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Abstract

This paper investigates the stability of high-dimensional financial portfolios using con-
centration inequalities, information-theoretic measures, optimal transport metrics, and fi-
nancial network analysis. Asset returns are generated under both multivariate Gaussian
and multivariate Student-t distributions. Equal Weight and Regularized Minimum Vari-
ance portfolios are evaluated across alternative portfolio dimensions. The results show
that increasing portfolio dimension reduces portfolio risk, tail probabilities, and risk esti-
mation errors, indicating stronger concentration and higher stability in high-dimensional
settings. Entropy and mutual information measures reveal improved diversification and
weaker dependence structures as portfolio size increases. To assess distributional robust-
ness, a novel Talagrand Stability Index (TSI), combining Wasserstein distance and Kull-
back-Leibler divergence, is introduced. The results show that TSI decreases with portfolio
dimension. Heavy-tailed Student-t returns generate weaker concentration effects,
stronger dependence structures, and lower distributional stability than Gaussian returns.
Mutual information-based financial networks reveal sparse and moderately intercon-
nected dependence structures. To illustrate the practical applicability of the proposed
framework, an empirical application based on daily returns of ten large U.S. equities dur-
ing 2020-2025 is conducted, showing that the Regularized Minimum Variance portfolio
achieves a marginally lower TSI than the Equal Weight portfolio. Robustness checks re-
ported further indicate that this advantage is modest and outcome-dependent rather than
decisive.

Keywords: high-dimensional portfolios; concentration inequalities; Wasserstein distance;
Talagrand Stability Index; mutual information; portfolio diversification

1. Introduction

High-dimensional financial systems have attracted increasing attention due to the
rapid expansion of asset universes and the growing complexity of dependence structures
in modern financial markets. While increasing the number of assets generally improves
diversification opportunities, it also creates challenges related to estimation risk, portfolio
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stability, and nonlinear dependence. Traditional mean—variance frameworks often be-
come unstable in high-dimensional settings because covariance estimation errors accumu-
late as dimensionality increases. Recent studies therefore emphasize the importance of
robust optimization, regularization, and alternative dependence measures for improving
portfolio stability and diversification [1,2].

At the same time, information-theoretic methods and optimal transport theory have
emerged as powerful tools for analyzing uncertainty and dependence in financial systems.
Measures such as Shannon entropy, mutual information, Kullback-Leibler divergence,
and Wasserstein distance provide richer descriptions of financial dynamics than classical
variance-based approaches because they capture nonlinear interactions and distributional
geometry. In particular, mutual information has become increasingly relevant for portfo-
lio optimization and financial network construction due to its ability to identify both linear
and nonlinear dependence structures among assets [3].

Another development concerns the use of network-based representations of financial
markets. Financial networks provide a structural perspective on systemic risk, intercon-
nectedness, and shock transmission mechanisms by modeling assets as nodes connected
through dependence relationships. Ref. [4] shows that mutual information networks re-
veal hidden topological structures that are not captured by standard correlation-based
methods, including clustering effects, central nodes, and nonlinear information flows.

Motivated by these developments, this paper investigates the stability of high-di-
mensional financial portfolios by integrating concentration inequalities, entropy-based
measures, optimal transport distances, and mutual information financial networks within
a unified simulation framework. The analysis considers both multivariate Gaussian and
multivariate Student-t return-generating processes, allowing the role of heavy-tailed dis-
tributions to be examined.

In addition, the paper introduces a Talagrand Stability Index (TSI) that combines
Wasserstein distance and Kullback-Leibler divergence into a single measure of distribu-
tional robustness. By linking concentration of measure, transport-information inequalities,
and network-based dependence structures, the study provides a comprehensive frame-
work for evaluating portfolio stability in high-dimensional environments. A real-world
application based on a diversified portfolio of major U.S. equities is presented to demon-
strate the operational usefulness of the proposed TSI in practical portfolio evaluation and
risk management.

2. Literature Review
2.1. High-Dimensional Portfolio Theory and Diversification

The foundations of portfolio theory were established by Harry Markowitz [5], who
introduced the mean—variance framework as a tool for optimizing risk-return trade-offs.
While very influential, this framework encounters significant limitations in high-dimen-
sional settings, where the number of assets approaches or exceeds the sample size. In such
contexts, estimation errors in the covariance matrix can lead to unstable portfolio alloca-
tions and poor out-of-sample performance.

Recent advances in high-dimensional finance emphasize the role of dimensionality
in enhancing diversification and stability. Studies show that as the number of assets in-
creases, idiosyncratic risks tend to cancel out, leading to more stable aggregate outcomes.
This phenomenon is closely related to the concentration-of-measure principle, which has
been extensively studied in probability theory and applied to financial systems. Increasing
portfolio dimension leads to a systematic reduction in risk and improved estimation ac-
curacy. Ref. [6] developed a measure-theoretic and distributionally robust portfolio opti-
mization framework based on Wasserstein geometry, demonstrating that robust optimi-
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zation methods provide stronger stability guarantees, improved finite-sample perfor-
mance, and superior Sharpe ratios compared with traditional plug-in mean—variance ap-
proaches. Ref. [7] extended log-Sobolev and Talagrand inequalities by deriving new prob-
abilistic error bounds and stability results, providing theoretical insights into concentra-
tion behavior and distributional convergence in high-dimensional optimization problems.
Ref. [8] investigated the smoothness properties of entropic optimal transport and Wasser-
stein gradient flows, with theoretical results on stability, regularity, and displacement
smoothness in entropy-based transport optimization frameworks.

Moreover, regularization techniques, such as shrinkage estimators, have been pro-
posed to address instability in covariance estimation. These approaches improve numer-
ical conditioning and enhance robustness in high-dimensional portfolio optimization,
particularly in the presence of noisy data. Ref. [9] developed an optimal shrinkage estima-
tor for high-dimensional mean—variance portfolio selection, demonstrating that incorpo-
rating estimation risk and random matrix theory significantly improves out-of-sample
portfolio performance and robustness in large-dimensional financial systems. Ref. [10]
proposed a shrinkage-based estimator for large covariance matrices, demonstrating that
regularized covariance estimation substantially improves the stability and robustness of
portfolio optimization in high-dimensional financial settings. Ref. [11] examined robust
covariance estimators and Conditional Value-at-Risk constraints in portfolio optimization,
showing that shrinkage covariance methods and clustering-based optimization improve
portfolio stability, reduce drawdowns, and enhance out-of-sample performance under
volatile market conditions. Ref. [12] proposed a neural network-based nonlinear shrink-
age estimator for covariance matrices, demonstrating that integrating Ledoit-Wolf shrink-
age with transformer-based learning improves minimum-variance portfolio optimization
and reduces out-of-sample portfolio risk.

2.2. Information-Theoretic Approaches in Finance

Information theory has become an increasingly important tool in financial modeling,
offering a flexible framework for capturing nonlinear dependencies and uncertainty.
Measures such as Shannon entropy, mutual information (MI), and Kullback-Leibler (KL)
divergence [13] provide deeper insights into the structure of financial data beyond tradi-
tional second-moment statistics.

Mutual information, in particular, has been widely used to quantify both linear and
nonlinear dependence between financial variables. Unlike correlation, MI captures com-
plex interactions and has been applied to portfolio diversification, risk management, and
systemic risk analysis. The average mutual information between assets decreases with
portfolio dimension, indicating a reduction in informational overlap and enhanced diver-
sification.

The role of entropy-based portfolio optimization, where diversification is interpreted
as maximizing informational uncertainty, is also highlighted in some studies. These ap-
proaches often outperform classical mean-variance methods, especially in volatile and
high-dimensional environments. The integration of entropy and information-theoretic
metrics thus provides a robust framework for understanding financial stability. Ref. [14]
has questioned the adequacy of the traditional mean—variance framework, showing that
entropy- and mutual information-based portfolio optimization models can better capture
nonlinear dependence structures and improve diversification, stability, and extreme risk
management in volatile financial markets. Ref. [15] proved that integrating Data Envelop-
ment Analysis (DEA) with advanced optimization techniques such as mutual information
(MI), Hilbert-Schmidt Independence Criterion (HSIC), and Maximum Mean Discrepancy
(MMD) can improve portfolio diversification and risk-adjusted performance, offering a
robust framework for modern portfolio management. Ref. [3] proposed a mean-entropy—
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mutual information portfolio optimization framework, showing that entropy-based mod-
els provide greater portfolio diversification and more stable performance under varying
return constraints compared with traditional mean-variance approaches.

2.3. Optimal Transport and Distributional Metrics

In parallel with information-theoretic methods, optimal transport theory has
emerged as a powerful tool for comparing probability distributions. The Wasserstein dis-
tance has gained particular attention due to its ability to capture geometric differences
between distributions.

Unlike divergence-based measures such as KL, which focus on informational dis-
crepancies, the Wasserstein distance accounts for the cost of transporting mass between
distributions, providing a more intuitive notion of distance. This property makes it espe-
cially useful in financial applications, where the shape and support of return distributions
are of critical importance.

Applications of optimal transport in finance include portfolio optimization, risk
measurement, and model validation. Ref. [16] introduced the Wasserstein—Kelly portfolio
optimization framework, demonstrating that distributionally robust optimization based
on Wasserstein metrics can reduce estimation error, improve out-of-sample portfolio per-
formance, and enhance the stability of growth-optimal investment strategies. Ref. [17] de-
veloped a robust portfolio optimization framework with stochastic dominance constraints
based on Wasserstein distance, showing that robust portfolios can outperform non-robust
approaches in out-of-sample evaluations while improving resilience to distributional un-
certainty.

2.4. Concentration of Measure and Stability in High Dimensions

The concentration of measure concept is a fundamental property of high-dimensional
systems. It states that, as dimensionality increases, many random variables become con-
centrated around their expected values, making large deviations progressively less likely
[18,19]. Concentration inequalities provide exponential bounds on such deviations and
represent a modern tool in probability theory and high-dimensional analysis [20].

In financial applications, concentration effects explain why larger portfolios often ex-
hibit lower volatility and more stable aggregate returns. As the number of assets increases,
asset-specific risks tend to diversify, reducing variability and improving portfolio robust-
ness. Consequently, high-dimensional portfolios display stronger diversification benefits
and higher stability than low-dimensional portfolios [21].

2.5. Talagrand Inequality and Transport—Information Relationships

A theoretical development linking optimal transport and information theory is the
Talagrand inequality, introduced in [20]. This inequality establishes a relationship be-
tween the Wasserstein distance and the Kullback-Leibler divergence, showing that, under
suitable conditions, geometric deviations between distributions can be bounded by their
informational divergence.

This connection provides a powerful framework for analyzing stability in probabil-
istic systems, as it integrates two complementary perspectives: geometry and information.
Building on this idea, recent research has explored transport-entropy inequalities in var-
ious applications on statistical learning, stochastic processes, and financial modeling.

Ref. [22] developed a distributionally robust portfolio allocation framework based on
Wasserstein-distance optimization and behavioral utility functions, demonstrating that
simultaneously accounting for market uncertainty and investor irrationality can improve
investment returns while reducing portfolio risk. Ref. [23] proposed a data-driven distri-
butionally robust Kelly portfolio optimization framework based on coherent Wasserstein
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metrics, showing that the model improves portfolio stability, controls volatility and max-
imum drawdown, and outperforms classical Kelly and type-1 Wasserstein—Kelly ap-
proaches. Ref. [24] proposed a Wasserstein generative modeling framework for robust
portfolio optimization, proving that combining Wasserstein-based distributionally robust
optimization with generative adversarial learning improves Sharpe ratios, reduces maxi-
mum drawdowns, and enhances portfolio stability under distributional uncertainty and
volatile market conditions. Ref. [25] extended Talagrand’s transportation inequality by
introducing a constrained formulation linking Kullback-Leibler divergence and Wasser-
stein-2 distance, providing a theoretical framework for analyzing distributional stability
and probabilistic transport relationships.

