-time limit, the coefficients satisfy a;(t) =1, b;(t) = —t and [ a;(t)dt =t —71,
[ b;()dt = —zt for i = 1,2. Accordingly, the arbitrary functions become

fuvit) = 0[t +v4/[(G — Dx(B,? + r)vil1g5 (G0, v, O F 5 (G1, v, 1), (56)
f(Gova,t) = O[t +v,/[(§, — Du(B,? + 1)V211925 (5o, v2, ) f (o, v, ). (57)
After expanding in powers of t/t and collecting all terms, we obtain
2.4 4.3
f @) = expl = 22y = PPy, (58)
D,B,*t* D,B,"*t3
f (G2 v2,t) = exp[ — z 3Z &F——=2 ZZ vil. (59)

Taking the inverse Fourier transforms, we finally obtain

f(x,t):[4anBZZt4/3]‘§exp[ ]y Fa D) = 22D, ) expl - 2] (60)

4Dy B2t

f(y,t):[4nDyBZZt4/3]‘§exp[ ] Foy,6) = (2D, B, 6] expl - BZ 1. (1)

The mean-square displacement and velocity are therefore given by

4DB 2t4)

< x%(t) >= 2D, B,*t*/3, < vi(t) >= D,B,*t, (62)

< y2(t) >= 2D, B,*t*/3,,< vi(t) >= D,B,*t3. (63)

3.1.3. f(x,t), f(vy,t) and f(y,t), f(vy,t) inthe White-Noise Limit7 = 0

For t = 0, the coefficients reduce to a,(t) = a,(t) =1 and b, (t) = b,(t) = 0. Equa-
tions (32) and (33) then become

%f(ZI’Vlrt) = [¢1 = Dy(B,? + 7”1)1/1]%](((1,1/1,@ — D3 (G v ), (64)
%f((z: vy, t) = [{ — Dy(B,* + rz)Vz] f((z: Vo, t) — yfzzf(fzﬂ/z: t). (65)

The steady-state solutions are
Dx (Bzz + rl) 2

fo (G v t) = exp[ Dylyvy + ———>——{], (66)
2
(@2, t) = exp[ Dy vy + L2 7), (67)
The corresponding Fourier-space solutions read
f@uvit) = 01t +vi/[¢ — (B, + r)vi]If* (G, v, 1), (68)
f(Gova,t) = O[t +v,/[(G2 = (B + 1)l f (8o, v, B). (69)
After evaluation, we obtain
D Bzztz D,B,*t?
f(Gpvi,t) = exp[ — (Dyt +— )61” = XTWZ], (70)
4.2
FGvat) = expl — (Dyt + 2207 2P ) 71)
For D,t > 1 and D,t > 1, the probablhty densmes reduce to
1 2
flx,t) = [471Dxt]_5 exp[ — ] f(v,t) = [27TD B,*t?]71/? exp[ — W] (72)
1 2
fo0) = [47rDyt]_5 expl - @] fo0) = DB, expl — 52l (7

https://doi.org/10.3390/e28070766
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The corresponding mean-square values are

< x2(t) >= 2D,t, < vi(t) >= D,B,*t?, (74)

< y?(t) >= 2Dyt, < vj(t) >= D,B,*t%. (75)

4. Vlasov Equation with Trap Forces, Thermal and Active Noises in the
Magnetic Field

4.1. Vlasov Equation for a Charged Particle with Trap Forces and Thermal Noises

The thermal fractional Vlasov equations in a uniform magnetic field B =B,z are
modified as follows:

9 4 2
X = v H 5N, 5 Vx = —kix = B;"v, — vy, (76)

and

d 2

eT: =v, + fy (t) = —k,y—B, vy, — 1oV, (77)
Here, the dimensionless parameters m = 1 and q = 1. The forces —k;x and —k,y rep-
resent harmonic trap forces. The thermal noises &(t) and &(t) are temporally corre-
lated and satisfy < ¢} h(t)f "t >=D; | |2h =2 for j = x,y, where the persistent Hurst ex-
ponent F lies in the range 1/2 < h < 1. The parameter 7., is the thermal correlation time
for a charged particle subject to trap forces and the thermal noise. The joint probability
densities f(x,vy,t) and f(y,vy,t) are defined by f(x,vy,t) =<8(x —x())5(vy —
v () > and f(y,vy,t) =<8y —y(t))d(v, — vy (t)) >. Taking time derivatives of the
joint probability densities yields

f(x vy, t) = —i < —8(x — x(t))d(vx vx(t)) > —% < %5(x — x(t))&(vx — vx(t)) >, (78)
% F
6tf(y, vy, t) ——y < —5(y y(t))5 (vy vy(t)) > _6_ < —6(y y(t))(S (vy vy(t)). (79)

Substituting Equation (76) into Equation (78) and Equation (77) into Equation (79), and

following the procedure of Ref. [13], we obtain
2 a a 2h-1 92
Ef(x' Uy, t) = [_Uxa + [k1x + (BZZ+T1)17X] ;] fO,ve, ) +D [(th 1)Tzh T ov, 6x neZh 6x2]f(x Uy, 1), (80)

K} t2h— 92 ch
Ef(y' vy, t) = vy 3y + [y + (B, +r2)vy f(y' vy, t) + Dy[ (2h 1)T2h T 9v, oy + 2neZl ﬁ]f(y' vyt).  (81)

The initial conditions are x, = v,y = 0 and y, = vy, = 0. Applying the double Fourier

transform of Equations (9) and (10), we obtain
t2h—

atf(Zvallt) = —k1V1 22, + [(1 (B, + 7’1)1/1] f((pvpt) D [WQ 15w ek 51]]((51'1’1'0/ (82)

atf((z'vz» t) = k2V2 20 + [(2 (B, +7”2)V2] f((zﬂ/z't) Dy[(z,llhﬁfz Vot —n el 52 1f (&5, v,8). (83)

Finally, we determine the probability densities for a charged particle with trap forces
and exponentially correlated Gaussian forces in the regimes t < 7y, t » 14y, and for
Ty, = 0. The time domain t > 1y, is the one where the short-time singularity of the
memory kernel averages out.

