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Abstract

This paper investigates how quantum entanglement and heterogeneous expectations jointly
affect the stability, complexity, and controllability of a Cournot triopoly with isoelastic
demand. Based on the Li–Du–Massar quantization scheme, we construct a discrete-time
quantum Cournot triopoly in which three firms adopt different updating mechanisms:
boundedly rational adjustment, naïve and adaptive expectations. The quantum boundary
equilibrium and the unique interior quantum Nash equilibrium are derived explicitly. By
linearizing the resulting three-dimensional nonlinear map and applying the Jury criterion,
we obtain analytical local stability conditions for the interior equilibrium. The results show
that increasing the entanglement level reduces the admissible range of the adjustment
speed, thereby shrinking the stability domain and making the market dynamics more
prone to bifurcation and chaos. Numerical simulations further reveal a typical transition
from stable convergence to flip bifurcation, period-doubling cascades, chaotic attractors,
and sensitive dependence on initial conditions. Finally, a control parameter is introduced
to rescale the effective adjustment speed of the boundedly rational firm. This mechanism
preserves the equilibrium set while restoring convergence to a stable fixed point once
the control intensity exceeds a critical threshold. The findings highlight the joint role
of entanglement, expectation heterogeneity, and nonlinear demand in shaping complex
quantum oligopoly dynamics.

Keywords: quantum cournot triopoly; heterogeneous expectations; bifurcation and chaos;
isoelastic demand; chaos control

1. Introduction
Rapid progress in quantum information science and quantum technologies has stim-

ulated the development of quantum game theory as a new analytical framework for
strategic decision making, in which superposition, entanglement, and non-classical correla-
tions can be incorporated into players’ information and action spaces. Since the seminal
Eisert–Wilkens–Lewenstein quantization scheme, quantum strategies have been shown
to reshape equilibrium outcomes and strategic incentives relative to their classical coun-
terparts [1–3]. Subsequent studies have further clarified the methodological foundations
and interpretation of quantum games and have shown their value for modeling complex
decision problems with interacting agents [4,5]. At the same time, robustness issues such as
time dependence and quantum noise have also been examined, supporting the use of quan-
tum games in more realistic environments [6,7]. Beyond methodological developments,
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quantum-game models have increasingly been applied in economics and management,
including channel decisions and cooperation problems, indicating their potential as a useful
modeling language for market competition [8].

Cournot quantity competition is one of the cornerstones of oligopoly theory [9]. In dy-
namic Cournot models, firms adjust quantities iteratively rather than jumping directly to
equilibrium, and this process may generate rich nonlinear phenomena such as instability,
bifurcation, and chaos [10,11]. The classical literature on nonlinear oligopolies has provided
systematic tools for analyzing these issues, including local stability conditions based on
the Jury criterion [12,13]. In the quantum domain, Li et al. proposed a continuous-variable
quantization scheme that preserves continuous strategic variables and showed that entan-
glement can effectively induce more cooperative outcomes even under selfish behavior [14].
Later work further extended quantum Cournot competition to richer settings, including
bounded rationality, heterogeneous expectations, quadratic costs, and alternative learning
mechanisms [15–22]. Demand curvature has also been incorporated into quantum Cournot
dynamics; in particular, isoelastic demand introduces stronger nonlinear feedback and
materially changes the resulting stability and global dynamics [23–26].

In some oligopolistic markets, competition may be better represented by three major
firms rather than by two. Compared with duopoly, triopoly introduces an additional
strategic feedback channel and increases system dimensionality, which is well known
to generate richer instability mechanisms and more intricate transitions among steady,
periodic, and chaotic regimes [27–30]. Classical studies on triopoly dynamics have docu-
mented explicit stability regions, multistability, and complex adjustment processes under
alternative behavioral assumptions [31–33]. In the quantum setting, however, triopoly
models remain relatively limited, especially when heterogeneous expectation rules and
nonlinear demand are considered simultaneously [34].

Another important modeling feature is the heterogeneity of expectations and updat-
ing rules. In actual markets, firms differ in information-processing ability, managerial
sophistication, and learning behavior [35,36]. Heterogeneous adjustment is therefore
more realistic than the assumption of homogeneous perfect rationality. In both classical
and quantum Cournot dynamics, bounded rationality, adaptive expectations, memory,
and other learning mechanisms have been shown to reshape stability boundaries and
routes to complexity [19,37,38]. In addition, the form of market demand plays a crucial
role in determining the nonlinearity embedded in firms’ payoffs. Compared with linear
demand, isoelastic demand produces non-constant marginal effects and can significantly
alter equilibrium properties, local stability, and bifurcation thresholds [39–42]. These obser-
vations motivate the study of a quantum Cournot triopoly with heterogeneous expectations
and isoelastic demand.

When chaotic fluctuations arise, control and stabilization become practically important
because chaotic output paths are irregular, highly sensitive to initial conditions, and un-
desirable for planning, regulation, and risk management [10]. A substantial literature has
therefore developed chaos-control approaches in Cournot-type models [43–45], including
feedback control, delayed feedback control [46–48], and related stabilization schemes in
classical and quantum settings [49,50]. These studies suggest that effective control mecha-
nisms can suppress chaotic dynamics without necessarily altering the equilibrium structure
of the model.

Despite these developments, several issues remain insufficiently explored. First,
most existing quantum Cournot models focus on duopoly competition, whereas the quan-
tum dynamics of triopoly markets with an additional strategic feedback channel have
received less attention. Although quantum Cournot triopoly dynamics with heterogeneous
players have been considered in recent studies [34], the joint role of isoelastic demand,
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heterogeneous expectation rules, and equilibrium-preserving chaos control has not yet
been systematically examined. Second, although heterogeneous expectations and non-
linear demand have each been studied in Cournot-type models, their combined effects
in a continuous-variable quantum triopoly framework remain unclear. Third, existing
chaos-control studies mainly emphasize numerical stabilization, while the relationship
between adjustment-speed control, equilibrium preservation, and local stability properties
still deserves further clarification. This study is relevant to the scope of Entropy because
it shows how quantum entanglement and heterogeneous information-processing rules
jointly reshape the stability, complexity, and controllability of a nonlinear economic game.
In this sense, the model provides an information- and complexity-oriented perspective on
quantum oligopoly dynamics.

A closely related dynamic quantum Cournot triopoly with heterogeneous players was
studied in our previous work [34], where boundedly rational, naïve, and adaptive players
were incorporated into a continuous-variable quantum triopoly framework. However,
the present paper differs from that study in both model structure and analytical focus.
The key difference lies in the introduction of isoelastic demand. Under the inverse demand
function p = 1

Q , the market price generates a state-dependent nonlinear feedback, and the
best-response rules of the naïve and adaptive firms become square-root mappings. This
feature changes the feasible strategy domain, the equilibrium conditions, the marginal-
profit structure, the Jacobian matrix, and the Jury stability inequalities of the dynamic
system. Therefore, the results of the previous heterogeneous quantum triopoly model
cannot be directly applied to the present setting. The original scientific contribution
of this paper is to clarify how isoelastic demand reshapes the feasible strategy domain,
equilibrium and stability conditions, bifurcation mechanism, and chaos-control threshold
of a heterogeneous quantum Cournot triopoly.