2.6. Financial Networks and Dependence Structures

Network-based approaches have become increasingly applied in the analysis of fi-
nancial systems, providing a structural perspective on interdependencies between assets.
In such frameworks, assets are represented as nodes, while edges capture relationships
such as correlations or information flows.

Recent studies emphasize the importance of nonlinear dependence measures, such
as mutual information, in constructing financial networks. These networks reveal hidden
structures that are not captured by linear correlation-based methods, including clustering,
community formation, and systemic importance. Ref. [26] included transfer entropy con-
straints into portfolio optimization, showing that entropy-based dependency measures
can improve portfolio diversification, reduce systemic risk, and enhance stability relative
to conventional risk-management approaches such as Value at Risk and Conditional
Value-at-Risk. Ref. [27] proposed an automated decision-support framework for portfolio
allocation that combines mutual information, entropy weighting, and multi-criteria deci-
sion-making techniques, demonstrating improved loss control and robust portfolio per-
formance during market downturns. Ref. [4] developed a nonlinear mutual information
network framework with global motion filtering, showing that portfolios constructed
from filtered mutual information networks achieve higher Sharpe and Sortino ratios and
remain robust across bullish, bearish, and turbulent market conditions. Ref. [28] applied
Shannon entropy and mutual information to examine financial market efficiency under
speculative bubbles, showing that expansionary monetary policy and credit growth can
intensify market inefficiencies and nonlinear dependencies in financial systems.

2.7. Research Gap and Contribution

Despite significant advances in high-dimensional finance, information theory, and
optimal transport, the integration of these frameworks into a unified measure of financial
stability remains limited. Existing studies focus on individual metrics, such as entropy,
Wasserstein distance, or KL divergence, without capturing their joint behavior.

This paper contributes to the literature by introducing a novel stability measure—the
Talagrand Stability Index—that combines geometric and informational perspectives into
a single framework. By linking concentration of measure, information theory, and net-
work analysis, the study provides a comprehensive approach to understanding stability
in high-dimensional financial systems.

3. Theoretical Framework
The methodological flow follows the steps of Figure 1:
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Figure 1. Methodological flow.

To analyze the stability of high-dimensional financial portfolios, we consider a mar-
ket composed of N risky assets. Let

R; = (Ryy, "'RNt)T 1)

denote the vector of asset returns at time t, where R;; represents the return of asset i at
time t. The return vector is characterized by a mean vector u = E[R;] and a covariance
matrix X = Cov(R;). To generate structured dependence across assets, the covariance ma-
trix is specified using a Toeplitz structure £;; = o2p!"JI, where o2 denotes the variance
of returns, p € (0,1) is a correlation decay parameter, and |i — j| represents the absolute
difference between the indices of assets i and j. The correlation decay parameter p con-
trols how quickly pairwise correlations decrease as the distance between assets increases
in the Toeplitz covariance matrix. This specification implies that correlations decay expo-
nentially as the distance between asset indices increases. Such Toeplitz covariance struc-
tures are widely used in high-dimensional simulation studies due to their tractability and
positive definiteness [29].

Asset returns are generated from a multivariate Gaussian distribution Ry~N(u,X),
where u denotes the vector of expected returns and X represents the covariance matrix
of asset returns.

The Gaussian distribution serves as the classical benchmark model in portfolio the-
ory [5]. Asset returns are also generated from a multivariate Student-t distribution
R.~t, (4, 2). The Student-t distribution allows for heavier tails than the Gaussian distribu-
tion and therefore captures a higher probability of extreme return realizations. This fea-
ture makes it suitable for modeling financial returns characterized by tail risk and excess
kurtosis.
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3.1. Portfolio Construction

Let w = (wy,wy, ..., WN)T denote the portfolio weight vector, where w;represents the
proportion of total capital invested in asset i. The weights satisfy the standard budget
constraint

Tihiw =1

Let R, denote the random portfolio return, while R,; denotes its realization at time

The portfolio return at time t is defined as

R,. = w'R.. @)
The theoretical variance of the portfolio return is given by

op =w'iw 3)

I denotes the covariance matrix of asset returns. The corresponding theoretical port-
folio risk is:

op = VWTIw 4)

Two portfolio construction strategies are considered.
The first strategy is the Equal Weight portfolio, in which all assets receive identical
weights. In this case w; = %,i =1,...,N. This allocation rule provides a simple diversifi-

cation benchmark and avoids estimation error in the covariance matrix [30].
The second strategy is a Regularized Minimum Variance portfolio. The classical min-
imum-variance problem seeks to minimize portfolio variance

; T
minw Sw (5)

subject to the constraint 1w = 1, where S denotes the sample covariance matrix esti-
mated from the data, and 1 is a vector of ones.

However, in high-dimensional settings, the covariance estimator can become unsta-
ble [31]. To address this issue, a regularization term is introduced, leading to the optimi-
zation problem

min(w’Sw + ||w||?) (6)
w

Subjectto 17w = 1. Here A > 0 is a regularization parameter controlling the degree
of shrinkage, and ||w||? = w'w represents the squared Euclidean norm of the weight vec-
tor. The optimization corresponds to a ridge-Regularized Minimum Variance problem, in
which the covariance matrix is regularized by adding AI, following the classical ridge re-
gression approach of [32]. The resulting portfolio weights are

S+AD~'1
- 1;(s+/1)1)-11 @)
where I is the identity matrix.

Regularization stabilizes covariance matrix estimation by shrinking the sample co-
variance matrix toward a more stable covariance estimator, thereby reducing estimation
error and producing a more stable inverse covariance matrix. This is important in high-
dimensional settings, where the sample covariance matrix is often ill-conditioned or sin-
gular, leading to unstable portfolio weights [31].

Portfolio performance is evaluated using Monte Carlo simulations. For each portfolio
dimension N, simulated return series are generated using the Gaussian data-generating
process described above. For the heavy-tailed scenario, returns are generated from a Stu-
dent-t distribution with v = 5 degrees of freedom throughout all Monte Carlo simulation
experiments. The analysis considers several values of N representing increasing portfolio
dimensionality.
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Since portfolio returns are continuous random variables, the empirical and theoreti-
cal return distributions are discretized using histograms with 50 equally spaced bins de-
fined over the common support of both distributions. The resulting empirical probability
masses are then used to estimate the Kullback-Leibler divergence. To avoid numerical
instability arising from zero probabilities, a small constant 10-° is added before normali-
zation.

For each simulation run, the sample is divided into two parts. The first part, contain-
ing T;, observations, is used to estimate the covariance matrix and construct portfolio
weights. The second part, consisting of T,,, observations, is used to evaluate the out-of-
sample performance of the portfolio. This procedure is repeated across multiple Monte
Carlo replications in order to assess the stability and robustness of the results.

3.2. Simulation Parameters

The simulation framework relies on a set of parameters governing the data-generat-
ing process, portfolio construction, and evaluation procedures.

The number of assets in the portfolio is denoted by N, which varies over the set N €
{10,25,50,75,100,150,200}, allowing the analysis to capture the transition from low-di-
mensional to high-dimensional portfolio settings. The sample is divided into an in-sample
period of length T;, = 250 observations and an out-of-sample period of length Ty, =
250 corresponding approximately to one trading year each. The correlation decay param-
eter was setto p = 0.4, representing a moderate dependence structure among assets. This
value is consistent with simulation studies based on Toeplitz covariance matrices and
AR(1)-type correlation structures frequently used in high-dimensional covariance estima-
tion and portfolio optimization research [29,31]. A moderate value of g allows meaningful
dependence between assets while preserving diversification effects and concentration
phenomena.

The variance parameter is set to % = 0.0004, while the expected return of each asset
is assumed to be constant and equal to p; = 0.0005, reflecting realistic daily return dy-
namics.

The regularization parameter used in the minimum-variance portfolio is set to 4 =
0.10, controlling the degree of shrinkage applied to portfolio weights and improving nu-
merical stability in high-dimensional settings [31].

The Monte Carlo simulation is repeated B = 200 times for each value of N, ensuring
statistical robustness of the results. To evaluate concentration properties, a grid of devia-
tion thresholds is defined as & € [0.001,0.08], consisting of 30 equally spaced values.
These thresholds are used to estimate empirical tail probabilities and the concentration
parameter.

3.3. Portfolio Performance Metrics

The realized mean return of the portfolio is computed as:

A 1
Up = ;Zle Rp,t (8)
Portfolio risk is measured by the realized standard deviation
~ 1 .
Op = EZZ:l(Rp.t - .up)z )

The absolute difference between realized and theoretical risk is defined as
E, = |6, — gp| (10)

Across the Monte Carlo replications, the average realized portfolio risk is computed
as:

= 1 ~(b
G, =3%5_,63 (11)

https://doi.org/10.3390/e28070790



Entropy 2026, 28, 790

9 of 39

while the average risk error is given by:
E, =238 E (12)
Portfolio diversification is evaluated using the Herfindahl-Hirschman index [33,34]:
HHI = YN, w? (13)

Lower HHI values indicate stronger diversification because portfolio weights are dis-
tributed more evenly across assets, whereas higher HHI values indicate greater concen-
tration in a smaller number of holdings.

3.4. Concentration of Portfolio Returns

To analyze the stability of portfolio returns, we examine the probability that the port-
folio return deviates from its expected value by more than a threshold e:

P(|R, — E[Ry]| > &) (14)

In the Monte Carlo framework considered in this paper, portfolio returns are gener-
ated as independent and identically distributed observations from either a multivariate
Gaussian distribution or a multivariate Student-t distribution with a fixed covariance ma-
trix. For the Gaussian case, classical concentration inequalities motivate an exponential
upper bound for the tail probability of portfolio returns of the form:

P(|R, — E[R,]| > &) < 2¢~¢° (15)

The parameter ¢ represents the concentration rate, which measures how rapidly the
tail probability decreases as the deviation threshold increases. For the Gaussian simula-
tions, the exponential form is motivated by classical concentration inequalities. For the
Student-t simulations, the same functional form is used as an empirical model for estimat-
ing the decay rate of tail probabilities rather than as a formal concentration inequality
[35,36].

Empirically, the concentration parameter is estimated using the regression model

logP(|R, — E[R,]| > ¢) = a — ce? (16)

Although the classical concentration inequalities motivating this specification are pri-
marily associated with sub-Gaussian probability measures, the Student-t distribution is
included in this study as a heavy-tailed benchmark to assess the empirical robustness of
the proposed stability measures under departures from the theoretical assumptions. Con-
sequently, the concentration analysis for Student-t returns should be interpreted as an
empirical comparison rather than as a theoretical validation of the underlying concentra-
tion inequalities.

The empirical concentration parameter is therefore estimated separately under
Gaussian and Student-t data-generating processes and subsequently compared to assess
the effect of heavy tails on portfolio stability.