4.1.1. f(x,t), f(v,t) and f(y,t), f(1,t) in t KTy
Since % f(¢,t) =0 and % f(v1,t) = 0, the Fourier transform of the probability densi-

ties f(¢1,t) and f(vy,t) reach the steady states, denoted by f(¢;,t) and f¢(vy,t), re-
spectively. Accordingly, the two steady-state equations can be written as

v 261, ) = [ s + 5 GE| + €1 G0, (84)
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-1

[¢; — (B,? +7’1)V1] fSt( nt) —= (2h l)rzh oSV o 2h 251] Clf 5t (vy, 0). (85)

Here, C is the separation constant. The Fourier transform of the probability density from
Equation (84) is given by
t2h—1 (2 t2h (1

st
[P = exp - 2k1v1 Q-1 2 1 +2hr§,’} 3 k1v1 Gl (86)

To determine the Fourier transform of probability density for ¢;, we write f({;,t) =

9, OFt ({1, t). Retaining terms up to order t?/t,, the functions g({;,t) and h({;,t) are
obtained as

ch—Z <3 ch—l ({1—
9((1,0 h(fl'f)eXP [Z(k ) [ 2h—1 ¢ -V +TE]]' (87)
D, [Qh- 1)t2h2
WG 8) = PG Dexp | =5 [( | )t 6 ” (88)
1 h

In Equation (88), the function p({;,t) satisfies %p(g,t) = —kvig 7 p((I,t). Since the
1

Fourier transform of the probability density can be regarded as an arbitrary function of
the variable t — —] ({3, t), we obtain p({;,t) = O[t — [%]]. Keeping terms up to or-
11

der 1/t},, the asymptotic form of the Fourier transform of the probability density becomes

Sl

fGu,t) = p* (G, O (G, g™ (G0, O (G1, 1) = Ot — [k 1A% (G, g% (1, O (1, 1) (89)

Following the same procedure, by using a similar procedure as in Equations (86)—(89), the
Fourier transform f(vy,t) obtained from Equation (85) is given by

fO1, ) = 01t +v1/[¢; — (B, +1)v]]h* (v4, £)g° (v1, ) ** (v3, 1), (90)

Using Equations (89) and (90), the joint Fourier-space probability density is obtained as
(2h+1 D k2e2+3

Vi t) = exp[ —— - ], 91
f({l V1 ) exp[ 41_5}}11 (1 241_?’}: V1 ] ( )
and, by an analogous procedure,
LT D kZeMS
Uy t) = - - . 92
f({Z V2 ) exp[ 4‘[?’}11 ZZ 24‘[?}}; V2 ] ( )

By applying the inverse Fourier transform to Equations (91) and (92), the probability den-
sities are obtained as
3Dy ¢2htl 1 Dy kZt2h+3 % 6hellivg

£ = [r 25 R epl - S f0,0) = [ Feapl - 2] (09

th

t2h+1 2h+3 1 2h,2
3Dy Dykzt 6TtpVy

1 2h y 1
]zexp[—u;htz,m] f(v,,t) = [ = ]zexp[—W] (94)

0.0 = [

4.1.2. f(x,t) and f(v,,t) in t > T4

In this subsection, we derive the probability densities f(x,t) and f(v,,t) in the
long-time domain. From Equation (82), the approximate equations for f({;,t) and
f(vq,t) in the limit t » 7y, can be written as

2h—

aﬂg)~— S s + 3 I G, (95)

t2h-1 t2h
;f(vpf) =-—= m(ﬂﬁ wap ST 0), (96)

From these equations, we obtain
2h-1
G0 = expl =2 [ v + e G 97)
Dx ch 1 2h

) = 2 Y S dt 98
o, 01,0) = expl quyk4ﬁ$4@w S 1] %8)

Writing gff({l,t) and g3i(vy,t) from f((l,vl,t) = 9¢,(G1,v1, ) fz,($1,v1, ), we obtain
t2h—

2h
98 G t) = expl [ I)Zh 1 + g (Elde], (99)
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$2h=1 2n
5:0,0) = expl 5 [ 1 G + 5 21 (100
The steady-state Fourier transforms obtained from Equation (86) are

st - ox . [ t2h-1 (2 n t2h {1:| C 101
fHE 0 =expl-3 i len—na T2 V1 T ol 5| T i, Gl (101)

and
£ 8) = exp b2 LAl R Y] PP RRGT)

[S1=Bz*+r)vi] L@R-D g hrth k1vy
Thus

t2h-1

9661, = hG OG5 G t) = hG ) expl 2 [ Smmr s + 3¢ 1de], - (103)

D ch 1 ch
st 2
9001,0) = v D95 000 = hCv, ) x5 [ [ s G + oG] 104

Taking the solutions as arbitrary functions of variables t — {;/[(k1v1] and t + vy /[({; —
B,v1], we obtain h(¢y,v1,t) = 0[t = {1/[(kywi]] and h($y,va,t) = B[t +v1/[¢) — B, w]].
After expanding in powers of t/t, and performing cancellations, we obtain

f(G,t) = 0[t — &1 /[(kyvi]192E G OF 5 (1, 1), (105)
f0) = 0[t +vi /[ — (B + r)villgst (vi, OF St (v, 1. (106)
Hence,
Dxt2h+1 2 ka%t2h+3

f((l)vll t)=f((1, t) f(vl' t) = exp[ -

Applying the inverse Fourier transform yields
_ Dyt2htl -2 hQh+T) T 152 [ pyrgetnts 1L _ hQ@r+D)TipvE
fx,t) = [ h@hA DT 7] zexp[ — Dyt2h+ , fet) = ”h(ZhH)T%;ll] zexp| Dyk2t2h+3 - (108)

- 2
4h@rt1)T T 4h(2h+1)1§21’1 I (107)

The mean squared displacement and velocity are therefore
Dx

2 — 2n+1 _ Dikf  on+s
<x(D) >= 2hQh+ D! eI, <) >= 2h(2h+1)Ti} e (109)

We write approximate equations for the time derivatives of f({,t) and f(v,,t)
from Equation (83) in the long-time domain as

P Dy, ¢2hl 2k
atf((z,t) = [(Zh_l) 52V + Py

e G (G, 0), (110)

2 ft) =25 Drm 3Gava + Z,th 3681 (o, 0), (111)