Motivated by the above considerations, this paper develops a discrete-time dynamical
model of a continuous-variable quantum Cournot triopoly with heterogeneous expectations
and isoelastic demand. Firm 1 adopts a boundedly rational adjustment rule, firm 2 follows a
naïve best-response rule, and firm 3 updates according to adaptive expectations. Within this
framework, we derive the quantum boundary equilibrium and the unique interior quantum
Nash equilibrium, analyze local stability by means of the Jacobian matrix and the Jury
criterion, and investigate the effects of entanglement and adjustment speed on bifurcation
and chaos. We further introduce a simple control parameter to suppress chaotic fluctuations
while keeping the equilibrium set unchanged.

Compared with the existing literature, the main contributions of this paper are three-
fold. First, this paper derives a new nonlinear discrete-time system for a heterogeneous
continuous-variable quantum Cournot triopoly under isoelastic demand. Unlike the previ-
ous heterogeneous quantum triopoly benchmark, isoelastic demand generates square-root
best-response mappings and imposes additional feasibility requirements on the positive
strategy domain. Second, we derive the quantum boundary equilibrium and the interior
quantum Nash equilibrium under this new nonlinear structure, verify the relevant optimal-
ity conditions, and obtain explicit local stability conditions by applying the Jury criterion to
the corresponding Jacobian matrix. These results clarify how nonlinear demand feedback,
quantum entanglement, and heterogeneous expectations jointly determine the stability
threshold of the interior equilibrium. Third, we analyze the bifurcation route, chaotic
dynamics, sensitivity to initial conditions, and adjustment-speed control mechanism in the
isoelastic-demand system. The control scheme preserves the equilibrium set while restoring
stability by reducing the effective adjustment speed of the boundedly rational firm.

The remainder of this paper is organized as follows. Section 2 introduces the classi-
cal Cournot triopoly benchmark, formulates its continuous-variable quantum extension,
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and constructs the discrete-time heterogeneous dynamical system. Section 3 derives the
equilibrium points and establishes local stability conditions of the quantum Nash equi-
librium. Section 4 presents numerical simulations, including stability regions, bifurcation
diagrams, maximum Lyapunov exponents, phase portraits, and sensitivity to initial con-
ditions. Section 5 proposes a control scheme and verifies its effectiveness numerically.
Section 6 concludes the paper.

2. The Model
2.1. The Classical Cournot Triopoly Game

We consider a triopoly oligopoly market with three firms, j = 1, 2, 3. In each period,
firms simultaneously choose quantities qj of a homogeneous product. The demand is
assumed to be isoelastic, so the market price is determined by total quantity as [39,40]

p = f (q) =
1

q1 + q2 + q3
. (1)

Each firm is assumed to face a linear cost function with a common constant marginal
cost c > 0

Cj(qj) = cqj, j = 1, 2, 3. (2)

Accordingly, firm j’s profit can be written as

πj(q1, q2, q3) = qj(p − c) = qj

(
1

q1 + q2 + q3
− c
)

, j = 1, 2, 3. (3)

This classical setting provides the benchmark for the quantum Cournot triopoly
developed below.

2.2. Quantum Form of the Cournot Triopoly Game

Following the continuous-variable quantization proposed by Li et al. [14] and fur-
ther developed for Cournot-type competition [15], we construct a quantum extension of
the classical Cournot triopoly. The game is initialized in the three-mode vacuum state
|vac⟩1 ⊗ |vac⟩2 ⊗ |vac⟩3. A publicly known entangling operator Ĵ(γ) is first applied to
generate correlations among the three strategic modes. Each firm j then implements its local
unitary strategy D̂j(xj), where xj ≥ 0 is the firm’s continuous quantum strategy parameter,
and xj > 0 corresponds to an interior strategy. Finally, the disentangling operation Ĵ†(γ)

is performed before measurement. Under this standard entangle–operate–disentangle
protocol, the final pre-measurement state reads∣∣∣ψ f

〉
= Ĵ†(γ)

(
D̂1(x1)⊗ D̂2(x2)⊗ D̂3(x3)

)
Ĵ(γ)|vac⟩1 ⊗ |vac⟩2 ⊗ |vac⟩3. (4)

The parameter γ ≥ 0 is the squeezing parameter and serves as a natural measure of the
entanglement strength in this scheme.

In the economic interpretation of this model, γ can be regarded as an abstract measure
of strategic correlation among firms rather than as explicit collusion. A larger γ implies that
firms’ effective strategic variables are more strongly interconnected through the quantum in-
teraction structure. Such correlation may represent common market signals, shared demand
information, technological spillovers, or other forms of inter-firm linkage in an oligopolistic
market. This interpretation is consistent with the continuous-variable quantum-game
framework [14] and with the quantum Cournot literature in which entanglement mixes the
strategic impacts across firms [16–18,34]. When γ = 0, the model reduces to the classical
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independent-strategy case; as γ increases, the cross-strategy influence embodied in the
effective quantum quantities becomes stronger.

To extract economically interpretable decisions, we measure the quadratures of the
output modes. Let X̂j = (â†

j + âj)/
√

2 denote the position operator of firm j, where â†
j and

âj are the creation and annihilation operators of the jth mode. The multi-mode entangling
operator is given by

Ĵ(γ) = exp

−γ
3

∑
i,j=1
i ̸=j

(
â†

i â†
j − âi âj

). (5)

Under the action of Ĵ(γ), a local displacement D̂j(xj) of firm j is transformed into a
coupled operation that affects all three modes, namely,

Ĵ†(γ)D̂j(xj) Ĵ(γ) = exp

−ixj

1
3

(
e2γ + 2e−γ

)
P̂j +

3

∑
i=1
i ̸=j

1
3

(
e2γ − e−γ

)
P̂i


, (6)

where P̂j = i(â†
j − âj)/

√
2 is the corresponding momentum operator. This form highlights

that entanglement mixes the strategic impacts across firms, so that each firm’s effective
action depends not only on its own strategy but also on its rivals’ strategies [16–18,34].

Since the transformed displacement operators act on the joint three-mode Hilbert
space, the final state is more precisely written as a single multi-mode exponential operator
acting on the product vacuum state

∣∣∣ψ f

〉
= exp

−i
3

∑
j=1

xj

1
3

(
e2γ + 2e−γ

)
P̂j +

1
3

(
e2γ − e−γ

) 3

∑
i=1
i ̸=j

P̂i


× |vac⟩1 ⊗ |vac⟩2 ⊗ |vac⟩3. (7)

Based on the output transformation induced by the quantum measurement, the effec-
tive quantum quantities can be written as

qj = xj
1
3

(
e2γ + 2e−γ

)
+

3

∑
i=1
i ̸=j

xi
1
3

(
e2γ − e−γ

)
, j = 1, 2, 3, (8)

and the aggregate quantity is

q =
3

∑
j=1

xje2γ. (9)

Substituting these effective quantum quantities into the classical profit function,
the quantum profit of firm j is

πQ
j (x1, x2, x3) = πj(q1, q2, q3)

=
1
3

xj

(
e2γ + 2e−γ

)
+

3

∑
i=1
i ̸=j

xi

(
e2γ − e−γ

)( e−2γ

x1 + x2 + x3
− c
)

.
(10)

To verify that the first-order conditions characterize a maximum rather than merely
a stationary point, we further examine the second-order condition. From Equation (10),
the marginal profit of firm j with respect to its own strategy is

∂πQ
j

∂xj
=

e−3γ ∑3
i ̸=j xi

(x1 + x2 + x3)2 − c(e2γ + 2e−γ)

3
.
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Taking the derivative again with respect to xj, we obtain

∂2πQ
j

∂x2
j

= −
2e−3γ ∑3

i ̸=j xi

(x1 + x2 + x3)3 < 0,

whenever ∑3
i ̸=j xi > 0. Therefore, given positive rivals’ strategies, πQ

j is strictly concave
in xj, and the first-order condition is sufficient for firm j’s interior profit maximization.