3.5. Distributional Stability Measures

To evaluate distributional stability beyond variance, the Wasserstein distance be-
tween the empirical distribution of portfolio returns and a reference distribution is com-
puted. To quantify the distributional stability of portfolio returns, we compare the empir-
ical portfolio return distribution with a theoretical return distribution. Let P denote the
empirical probability distribution of portfolio returns obtained from a single Monte Carlo
replication (or from the empirical portfolio returns in the real-data application). Let @ de-
note the corresponding theoretical reference distribution implied by the assumed data-
generating process. Specifically, in the Gaussian experiments, @ is the normal distribu-

https://doi.org/10.3390/e28070790



Entropy 2026, 28, 790

10 of 39

tion with portfolio mean pp and the standard deviation op. In the heavy-tailed experi-
ments, @ isthe corresponding Student-t distribution with identical location and scale pa-
rameters and the specified degrees of freedom. The parameters of the reference distribu-
tion are determined from the theoretical portfolio moments in the Monte Carlo experi-
ments and from the estimated portfolio moments in the empirical application.

The Wasserstein distance of order p = 1 between two probability measures P and
Q on R, where P denotes the empirical portfolio return distribution and @ the corre-
sponding theoretical Gaussian or Student-t reference distribution can be expressed
through their quantile functions as [37]:

1
WP, @) = [ 170 - g du 17)
0
The 2-Wasserstein distance is defined as:
W, (P,Q) = (J, (F5* (w) — F* (w)?dw)*/? (18)

This metric measures the minimal transportation cost required to transform one dis-
tribution into another [38].
Portfolio diversification is further assessed using Shannon entropy:

H(w) = - EiL, w;logw; (19)
W)
logN®
Higher entropy values indicate more evenly distributed portfolio weights.

and its normalized version H* =

To further investigate the relationship between distributional deviations and infor-
mation divergence, we introduce a stability indicator inspired by Talagrand-type
transport inequalities. Ref. [20] established a fundamental connection between optimal
transport distances and entropy, showing that for suitable probability measures:

W2(P,Q) < C-KL(P Il Q) (20)

where W#(P,Q) denotes the squared 2-Wasserstein distance between probability
measures P and Q. KL(P |l Q) is the Kullback-Leibler divergence [13], C > 0 is a con-
stant. Motivated by this relationship, we construct an empirical Talagrand Stability Index
(TSI) defined as

_ Wi eQ
TSI(P,Q) = LI (21)

From a financial perspective, TSI can be interpreted as a measure of the robustness
of portfolio returns, capturing the extent to which deviations from the theoretical distri-
bution are driven by structural distortions rather than informational fluctuations. Lower
values of TSI indicate that deviations from the reference distribution are small relative to
their informational complexity, suggesting greater stability of portfolio returns.

TSI is asymmetric since the Kullback-Leibler divergence is not symmetric. In the pre-
sent framework, this asymmetry reflects the directional nature of the comparison. The
empirical portfolio return distribution P represents the observed portfolio behavior,
whereas the reference distribution Q represents the benchmark implied by the assumed
return-generating model. Consequently, TSI(P,Q) quantifies how robust the observed
portfolio is relative to the benchmark. Reversing the order to TSI(P,Q) would instead
evaluate how well the benchmark approximates the empirical distribution, addressing a
different financial question rather than the robustness of the observed portfolio.

The proposed TSI is based on the squared 2-Wasserstein distance because
Talagrand’s classical transport-information inequality is formulated in terms of W, (P, Q),
providing the theoretical foundation for the index.

Theoretical Properties of the Talagrand Stability Index
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We can prove some properties of TSI as follows.

Proposition 1 (Non-negativity). For any probability distributions P and Q satisfying
KL(P||Q) > 0, TSI satisfies TSI(P,Q) = 0.

Proof. Since W2(P,Q) =0 and KL(P||Q) = 0, it follows that TSI(P,Q) = 0. o
Proposition 2 (Talagrand Upper Bound). Suppose that Q satisfies Talagrand’s transport-in-
formation inequality

W7 (P,Q) < C KL(P I Q)
for some constant C>0. Then TSI(P,Q) < C.

Proof. From Talagrand’s inequality,

W2(P,Q) <C-KL(P 1 Q)

Dividing both sides by KL(P |l Q), it follows that TSI(P,Q) < C. o

This result establishes a direct theoretical connection between the proposed index
and Talagrand’s transportation inequality. The index can therefore be interpreted as a
normalized transport-information coefficient.

Proposition 3 (Monotonicity with respect to Wasserstein distance). For fixed informational
divergence KL(P || Q) = K > 0, the Talagrand Stability Index is strictly increasing in the 2-Was-
serstein distance W, (P, Q).

2
Proof. Let f(W,) = WTZ Differentiating with respect to W,, % = % Since K > 0,W, >
2
0, it follows that A 5.
aw;

Therefore, TSI increases monotonically with the Wasserstein distance. o

Proposition 4 (Monotonicity with respect to information divergence). For fixed Wasserstein
distance W,(P, Q) = W, > 0, the Talagrand Stability Index decreases as informational divergence

increases.
sz . o« g . dg —W22 .
Proof. Let g(K) = ——. Differentiating with respect to K, — =—-< 0. Thus, TSI is
K dK ~ K

strictly decreasing in KL(P || Q). o

Proposition 5 (Distributional convergence). Let {F,} be a sequence of probability
measures such that W,(B,, Q) = 0. Then TSI(P,, Q) — 0, provided that KL(P, | Q) does
not converge to 0 faster than W?2(B,, Q).

2
Proof. By definition, TSI(P,, Q) = Z’Z (E)Pnl‘lg)). Since W,(BR,,Q) » 0, it follows that

WZ(B,Q) > 0. If KL(P, | Q) does not converge to zero faster than W#(P,, Q), then
TSI(P,, Q) > 0. O

Remark 1. This theoretical framework assumes independent and identically distributed portfolio
returns. For non-stationary or time-dependent return-generating processes, TSI is expected to be-
come larger and more variable, reflecting reduced distributional stability.
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3.6. Mutual Information Financial Network Construction

To further investigate the nonlinear dependence structure among financial assets, we
construct a financial network based on mutual information (MI). In this framework, each
asset is represented as a node, while edges capture nonlinear dependence relationships
between asset returns. Unlike Pearson correlation, which measures only linear depend-
ence, mutual information captures both linear and nonlinear interactions and is therefore
suitable for modeling complex financial systems characterized by nonlinear dynamics and
hidden interdependencies [39].

The mutual information between two random variables X; and X; is:

Ml = MI(X, X)) = Sy, (5027 0B G 22)
where p(xl-, xj) denotes the joint probability distribution of X; and X;, while p(x;) and
p(x;) represent the corresponding marginal distributions. Mutual information measures
the amount of shared information between two variables and takes nonnegative values,
with larger values indicating stronger dependence structures [39].

To estimate mutual information empirically, continuous asset returns are discretized
into 10 equal-frequency bins using the infotheo package in R Studio 2023.12.1 Build 402
prior to constructing the mutual information matrix. The resulting discretized observa-
tions are then used to estimate the pairwise mutual information values, producing a ma-
trix that summarizes the nonlinear dependence structure among all assets in the portfolio.
The resulting matrix provides pairwise measures of nonlinear dependence among all as-
sets in the portfolio.

Since fully connected networks are difficult to interpret and may contain noise, a fil-
tering procedure is applied to retain only the strongest dependence relationships. Namely,
a quantile-based threshold is employed:

T = Qo.o0 (Mlij) (23)

where Qgg0(.) denotes the 90th percentile of the upper triangular elements of the mutual
information matrix. Thus, only the strongest 10% of nonlinear dependence relationships
are preserved in the network. The use of a high quantile threshold reduces noise and pre-
vents the network from becoming too dense [40].
Based on this threshold, the weighted adjacency matrix A4;; of the financial network
is constructed as follows:
o {Mlij, Ml >t ”
ii = o, Ml <t
The resulting graph is therefore a sparse weighted mutual information network in
which edge weights reflect the intensity of nonlinear dependence between asset returns.
To characterize the structural properties of the network, several graph-theoretic in-
dicators are computed following [40,41].
Edge density, which measures the proportion of realized connections relative to all

possible connections in the network G:
2E
N(N-1)

Density(G) = (25)

E denotes the number of edges, and N represents the number of nodes. Higher den-
sity values indicate stronger global interconnectedness among financial assets.
The average degree is defined as:

T 1
F=131 (26)

k; denotes the degree of node i. The average degree measures the average number
of direct connections associated with each asset in the network.

To evaluate local clustering and community formation, the transitivity or clustering
coefficient is computed:
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3xNumber of triangles

C =
clust =™ Number of connected triplets (27)

This measure captures the tendency of neighboring nodes to form interconnected
groups. Higher clustering coefficients indicate stronger local cohesion and more pro-
nounced clustering structures within the financial system [40].

Finally, the systemic importance of nodes is evaluated using betweenness centrality:

BC(0) = Ngppee 22 (28)

Ost

where oy, denotes the number of shortest paths between nodes s and t, while o, (v) rep-
resents the number of those paths passing through node v. Nodes with high betweenness
centrality play an intermediary role in the transmission of information and shocks across
the financial network [41].

4. Empirical Results
4.1. Portfolio Risk, Diversification, and Concentration

Table 1 presents the evolution of portfolio risk, its stability across simulations, the
risk estimation error, and diversification under both Gaussian and t-return-generating
processes. First, portfolio risk declines monotonically as the number of assets increases.
Under Gaussian returns, average realized risk decreases from 0.00920 for N = 10 assets to
0.00216 for N =200, representing a reduction of approximately 76.5%. A similar pattern is
observed under Student-t returns, where average risk falls from 0.01180 to 0.00275.

Second, portfolios generated from Student-t returns are riskier than their Gaussian
counterparts. For example, at N = 10, the average risk under the Student-t distribution is
0.01180 compared with 0.00920 under the Gaussian distribution. At N = 200, Student-t
portfolios remain more volatile (0.00275 versus 0.00216). On average, Student-t portfolios
exhibit about 29% higher realized risk, reflecting the impact of heavy tails and a greater
probability of extreme return realizations.

Third, risk stability improves with diversification. The standard deviation of realized
risk decreases as N increases. Under Gaussian returns, SD Risk declines from 0.000422 to
0.000100, while under Student-t returns, it decreases from 0.000899 to 0.000211. The Stu-
dent-t process exhibits larger variability at all dimensions. Heavy-tailed distributions gen-
erate less stable portfolio outcomes. This behavior is explained by the statistical properties
of heavy-tailed distributions. Compared with the Gaussian distribution, heavy-tailed dis-
tributions assign a higher probability to extreme return realizations. These rare but large
observations increase the variability of individual asset returns and contribute dispropor-
tionately to portfolio volatility. Although diversification continues to reduce idiosyncratic
risk, extreme observations are not fully diversified away, leading to higher realized port-
folio risk, larger estimation errors, and weaker concentration effects.

Fourth, risk estimation errors decline with portfolio size. Diversification improves
the accuracy of risk assessment. The average risk error falls from 0.000340 to 0.000077 un-
der Gaussian returns and from 0.000701 to 0.000170 under Student-t returns. The larger
errors observed under Student-t returns highlight the challenges associated with model-
ing and forecasting risk in environments characterized by extreme events.

Finally, HHI decreases from 0.1000 to 0.0050 as N increases. Since equal portfolio
weights are employed, the HHI values are identical for the two distributions and depend
only on N.

Table 1. Portfolio risk, stability, and diversification.