By using a similar procedure of Equations (97)—(106) for {, and v,, we get the Fourier
transforms of probability densities f({,t) and f(v,,t) as

f((Z' t) = h((Z! t)ggjt((b t)fSt((Zi t) = Q[t - {2/[k2v2]]g§1t({2' t)fSt({Z' t)/ (112)

f2,8) = h(vy, ) g5t (v, O)F L (v, £) = Ot +v2/[( = (B,” + 1)va]1g3t (v, ) F S (v, 8). (113)
From Equations (112) and (113), we calculate f({p,vo,t)= f({o,t) f(vo,t) as
Dxt2h+1 2 ka%t2h+3 P
Qv )=f ({2, t) f (2, t) = exp[ — TGt DT G = @R DT] vi]. (114)
We get the probability densities f(y,t) and f(v),t) from Equation (114) as
Dy t2h+1 _l hQh+1)T2h—1y2 D, k2t2h+3 _1 hRQh+1) T2 102
ft) = [ W} exp[ — —] f(vy,t) = [ Mt 2 Pl s | (115)
with the mean squared displacement and the mean squared velocity for f(y,t) and
f(vy,t)
< y2(t) >= Dy £2h41 < p2(1) >= Dyk} ¢2h+3 116
Y 2hQR+ DT ¢ 2hQh+D) T} ) (116)
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4.13. f(x,t), f(v,t) and f(y,t), f(v,t) in 7, =0
We write the approximate equation from Equation (82) for {3, v; and Equation (83)

for ¢, v, as
2h

t
f((llt) = k11/1 a( f((llt) 2 [Zh 2h 2 ql ]f((ltt) (117)
%f(vl.t) = (61— B4 o f 1,0 = 2 e 21 (), (118)
G D) = —kavs o f(Go, ) =2 [zmg;; B G 1), (119)
2 F ) = [~ B 4l f ) 2 BZZ;; B1f (v, 0). (120)

From the above equations in the steady state, we calculate f$/({;,t), f*'(vy,t) and

55, t), 55 (vp,t) as

£51(61) = expl - 22 o] L, (v, 6) = expl Focv], (121)
2k1v; 2h12h ’ b p [ onZp 51 VT

2[¢1-Bz%vq]
F51(60r6) = expl = 22 o] 2, FoH (s, €) = expl —2 [ogelCv]. (122
2 PL= S, zmz’l 2 p 2[¢-B?vy) LoneZp>2 P21 (122)

The Fourier transforms of the probability densities f({;,t), f(vy,t) and f({5,t), f(va, t)
are derived as

F@t) = 0[t = i /kyvilfS4 (G, 1), fv,t) = B[t +v1/[(G1 — (B2 +m)vi]If* (v, 1), (123)
f(G,t) = O[t = & /kavalf 5o 1), f(v,8) = Ot +v,/[({> — (B,” + m)va]1f S (va, ). (124)
We calculate f({;,vq,t) and f({p,v,,t) from Equations (123) and (124) as
D, t2h+1 D, kZt2h+3
FGw) = fGuOf 008 = el = e = 25 o m?) (129)
t2n+1 , D, kZtht3 ,
f((ZJVZ't) - f((Z!t)f(VZ! ) - exp[_ 2ht f’,: (2 - IZth{ll V2 ] (126)

By using the inverse Fourier transforms, f(x,t), f(v,t) and f(y,t), f(vy,t) are, re-
spectively, presented by

Dyk3¢2h+3 1 3hrppvi

_L ht? g2h+3 1
Fou0) = [r 2o S expl - ], £ = [r2RE T expl - ] (127)
D Bzz 2h+1 1 y Dvk t2h+3 1 ,[Zhvz
fo.6) = [2 P exp[ - o1 ] f(vyt) = [ S| 2expl =3 k] (128)
The mean squared displacement and the mean squared velocity for f(x,t), f(v,,t) and
f,t), f(v,t) are, respectively, calculated as

Dy k?
< x%(t) >= % ch”, <vi(t) >= 6; }1 t2h+3, (129)
<Y >=1 2% 2y 2hH, < p2(t) >= 6;’; £2h+3, (130)

4.2. Vlasov Equation for a Charged Particle with Trap Forces and Active Noises
The Vlasov equations of motion for a charged particle with trap forces and active
noises ¢°(t), &5°(t) in the magnetic field B = B,z are given by
2
6t vx"'fgc(t) m 17x - klx - Bzzvx YIf at’ | |2h = vx(t ) — "NV (131)
and
2 Lottt 2h-2 ,
= —k,y—B,"v, — sz dt’| ——| vy (t) — vy (132)
t 0 Tth
Here, —k;x and —k,y denote the trap forces. The active noises £7°(t) and ¢7°(t) de-
pends on the time difference: < §“(¢)¢/“(t') >= TD—iexp( It il
ac

a ac a
T = v, +&5°(1), ma

)for]—xyand Tqe 18

the active correlation time for a charged particle with the trap force and the active noise.
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The joint probability densities p(x,v,t) and p(y,v),t) are defined by f(x,v,,t) =
<8(x —x(t))6(vy — v (t)) > and f(y,vy,t) =<8y —y(£))6(v, —vy(t)) >. By taking
time derivatives of the joint probability density, we have the differential equations as

i f v t) = =2 < TS (x = x(0)8 (v — V(D)) > — 5= < TES(x = (D)W — v2(8)) >, (133)

3] a oy 4]

5/ 0 t) = =5 < 5080 = y@)8 (v =1y (©) > ~ 5= < W 5y -y@)s (v, -m®). (134
Inserting Equation (133) into Equation (135) and inserting Equation (134) into Equation
(136), we have, following the method of Ref. [13],

T 0) = [va+ [lax + (B, + )] o] (2 0, ) + Dyl =by ()75 + a1 (8) j—l]f(x, vet),  (135)

2 f(y,vy.t) = vya +[koy + (B, +1)vy] o ]f(y,vy. t) + Dy[— bz(t)a -+ ay(0) 2] Afivyt) (136)

where the dimensionless parameters m =1 and q = 1. The parameters a;(t), a,(t),
by (t), and b,(t) are, respectively, given by a;(t) = a,(t) =1 — exp(—t/7), and b,(t) =
by(t) = (t + 7) exp(— t/7) — 7. By using the double Fourier transform of Equations (9)
and (10), we derive the Fourier transforms of Equation (135) and Equation (136) as

S Guvi D) = kv -+ [6 = (B2 4+ vl - f G ©) + Dalbi (06 — e OFf G ), (137)

5/ @2 D) = —kova =+ [ = B + ] 5 f (G va ) + Dy [0, (D8v2 — az(OGFIf oo D). (138)

Here, the initial conditionis xq = vyo = 0, Yo = V0 = 0.