Solving the simultaneous first-order conditions ∂πQ
j /∂xj = 0 for j = 1, 2, 3, we obtain the

unique interior quantum Nash equilibrium of the static quantum game

x∗1 = x∗2 = x∗3 =
2e−3γ

3c(e2γ + 2e−γ)
. (11)

At this equilibrium, the corresponding equilibrium outputs are

q∗1 = q∗2 = q∗3 =
2e−γ

3c(e2γ + 2e−γ)
. (12)

The corresponding profits are

πQ
1 (x∗1 , x∗2 , x∗3) = πQ

2 (x∗1 , x∗2 , x∗3) = πQ
3 (x∗1 , x∗2 , x∗3) =

1
3(1 + 2e−3γ)

. (13)

The static quantum Nash equilibrium is obtained from the first-order conditions,
with the above second-order condition confirming that the equilibrium strategy profile cor-
responds to interior profit maximization. Substituting this strategy profile into the effective-
output equation yields the corresponding symmetric equilibrium outputs, and substituting
it into the quantum profit function gives the equilibrium profits. In particular, when γ = 0,
entanglement disappears and the quantum formulation reduces to the classical Cournot
triopoly benchmark. As γ increases, entanglement strengthens the strategic correlation
among firms and can improve equilibrium payoffs.

2.3. The Dynamic Quantum Cournot Triopoly Game with Heterogeneous Players

To characterize the intertemporal evolution of the quantum Cournot triopoly under
bounded rationality and heterogeneous expectations, we consider a discrete-time adjust-
ment process. Let xj(t) (j = 1, 2, 3) denote firm j’s quantum strategic variable at period t.
The three firms are assumed to adopt heterogeneous decision and learning mechanisms,
reflecting different levels of information processing and behavioral sophistication. The spe-
cific combination of bounded rationality, naïve expectation, and adaptive expectation is
chosen as a benchmark heterogeneous structure for a triopoly market. These three rules
represent three common behavioral types: local gradient adjustment based on marginal
profit, instantaneous best response under static beliefs about rivals, and partial adjustment
with learning inertia. Such heterogeneity is consistent with the view that firms differ
in information-processing ability and learning behavior [35,36], and with the Cournot-
dynamics literature showing that heterogeneous expectations can reshape stability and
complexity [19,37]. The present assignment allows the three-firm model to incorporate
these representative behavioral rules simultaneously. For notational convenience, we
introduce the positive constant α = e2γ + 2e−γ > 0, which repeatedly appears in the
subsequent expressions.
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Firm 1 is assumed to be boundedly rational and to update its strategy according
to a gradient-based rule using only local marginal-profit information. Specifically, its
adjustment dynamics are described by Equation (14),

x1(t + 1) = x1(t) + vx1(t)
∂πQ

1
∂x1

, (14)

where v > 0 is the speed of adjustment. This rule implies that firm 1 increases (decreases)
its next-period strategy whenever the marginal profit ∂πQ

1 /∂x1 is positive (negative).
Firm 2 is assumed to form naïve expectations. When making its decision at time

t, it expects its competitors to keep their current strategies unchanged in period t + 1.
Accordingly, under the nonnegative strategy constraint, firm 2 chooses x2(t + 1) as the best
response to the current strategies of firms 1 and 3, as stated in Equation (15).

x2(t + 1) = arg max
x2≥0

πQ
2 (x1(t), x2, x3(t)). (15)

The first-order condition gives the following interior best-response branch:

x2(t + 1) =

√
3e−3γ

(
x1(t) + x3(t)

)
cα

− x1(t)− x3(t). (16)

Firm 3 is assumed to follow an adaptive-expectations mechanism. Rather than jumping
directly to its instantaneous best response, it partially adjusts its strategy toward that
best-response level. This behavior is modeled by Equation (17),

x3(t + 1) = (1 − w)x3(t) + w(

√
3e−3γ

(
x1(t) + x2(t)

)
cα

− x1(t)− x2(t)). (17)

where 0 < w < 1 denotes the adaptive adjustment coefficient: a smaller w reflects stronger
inertia, whereas a larger w implies faster adjustment toward the target level.

It should be noted that Equations (16) and (17) describe the interior best-response
branch of the corresponding one-period optimization problem. For firm 2, the interior
response is positive if and only if 0 < x1(t) + x3(t) < 3e−3γ

cα .
If this condition is violated, the interior branch is no longer feasible. In that case,

the constrained nonnegative best response is located at the boundary of the strategy space,
namely x2(t + 1) = 0. Economically, this corresponds to a situation in which the rivals’
strategic levels are sufficiently high that firm 2 optimally chooses zero output in that period.
Similarly, the best-response target of firm 3 is positive when 0 < x1(t) + x2(t) < 3e−3γ

cα .
Outside this interior feasible region, the constrained response would also be projected

onto the nonnegative boundary. Since the present paper focuses on the interior equilibrium
and its local stability, the subsequent analysis is conducted on the positive interior branch
of the dynamic system. At the interior equilibrium E2, one has

x∗1 + x∗3 = x∗1 + x∗2 =
4e−3γ

3cα
<

3e−3γ

cα
,

so the interior best-response conditions are satisfied. Therefore, there exists a sufficiently
small feasible neighborhood of E2 in which the square-root best-response mappings remain
positive and the local Jacobian and Jury stability analysis are well defined.

https://doi.org/10.3390/e28070788

https://doi.org/10.3390/e28070788


Entropy 2026, 28, 788 8 of 20

Combining the updating rules of the three firms, the heterogeneous quantum Cournot
triopoly can be written as follows:

x1(t + 1) = x1(t) + v x1(t)

(
e−3γ

(
x2(t) + x3(t)

)(
x1(t) + x2(t) + x3(t)

)2 − cα

3

)
,

x2(t + 1) =

√
3e−3γ

(
x1(t) + x3(t)

)
cα

− x1(t)− x3(t),

x3(t + 1) = (1 − w)x3(t) + w

√3e−3γ
(
x1(t) + x2(t)

)
cα

− x1(t)− x2(t)


(18)

3. Quantum Equilibrium Points and Local Stability
Given the discrete-time dynamical system (18), an equilibrium (fixed point) is a state

E = (x∗1 , x∗2 , x∗3) such that xi(t + 1) = xi(t) = x∗i for i = 1, 2, 3. Imposing this fixed-point
condition on the three updating equations in (18) yields two equilibria, denoted by E1 and
E2, as given in Equation (19)

E1 = (0,
3e−3γ

4cα
,

3e−3γ

4cα
),

E2 = (x∗1 , x∗2 , x∗3) = (
2e−3γ

3cα
,

2e−3γ

3cα
,

2e−3γ

3cα
).