Distribution N Avg. Risk SD Risk Risk Error HHI
Gaussian 10 0.00920 0.000422 0.000340 0.1000
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Gaussian 25 0.00600 0.000262 0.000210 0.0400
Gaussian 50 0.00427 0.000188 0.000144 0.0200
Gaussian 75 0.00350 0.000161 0.000120 0.0133
Gaussian 100 0.00302 0.000143 0.000120 0.0100
Gaussian 150 0.00249 0.000109 0.000086 0.0067
Gaussian 200 0.00216 0.000100 0.000077 0.0050
Student-t 10 0.01180 0.000899 0.000701 0.1000
Student-t 25 0.00770 0.000575 0.000464 0.0400
Student-t 50 0.00552 0.000451 0.000339 0.0200
Student-t 75 0.00452 0.000353 0.000264 0.0133
Student-t 100 0.00388 0.000279 0.000221 0.0100
Student-t 150 0.00320 0.000228 0.000180 0.0067
Student-t 200 0.00275 0.000211 0.000170 0.0050

Table 2 reports the estimated concentration parameter ¢ obtained from the exponen-
tial decay model of tail probabilities, along with the corresponding intercepts, or both
Gaussian and Student-t return-generating processes. The parameter ¢ measures the rate
at which the probability of deviations from the expected portfolio return decreases as the
threshold ¢ increases. A central finding is the monotonic increase in the concentration pa-
rameter ¢ as the portfolio dimension N increases. Under the Gaussian distribution, the
concentration parameter rises from 0.676 for (N = 10) to more than 11.5 for (N = 200), re-
vealing a pronounced concentration-of-measure effect. A similar upward trend is ob-
served under the Student-t distribution. The estimated concentration parameters remain
lower, increasing from 0.117 to 0.798. The presence of heavy tails weakens the concentra-
tion effect by increasing the likelihood of extreme return realizations.

This pattern indicates that the tail probability

P(|R, —E[R,]| > &)

decays significantly faster in higher-dimensional portfolios. In other words, large devia-
tions from the mean become exponentially less likely as N increases.

This result provides empirical evidence of a concentration-of-measure phenomenon
in financial portfolios. As N grows, the aggregation of asset returns leads to stabler out-
comes. Portfolio returns are concentrated around their expected value. This behavior is
consistent with theoretical predictions from high-dimensional probability, where sums or
averages of many weakly dependent variables have reduced variability and stronger con-
centration.

Another observation is that the estimates of ¢ are nearly identical for the Equal
Weight and Regularized Minimum Variance portfolios for all values of N and for both
return-generating processes. The differences between the two strategies are negligible.
This finding suggests that, under the symmetric covariance structure and homogeneous
expected returns assumed in the model, the optimization procedure does not alter the
concentration properties of portfolio returns. Instead, both portfolio strategies converge
to similar weight allocations, having identical probabilistic behavior.

The intercept term remains stable in each distributional framework. For Gaussian
returns, the intercept values range between -0.8 and —0.5, while for Student-t returns, they
range between —4.6 and 2. This stability indicates that the baseline level of tail probabili-
ties is higher under heavy-tailed return distributions.

These results prove that increasing the number of assets in a portfolio not only re-
duces risk but also improves the probabilistic stability of returns by strengthening con-
centration effects. The Gaussian and Student-t distributions represent benchmark cases
for light-tailed and heavy-tailed return dynamics. If asset returns followed even heavier-
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tailed distributions, concentration effects would be expected to weaken further because
extreme observations would occur more frequently. Consequently, portfolio risk, risk es-
timation uncertainty, and distributional instability would likely increase.

Table 2. Concentration parameter ¢ and intercept estimates.

Distribution N  Portfolio Concentration Parameter (c)  Intercept

Gaussian 10  Equal Weight 0.6760 -0.5671
Gaussian 10  Reg.Min Variance  0.6759 -0.5678
Gaussian 25  Equal Weight 1.3731 -0.8466
Gaussian 25 Reg. Min Variance  1.3731 -0.8469
Gaussian 50 Equal Weight 3.2511 -0.5234
Gaussian 50 Reg.Min Variance 3.2514 -0.5239
Gaussian 75  Equal Weight 4.8453 -0.5110
Gaussian 75 Reg.Min Variance  4.8455 -0.5095
Gaussian 100  Equal Weight 6.3867 -0.5409
Gaussian 100 Reg.Min Variance  6.3851 -0.5399
Gaussian 150 Equal Weight 9.5310 -0.5195
Gaussian 150 Reg.Min Variance = 9.5311 -0.5202
Gaussian 200 Equal Weight 11.5040 -0.6964
Gaussian 200 Reg. Min Variance  11.5033 -0.6969
Student-t 10  Equal Weight 0.1172 -2.0490
Student-t 10  Reg.Min Variance  0.1169 -2.0532
Student-t 25  Equal Weight 0.1370 -3.1877
Student-t 25 Reg.Min Variance 0.1370 -3.1873
Student-t 50  Equal Weight 0.1799 -3.7414
Student-t 50 Reg. Min Variance  0.1797 -3.7372
Student-t 75  Equal Weight 0.1834 -4.5655
Student-t 75  Reg.Min Variance  0.1835 -4.5632
Student-t 100 Equal Weight 0.4459 -3.6384
Student-t 100 Reg. Min Variance  0.4459 -3.6356
Student-t 150 Equal Weight 0.7505 -3.1863
Student-t 150 Reg.Min Variance  0.7504 -3.1866
Student-t 200 Equal Weight 0.7984 -3.7713
Student-t 200 Reg. Min Variance 0.8137 -3.7689

Figure 2 illustrates the evolution of the concentration parameter (c) with portfolio
dimension under Gaussian and Student-t return distributions. The concentration effect
strengthens as the number of assets increases, indicating greater stability of portfolio re-
turns in larger portfolios. While both distributions exhibit the same qualitative pattern,
concentration is weaker under Student-t returns. This highlights the impact of heavy tails
on portfolio stability. The nearly overlapping curves for the two portfolio strategies sug-
gest that the distributional assumption is more important than the allocation rule in de-
termining concentration behavior.

To formally assess the relationship between portfolio dimension and concentration,
we estimate a linear model in Table 3, where the concentration parameter is regressed on
the number of assets. The results indicate a positive and statistically significant relation-
ship (p = 0.059, p < 0.001), with an R? of 0.993. This confirms that concentration effects
increase systematically with portfolio dimension in the case of a Gaussian distribution.

https://doi.org/10.3390/e28070790



Entropy 2026, 28, 790

16 of 39

Concentration Parameter (c)

Concentration Parameter under Gaussian and Student-t Return Distributions
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Figure 2. Concentration of portfolio returns in high dimensions: estimated exponential decay pa-

rameter.

Table 3. Linear relationship between portfolio dimension and concentration parameter —Gaussian

distribution.

Variable Coefficient Std. Error t-Stat p-Value
Intercept 0.228 0.157 1.45 0.172

N 0.059 0.0015 40.48 <0.001

Table 4 reports the linear relationship between portfolio dimension and the concen-
tration parameter under the Student-t distribution. The estimated coefficient for portfolio
dimension is positive and statistically significant (p = 0.004, p < 0.001), indicating that con-
centration effects strengthen as N increases. However, the magnitude of the effect is con-
siderably smaller than under the Gaussian distribution, suggesting that heavy-tailed re-
turns weaken the concentration phenomenon.

Table 4. Linear relationship between portfolio dimension and concentration parameter —Student-t

distribution.

Variable Coefficient Std. Error t-Stat p-Value
Intercept 0.013 0.0584 0.22 0.834

N 0.004 0.0005 7.63 <0.001

Figure 3 shows the empirical tail probabilities P(|R, — E[R,|| > &) for Gaussian
portfolio returns across different portfolio dimensions. The horizontal axis represents the
deviation threshold &, while the vertical axis reports the corresponding empirical tail
probabilities. As ¢ increases, the probability of observing large deviations decreases rap-
idly. This rapid decay indicates a stronger concentration of portfolio returns and greater
portfolio stability as the portfolio dimension increases. The near overlap of the Equal
Weight and Regularized Minimum Variance portfolios suggests similar tail behavior un-
der the symmetric setting considered. These findings are consistent with the portfolio di-
mensionality framework of [42] and the high-dimensional perspective of stochastic port-
folio theory developed by [43].
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Figure 3. Empirical tail probability decay across portfolio dimensions—Gaussian distribution.

Figure 4 presents the empirical tail probabilities P(|R, — E[R,]| > €) under the Stu-
dent-t distribution. The horizontal axis represents the deviation threshold ¢, while the
vertical axis reports the corresponding empirical tail probabilities. As e increases, the
probability of observing large deviations decreases, although more gradually than in the
Gaussian case because of the heavier tails of the Student-t distribution. The probability of
large deviations becomes smaller as the portfolio dimension increases, indicating better
concentration and greater portfolio stability through diversification. The near overlap of
the Equal Weight and Regularized Minimum Variance portfolios suggests that the choice
of portfolio allocation rule has only a limited effect on the concentration behavior under
the simulation setting considered.

Figure 5 reports the standard deviation of the realized portfolio risk across the Monte
Carlo replications:

B
R 1 A =
SD(O'p) = mZ(G’éb) - Gp)z
b=1

where 6,517) denotes the realized portfolio risk in Monte Carlo replication b, and 6, is the
average realized portfolio risk across all replications. The figure shows that this variability
decreases as the number of assets increases under both Gaussian and Student-t return
distributions.

This indicates that portfolio risk becomes more stable and predictable in higher di-
mensions, highlighting the benefits of diversification. Risk variability remains higher un-
der the Student-t distribution, reflecting the influence of heavy tails and a greater likeli-
hood of extreme outcomes. The nearly overlapping portfolio strategies suggest that the
return distribution has a stronger effect on risk stability than the allocation rule. These
findings are consistent with [44], who shows that portfolio risk decreases as portfolio size
increases and tends to stabilize beyond a certain threshold, reflecting diminishing mar-
ginal diversification benefits and improved robustness of portfolio outcomes.
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Figure 4. Empirical tail probability decay across portfolio dimensions—Student-t distribution.
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Figure 5. Stability of realized portfolio risk across dimensions.

Figure 6 reports the mean absolute risk error across B Monte Carlo replications:
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Mean Absolute Risk Error
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where 6,517) denotes the realized portfolio risk in Monte Carlo replication b, and ¢, is the
corresponding theoretical portfolio risk. The figure shows that the mean absolute risk er-
ror decreases as the number of assets increases under both Gaussian and Student-t return
distributions. This indicates that portfolio risk can be estimated more accurately in higher-
dimensional settings, reflecting the stabilizing effect of diversification. The error remains
higher under the Student-t distribution, reflecting the greater uncertainty associated with
heavy-tailed returns and the higher probability of extreme observations. These findings
are consistent with [45], who emphasize the importance of estimation uncertainty in port-
folio risk measurement and optimization.

Average Absolute Risk Error

Portfolio Strategy

= EqualWeight
== RegularizedMinVar

Return Distribution

—o— Gaussian
—e— Student-t

50 75 100 150 200
Portfolio Dimension (N)

Figure 6. Average absolute risk error across portfolio dimensions.

HHI decreases steadily as portfolio dimension increases, indicating lower weight
concentration and improved diversification (Figure 7). As the number of assets grows,
portfolio weights become more evenly distributed, and the influence of individual assets
on overall portfolio performance diminishes. This reduction in concentration risk is con-
sistent with the diversification principle of modern portfolio theory and suggests that
larger portfolios achieve a more balanced allocation structure.