Now, we find the Probability Densities for a charged particle with trap forces and
exponential correlated Gaussian forces in t < 7,4, t > 74, and for 7, = 0. The limit do-
main t > t,. is the one where the active noise is reduced to effective white noise.

4.2.1. f(x,t), f(vy,t) and f(y,t), f(v),t) in t << Tg
As we have % f(g,t) =0 and % f(vy,t) =0, the Fourier transform of the probabil-
ity density f({;,t) and f(vy,t) in the steady state becomes f({;,t) and f(vy,t). We

write the two steady equations in the form:

—kyv; %fﬂ(ﬁ» t)+ % [b1(O)1vs — ai (D)EF] + EIf5 (1, 1), (139)

[¢— (B,? +r1)vl]—f“(vl,t)+ 2 [by(D)3yvy — ay (O] — EIf St (vy, 1), (140)

Here, E is the separation constant. The Fourier transform of the probability density from
Equation (139) is calculated as

@0 = exp = [0 Dvy - @, (0 4]

In order to find the Fourier transform of probability density for {; from f({;,t) =
9, )f8({y, t), the Fourier transform of the probability density via the calculation in-
cluding terms up to order t?/t* are calculated as

E

+-2-41], (141)

1V1

D, 3 it
9(00,) = h({y, Oexp [~ 2y [bla) —a;(t)—]], (142)
h(G,t) = p(zl.t)exp[z(k )3[b1(t)§4 amﬁ]] (143)
(1 t) = q(Gr, hexp[— 2(”)4[ oM ) (144)

In Equation (144), q({;,t) obeys a—q((pt) = —kyvy ? q({1,t). Using the Fourier trans-

form of the probability density as an arbitrary function of the variable t — [ ] q({y,t)

is given by q({;,t) = O[t — [k ” ]]. The asymptotic Fourier transform of the probablhty
1V1
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density cut off in q({;,t) up to the terms proportional to 1/73.. We consequently get
f(gy,t) related to q({;,t) as

fG,t) = g (31, OPp* (¢, R (1, ) g% (§1, O * (31, 1) = Ot — [&]]p“(ﬁ,t)h“((l,t)g“(Zl,t)f“(Q,t). (145)
By using a similar procedure of Equations (141)—(145) for {;, f(vy,t) is calculated as
fl,t) = 01t +v1/[3; — (B, + r)vilIp* (vi, OO (v1, ) g (va, ) (v, ). (146)

we calculate f({y,vq,t) = f({1,t)f(vy,t) from Equations (145) and (146) as

D, t3 D.B,*t3 D, t3 D.B*t3
F@uvit) = expl = =0 =g ==t = Sl ()

From Equation (149), using the inverse Fourier transform, the probability densities f(x,t)

and f(v,t) are, respectively, presented by
-1 _1 2 4, -1 1 k1x2
flx,t) = [ankI t3] 2 exp[ — ], f(o,t) = [anBZ k; " t3] zexp[ — ] (148)

DyB*t3

kqix
Dyt3

The mean squared displacement and the mean squared velocity for f(x,t) and f(v,,t)
are, respectively, given by

2 _ Dx 3 2 _ DxBs* 3
<Xx (f) >—Zt , < Ux(t) >—Tf . (14:9)

Using a similar procedure of Equations (141)—(149) for {, and v,, the probability densi-
ties f(y,t) and f(vy,t) are, respectively, presented by

- 1 ko y? - -1
f,t) = [nD,k, 1t3] zexp[—%], f(vy,t) = [nDyBZ4k2 1t3] zexp| —

The mean squared displacement and the mean squared velocity for f(x,t) and f(v,,t)

kov

2
Yy
55,0 |- (150)

are, respectively, given by
4
DyB;* 3

t3. (151)

D
<y (t) >= iti < vi(t) >= .
422. f(x,t) and f(v,,t) in t > T4

In this subsection, we find the probability densities in the long-time domain t > 7.
We can write approximate equations for f({;,t) and f(v;,t) from Equation (137) in the
long-time domain as

=G0 t) = 2 by (DG — a (O (G t), (152)

= f ) = 2 [by (O)Gvs — ey (OGFIf (v, B), (153)
From the above equations, we have

fo Gu®) = expl 2 [[b:(£)Grv — @ (£)G7 )], (154)

fu 9 = expl 2 [ Iy O - (5714, (155)

We get g7/ (¢1,t) and g3i(vi, ) from f($,v1,8) = g, (G, v, O Guvi t) and f(vy,0) =
gvl(vl’t)ﬁll(vl' t) as

9550 t) = exp[ — 2= [[by(OGv; — ay ()37 ]dt], (156)
t Dx 2
g2t 0) = expl == [ Iy (©Gw: - (O3 1del, (157)
£5¢({y, t) from Equation (141) is given by
G = exp 2 [ 0Ly, -0, 0 L] + 50, (158)

and f$'(vy,t) is calculated as
DxBz”

£ 0) = expl Z by (04 2 — ay ()] + 21y (006, 2 - ay (02 2]). (159)

The Fourier transforms of the probability densities g({;,v;,t) and g(v;,t) are given by
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91, t) = h(31, )97, (1, ) = h(§y, t) exp[ — —f by ()¢;v; — a;(0)¢7]dt],  (160)

gy, t) = h(v, )95, (v1,£) = h(vy, ) exp[ — —f[bz(t)fm —a;()¢7]dt].  (161)

Here, [a;(t)dt =t —14, a;(t) =1 and [ bi(t)dt = —14:t, bi(t) = =74 for i =12 in
the long-time domain. Taking the solutions as arbitrary functions of variables t —
¢ /[(kyvq] and t + v, /[({ — B,?v;], the arbitrary functions h({3,vy,t) and h({p,v,,t) be-
come h(§y,vy,t) = O[t — {1 /[(kyvi]] and h($p, vy, t) = @[t +v1/[¢4 — B,*v1]]. By expand-
ing in powers of t/t;, we derive and calculate the expression for f({;,t) and f(vy,t) af-
ter some cancellations, as

fG0) = h($, g5 G, OF (1, t) = 0t = &1/ [(eyvillgg; G OF (G 8),  (162)

f1,8) = h(vy, g5t (v, OF C(v1, £) = Ot +v1/[$y — (B,” + r)villgst (v, O 5 (v, ©). (163)
Therefore, from Equations (162) and Equation (163), we calculate f({;,vy,t) =

fnt) f(vy,t) as
3 4.3 3 4.3
fGvi = G t) fvp,t) = TG = ey = 2 = 2, (164)