(19)

It follows that E1 is a quantum boundary equilibrium point, while E2 is the unique
interior quantum Nash equilibrium point. To study the local stability of the quantum
equilibrium points in the three-dimensional system (18), we compute the Jacobian matrix
of the map as follows:

J(x1, x2, x3) =


1 − vcα

3 + ve−3γ (x2+x3)(x2+x3−x1)
(x1+x2+x3)3 ve−3γ x1(x1−x2−x3)

(x1+x2+x3)3 ve−3γ x1(x1−x2−x3)
(x1+x2+x3)3

1
2

√
3e−3γ

cα(x1+x3)
− 1 0 1

2

√
3e−3γ

cα(x1+x3)
− 1

w
[

1
2

√
3e−3γ

cα(x1+x2)
− 1
]

w
[

1
2

√
3e−3γ

cα(x1+x2)
− 1
]

1 − w

. (20)

Proposition 1. The quantum boundary equilibrium E1 is unstable.

Proof. Substituting E1 into the Jacobian matrix J(x1, x2, x3) in Equation (20), we obtain the
linearization at E1 as the diagonal matrix in (21)

J(E1) =


1 +

vcα

3
0 0

0 0 0

0 0 1 − w

. (21)

Therefore, the eigenvalues are directly given by the diagonal entries,

λ1 = 1 +
vcα

3
, λ2 = 0, λ3 = 1 − w.

Since v > 0, c > 0 and α = e2γ + 2e−γ > 0, it follows that

λ1 = 1 +
vcα

3
> 1.
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For a discrete-time dynamical system, the presence of any eigenvalue satisfying |λ| > 1
implies that the fixed point is unstable. Hence, the quantum boundary equilibrium E1 is
unstable.

Remark. The above instability result depends on the symmetric marginal-cost assump-
tion. If the cost function is extended to Cj(qj) = cjqj, cj > 0, a boundary equilibrium with
firm 1 inactive and firms 2 and 3 active can be written as

Ea
1 =

(
0,

3e−3γc3

α(c2 + c3)2 ,
3e−3γc2

α(c2 + c3)2

)
.

The eigenvalue associated with firm 1’s deviation from the boundary is

λ1 = 1 +
vα

3
(c2 + c3 − c1).

Thus, under symmetric costs, λ1 = 1 + vαc
3 > 1, which explains the instability of E1.

By contrast, if the inactive firm has a sufficiently high marginal cost, namely

c2 + c3 < c1 < c2 + c3 +
6

vα
,

then the deviation of firm 1 from the boundary can be locally stable. The remaining
two-firm active subsystem is locally stable when

w(c3 − c2)
2

4c2c3
< 1.

Therefore, boundary equilibria may become economically meaningful and locally stable
in asymmetric-cost regimes, especially when one firm is much less efficient than its active
rivals. A full asymmetric-cost quantum triopoly model would change the equilibrium
conditions and stability thresholds, and is left for future research. This possibility is
consistent with studies emphasizing the role of cost asymmetry and isoelastic demand in
Cournot-type dynamics [25,39,40].

To study the local stability of the interior equilibrium, we substitute E2 into the Jacobian
and obtain J(E2) in Equation (22).

J(E2) =


1 − 2vcα

9
−vcα

18
−vcα

18

−1
4

0 −1
4

−1
4

w −1
4

w 1 − w

. (22)

Let the characteristic polynomial of J(E2) be written as

λ3 + A1λ2 + A2λ + A3 = 0, (23)

where

A1 =
2vcα

9
− 2 + w,

A2 =
5vcwα

24
− 17vcα

72
− 17w

16
+ 1,

A3 =
w
16

− vcwα

48
+

vcα

72
.
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According to the Jury criterion, the quantum Nash equilibrium point E2 is locally
asymptotically stable if [12,13,26]

(i) 1 + A1 + A2 + A3 > 0,

(ii) 1 − A1 + A2 − A3 > 0,

(iii) 1 − A2 + A1 A3 − A3
2 > 0,

(iv) 3 − A2 > 0.

(24)

Proposition 2. The quantum Nash equilibrium point E2 is locally asymptotically stable
provided that

v <
576 − 306w
(68 − 33w)cα

. (25)

Proof. For v > 0, c > 0, γ ≥ 0 and w ∈ (0, 1), conditions (i) and (iv) of the Jury criterion
are automatically satisfied. Indeed, one has

(i) 1 + A1 + A2 + A3 =
3vcwα

16
> 0,

(iv) 3 − A2 =
2vcα(1 − w)

9
+

vcwα

72
+

w
16

+
vcα

72
+ w + 2 > 0.

Next, consider condition (ii). After algebraic simplification, it can be written as

1 − A1 + A2 − A3 = 4 − 17w
8

−
(

17
36

− 11w
48

)
vcα > 0. (26)

Hence, condition (ii) holds whenever

v <
576 − 306w
(68 − 33w)cα

. (27)

Finally, for condition (iii), direct simplification gives

1 − A2 + A1 A3 − A3
2 = β1v2 + β2v + β3, (28)

where

β1 =
60 − 84w − 9w2

20736
c2α2, β2 =

720 − 486w − 63w2

3456
cα, β3 =

15
16

w +
15

256
w2.

For w ∈ (0, 1), the linear coefficient and the constant term are both positive. If
60− 84w− 9w2 ≥ 0, condition (iii) is immediately satisfied for v > 0. If 60− 84w− 9w2 < 0,
the above expression is a concave quadratic function of v. Since its value at v = 0 is β3 > 0,
it remains to check its value at the upper boundary vc =

576−306w
(68−33w)cα

. Evaluating it at v = vc,
we obtain(

1 − A2 + A1 A3 − A2
3

)∣∣∣
v=vc

= −3(23w2 + 112w − 320)(597w2 − 2304w + 2432)
256(33w − 68)2 > 0,

where the inequality follows directly from w ∈ (0, 1). Hence, condition (iii) holds for
all 0 < v < vc. Combining conditions (i)–(iv), the Jury criterion is satisfied whenever
v < 576−306w

(68−33w)cα
. Therefore, E2 is locally asymptotically stable under the condition in

Equation (25).
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4. Numerical Simulations
To further investigate the complex dynamical behavior of the heterogeneous quantum

Cournot triopoly, we carry out a series of numerical simulations in this section. In particular,
we examine the stability region of the interior equilibrium, the bifurcation evolution with
respect to the adjustment speed, the emergence of chaotic attractors, and the sensitive
dependence on initial conditions. The numerical simulations are performed for initial
conditions in the feasible interior region, and the reported dynamics are interpreted as the
behavior of the positive interior branch of the heterogeneous quantum Cournot triopoly.

4.1. Dynamics of the Stability Region

To clarify how the local stability of the Nash equilibrium E2 depends on the key
parameters, we linearize the discrete-time map at E2 and apply the Jury stability crite-
rion to obtain the admissible parameter constraints for local stability. These inequalities
define the stability region of E2, i.e., the set of parameter values for which E2 is locally
asymptotically stable.