The empirical results can be interpreted along several dimensions. First, a rapid de-
cline in tail probabilities indicates that portfolio returns become concentrated around their
expected value as the portfolio dimension increases. Second, the decline in both portfolio
risk and the standard deviation of realized risk suggests that larger portfolios exhibit
higher stability and predictability. Third, risk estimation errors decrease with portfolio
size, indicating improved reliability of risk assessment through diversification. Compari-
sons between Gaussian and Student-t return distributions show that heavy-tailed returns
generate higher risk, greater variability, and weaker concentration effects. Finally, the es-
timated concentration parameter obtained from the log-tail regression provides an empir-
ical measure of the exponential decay rate of tail probabilities, capturing the strength of
concentration in the form exp(—ce&?).
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Figure 7. Evolution of the Herfindahl-Hirschman Index with portfolio dimension.

4.2. Distributional Robustness, Diversification, and Concentration Properties

To assess distributional robustness, diversification, and concentration properties of
portfolio returns, we examine three complementary measures: the Wasserstein distance,
entropy, and Talagrand-type concentration bounds. The Wasserstein distance is a metric
grounded in optimal transport theory that captures differences between probability dis-
tributions [46]. Table 5 and Figure 8 report the Wasserstein distances between empirical
and theoretical portfolio return distributions under both Gaussian and Student-t return
assumptions. The results reveal a decline in the Wasserstein distance as portfolio dimen-
sion increases, indicating that empirical portfolio returns become progressively closer to
their theoretical counterparts in higher dimensions. Across all portfolio sizes, the Student-
t distribution exhibits larger Wasserstein distances than the Gaussian distribution, reflect-
ing the influence of heavier tails and a greater likelihood of extreme observations. Never-
theless, the distances remain relatively small in both cases, suggesting a close alignment
between simulated portfolio returns and the assumed theoretical distributions.

Table 5. Wasserstein distance between empirical and theoretical portfolio returns.

Distribution N Wasserstein Distance
Gaussian 10 0.00131
Gaussian 25 0.00089
Gaussian 50 0.00062
Gaussian 75 0.00051
Gaussian 100 0.00044
Gaussian 150 0.00036
Gaussian 200 0.00032
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W,

0.002

0.001

Student-t 10 0.00285
Student-t 25 0.00171
Student-t 50 0.00127
Student-t 75 0.00109
Student-t 100 0.00091
Student-t 150 0.00073
Student-t 200 0.00064

Wasserstein Distance Between Empirical and Theoretical Portfolio Returns
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Figure 8. Wasserstein distance between empirical and theoretical portfolio returns across dimen-

sions.

The entropy increases with the number of assets, reflecting the larger support of the

portfolio allocation (see Table 6). However, the normalized entropy remains equal to one

for all values of N, indicating that the portfolio achieves maximum diversification in every

case. This result is consistent with the Equal Weight structure, where all assets receive

identical weights. Since entropy depends only on portfolio weights, Gaussian and Stu-

dent-t return distributions generate identical entropy values. Consequently, diversifica-

tion patterns are determined by portfolio dimension rather than by the assumed return

distribution.

Table 6. Entropy of portfolio weights across dimensions.

Number of Assets (N) Entropy (H(w)) Normalized Entropy
10 2.3026 1.0000
25 3.2189 1.0000
50 3.9120 1.0000
75 4.3175 1.0000
100 4.6052 1.0000
150 5.0106 1.0000
200 5.2983 1.0000

The Talagrand concentration inequality [20] is a fundamental result in probability

theory that provides an upper bound on the probability that a random variable deviates
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from its mean. Table 7 summarizes the estimated concentration parameter and the corre-
sponding Talagrand upper bound derived from the transport—entropy inequality. These
quantities are theoretical characteristics of the concentration analysis and should not be
confused with the Talagrand Stability Index (TSI), which is introduced separately in Sec-
tion 3.5. The concentration parameter increases with portfolio dimension for both distri-
butions, indicating stronger concentration of portfolio returns as the number of assets
grows (see Table 7). However, concentration effects are stronger under the Gaussian dis-
tribution, which exhibits much larger values of ¢ and considerably smaller Talagrand
bounds. In contrast, the Student-t distribution generates weaker concentration and larger
bounds due to its heavier tails and higher probability of extreme returns. The nearly iden-
tical estimates obtained for the Equal Weight and Regularized Minimum Variance port-
folios suggest that portfolio dimension and the return distribution are the main determi-
nants of concentration behavior.

The Talagrand bound is obtained by exponentiating the fitted intercept from the tail-
probability regression, so it is highly sensitive to small fluctuations in that intercept. A
modest shift in the intercept translates into a much larger apparent change in the bound.
This explains the locally elevated bound observed for the Student-t case at N =75, which
reflects ordinary Monte Carlo variability in the regression fit rather than a discontinuity
in the underlying concentration behavior.

Table 7. Talagrand-type concentration bounds across portfolio dimensions.

Distribution N

c (Equal Weight) ¢ (Reg. Min Var) Intercept (EW) Intercept (RMV) Talagrand Bound

Gaussian 10 0.676 0.676 -0.567 —0.568 1.76
Gaussian 25  1.370 1.370 —0.847 -0.847 2.33
Gaussian 50  3.250 3.250 -0.523 -0.524 1.69
Gaussian 75  4.850 4.850 -0.511 -0.509 1.67
Gaussian 100 6.390 6.390 -0.541 -0.540 1.72
Gaussian 150 9.530 9.530 -0.520 -0.520 1.68
Gaussian 200 11.500 11.500 -0.696 -0.697 2.01
Student-t 10 0.117 0.117 -2.05 -2.05 7.78
Student-t 25 0137 0.137 -3.19 -3.19 24.2
Student-t 50 0.180 0.180 -3.74 -3.74 42.1
Student-t 75 0.183 0.184 -4.57 —-4.56 96.0
Student-t 100 0.446 0.446 -3.64 -3.64 38.0
Student-t 150 0.750 0.750 -3.19 -3.19 24.2
Student-t 200 0.798 0.814 -3.77 -3.77 43.4

4.3. Informational Dependence and Portfolio Diversification

Ref. [14] shows that entropy- and mutual information-based portfolio frameworks
can outperform traditional mean—variance approaches by better capturing nonlinear de-
pendence structures and improving diversification and stability. Consistent with this per-
spective, Table 8 and Figure 9 illustrate the evolution of the average mutual information
(MI) between asset returns as the portfolio dimension increases.

Average MI declines as portfolio dimension increases in both cases, indicating a re-
duction in informational overlap among assets and better diversification (Table 8). The
Student-t distribution exhibits higher mutual information values than the Gaussian dis-
tribution, suggesting stronger dependence structures associated with heavy-tailed returns.
However, the decline becomes progressively smaller for large portfolios, indicating di-
minishing marginal diversification benefits as additional assets are included.
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Table 8. Average mutual information between assets across portfolio dimensions.
Number of Assets (N) Mutual Information (Gaussian) Mutual Information (Student-t)
10 0.1040 0.1090
25 0.0938 0.1030
50 0.0896 0.0959
75 0.0875 0.0971
100 0.0870 0.0979
150 0.0865 0.0958
200 0.0862 0.0959
Figure 9 shows that the average MI decreases with portfolio dimension under both
Gaussian and Student-t return distributions. This indicates lower informational overlap
and improved diversification in larger portfolios. The higher values observed under the
Student-t distribution reflect stronger dependence induced by heavy-tailed returns, while
the flattening of both curves suggests diminishing marginal diversification benefits as N
increases.
Average Mutual Information Between Assets
0.110
0.105

0.100

0.095

Average Mutual Information

0.090

Return Distribution

-# Gaussian
. ~#  Student-t

50 100 150 200
Portfolio Dimension (N)

Figure 9. Average mutual information between assets as a function of portfolio size.

4.4. Network-Based Representation of Dependence

To further investigate the structural organization of dependence, we construct finan-
cial networks based on MI computed from the simulated return series. Assets are repre-
sented as nodes, while links correspond to pairwise informational dependencies. Only the
strongest dependence relationships, corresponding to the upper decile of the MI distribu-
tion, are retained through a quantile-based threshold.

Figure 10 presents the resulting networks under Gaussian and Student-t return dis-
tributions. In both cases, the networks exhibit a moderately connected structure with sev-
eral central nodes acting as informational hubs. These nodes are more strongly connected
to the rest of the system and may therefore contribute to the transmission of shocks and
systemic risk. The presence of peripheral nodes indicates weaker informational links and
potential diversification opportunities.

The network statistics reported in Table 9 reveal similar topological properties across
the two distributions. The density of approximately 0.10 indicates a sparse network in
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which only about 10% of all possible connections are present. The average degree of 4.92
suggests moderate interconnectedness, with each asset connected to roughly five other
assets on average. The clustering coefficients are relatively low (0.1316 for Gaussian and
0.1349 for Student-t), indicating limited local clustering and the absence of highly cohesive
asset groups. The average betweenness values are close across distributions, suggesting
comparable patterns of information transmission within the network.

To assess the robustness of the mutual information network analysis, Table 9 reports
the network characteristics obtained using filtering thresholds corresponding to the 80th,
85th, 90th, and 95th percentiles of the mutual information distribution. As expected, lower
thresholds produce denser networks by retaining more dependence relationships. For ex-
ample, reducing the threshold from the 90th to the 80th percentile increases network den-
sity from 0.1004 to 0.2000 and the average degree from 4.92 to 9.80. The clustering coeffi-
cient also increases, whereas the average betweenness centrality decreases because addi-
tional edges create alternative shortest paths. Conversely, increasing the threshold to the
95th percentile yields sparser networks with lower density, lower clustering, and higher
betweenness centrality. Despite these quantitative changes, the qualitative comparison
between the Gaussian and Student-t networks remains unchanged across all thresholds.
The main conclusions are robust to the choice of the filtering threshold.

Table 9. Topological characteristics of mutual information financial networks under alternative
thresholds.

Threshold Distribution Density Average Degree Clustering Coefficient =~ Average Betweenness
95% Gaussian 0.0506 2.48 0.0273 91.42

95% Student-t 0.0506 2.48 0.1008 120.26

90% Gaussian 0.1004 4.92 0.1316 38.84

90% Student-t 0.1004 4.92 0.1349 39.52

85% Gaussian 0.1502 7.36 0.1785 28.28

85% Student-t 0.1502 7.36 0.1740 28.40

80% Gaussian 0.2000 9.80 0.1956 22.14

80% Student-t 0.2000 9.80 0.2379 22.50

The MI networks obtained under the Gaussian and Student-t distributions in Figure
10 exhibit similar topological structures. Both networks are sparse and moderately con-
nected, indicating that only the strongest nonlinear dependence relationships are retained.
However, the Student-t network appears to display slightly stronger local clustering, sug-
gesting that heavy-tailed returns generate more cohesive groups of interconnected assets.
This pattern remains qualitatively unchanged when a less restrictive filtering threshold is
applied, although both networks become denser and more interconnected as additional
MI links are retained.

The Talagrand Stability Index (TSI) combines the Wasserstein distance and Kullback—
Leibler divergence into a single measure of distributional stability. Lower TSI values in-
dicate a closer agreement between empirical and theoretical portfolio return distributions
and therefore greater portfolio stability.

As shown in Table 10 and Figure 11, the TSI decreases systematically as portfolio
dimension increases under both Gaussian and Student-t return distributions. This down-
ward trend suggests that larger portfolios exhibit greater stability and stronger conver-
gence between empirical and theoretical return behavior, reflecting the benefits of diver-
sification.
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Figure 10. Financial dependence network based on mutual information among asset returns.

A clear distinction emerges between the two return-generating processes. For all

portfolio dimensions, the Student-t distribution produces larger TSI values than the

Gaussian distribution. This result reflects the influence of heavy tails, which increase the
likelihood of extreme observations and reduce distributional stability. Although diversi-
fication improves stability in both cases, convergence occurs more slowly under Student-

t returns.