From Equation (164), using the inverse Fourier transform, the probability densities f(x,t)

and f(vy, t) are, respectively, presented by

fx,t) = [nD ky t3] 2exp[ — t3] f(w,, t) = [TL’D B, *k;t%]” zexp[ Dk;vf‘ts]. (165)

The mean squared displacement and the mean squared velocity for f(x,t) and f(v,,t)
are, respectively, given by

DyBz*

< x%(t) >= % t3 < vi(t) >= -
1

£, (166)

In t » 1,4, we write approximate equatlons for the time derivatives of f({,,t) and
f(vy,t) from Equation (138) in the long-time domain as

2 (G 0) = 2 [b, (DG, — a(OFf (2 0), (167)
=2 0) = 2 [by(6)Gv2 — a (DG (2, 1), (168)

By using a similar procedure of Equations (154)—(164) for {, and v,, we get the Fourier
transforms of probability densities f({,t) and f(v,,t) as

f((Z' t) h((Z! t)g ((Z! t)fSt((Zi t) = [ - {2/[1621/2]]95;({2, t)fSt({Z' t)/ (169)

f2,6) = h(vy, 0) g5t (v, O (v, £) = O[t +v2 /[ = (B,® + 12)Vv2]195% (v2, ) f ¥ (v, £). (170)
From Equations (169) and (170), we calculate f (G5 v, t) = f({o,t) f(vy, t) as
DyBz* Dy t3

f@va,t) = f(§,t) f(va, ) = expl —?(2 y—sz —ythzz
We get the probability densities f(y,t) and f(v,,t) from Equation (171) as
1,37 kpy? _1.34-L kov3

ft) = [7'[Dyk2 32 exp[ — %], f(vy, t) = [n’DyBZ‘rk2 32 exp[ — Dy;—:i’ts ,(172)

with the mean squared displacement and the mean squared velocity for f(y,t) and

f(vy, 1)

DyBZ

z] (171)

DyB,*
2k

< y%(t) >— t3 < vi(t) >= t3. (173)

4.23. f(x,t), f(v,t) and f(y,t), f(vy,t) in T4, =0
For 7, =0 (a;(t) = a,(t) =1 and b,(t) = b,(t) = 0), we write the approximate
equation from Equation (137) for {;, v; and Equation (138) for {,, v, as

a 0 Dy
Ef@]’ t) = —kyvy a—ﬁf@p t) — jilzf(ip t), (174)
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%f(w,t) =[-8+ T1)V1]aivlf(v1, t) — %sz(vbt)/ (175)

) = kv = f(6,0) = 2R (G 1), (176)

S f 020 2 [0 = B+ m)va 5 f (2, 8) = 2B (1), (177)

From the above equations in the steady state, we calculate f$/({;,t), f*'(vy,t) and

55, t), 55 (vp,t) as

£ = expl = 326, [ t) = explEa ™t (178)
£ Gort) = expl = 53], 242 0) = expl i 2, (179)

The Fourier transforms of the probability densities f({;,t), f(vy,t) and f({5,t), f(va, t)
are derived as

f(G,t) = 0Lt = i/ kvl fSE(G0, 1), fvi,8) = B[t +v1/[({ — (B,” + r)vi]1f ¢ (vy, 1), (180)

f(Got) = O[t = &/kavalf (G, 1), f(va,t) = O[t +v5/[(§ — (B> + 1)V, ]1f £ (v, ). (181)
We calculate f({;,vq,t) and f({p,v,,t) from Equations (180) and (181) as

D, t? D,

FGuv D) = G OF 0 0) = expl - =5—2 = S5o0,7), 15
3 D

F @y = (G 0f (,8) = exp| — =2 oy = L), (183)

By using the inverse Fourier transforms, f(x,t), f(vy,t) and f(y,t), f(vy,t) are, re-
spectively, presented by

f0) = [r 22 expl - 25|, f0) = REDA P expl - 2] (184)

t

£0n0) = [or 21 Texpl - 525), £@0) = BrD, A7 epl - 251 (185)

The mean squared displacement and the mean squared velocity for f(x,t), f(v,,t) and
f.t), f(vy,t) are, respectively, calculated as

<x3(t) >=2t3, <vi(t) >= Dy, (186)

<y (t) >= D3 , < vp(t) >= Dyt. (187)

5. Statistical Quantities and Moments

In this section, we calculate the non-Gaussian parameter, the correlation coefficient,
the entropy, and the combined entropy for the displacement and the velocity. First of all,
the non-Gaussian parameters for displacement and velocity are, respectively, given by

K, =<x*>/3<x?>% K, =<vy>/3<v}>% (188)
Ky =<y*>/3<y’>? K, =<vy>/3<vy >’ (189)
Non-normal distribution parameters are expressed as the tails of the probability distribu-
tion function of a real variable, providing readers with insights into specific characteristics

of probability distributions in probability theory and statistics. We introduce the correla-
tion coefficient as

Pxyp, = xovxo/ffx%x/ Pyy, = YOUyO/O-yO-vy- (190)

Correlation coefficient p,, means the statistical quantity describing the strength and di-
rection of a relationship between two variables x and v,. In the initial conditions, we as-
sume that a passive particle is initially at x = x, and at v, = vy. 0x and g, denote the
root-mean-squared displacement and the root-mean-squared velocity of the joint

https://doi.org/10.3390/e28070766



Entropy 2026, 28, 766 16 of 22

probability density. The entropies S(x,t), S(v,,t) and S(y,t), S (vy, t) are, respectively,
calculated as

S(x,t) = — [dxf(x, t)Inf(x,t), S(Wy, t) = — [ dvef (vy, t)Inf (v, ), (191)