Figure 1 depicts the geometry of the stability domain in several representative pa-
rameter planes. In all panels, the yellow region corresponds to local asymptotic stability
of E2, while the magenta curve indicates the stability boundary. For clarity, we fix c = 1
and visualize the stability structures in the (γ, v) and (w, v) planes, together with the
corresponding critical threshold of the adjustment speed. Specifically, vc(γ, w) denotes
the critical adjustment speed, namely the largest value of v for which E2 remains locally
asymptotically stable for given (γ, w); thus, stability requires 0 < v < vc(γ, w).

As shown in Figure 1a, for w = 0.1 the stability region in the (γ, v) plane shrinks
markedly as γ increases. In particular, the stability boundary v = vc(γ, w) decreases
monotonically with γ, leading to a substantial reduction of the stable domain. This implies
that stronger entanglement narrows the admissible range of the adjustment speed, thereby
lowering the stability threshold and making the system more susceptible to bifurcations
and subsequent complex dynamics.

Figure 1b reports the stability region in the (w, v) plane for γ = 0.1. Compared with
its strong dependence on γ, the stability boundary varies only moderately with w, and the
stable area remains relatively large across a wide range of w. This indicates that, under the
present parameterization, the impact of the adaptive parameter w on local stability is
weaker than that of the entanglement level γ: the adjustment speed v plays the dominant
role in determining whether E2 is stable, whereas variations in w mainly cause mild shifts
of the critical threshold.

The quantitative effect of w can also be seen directly from the critical threshold
vc =

576−306w
(68−33w)cα

. For 0 < w < 1, its derivative with respect to w is ∂vc
∂w = − 1800

(68−33w)2cα
< 0,

which confirms that a larger adaptive coefficient lowers the admissible adjustment speed. Un-
der the baseline values c = 1 and γ = 0.1, vc(w) decreases from vc(0) ≈ 2.795 to vc(1) ≈ 2.545.
Representative values are vc(0.25) ≈ 2.758, vc(0.5) ≈ 2.710, and vc(0.75) ≈ 2.643. Therefore,
a larger w has a destabilizing effect, but this effect is relatively moderate.

To provide an overall view of the stability threshold, Figure 1c presents the critical
surface v = vc(γ, w). The three-dimensional plot shows that the critical value vc decreases
as either γ or w increases, with a noticeably steeper decline along the γ direction. This
further confirms the pronounced role of entanglement in shaping the stability evolution.
Consequently, maintaining local stability of E2 requires choosing v sufficiently small, and in
particular, larger γ necessitates a smaller adjustment speed in order to avoid loss of stability
through bifurcation and the emergence of complex dynamics.
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Figure 1. Stability region of the equilibrium E2 obtained from the Jury conditions. (a) Stability domain
in the (γ, v) plane for w = 0.1 and c = 1. (b) Stability domain in the (w, v) plane for γ = 0.1 and
c = 1. (c) Critical surface vc(γ, w) for c = 1.

4.2. Bifurcation and Chaos Analysis
4.2.1. Bifurcation Evolution with Respect to v

To further explore the dynamical evolution of the system with respect to the adjust-
ment speed v, we plot bifurcation diagrams of the state variables x1, x2, and x3 versus
v, and compute the maximum Lyapunov exponent (MLE) to diagnose chaotic behavior.
The numerical results are summarized in Figure 2. Specifically, Figure 2a,b correspond
to γ = 0 and γ = 0.1, respectively, while the remaining parameters are fixed at c = 1
and w = 0.1. For sufficiently small v, the trajectories converge to a unique steady state
(the locally stable equilibrium E2), indicating that slow adjustment leads the market to a
stable outcome.

4.2.2. Flip Bifurcation and Period-Doubling Cascade

As v increases, the equilibrium loses stability and the system undergoes its first
bifurcation. As shown in Figure 2a, when γ = 0 a flip (period-doubling) bifurcation occurs
around the critical value v ≈ 2.807, where the stable period-1 orbit destabilizes and a
stable period-2 cycle emerges. With further increases in v, successive period-doubling
bifurcations generate higher-order periodic orbits (e.g., period-4 and period-8), forming
a typical period-doubling cascade. For γ = 0.1, the first bifurcation occurs earlier at
approximately v ≈ 2.779, implying that a higher entanglement level reduces the stability
margin and facilitates the transition from steady behavior to periodic oscillations. This
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observation is consistent with the stability analysis in Figure 1, where the critical threshold
vc decreases monotonically as γ increases.

(a) (b)
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Figure 2. Bifurcation diagrams and maximum Lyapunov exponents (MLEs) versus the adjustment
speed v with c = 1 and w = 0.1. (a) Bifurcation diagram for γ = 0; (b) bifurcation diagram for
γ = 0.1; (c) maximum Lyapunov exponents for γ = 0; (d) maximum Lyapunov exponents for γ = 0.1.
The dashed horizontal line in panels (c,d) indicates MLE = 0.

4.2.3. Chaotic Bands and Periodic Windows

As v increases beyond subsequent thresholds, the iterates in the bifurcation diagrams
expand from finitely many branches into dense bands, indicating the onset of chaos. In this
regime, trajectories become aperiodic and highly sensitive to initial conditions, reflecting
strong uncertainty in the adjustment process. Notably, periodic windows appear within
the chaotic parameter range: over certain intervals of v, the chaotic bands are interrupted
and the system temporarily returns to low-period oscillations. This alternation between
chaotic and periodic dynamics is a well-known feature of nonlinear discrete-time maps and
implies that small parameter perturbations may switch the system between predictable
and unpredictable behaviors.

4.2.4. Verification by Maximum Lyapunov Exponents

To corroborate the dynamical features observed in the bifurcation diagrams, the MLEs
are computed and plotted in Figure 2c,d. For small v, the MLE is negative, indicating
convergence to a stable equilibrium or a stable periodic orbit. As v increases, the MLE
approaches zero at bifurcation points and becomes positive over certain parameter intervals,
which confirms the emergence of chaotic dynamics. In particular, for γ = 0.1 the MLE
turns positive at a smaller value of v and remains positive over wider intervals, suggesting
that stronger entanglement not only accelerates the loss of stability but also enlarges the
parameter range associated with complex fluctuations and chaos. Therefore, v serves as a
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key bifurcation parameter governing the transition from stability to chaos, while increasing
γ amplifies this destabilizing tendency.

4.3. Strange Attractor

To illustrate the asymptotic dynamics more clearly, we plot the phase portraits in
the three-dimensional state space (x1, x2, x3) for representative values of the adjustment
speed v, as shown in Figure 3. In the simulations, a sufficient number of transient itera-
tions are discarded, and only the remaining iterates are retained to depict the long-run
dynamical behavior.

v=2

0.1
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x
1

0.1

0.15

0.2

x
2

0.1

0.12

0.14

0.16

0.18

0.2

x
3

(a) (b)

(c) (d)
Figure 3. Phase portraits of the asymptotic dynamics in the three-dimensional state space for γ = 0.1,
c = 1, and w = 0.1. (a) v = 2: stable fixed point. (b) v = 3: period-2 orbit. (c) v = 3.5: period-4 orbit.
(d) v = 3.7: strange attractor (chaos).