The differences between the Equal Weight and Regularized Minimum Variance port-

folios are relatively small compared with the differences between the two distributions.

This suggests that the return-generating process plays a more important role in determin-

ing stability than the choice of portfolio allocation rule.

Table 10. Talagrand Stability Index (TSI) across portfolio dimensions.

Distribution N Equal Weight Regularized Minimum Variance
Gaussian 10 3.85 x 10 3.91 x 106
Gaussian 25 1.65 x 10-¢ 1.55 x 10-¢
Gaussian 50 7.10 x 107 8.05 x 107
Gaussian 75 5.36 x 107 5.50 x 10-7
Gaussian 100  3.67 x 107 3.92 x 107
Gaussian 150 2.81 x 107 2.69 x 107
Gaussian 200 217 x107 2.05 x 107
Student-t 10 2.10 x 10-5 1.91 x 105
Student-t 25 1.00 x 10-° 8.07 x 10-¢
Student-t 50 5.66 x 10° 4.81 x 10
Student-t 75 3.57 x 106 3.15x 106
Student-t 100 247 x10° 2.21 x 106
Student-t 150 1.49x10* 1.38 x 106
Student-t 200 1.33x10% 1.03 x 10-6
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Evolution of the Talagrand Stability Index (TSI)
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Figure 11. Evolution of the Talagrand Stability Index (TSI) across portfolio dimensions.

4.5. Empirical Application of the Talagrand Stability Index

To provide a real-world illustration of the proposed framework, we analyze daily
returns of ten large U.S. equities over the period 1 January 2020-31 December 2025, ex-
tracted from Yahoo Finance. The sample consists of Apple (AAPL), Microsoft (MSFT),
JPMorgan Chase (JPM), Goldman Sachs (GS), Visa (V), Walmart (WMT), Coca-Cola (KO),
McDonald’s (MCD), IBM (IBM), and Walt Disney (DIS). These firms represent several sec-
tors of the U.S. economy, including technology, financial services, consumer goods, retail,
and entertainment, thereby providing a diversified portfolio universe for empirical vali-
dation.

Equal Weight and Regularized Minimum Variance portfolios were constructed from
these assets, and the Wasserstein distance, Kullback-Leibler divergence, and Talagrand
Stability Index (TSI) were computed using daily log returns in Table 11.

For the empirical application, the reference distribution was chosen as the Gaussian
distribution, parametrized by the empirical portfolio mean and empirical portfolio stand-
ard deviation. This choice provides a simple benchmark for comparing the empirical port-
folio return distribution with its theoretical approximation.

The results indicate that both portfolio strategies exhibit small Wasserstein distances,
suggesting a close alignment between empirical portfolio returns and their theoretical ap-
proximations. Similarly, the Kullback-Leibler divergences remain moderate, indicating
limited informational divergence between empirical and theoretical return distributions.

A difference emerges in the TSI values. The Regularized Minimum Variance portfolio
achieves a lower TSI (4.41 x 10-%) than the Equal Weight portfolio (6.99 x 105). Since lower
TSI values correspond to greater distributional stability, this result suggests that the Reg-
ularized Minimum Variance strategy produces a more robust return distribution under
actual market conditions. A lower TSI is associated with both a smaller Wasserstein dis-
tance and a lower KL divergence.
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Table 11. Empirical Talagrand Stability Index for U.S. equity portfolios.
Portfolio Strategy Wasserstein Distance KL Divergence Talagrand Stability Index (TSI)
Equal Weight 0.00551 0.4344 6.99 x 10
Regularized Minimum Variance 0.00409 0.3795 4.41 x 105
Figure 12 provides a graphical illustration of the empirical TSI for the two portfolio
strategies. The lower bar associated with the Regularized Minimum Variance portfolio
highlights its greater distributional stability relative to the Equal Weight portfolio. Alt-
hough the difference is not large in absolute terms, it is consistent with the smaller Was-
serstein distance, lower KL divergence, and lower TSI reported in Table 11.
: Empirical Talagrand Stability Index
4
8x10° 1
6x10°
Portfolio
= B Equal Weight
F 4x10° - B Regularized MinVar
2x10° -
0x10° -

Equal Weight Regularized MinVar

Figure 12. Empirical Talagrand Stability Index across portfolio strategies.

To further assess the robustness of these findings, Appendix A extends the empirical
analysis to a larger N =50 asset universe, reporting rolling-window estimates, sensitivity
analyses, and out-of-sample performance metrics for both portfolio strategies.

5. Conclusions

This paper examines how portfolio dimensionality affects financial stability using
concentration-of-measure theory, information-theoretic metrics, and transport-infor-
mation inequalities. We introduce the Talagrand Stability Index (TSI), a new measure that
combines the Wasserstein distance and the Kullback-Leibler divergence to assess distri-
butional stability. Using simulated portfolio returns under Gaussian and Student-t distri-
butions, we analyze how diversification, concentration, and stability change as the num-
ber of assets increases.

The TSI results support the central hypothesis that larger portfolios are more stable
due to stronger concentration effects, better diversification, and greater robustness. For
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both Gaussian and Student-t returns, the Wasserstein distance and Kullback-Leibler di-
vergence remain low, indicating close agreement between empirical and theoretical dis-
tributions. TSI declines as portfolio dimension increases, showing that distributional dis-
crepancies become less important in larger portfolios.

These findings are consistent with the concentration-of-measure results, which show
lower portfolio risk, smaller estimation errors, stronger concentration, and reduced tail
probabilities as the number of assets grows. Information-theoretic measures prove that
higher entropy reflects greater diversification, while lower mutual information and sparse
financial networks indicate weaker dependence among assets.

Comparing Gaussian and Student-t distributions highlights the role of tail behavior.
Although diversification improves stability in both cases, Student-t returns exhibit weaker
concentration, stronger dependence, larger Talagrand bounds, and higher TSI values.
Thus, heavy-tailed distributions remain associated with greater uncertainty and lower
stability, even in high-dimensional portfolios.

An important implication is that portfolio dimension is a main driver of stability. The
small differences between Equal Weight and Regularized Minimum Variance portfolios
suggest that, under the symmetric covariance structure considered, diversification con-
tributes more to stability than the specific allocation rule.

Methodologically, the TSI is a novel contribution that combines geometric and infor-
mation-theoretic measures into a single indicator of distributional stability. Unlike tradi-
tional risk measures focused on volatility, it provides a broader assessment of portfolio
behavior and can complement existing risk management tools.

At the same time, robustness checks reported in Appendix A show that TSI’s incre-
mental value is outcome-dependent rather than uniform. TSI is highly correlated with its
own Wasserstein-distance component (Table A7), is not a statistically significant predictor
of realized volatility or short-horizon tail probability once the Wasserstein distance, KL
divergence, and portfolio-weight entropy are accounted for, and adds significant explan-
atory power only for maximum drawdown (Table A8). Likewise, the bootstrap confidence
intervals for out-of-sample TSI overlap substantially between the Equal Weight and Reg-
ularized Minimum Variance portfolios (Table A6), so portfolio-level differences in TSI
should be read as suggestive rather than decisive. We therefore view TSI as a complemen-
tary, outcome-dependent indicator of distributional stability rather than a generally supe-
rior standalone risk measure.

Investors should prioritize broad diversification, as increasing portfolio dimension-
ality improves stability, reduces concentration risk, and enhances robustness.

The analysis is based on simulated returns with controlled covariance structures and
homogeneous expected returns. While this framework allows the examination of diversi-
fication and stability, it does not capture all features of real markets, such as regime shifts,
heterogeneous assets, market frictions, and time-varying dependence. The study is also
limited to two portfolio allocation strategies.

Future research could apply the framework to real financial datasets, including eq-
uity, fixed-income, cryptocurrency, and ESG portfolios, to validate the TSI under realistic
conditions. Further work may also explore alternative dependence structures, dynamic
covariance models, and more advanced portfolio allocation methods.
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Appendix A

To support the paper’s high-dimensional framing, this appendix extends the real-
data application from ten to fifty sector-diversified U.S. equities of the S&P 500, spanning
technology, financial services, energy, healthcare, consumer staples, discretionary, com-
munication services, and industrials (see Table Al). The training (in-sample) window
spans 1 January 2016 to 1 January 2022, and the test (out-of-sample) window spans 1 Jan-
uary 2022 to 31 December 2025, giving a return matrix of approximately 1512 trading days
by 50 assets for training and approximately 1006 trading days by 50 assets for testing.

Table A1. Composition of the extended N = 50 asset universe, by sector.

Sector Tickers

Technology AAPL, MSFT, NVDA, AMZN, GOOGL, META, AVGO, ORCL, CRM, ADBE, IBM
Financials JPM, BAC, GS, MS, V, MA, AXP, BLK, SCHW, C

Energy XOM, CVX, COP, SLB, EOG

Healthcare JNJ, PFE, UNH, MRK, ABBV, LLY

Consumer Staples/Discretionary PG, KO, PEP, WMT, COST, MCD, NKE, HD, LOW

Communication Services

DIS, CMCSA, T, VZ

Industrials

CAT, BA, HON, GE, UPS

Let R,; denote the realized portfolio return on day ¢, let T denote the number of

1

return observations in the relevant window, and let R, = = f=1 R, denote the sample

mean return. The annualized Sharpe ratio is defined as:

Ry-71 ~ 1 N2
SR = ’;—pfx/zsz, 6, = |—2Ii(R,: — Rp) (A1)

T-1
where 77 denotes the risk-free rate (set to zero in this appendix, consistent with the daily
return, short-horizon setting of Section 3) and the factor V252 annualizes the daily ratio.
The measure was introduced by [47] to evaluate mutual fund performance, and was later
formalized by [48].

Let V; = H§=1(1 + Rp,s) denote the cumulative wealth index implied by the portfolio
return series, normalized to V;, = 1. The maximum drawdown over the window is:

max V.
1<t<T gRaxVs

MDD = min ( T _ 1) <o, (A2)
i.e., the largest peak-to-trough percentage decline in cumulative wealth observed over the
evaluation window. Drawdown-based risk measures and their use as portfolio-optimiza-
tion constraints were formalized by [49], and their statistical properties (distribution, ex-
pected value, and estimation) were later analyzed by [50].
Value-at-Risk was popularized as an industry risk-management standard by J.P.
Morgan’s RiskMetrics methodology [51] and formally surveyed by [52,53].
The a-level historical (empirical) Value-at-Risk is the empirical a-quantile of the re-

alized return distribution
VaR, = inf{r e R:F(r) = a}, (A3)
where F denotes the empirical cumulative distribution function of {R,.}{—; and a =

0.05 throughout this appendix.
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Also known as Expected Shortfall, the a-level Conditional Value-at-Risk is the em-
pirical mean return conditional on being at or below the corresponding VaR threshold

CVaR, = E[Ry | Ry < VaRe] = 1/ Zewy svar, Roc (A4)

where T is the sample size, a is the tail probability, [aT] is the number of observations
in the lower tail.

CVaR was introduced by [54] and was developed into a convex optimization frame-
work for portfolio choice by [55].

For a portfolio rebalanced from weights w,;; to wy,,, one-way turnover is defined
as:

Turnover = Z?I:1|Wi,new - Wi,old| (AS)

Average turnover is the mean of this quantity across monthly rebalancing dates in
the out-of-sample rolling re-estimation. Portfolio turnover as a proxy for transaction costs
in the evaluation of minimum-variance and other data-driven allocation rules was used
by [30], whose framework is followed here.