SO0 = = [dyf 3, OInf 1), S(vy,t) = = [ dvyf (0, OInf (v, ). (192)

and the combined entropy is defined by
S(x, vy, t) = — [ dx [ dvef (x, vy, t)Inf (x, vy, ), S(y, vy, t) =—[dy [ dv,f(y, vy, t)Inf(y,vy,t). (193)

The entropy simply refers to a numerical representation of the reliability or quantity of
information that has a probability distribution; in a probability distribution, as the proba-
bility of a particular value increases and the probability of the remaining values decreases,
the entropy decreases.
In multiplying and integrating both sides of the Fokker-Plank equations byx™v™", the
moment equations for a charged particle from Equations (7) and (8) are expressed as
d

E.um,n = ~MUm—-1n+1 + Bzvyon:“m,n—l + Bzzn:“m,n + Dxn(n - 1):“m—2,n/ (194)
d _ _ _ _ _
i L T - P LTI Bzznum‘n + Dyn(n — D”m—z,n' (195)

Here, pmy = f_+: dx f_+: dvx™vlp(x, vy t), and [ . = f_+: dy f_+: dv,y™r p(y, vy, t).
The moment equations from Equations (30) and (31) for a charged particle with correlated
Gaussian forces have

d
;:um,n = —Mlp_1n41 T Bzvyon.um,n—l + (Bzz + rl)n.um,n—l + Dy [_mnbl (t).um—l,n—l + m(m - 1)(11 (t).um—z,n]/ (196)
d_ — — — — —
TP = "M+ ~BoVxoliy g (B> + g,y + Dy[=mnby (O, _,,_; + m(m — Day(OF,,_,,]-  (197)
For the thermal noise, the moment equations in Equations (80) and (81) are given by
d t2h—1 t2h
E.um,n = —Mlp_1n+1 T kl.um+1,n + (Bzz + rz)n.um,n—l + Dx[mnm”m—l,n—l +m(m — I)W#m-z,n]/ (198)
th th

d_ 3 3 ) 3 £2h-1 B £2h
Eum,n = MU 1n+1 + k2um+1,n +(B," + rZ)n'um,n—I + Dy [mn Qh — 1).[5}}11—2 Hn—1n-1 +m(m—1) Zh‘l,'f}:_z 'um—Z,n]' (199)
For the active noise, the moment equations from Equations (135) and (136) are given by

d
E.um,n = —MUm_1n+1 + kl.um+1,n + (Bzz + Tl)n#m,n—l + Dx[_mnbl (t).um—l,n—l + m(m - 1)(11 (t)#m—z,n]/ (200)

d_
a mn

=My ;g Tkl + (B,* + r)nu + Dy [—mnb, ()i +m(m— Da,(O)n ]. (201)

m+1n ”m,n—l m-1n-1 m-2n

Table 1 shows the non-Gaussian parameter, correlation coefficient, entropy, combined en-
tropy, and moment for the motion of a charged particle in the short- and long-time do-
mains, and Table 2 these values of statistical quantities for the motion of a charged particle
with two correlated Gaussian forces. Table 3 and Table 4, respectively, summarize the
values of the non-Gaussian parameter, correlation coefficient, entropy, combined entropy,
and moment for the motion of a charged particle with the trap forces and the thermal
noises, the trap forces and the active noises within the limits of three-times.

Table 1. Values of the non-Gaussian parameter, the correlation coefficient, the entropy, the com-
bined entropy, and the moments for the motion of a charged particle with B = BZE in the short-
and long-time domains. Here, we assume that a charged particle is initially at x = X, v, = vy
and at y = Yo, V) = Vyo.

. xv K. K, Pxv,s S(x,t),S(w,,t) S(x,v,t) _
Tlme X X WYx X X ,
y,v, K, K, Pyo, SOD,SWy1) S0 H22: By
4 2 XnU 2p6
X) .y, Xy ., 0Vx0 , _, 2.2 2ps.s  2DyB;
t+—t T pat InD,Bjt InDiBSt* X %43
D2Bi" T D.B? D,B} xz xz ‘
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v, 17?60 t_4 9260 t_z lTleB6t2
D2BJ? D, B¢ ?
4 2
short- y Yo p=4 4 Yo 2 InD, B2t2
time D2B} D, B2 YoVyo . _, Y 2D2BS$
b ) 2 InD2BSt* 227 3
(% 0 v 0 DyBZ 3
v, oty L InD, BSt?
D2BJ? D, BS
xg x2
x D_O2 2 + D—Ot‘l InD,t
P P
4
Vxo .4 XoVx0 . —3/2 InD2B]¢3 2DZB? 3
D2B12 D,B3 3
Uy Uz, lanBijtz
4 X042
long- D,B?
. 4 2
time y y_Ot—z + y_"t—l InD,t
D3 D, g
4
Vyo 4 Mt_3/2 InD2B7¢3 2D32’BZB ¢3
D2B}2 D,B} v 3
vy rez InD, BSt?
40 42
D, BS

Table 2. Values of the non-Gaussian parameter, the correlation coefficient, the entropy, the com-

bined entropy, and the moments for the motion of a charged particle with two correlated Gaussian

forces within the limitsof t <K 7, t > T and for T = 0, where T is the correlation time. Here, we

assume that a charged particle is initially at x = X, Uy = Uy and at y =Yy, V), = Vy,.