As shown in Figure 3a, when v = 2 the trajectory converges to a single fixed point,
indicating that the equilibrium E2 is locally stable and the adjustment process drives the
system toward a steady state. When v increases to v = 3 (Figure 3b), the fixed point loses
stability and the orbit approaches a period-2 cycle, represented by two distinct points
in phase space, which is consistent with the flip bifurcation identified in the bifurcation
diagrams. With a further increase to v = 3.5 (Figure 3c), the long-run orbit consists of
four points, revealing a stable period-4 cycle and confirming the period-doubling route
to complexity.

For v = 3.7 (Figure 3d), the trajectory no longer settles on a finite set of points. Instead,
it fills a bounded region with a highly intricate geometric structure, which is consistent
with the presence of a strange attractor. In this regime, the system exhibits chaotic motion
characterized by aperiodic oscillations and strong sensitivity to initial conditions, which
is commonly associated with the stretching-and-folding mechanism in nonlinear discrete-
time dynamics. Overall, increasing v strengthens the effective feedback in the adjustment
process, driving the system from a stable equilibrium to periodic oscillations and eventually
to chaotic dynamics associated with a strange attractor.
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4.4. Sensitive Dependence on Initial Conditions

To further confirm the chaotic nature of the system in the chaotic parameter regime,
we investigate the sensitive dependence on initial conditions, a fundamental characteristic
of chaotic systems. In particular, two trajectories that start from nearly identical initial
states are expected to diverge rapidly after a finite number of iterations, making long-term
prediction practically impossible.

In the chaotic regime with γ = 0.1, c = 1, w = 0.1, and v = 3.7, we select the
baseline initial condition x(1)(0) = (0.15, 0.20, 0.20). To examine sensitivity to different
state variables, we construct three nearby initial conditions by perturbing one component
at a time

x1(0) → x1(0) + 10−4, x2(0) → x2(0) + 10−4, x3(0) → x3(0) + 10−4.

Figure 4 compares the time evolutions of the two trajectories. Initially, the orbits
remain nearly indistinguishable, but as the iterations proceed, the discrepancy between the
two trajectories grows rapidly, leading to a clear separation. This behavior demonstrates
the sensitive dependence on initial conditions, which is a hallmark of chaotic dynamics.
The positive maximum Lyapunov exponent calculated for this parameter setting further
confirms the presence of chaotic motion.
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Figure 4. Sensitive dependence on initial conditions in the chaotic regime γ = 0.1, c = 1, w = 0.1,
and v = 3.7. In each panel, two trajectories are generated from x(1)(0) = (0.15, 0.20, 0.20) and a
nearby initial condition x(2)(0) obtained by perturbing one component: (a) x1(0) → x1(0) + 10−4;
(b) x2(0) → x2(0) + 10−4; (c) x3(0) → x3(0) + 10−4.

Furthermore, the three panels in Figure 4 show that the divergence occurs regardless
of whether the perturbation is applied to x1, x2, or x3. This indicates that the sensitivity is
not limited to a specific variable but rather results from the overall nonlinear coupling of
the system. Therefore, as the adjustment speed v increases, the market dynamics become

https://doi.org/10.3390/e28070788

https://doi.org/10.3390/e28070788


Entropy 2026, 28, 788 16 of 20

highly sensitive to initial conditions, leading to significant uncertainty and unpredictability
in the system’s behavior.

5. Chaos Control
When the system enters a chaotic regime, its trajectories become aperiodic and highly

sensitive to small perturbations, which reduces predictability and may hinder managerial
planning and regulatory intervention. To suppress such fluctuations, we introduce a control
parameter k ≥ 0 into the boundedly rational adjustment rule of firm 1. Similar feedback-
based control ideas have been widely used in Cournot-type nonlinear systems [43–45].
In the present model, the control parameter rescales only the adjustment increment of
firm 1, leading to the controlled system

x1(t + 1) = x1(t) +
vx1(t)
1 + k

(
e−3γ(x2(t) + x3(t))

(x1(t) + x2(t) + x3(t))2 − cα

3

)
,

x2(t + 1) =

√
3e−3γ(x1(t) + x3(t))

cα
− x1(t)− x3(t),

x3(t + 1) = (1 − w)x3(t) + w

(√
3e−3γ(x1(t) + x2(t))

cα
− x1(t)− x2(t)

)
.

(29)

When k = 0, system (29) reduces to the original uncontrolled system. When k > 0,
the effective adjustment speed of firm 1 becomes v/(1 + k), so a larger k weakens the
nonlinear feedback generated by gradient-based updating.

The control parameter does not change the equilibrium set. Thus, the role of k is to
modify the local stability properties rather than the equilibrium structure. To examine the
local effect of the control parameter, we linearize the controlled map at the quantum Nash
equilibrium E2. The corresponding Jacobian matrix is

Jk(E2) =


1 − 2vcα

9(1 + k)
− vcα

18(1 + k)
− vcα

18(1 + k)

−1
4

0 −1
4

−w
4

−w
4

1 − w

. (30)

Compared with the uncontrolled Jacobian, all entries associated with the adjustment speed
v are multiplied by 1/(1 + k). Therefore, increasing k reduces the effective adjustment
speed and can restore the Jury stability condition for E2.

Since the control parameter replaces v by v/(1 + k), the stability condition obtained
in Proposition 2 can be directly applied to the controlled system. Hence, the controlled
equilibrium E2 is locally asymptotically stable whenever

v
1 + k

< vc =
576 − 306w
(68 − 33w)cα

,

or equivalently,

k > kc =
(68 − 33w)cαv

576 − 306w
− 1.

For the parameter values used in the numerical simulation, namely c = 1, γ = 0.1, w = 0.1,
and v = 3.7, this gives kc ≈ 0.3304.

The control parameter is applied to the boundedly rational firm because the adjustment
speed v is the main bifurcation parameter and directly determines the strength of the
gradient-feedback term. Thus, rescaling v provides a minimal intervention that preserves
the equilibrium set and leaves the naïve and adaptive firms’ updating rules unchanged.
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In principle, one may introduce an additional control parameter kw to rescale the adaptive
parameter as w/(1 + kw). More generally, if v and w are controlled by two independent
parameters kv and kw, the stability condition can be written as

v
1 + kv

<
576 − 306w/(1 + kw)

(68 − 33w/(1 + kw))cα
.

If only w is rescaled while v remains unchanged, stabilization cannot be achieved for the
chaotic case v = 3.7 considered here. Indeed, as w/(1 + kw) → 0, the maximum stability
threshold is vc(0) = 576

68cα ≈ 2.795, which is still smaller than 3.7. Therefore, controlling v is
more direct and effective in the present setting.

Numerical simulations further confirm the effectiveness of the proposed control mech-
anism. Figure 5 shows the bifurcation diagrams of x1, x2, and x3 with respect to the control
parameter k. For small k, the trajectories remain chaotic. As k increases, the chaotic bands
gradually shrink and the system passes through periodic oscillations before converging
to a stable fixed point. In particular, for the chosen parameter set, convergence is restored
once k exceeds approximately 0.3304, which is consistent with the analytical threshold de-
rived above. These results show that the proposed control parameter can suppress chaotic
fluctuations without altering the equilibrium structure of the quantum Cournot triopoly.
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Figure 5. Bifurcation diagram of x1, x2, and x3 versus the control parameter k. The diagram is
computed from Equation (29) after discarding transient iterations. The parameters are fixed at c = 1,
γ = 0.1, w = 0.1, and v = 3.7.