Table A2 reports, for both the Equal Weight and the Regularized Minimum Variance
portfolios and for both the in-sample and out-of-sample windows, the realized mean and
standard deviation of portfolio returns, the Sharpe ratio [48], the maximum drawdown,
the 5% Value-at-Risk and Conditional Value-at-Risk [55], the estimated concentration pa-
rameter ¢, the Wasserstein-2 distance, the Kullback-Leibler divergence, and TSI.

Table A2. In-sample versus out-of-sample portfolio statistics, N = 50.

Max
. VaR CVaR R Wasser-
Portfolio Sample Mean SD Sharpe Draw- (5%) (5%) € tein KL TSI
down
Equal = In-sam-, h0cie 0012342 0833  -0.3897 -0.0172 00311 0.0729 0005738 033787 0o0%
Weight ple 105
qu%al Out-of- 0.000418 0.010182 0.651 -0.2380 -0.0156 -0.0241 0.1014 0.002725 0.24722 3.082 x
Weight  sample 10
Regular- | cam- 9.633 x
ized Min- lo 0.000648 0.012261 0.839 -0.3867 -0.0171 -0.0309 0.0727 0.005708 0.34143 1'0_5
Var P
Regular-
ized Min- Out-of 0.000414 0.010124 0.649 -0.2372 -0.0154 -0.0239 0.1093 0.002705 0.24612 3.049
Var sample 10

For both portfolios, out-of-sample TSI is about three times smaller than in-sample
TSI, driven mainly by a decline in the Wasserstein distance rather than in the KL diver-
gence. Sharpe ratios and realized risk are similar in-sample. The Regularized Minimum
Variance portfolio attains a marginally lower out-of-sample TSI than the Equal Weight
portfolio (3.049 x 10-5 versus 3.082 x 10-%), despite a marginally lower out-of-sample Sharpe
ratio. As Table A6 shows, the bootstrap distributions of TSI for the two portfolios overlap
substantially, so this difference should be read as a slight, not a pronounced or statistically
decisive, advantage. The concentration parameter ¢ is larger out-of-sample than in-sam-
ple for both portfolios.

The robustness of the results is assessed with respect to three parameters: the shrink-
age (regularization) parameter A used in the Regularized Minimum Variance portfolio
[31,32], the correlation decay parameter p of the Toeplitz covariance structure, and the
degrees of freedom v of the Student-t data-generating process. For A, sensitivity is as-
sessed directly on the real out-of-sample return data; for p and v, sensitivity is assessed
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via Monte Carlo simulation at N = 50. Realized risk increases monotonically, and then
flattens, as A increases from 0.01 to 0.80. HHI decreases monotonically over the same
range, TSI, by contrast, varies only mildly with 4 and remains confined to a compara-
tively narrow range (2.90e-05 to 3.07e-05), rising from A = 0.01 to A =0.20, dips slightly at
A =0.40. It indicates limited overall sensitivity to the regularization parameter (see Table
A3).

Table A3. Sensitivity of out-of-sample portfolio statistics to the regularization parameter A (Regu-

larized Minimum Variance, N = 50.

A SD (Realized) HHI ¢ Wasserstein KL TSI

0.01 0.009682 0.020767 0.118111 0.002549 0.230156 2.899 x 10-°

0.05 0.010067 0.020039 0.109058 0.002686 0.245097 3.016 x 10-°

0.10 0.010124 0.020010 0.109307 0.002705 0.246121 3.049 x 10-°

0.20 0.010153 0.020003 0.101549 0.002715 0.247030 3.061 x 10-°

0.40 0.010167 0.020001 0.101580 0.002720 0.248373 3.055 x 10-°

0.80 0.010175 0.020000 0.101328 0.002723 0.248093 3.065 x 10-°

Figure Al shows that TSI changes only modestly across the values of A considered.
It reaches its minimum at A = 0.01, rises to a local peak at A = 0.20, dips at A = 0.40, and
rises again at A = 0.80. Overall, the differences are small, indicating limited sensitivity to
the regularization parameter. This supports the use of A =0.10 as a reasonable choice.
Sensitivity of TSI to the Regularization Parameter (lambda)
4x107°

50, Equal Weight, Regularized MinVar, out-of-sample

logyo(TSI), N

35x10°°

3x107°

25x107°

2i%407>
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1x107°

0.01

T T
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Figure A1. Sensitivity of out-of-sample TSI (Regularized Minimum Variance, N = 50) to the regular-

ization parameter A (log scale).

Table A4 indicates that TSI increases with the correlation parameter o, suggesting
that stronger dependence among assets reduces portfolio stability. The value ¢ = 0.4
adopted in the main simulations corresponds to a moderate dependence scenario.
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Table A4. Sensitivity of the simulated Talagrand Stability Index to the correlation decay parameter
p (N =50, Equal Weight, Gaussian design, 100 replications).
p Mean TSI SD of TSI
0.10 3.196 x 107 8.069 x 108
0.25 4.295 x 107 1.144 x 107
0.40 6.017 x 107 1.605 x 107
0.55 8.738 x 107 2.244 x 107
0.70 1.3257 x 10 3.834 x 107
Figure A2 shows that the mean TSI increases as the correlation parameter g increases.
The wider error bars at higher values of g indicate greater Monte Carlo variability, reflect-
ing the stronger sensitivity of portfolio stability to highly correlated asset returns.
Sensitivity of TSI to the Correlation Decay Parameter (p)
110+
=
252
2 3x10°
E
o
w
=]
W i
2
7]
=
8 3x107 1
1 2 10_7 - T T T T
0.2 0.4 0.6 0.8
P

Figure A2. Sensitivity of simulated TSI (N = 50, Equal Weight, Gaussian design) to the correlation

decay parameter p; error bars show 1 Monte Carlo standard deviation across 100 replications

(log scale).

Table A5 shows that TSI decreases as the degrees of freedom v increase, indicating
that heavier tails lead to larger deviations between the empirical and reference return dis-

tributions.

Table A5. Sensitivity of the simulated Talagrand Stability Index to the Student-t degrees of freedom
v (N =50, Equal Weight, 100 replications).

v Mean TSI SD of TSI
3 2.250 x 105 3.608 x 105
5 3.401 x 106 4.117 x 10-¢
8 1.301 x 106 3.415x 107
15 8.312 x 107 3.415 x 107
30 7.311 x 107 3.551 x 107
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Figure A3 shows that the mean TSI decreases as the Student-t degrees of freedom (v)
increase, indicating that heavier-tailed return distributions produce larger deviations
between the empirical and reference return distributions. The decline is steep for low
values of v and becomes more gradual as v increases.

log,,(TSI) versus Degrees of Freedom (df): N = 50, Equal Weight

3x10° -

1%10°

3x107®

1x10°° -

log,o(TSI), N = 50, Equal Weight

3x107 4

T T T

5 10 20 30
Degrees of freedom (df)

Figure A3. Sensitivity of simulated TSI (N = 50, Equal Weight) to the Student-t degrees of freedom

v; error bars show +1 Monte Carlo standard deviation across 100 replications (log scale).

In total, 95% confidence intervals for the concentration parameter, the Wasserstein-2
distance, the Kullback-Leibler divergence, and TSI are obtained by a moving-block boot-
strap (block length of 20 trading days, 500 bootstrap replications) applied to the out-of-
sample return series of each portfolio in Table A6. The bootstrap distributions of TSI for
the Equal Weight and Regularized Minimum Variance portfolios overlap substantially. A
similar conclusion applies to the concentration parameter, Wasserstein distance, and KL
divergence.

Table A6. Block-bootstrap 95% confidence intervals for distributional-stability statistics, out-of-

sample, N = 50.

Portfolio Statistic Lower 95% Median Upper 95%
Equal Weight ¢ 0.0772 0.1030 0.3932
Equal Weight Wasserstein 0.001436 0.002683 0.004281
Equal Weight KL 0.1820 0.2788 0.4068
Equal Weight TSI 8.506e x 10*°  2.997 x 10> 5.395 x 10-®
Regularized MinVar ¢ 0.0796 0.1065 0.4287
Regularized MinVar Wasserstein 0.001299 0.002679 0.004180
Regularized MinVar KL 0.1889 0.2836 0.3802
Regularized MinVar TSI 7.488 x 106 2.987 x 10 5.224 x 10

Table A7 reports the pairwise correlation matrix of realized risk, the tail probability
of a 2% daily move, maximum drawdown, the Wasserstein distance, the KL divergence,
TSI, the concentration parameter ¢, and normalized portfolio-weight entropy, computed
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over the rolling-window panel described below. Table A7 confirms that TSI is influenced
mainly by the Wasserstein distance rather than by the Kullback-Leibler divergence. TSI is
almost perfectly correlated with the Wasserstein distance (r = 0.989), while its correlation
with KL is weaker (r = 0.323). Changes in TSI across the rolling windows are driven mainly
by changes in the Wasserstein distance. The KL divergence contributes less. The moderate
negative correlations between normalized entropy and both the Wasserstein distance (r =
-0.574) and TSI (r =-0.575) indicate that higher entropy is associated with lower TSI values
and Wasserstein distances.

Table A7. Correlation matrix of distributional stability and risk measures, rolling windows, N = 50.

Realized_sd Tail_prob_2pct Max_drawdown ::I:i;ser- KL TSI c_hat Entropy_norm
Realized_sd 1.000 0.937 -0.938 0.884 0.343 0.879 -0.608 -0.601
Tail_prob_2pct  0.937 1.000 -0.894 0.718 0305 0.698 -0.617 -0.536
Max_drawdown -0.938 -0.894 1.000 -0.859 -0.379 -0.837 0.604 0.537
Wasserstein 0.884 0.718 -0.859 1.000 0346 0989 -0.582 -0.574
KL 0.343 0.305 -0.379 0.346 1.000 0.323 0.049 -0.284
TSI 0.879 0.698 -0.837 0.989 0.323 1.000 -0.488 -0.575
c_hat -0.608 -0.617 0.604 -0.582 0.049 -0.488 1.000 0.274
Entropy_norm  -0.601 -0.536 0.537 -0.574 -0.284 -0.575 0.274 1.000

To assess whether TSI conveys information beyond its own components (the Was-
serstein distance and the Kullback-Leibler divergence) and beyond standard portfolio di-
versification measures, a rolling-window panel is constructed (250-day windows, stepped
monthly; 216 pooled observations across both portfolios). The realized risk, the tail prob-
ability of a 2% daily move, and the maximum drawdown within each window are re-
gressed on the Wasserstein distance, the Kullback-Leibler divergence, TSI, and normal-
ized portfolio-weight entropy. A nested F-test compares this specification to a restricted
model excluding TSI. The results are shown in Table AS8.

For realized portfolio risk, TSI is not statistically significant (p = 0.268), and the nested
F-test confirms that including TSI does not improve model fit (F(1,211) = 1.23, p = 0.268).
A similar pattern is observed for the tail probability of a 2% loss, where TSI remains sta-
tistically insignificant at the 5% level (p = 0.076). In contrast, TSI is a significant predictor
of maximum drawdown at the 5% level (p = 0.030), indicating that it captures information
relevant to cumulative downside risk beyond that contained in the Wasserstein distance,
KL divergence, and normalized entropy. Across all three models, the Wasserstein distance
is the most consistent predictor, whereas the KL divergence is not statistically significant
in any specification. These results suggest that the incremental value of TSI is outcome-
dependent, being most informative for explaining maximum drawdown rather than real-
ized volatility or tail risk.