. X, v K. K, Pxyv S(x,t),S(v,, t) S(x,v,1t) —
Tlme L 4 X WYx ) )’ X » Yxo
y,v, K, K, Pyw, SO.O,Sw, 0 Sv,p Hzla
x ﬁt‘6+x—gt‘3 InD,t3 S
DZ D, XoVx0 , _3 InD2 B4t 2D:B; 5
4 2 2 X"z
vy X0 -6 VA0 - D:B; InD, B*t3 STac
b« * DB} D,B?} o
T 4 2
Yo -6 Yo -3 3
—t "+t InD,t
Y bz T, YoUyo s y yoare  2DZBE
4 2 2 t lnDyBZ t t
v U0 -6 U0 t3 Dy Bz InD, B}t3 STac
y yPz
D2ZBS D,B}
yDz yDPz
4 2
Yo .8 X0 4 2.4
x t™° + t InD,B;t
D;%Bé1 DXBZZ xOUXO t_7/2 xrz l DZB6t7 ZDJ%B; tS
v;clo 6 v)%O 3 DXBg l D B4_t3 x5z STac
V. t™° + t™ n
E> T * DB} Dxfz“ o
4
Yo —4 Yo —4 2.4
y t™* + t InD, B2t
DZB} D,B? YoVy0 /2 e InD2BSt7 2D3B}
U;O 1732;0 D,B? e 5t t
- - 443 ac
vy 6 t=3 InD, B}t
DZBS D,B}
yDz yDPz
4 2
X0 .6, X0 .3 3
x —t°+—t InD,t
D% Dx XoVxo t_5/2 * l DzB4' 5 D)%BZ‘L 4
4 2 2 nbDyB,t t
v Uxo =4 Vxo -2 D,B; InD.B4t2 2T,
=0 * D,%Big D,ZCB;* e
yO —6 yO -3 3
y St =t InDyt
D3 D, Y050 .5/ D2B4¢5 DyB; ,
4 2 D. B2 nby by —t
vyo —4 173/0 -2 y=z 4,2 ZTac
vy sogt Tt 2t InD,B;t
D;B} D, B}
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Table 3. Values of the non-Gaussian parameter, the correlation coefficient, the entropy, the com-
bined entropy, and the moments for the motion of a charged particle with the trap forces and the
thermal noises within the limits of t << 7, t >> T and for T = 0, where T is the correlation
time. Here, we assume that a charged particle is initially at x = Xy, Vy = Vyxo andat y =y, v, =
Vy0-

y0
Time %V K, K,, Pxv, S(x,t),S(v,, t) S(x,v,t) oo, i
27
Y, Uy Ky' Kvy py,vy S(y, t), S(vy' t) S(y' Uy, t) 22
4h_4 2h 2
TthX0 , _4n_n , Tth X0 ¢=2h-1 ln&chH
DJZC Dx T?;leOUXO t—Zh—Z Tgll In Dﬁk% t4h+4 h_lDJ%k% 2h+5
4h., 4 2h. 2 X, 2 4h 2h—1
v, Len Y0 —an—6 | TenVx0, —on—3 Dk n Dyki §2h+3 Tth (2h + 5)7z,
4 2 2h
£ & T Dk} Dyky Tin
4h. 4 2h.,2
y Tth Yo —4h-2 Tth Yo ¢—2h-1 5 lnDTl;ltzh+1
D2 D 20050 Lrh D2k? h™1DZk?
‘54th4 ‘[2’1);72 lt) k By E Dtk2 i y4h e 2h + 5y Zh-1 e
v, th °y0 ,—4n—6 4 “th Y0, —2p-3 y2%z In =22 $2h+3 Ttn ( )Tin
25,4 2 2h
Dyk; Dyk; Tin
4h—2_4 2h—1,2 D
Tth X0, _4pn_p , Tth X0, _op_q X L 2h+1
X =5 t—p—t 2h-1/2 lnTZh—l t D2k h-1D2)2
4hx . o x2 Ttn xO”th_Zh_z th 5 In =21 p4h+d x™1 2h+5
4h—1 2h—1
v, Tth Vx0  —4n—6 + Tth Vxo ¢—2h-=3 Dy k1B, In szlzl £2h+3 Tth (Zh + 5)tz,
4 2
£ 1 Dgky Dy ki Tin
4h—2. 4 2h—1,,2
Tth Yo t=4h=2 4 Tth Yo £—2h-1 In Dy t2h+2
Y T D /2 o T D2k? h™1D2k3
y y th Y0 . _2p—2 y 4h+4 Y 2h+5
7,4 72h,2 D kB t D. k2 In—p=t (2h + 5)t2 1
v, th Y0 _an-6 o T Vy0  _on_s y K20y In 222 ¢2n+3 Ttn th
254 2h
Dyk; Dyk; Tin
x T#le(é)! —4h-2 ‘[?{leg t_Zh_l ln& t2h+1
2 h 2h 21,2 -1p27,2
2th4 Zth 5 Tth X0Vx0 —2h-2 Tthz In Dx4k1 t4h+4 h Dx klh 2h+5
h 2h—1
vy Tth Vx0 , —4n—6 + TthVx0 . —on-3 Dk In szlzl $2h+3 Ttn (Zh + 5)tz,
4 2
T=0 Dich{( v Dl Fin
= 2
Len Y0 —an-2 | TenY0  —on-1 In D.B; $2h+2
g Dj y TenYoVy0 . o2 Tin DYKS nea  PWTIDIKE  pis
‘L'Zhv4 T2h172 D. k D k2 ! 4h (2]’1 + 5)T2h_1
v, th “y0  —4h—6 4 “th Y0, —2n-3 yi2 In 222 1243 Tth th
25,4 2 2h
Dyk; Dyk; Tep

Table 4. Values of the non-Gaussian parameter, the correlation coefficient, the entropy, the com-

bined entropy, and the moments for the motion of a charged particle with the trap forces and the

active noises within the limits of t << T, t >> T, and for T = 0, where T is the correlation time.

Here, we assume that a charged particle is initially at x = Xo, Uy = Vyo andat y = y,, V) = V.

. X,V K. K, Pxv S(x,t),S(,,1 S(x,v,, 1) —
Time * x Vx ol x ,
A K, K, Py, S, 1),5(vy, 1 Sy, vy, t) H22 Faz
2.4 2
KX g | F1X0 s In2x 3 . -
D2 D, kixgvxo s k; In DB, 6 2D2B} 5
v kv s vz £-3 D,Bz In D,B} 3 k? 5k,Tgc
i,  DiB2T DB ky
4 k%yg 6 ka(% 3 Dy 3
y 5 -t k In—=t 2p4 2p4
Dy D, 2Y0Vy0 5 k, lnDyBZ v 2D;B;
, k3vyo kzvﬁot_3 D, B? lnDyB;* . k2 S5kyTy,
’  D}BB D,B} k,
kixy _,  kixg Dy ,
X —t In—t 2 pa —
> Ds D kixovxo s ki i 258z s 2DxBs
b, Ko o Kk, DiB 1, B2 5 k2 5K, 7o
*  D2B8 D, B2 k;
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4 2
k35 =6 k>yj -3 I &ts
D2 D kyYov "k DB  2D2B4
v v 2Y0 Y0 -3 2 In 2227 46 vz s
, k3vyo o kv . D, B? lnDyB;* s k3 5kyTqe
Y D2BS D,B} ky
4 2
X0 .6, X0 3 3
X —t "+ —t InD, t
11,% D%C XoVxo ,_, * D¢t 2D2 3
v v D x
Uy Dizot‘2 + Diot_1 * InD,t 3Tac
t=0 vi vi
y A L A InD,t3
by Dy Yo% -2 InD2t* 2Dy 5
Yyo 5 , Vyo _ Dy B 37
vy D_ft 24 D—yt 1 lnDyt ac