6. Conclusions
This paper investigated the complex dynamics and stabilization of a continuous-

variable quantum Cournot triopoly with heterogeneous expectations and isoelastic de-
mand. By incorporating the Li–Du–Massar quantization scheme into a three-firm Cournot
framework, we constructed a discrete-time nonlinear system in which the firms adopt
boundedly rational adjustment, naïve expectations, and adaptive expectations, respectively.
The quantum boundary equilibrium and the unique interior quantum Nash equilibrium
were derived explicitly, and the local stability conditions of the interior equilibrium were
obtained by linearizing the three-dimensional map and applying the Jury criterion.

The analytical and numerical results show that quantum entanglement plays a dual
role in the proposed model. On the one hand, stronger entanglement increases the symmet-
ric equilibrium payoffs in the static quantum Cournot game. On the other hand, it reduces
the admissible range of the adjustment speed and shrinks the local stability domain of
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the interior equilibrium. Therefore, entanglement may enhance equilibrium performance
while simultaneously increasing dynamical fragility. This finding highlights an important
trade-off in quantum oligopoly dynamics: the same quantum correlation that improves
equilibrium outcomes may also make the adjustment process more vulnerable to instability,
bifurcation, and chaos.

The numerical simulations further demonstrate that the adjustment speed of the
boundedly rational firm is a key source of complex dynamics. When the adjustment
speed is relatively small, the system converges to the interior quantum Nash equilibrium.
As the adjustment speed increases, the equilibrium loses stability through a flip bifurcation,
followed by period-doubling cascades and chaotic motion. The emergence of chaos was
identified through bifurcation diagrams and phase portraits, and further confirmed by
positive maximum Lyapunov exponents and sensitive dependence on initial conditions.
These results indicate that excessively fast local adjustment can amplify nonlinear feedback
and generate unpredictable market fluctuations.

To suppress chaotic fluctuations, we introduced a control parameter for the boundedly
rational firm. The proposed control mechanism rescales the effective adjustment speed
without changing the equilibrium set of the system. The analysis of the controlled system
shows that a sufficiently large control parameter can restore the local stability condition of
the interior equilibrium, and the numerical bifurcation analysis confirms convergence to
a stable fixed point once the control intensity exceeds the critical threshold. From a man-
agerial perspective, the control parameter can be interpreted as a mechanism of moderate
adjustment or regulatory smoothing, suggesting that reducing overly aggressive strategic
adjustment may help stabilize market dynamics without altering the equilibrium structure.

Overall, this study shows how quantum entanglement, heterogeneous information-
processing rules, and nonlinear demand jointly reshape the stability, complexity, and con-
trollability of a nonlinear economic game. The results provide a complexity-oriented
perspective on quantum oligopoly dynamics and enrich the literature on quantum games,
heterogeneous Cournot competition, and chaos control. Future research may extend the
present framework by considering quantum noise, asymmetric costs, capacity constraints,
alternative expectation rules, and more general isoelastic-demand functions. It would also
be valuable to compare different control schemes, such as delayed feedback control, state
feedback control, and adaptive control, in order to evaluate their relative effectiveness in
stabilizing quantum economic dynamics.

Author Contributions: Conceptualization, L.W. and J.W.; methodology, L.W. and J.W.; software, S.W.
and L.W.; validation, L.W., S.W. and J.W.; formal analysis, L.W.; investigation, L.W.; writing—original
draft preparation, L.W.; writing—review and editing, S.W. and J.W.; supervision, J.W. All authors
have read and agreed to the published version of the manuscript.

Funding: This research was supported by the Special Fund for Basic Scientific Research Business
Expenses of Undergraduate Universities in Liaoning Province (Grant Nos. LJ112410165061 and
LJ112510165030) and the Liaoning Province Science and Technology Plan Joint Plan (Natural Science
Foundation–Doctoral Research Start-up Project, Grant No. 2025-BSLH-222).

Data Availability Statement: No external datasets were used in this study. The numerical simulation
data generated and analyzed during the current study are available from the corresponding author
upon reasonable request.

Conflicts of Interest: The authors declare no conflicts of interest.

https://doi.org/10.3390/e28070788

https://doi.org/10.3390/e28070788


Entropy 2026, 28, 788 19 of 20

References
1. Eisert, J.; Wilkens, M.; Lewenstein, M. Quantum games and quantum strategies. Phys. Rev. Lett. 1999, 83, 3077–3080.
2. Meyer, D.A. Quantum strategies. Phys. Rev. Lett. 1999, 82, 1052–1055.
3. Marinatto, L.; Weber, T. A quantum approach to static games of complete information. Phys. Lett. A 2000, 272, 291–303.
4. Khan, F.S.; Solmeyer, N.; Balu, R.; Humble, T.S. Quantum games: A review of the history, current state, and interpretation.

Quantum Inf. Process. 2018, 17, 309.
5. Sanz-Martín, L.; Rivas, G.; Clavijo-Buriticá, N.; Herrera, M.; Parra-Domínguez, J. Mapping the frontier: A review of quantum and

evolutionary game theory for complex decision-making. Quantum Inf. Process. 2025, 24, 291.
6. Makram-Allah, A.T.M.; Abd-Rabbou, M.Y.; Metwally, N. Time dependence of Eisert–Wilkens–Lewenstein quantum game.

Quantum Inf. Process. 2024, 23, 393.
7. Vijayakrishnan, V.; Balakrishnan, S. Influence of noise on a quantum game in the light of modified EWL scheme. Quantum Inf.

Process. 2025, 24, 203.
8. Shen, J.; Shi, L.; Zhu, K. A quantum game model for dual channels under channel cooperation and service. Quantum Inf. Process.

2025, 24, 307.
9. Cournot, A.A. Recherches sur les Principes Mathématiques de la Théorie des Richesses; Hachette: Paris, France, 1838.
10. Puu, T. Chaos in duopoly pricing. Chaos Solitons Fractals 1991, 1, 573–581.
11. Ahmed, R.; Adnan, M.; Rauf, A. Dynamic complexity in a discretized fractional-order Cournot duopoly model using piecewise

constant argument method. Quantum Inf. Process. 2025, 24, 256.
12. Bischi, G.I.; Chiarella, C.; Kopel, M.; Szidarovszky, F. Nonlinear Oligopolies: Stability and Bifurcations; Springer: Berlin/Heidelberg,

Germany, 2010.
13. Jury, E.I. Inners and Stability of Dynamical Systems; Wiley: London, UK, 1974.
14. Li, H.; Du, J.; Massar, S. Continuous-variable quantum games. Phys. Lett. A 2002, 306, 73–78.
15. Frąckiewicz, P. Quantum approach to Cournot-type competition. Int. J. Theor. Phys. 2018, 57, 353–362.
16. Yang, Z.; Gong, Q.-B. Nonlinear dynamics of continuous-variable quantum games with bounded rationality. Quantum Inf. Process.

2018, 17, 302.
17. Shi, L.; Xu, F. Nonlinear dynamics of a quantum Cournot duopoly game with heterogeneous players. Quantum Inf. Process.