6. Conclusions

In this work, the double Fourier transform method has been applied to the two-di-
mensional Vlasov equation describing charged particles subjected to white noise, corre-
lated Gaussian forces, trap forces, and thermal and active noises in a magnetic field. By
deriving the associated Fokker-Planck equation, analytical solutions for the joint proba-
bility density in different time regimes were obtained. The inclusion of a viscous term
suppresses persistent cyclotron oscillations and guarantees the existence of stationary
probability densities in the long-time limit. In the long-time regime (t > t), exponentially
correlated forces effectively reduce to white noise, and the particle dynamics approach an
Ornstein-Uhlenbeck process in a magnetic field. In this limit, the viscous coefficient ex-
plicitly determines both the stationary velocity variance and the effective diffusion coeffi-
cient, ensuring convergence of the mean squared displacement.

The main results can be summarized as follows:

(1) In the short-time regime (¢t « t), where force correlations persist, particle motion re-
sembles ballistic behavior rather than ordinary diffusion, since the random forces are
not yet fully decorrelated. In this regime, the mean squared displacement scales as
~t2, reflecting an approximately constant velocity. In the long-time domain when
1> B,%t, the mean squared displacement and velocity are given by < x2(t) > ~t
and < vZ(t) ~t? respectively.

(2) In contrast to ordinary Brownian motion, where the mean squared displacement
grows linearly with time, the Lorentz force does not significantly suppress diffusion
in the short-time limit. However, in the long-time limit, regular diffusive behavior is
recovered, with a diffusion coefficient explicitly determined by viscous damping.
This demonstrates that the scaling behavior of charged particle motion in a magnetic
field depends sensitively on the interplay between magnetic confinement and sto-
chastic or collisional effects.

(3) For charged particles driven by correlated Gaussian noise, the mean squared dis-
placement grows as (x*(t)) ~ t*, indicating a ballistic-like superdiffusive behavior
arising from the time-integrated acceleration induced by Lorentz-force-coupled cor-
related noise.

From the derived Fokker-Planck equation, we obtained approximate analytical ex-
pressions for the joint probability density [9-11], which were further validated through
numerical simulations based on generalized Langevin equations describing both passive
and active particles. These results provide a theoretical framework that can be tested ex-
perimentally in future studies of passive and active systems. Extensions of the present
model to generalized Langevin equations or equations of motion involving additional
types of forces are expected to yield further insights into stochastic transport properties
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in complex active systems [15-17] and to enable direct comparisons [18-20] with theoret-
ical [21-23], numerical, experimental and other published investigations [24-28].
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Appendix A. Derivation of the Time Derivative of the Joint
Probability Density

The equations of motion for a charged particle in a magnetic field B = B,? are given

by
g +1,.(t), m2 B Al
atx_vx Nx ma Uy = —qVyDy, ( )
a 6
T = v, +1,(t), mosvy = +qv,B,. (A2)

Here, the random forces 71,(t) and 7,(t) depend on the time difference and satisfy <
(O (¢) >= 252
(x,y) and the Veloc1ty (vx,vy) is defined by f(x,vy,y,v),t) =<8(x —x())6(v —
v (t)6(y —y(t))6(vy, — v, (t)) >. Taking time derivative of the joint probability density
yields

= 65555>a 85555>aay5555>a<5555>A
f= Bx Jat v, Jt dy ot XZVUx Ty vy avy xO0v, OyOvy, = (A3)

where f(x,v,y,1,t) =f, 8 =8(x—x()), §,, = (v — (1)), 8, = 6(y — y(1)), and

6y, =6(vy — vy, (t). Substituting Equations (3) and (4) into Equation (5) and manipulating
the method of Ref. [13], we obtain

a a a q 4 q 9

0_tf + Uy &f + vy O_yf + ;vsz af - _vazaf = vaxzf + Dyvyzf' (A4)

m

) for i = x,y. The joint probability density for the displacement

Equation (A4) thus represents the time evolution equation for the joint probability den-
sity, corresponding to Equation (2) in the main text.

Appendix B. Derivation of the Time Evolution Equation for the Joint
Probability Density

The joint probability densities f(x,vy,t) and f(y,vy,t) for the displacement (x,y)
and the velocity (vy,v,) are defined by f(x,vy,t) =<&(x —x(t))6(vy — v, (t)) > and
f,vy,t) =<8 —y(t)é(vy —vy(t)) >. Taking time derivatives of the joint probability
density yields

—f(x U, t) = —— < 6(x x(£)6(vy — v, (1)) > —— < av"(?(x x(t)8 (v, — v, (t)) >, (A5)

6 6
6tf(y' vy, t) - < —6(y y(t))6 (vy vy(t)) > _6_ < —6(y y(t))6 (vy — vy(t)) (A6)

Applymg the Laplace transforms of Equations (3) and (4), Equation (3) becomes
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svx(8) — vyo = =B, ()~ 14 (5), (A7)
and Equation (4) yields
sV, (S) — vy = +B, 0, (s) =10, (5). (A8)

Here, the initial condition is x(0) = x,, v,(0) = v, and x(0) = x,, v,(0) = v, and L de-
notes the Laplace transform operator. Solving Equations (A7) and (A8), we obtain

_ VUxo _ Bz

vx(s) = s+r, s+n vy (), (A9)
v B,

vy(s) = Y0 | v, (). (A10)

s+1r, s+
Taking the inverse Laplace transform, we find

0(0) = voexp (-10) = B, [ dt’ expl = (= €9 wy(©), (A11)

v, () = vy exp(—13t) + B, .f dt’ exp[ — rp(t — t )] v, (). (A12)

Consequently, substituting Equations (A11) and (A12) into Equations (28) and (29) and
rearranging Equations (28) and (29), we obtain the time evolution equations for f(x, vy, t)
and f(y, vy, t), given by Equations (30) and (31).
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