2019, 18, 227.
18. Zhang, X.; Sun, D.; Jiang, W. Dynamics of a heterogeneous quantum Cournot duopoly with adjusting players and quadratic costs.

Quantum Inf. Process. 2020, 19, 403.
19. García-Pérez, L.; Grau-Climent, J.; Alonso-Sanz, R.; Losada, J.C. Complex dynamics of a Cournot quantum duopoly game with

memory and heterogeneous players. Entropy 2022, 24, 1333.
20. Deng, Z.; Zhang, J.; Xue, R.; Yu, H. Global dynamics of a quantum Cournot duopoly with quadratic costs and relative profit

maximization. Quantum Inf. Process. 2024, 23, 257.
21. Guo, D.; Zhou, D.; Wang, C.; Yang, G.; Yang, H. Dynamic quantum Cournot duopoly with externality cost functions and relative

profit maximization. Quantum Inf. Process. 2025, 24, 43.
22. Shi, J. Dynamics of quantum Cournot model under strategic delegation. J. Comput. Appl. Math. 2026, 471, 116752.
23. Shi, L.; Xu, F.; Chen, Y. Quantum Cournot duopoly game with isoelastic demand function. Phys. A 2021, 566, 125614.
24. Shi, L.; Xu, F. Nonlinear dynamics in a heterogeneous quantum Cournot duopoly game with isoelastic demand.

Quantum Inf. Process. 2021, 20, 310.
25. Zhang, X.; Zhang, X.; Hou, W. Quantum Cournot duopoly game with general isoelastic demand and asymmetric production

costs. Europhys. Lett. 2022, 138, 68001.
26. Zhu, W.; Zhou, W. Stability and global dynamics of a quantum Cournot duopoly game with isoelastic demand.

Quantum Inf. Process. 2022, 21, 294.
27. Puu, T. Complex dynamics with three oligopolists. Chaos Solitons Fractals 1996, 7, 2075–2081.
28. Agiza, H.N. Explicit stability zones for Cournot games with 3 and 4 competitors. Chaos Solitons Fractals 1998, 9, 1955–1966.
29. Agiza, H.N.; Bischi, G.I.; Kopel, M. Multistability in a dynamic Cournot game with three oligopolists. Math. Comput. Simul. 1999,

51, 63–90.
30. Ahmed, E.; Agiza, H.N. Dynamics of a Cournot oligopoly game with n competitors. Chaos Solitons Fractals 1998, 9, 1513–1517.
31. Elsadany, A.A. Competition analysis of a triopoly game with bounded rationality. Chaos Solitons Fractals 2012, 45, 1343–1348.
32. Wang, J.; Bao, Z.; Huang, J.; Song, Y. Complex dynamics of mixed triopoly game with quantity and price competition.

Discret. Dyn. Nat. Soc. 2021, 2021, 9532340.
33. Griackova, Z.; Stetka, V. Cournot’s oligopoly equilibrium under different expectations and differentiated production. Games

2022, 13, 89.
34. Wei, L.; Wang, S.; Bao, Z. Nonlinear dynamics of a quantum Cournot triopoly game with heterogeneous players.

Quantum Inf. Process. 2025, 24, 121.

https://doi.org/10.3390/e28070788

https://doi.org/10.3390/e28070788


Entropy 2026, 28, 788 20 of 20

35. Peng, Y.; Xiao, Y.; Lu, Q.; Wu, X.; Zhao, Y.R. Chaotic dynamics in Cournot duopoly model with bounded rationality based on
relative profit delegation maximization. Phys. A 2020, 560, 125174.

36. Elsadany, A.A. Dynamics of a Cournot duopoly game with bounded rationality based on relative profit maximization.
Appl. Math. Comput. 2017, 294, 253–263.

37. Li, H.; Zhou, W.; Elsadany, A.A.; Chu, T. Stability, multi-stability and instability in Cournot duopoly game with knowledge
spillover effects and relative profit maximization. Chaos Solitons Fractals 2021, 146, 110936.

38. Wei, L.; Wang, S.; Wang, J. Chaotic dynamics of a quantum duopoly game between public enterprises under Cournot competition.
Quantum Inf. Process. 2025, 24, 228.

39. Tramontana, F.; Elsadany, A.A. Heterogeneous triopoly game with isoelastic demand function. Nonlinear Dyn. 2012, 68, 187–193.
40. Andaluz, J.; Elsadany, A.A.; Jarne, G. Nonlinear Cournot oligopoly with isoelastic demand. Nonlinear Dyn. 2020, 99, 1053–1063.
41. Askar, S.S. On the stability analysis of Cournot duopoly game with isoelastic demand and relative profit maximization. Symmetry

2021, 13, 2235.
42. Zhong, Y.; Shi, L.; Xu, F. Asymmetric quantum Stackelberg duopoly game based on isoelastic demand. Int. J. Theor. Phys.

2022, 61, 75.
43. Zhao, L.; Du, J.; Wang, Q. Nonlinear analysis and chaos control of the complex dynamics of multi-market Cournot game with

bounded rationality. Math. Comput. Simul. 2019, 162, 45–57.
44. Lampart, M.; Lampartová, S. Chaos control and anti-control of the heterogeneous Cournot oligopoly model. Mathematics

2020, 8, 2074.
45. Wei, K.; Tan, W.; Elsadany, A.A.; Moroz, I. Complexity and chaos control in a Cournot duopoly model based on bounded

rationality and relative profit maximization. Nonlinear Dyn. 2023, 111, 17561–17589.
46. Papadopoulos, K.; Sarafopoulos, G.; Ioannidis, E. Delayed feedback chaos control on a Cournot game with relative profit

maximization. Mathematics 2025, 13, 2328.
47. Papadopoulos, K.; Lampartová, S.; Lampart, M.; Ioannidis, G. Delayed feedback chaos control of the heterogeneous Cournot

duopoly game with incomplete information. Mathematics 2025, 13, 1150.
48. Kartal, S. A discrete fractional order Cournot duopoly game model with relative profit delegation: Stability, bifurcation, chaos,

0–1 testing and control. J. Comput. Appl. Math. 2025, 457, 116284.
49. Chang, Y.-C.; Wang, K.-H.; Chou, H.-H. Nonlinear dynamics and chaos control of the quantum Cournot–Bertrand duopoly game

model. Phys. Scr. 2025, 100, 095204.
50. Kameshwari, A.V.S.; Balakrishnan, S. Chaos prevention in a correlated noisy dynamic Stackelberg duopoly game through the

B-gate. Phys. Scr. 2025, 100, 065206.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/e28070788

https://doi.org/10.3390/e28070788

	Introduction
	The Model
	The Classical Cournot Triopoly Game
	Quantum Form of the Cournot Triopoly Game
	The Dynamic Quantum Cournot Triopoly Game with Heterogeneous Players

	Quantum Equilibrium Points and Local Stability
	Numerical Simulations
	Dynamics of the Stability Region
	Bifurcation and Chaos Analysis
	Bifurcation Evolution with Respect to v
	Flip Bifurcation and Period-Doubling Cascade
	Chaotic Bands and Periodic Windows
	Verification by Maximum Lyapunov Exponents

	Strange Attractor
	Sensitive Dependence on Initial Conditions

	Chaos Control
	Conclusions
	References