Table A8. Incremental-value regressions: realized risk, tail probability, and maximum drawdown

on Wasserstein distance, KL divergence, TSI, and normalized entropy (rolling windows, N = 50).

Outcome Term Estimate  Std. Error t-Statistic p-Value
Realized SD Intercept 3.58 1.03 3.47 <0.001
Realized SD Wasserstein 0.993 0.372 2.67 0.008
Realized SD KL 1.56x102% 1.54x10°% 1.02 0.311
Realized SD TSI 29.0 26.1 1.11 0.268
Realized SD Entropy (norm.)  -3.58 1.03 -3.47 <0.001
Tail Prob (2%) Intercept 57.4 17.6 3.26 0.001
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Outcome Term Estimate Std. Error t-Statistic p-Value
Tail Prob (2%) Wasserstein 23.1 6.33 3.65 <0.001
Tail Prob (2%) KL 0.0177 0.0262 0.678 0.499
Tail Prob (2%) TSI =792 444 -1.78 0.076
Tail Prob (2%) Entropy (norm.) -57.4 17.6 -3.27 0.001
Max Drawdown  Intercept -33.0 23.1 -1.43 0.154
Max Drawdown  Wasserstein -46.4 8.33 -5.57 <0.001
Max Drawdown KL -0.0701 0.0344 -2.04 0.043
Max Drawdown TSI 1276 584 2.19 0.030
Max Drawdown  Entropy (norm.)  33.1 23.1 1.43 0.154

Table A9 reports standard financial performance measures for the out-of-sample pe-
riod, together with the average monthly turnover of the Regularized Minimum Variance
portfolio under monthly rolling re-estimation. The out-of-sample financial performance
of the Equal Weight and Regularized Minimum Variance portfolios for N = 50 assets are
compared. Table A9 shows that the Equal Weight and Regularized Minimum Variance
portfolios deliver very similar out-of-sample financial performance. Sharpe ratios and
downside-risk measures differ only marginally, and the Regularized Minimum Variance
portfolio attains a marginally lower TSI (3.049 x 105 versus 3.082 x 105). As Table A6
shows, this difference is well within the overlap of the two portfolios’ bootstrap confi-
dence intervals, so it should be read as a slight rather than a decisive edge in distributional
stability. This modest change is obtained with a low average monthly turnover of 0.25%
of portfolio value,

Table A9. Out-of-sample financial performance, N = 50.

A hl
Portfolio Sharpe Max Drawdown VaR (5%) CVaR (5%) TSI (Out-of-Sample) verage Monthly
Turnover
Equal Weight -0.2380 -0.01557  —0.02407 3.082 x 105 -
Regularized MinVar 0.6492  -0.2372 -0.01542  -0.02394 3.049 x 10-° 0.002537

0.0075

)

10.0050

w_new - w_old

0.0025

Turnover (sum |

Figure A4 shows a pronounced turnover spike at the first rebalancing date, followed
by low turnover throughout the rolling evaluation period. This indicates that the
Regularized Minimum Variance portfolio requires only modest portfolio adjustments
over time.

Rolling Portfolio Turnover, Regularized Minimum Variance (N = 50)

2023 2024 2025
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Sharpe ratio

3

2

Figure A4. Rolling monthly portfolio turnover, Regularized Minimum Variance portfolio (N = 50),
2022-2025.

Table A10 shows a moderate negative association between TSI and the rolling Sharpe
ratio for both portfolio strategies. The Spearman correlations of —0.547 for the Equal
Weight portfolio and -0.537 for the Regularized Minimum Variance portfolio indicate that
periods with lower TSI values tend to coincide with higher risk-adjusted performance.

Table A10. Correlation between out-of-sample TSI and the Sharpe ratio across rolling windows, N
=50.

Portfolio Correlation (TSI, Sharpe)
Equal Weight -0.547
Regularized MinVar -0.537

Figure A5 illustrates the relationship between rolling-window TSI and the corre-
sponding Sharpe ratio for the two portfolio strategies. In both cases, the fitted trend is
downward sloping, consistent with the moderate negative Spearman correlations re-
ported in Table A10. Thus, periods with lower TSI values tend to coincide with higher
risk-adjusted performance. Although the scatter around the fitted lines is pronounced, the
negative association is similar for both the Equal Weight and Regularized Minimum Var-
iance portfolios.

Rolling-Window TSI versus Sharpe Ratio (N = 50)

portfolio
EqualWeight
~o~ RegularizedMinVar

1075 1074
logo(TSI)

Figure A5. Rolling-window TSI versus rolling-window Sharpe ratio, N =50, with fitted linear trends
and 95% confidence bands by portfolio.

https://doi.org/10.3390/e28070790



Entropy 2026, 28, 790 37 of 39

References

1. Cao, H,; Gu, H,; Guo, X, Rosenbaum, M. Transfer learning for portfolio optimization. arXiv 2023,
https://doi.org/10.48550/arXiv.2307.13546.

2. Wang, Q. Zhu, K.; Guo, Y.; Yang, L.; Wu, Z. An efficient ADMM for multi-period sparse behavioral portfolio optimization
based on cumulative prospect theory. J. Ind. Manag. Optim. 2026, 22, 1726-1757. https://doi.org/10.3934/jim0.2026064.

3. Novais, R.G.; Wanke, P.; Antunes, ]J.J.M.; Tan, Y.A. Portfolio optimization with a mean-entropy-mutual information model.
Entropy 2022, 24, 369. https://doi.org/10.3390/e24030369.

4.  Peng, W.; Wen, M,; Jiang, X.; Li, Y.; Chen, T.; Zheng, B. Global motion filtered nonlinear mutual information analysis: Enhancing
dynamic portfolio strategies. PLoS ONE 2024, 19, e0303707. https://doi.org/10.1371/journal.pone.0303707.

5. Markowitz, H. Portfolio selection. J. Financ. 1952, 7, 77-91. https://doi.org/10.2307/2975974.

6. Alonso, M.N.I. Measure-theoretic and distributionally robust portfolio optimization. SSRN 2025, 5888422.
https://doi.org/10.2139/ssrn.5888422.

7. Caprio, R.; Kuntz, J.; Power, S.; Johansen, A.M. Error bounds for particle gradient descent, and extensions of the log-Sobolev
and Talagrand inequalities. ]. Mach. Learn. Res. 2025, 26, 1-38.

8.  Carlier, G.; Chizat, L.; Laborde, M. Displacement smoothness of entropic optimal transport. ESAIM Control Optim. Calc. Var.
2024, 30, 25. https://doi.org/10.1051/cocv/2024013.

9. Bodnar, T.; Okhrin, Y.; Parolya, N. Optimal shrinkage-based portfolio selection in high dimensions. J. Bus. Econ. Stat. 2023, 41,
140-156. https://doi.org/10.1080/07350015.2021.2004897.

10. Ledoit, O.; Wolf, M. Shrinkage estimation of large covariance matrices: Keep it simple, statistician? ]. Multivar. Anal. 2021, 186,
104796. https://doi.org/10.1016/j.jmva.2021.104796.

11. Zhou, Q. Portfolio optimization with robust covariance and conditional value-at-risk constraints. ]. Genet. Eng. Biotechnol. Res.
2024, 6, 1-13.

12.  Yang, L.; Zhao, S.; Chai, S. Neural nonlinear shrinkage of covariance matrices for minimum variance portfolio optimization.
arXiv 2026, arXiv:2601.15597. https://doi.org/10.48550/arXiv.2601.15597.

13. Kullback, S, Leibler, R.A. On information and sufficiency. Ann. Math. Stat. 1951, 22, 79-86.
https://doi.org/10.1214/aoms/1177729694.

14. Gaied Chortane, S.; Naoui, K. The End of Mean-Variance? Tsallis Entropy Revolutionises Portfolio Optimisation in
Cryptocurrencies. |. Risk Financ. Manag. 2025, 18, 77. https://doi.org/10.3390/jrfm18020077.

15. de Medeiros, A.M.A. Novel Approaches to Portfolio Optimization: HSIC, MMD, and Mutual Information Analysis. Master’s
Dissertation, Escola Brasileira de Administracao Puiblica e de Empresas, Fundagao Getulio Vargas, Rio de Janeiro, Brazil, 2024.
Available online: https://repositorio.fgv.br/server/api/core/bitstreams/b3e9a55f-1daf-4a24-867a-012ec0f65fa2/content (accessed
on 15 June 2026).

16. Li, C. Empirical study on portfolio size and risk diversification: Take stock market in China as example. In Proceedings of the
2022 7th International Conference on Financial Innovation and Economic Development (ICFIED 2022) Advances in Economics, Business
and Management Research; Atlantis Press: Dordrecht, The Netherlands, 2022; Volume 648.
https://doi.org/10.2991/aebmr.k.220307.479.

17. Kopa, M.; Kozmik, K. Robust approaches in portfolio optimization with stochastic dominance constraints. OR Spectr. 2025, 47,
1421-1453. https://doi.org/10.1007/s00291-025-00814-1.

18. Ledoux, M. The Concentration of Measure Phenomenon; American Mathematical Society: Providence, RI, USA, 2001.
https://doi.org/10.1090/surv/089.

19. Milman, V.D.; Schechtman, G. Asymptotic Theory of Finite Dimensional Normed Spaces; Springer: Berlin/Heidelberg, Germany,
1986. https://doi.org/10.1007/978-3-540-38822-7.

20. Talagrand, M. Transportation cost for Gaussian and other product measures. Geom. Funct. Anal. 1996, 6, 587-600.
https://doi.org/10.1007/BF02249265.

21. Flint, E.; Seymour, A.; Chikurunhe, F. Defining and measuring portfolio diversification. S. Afr. Actuar. ]. 2021, 20, 17-48.
https://doi.org/10.4314/saaj.v20il.2.

22. Li J; Yuan, J.; Hao, J. Distributionally robust optimal allocation of financial assets under the uncertainty and irrationality. Eur.
J. Oper. Res. 2026, 331, 666—685. https://doi.org/10.1016/j.ejor.2025.10.002.

23.  Sun, Y.M.; Zou, Z.F. Data-driven distributionally robust Kelly portfolio optimization based on coherent Wasserstein metrics. J.

Univ. Sci. Technol. China 2025, 55, 805. https://doi.org/10.52396/JUSTC-2024-0030.

https://doi.org/10.3390/e28070790



Entropy 2026, 28, 790 38 of 39

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.
42.

43.

44.

45.

46.
47.
48.
49.

50.
51.
52.
53.

Huang, S.; Shu, Y.; Zhou, K;; Sun, S.; Ou, Y.; Yan, R. Wasserstein generative data modeling for robust portfolio optimization
under distributional uncertainty. In Proceedings of the 2026 5th International Conference on Big Data, Information and Computer
Network; Association for Computing Machinery: New York, NY, USA, 2026; PP- 560-565.
https://doi.org/10.1145/3801228.3801314.

Xie, L.; Li, L.; Chen, J.; Yu, L.; Zhang, Z. A Constrained Talagrand Transportation Inequality with Applications to Rate-
Distortion-Perception Theory. Entropy 2025, 27, 441. https://doi.org/10.3390/e27040441.

Ardakani, O.M. Portfolio optimization with transfer entropy constraints. Int. Rev. Financ. Anal. 2024, 96, 103644.
https://doi.org/10.1016/j.irfa.2024.103644.

Kaucic, M.; Pelessoni, R.; Piccotto, F. An Automated Decision Support System for Portfolio Allocation Based on Mutual
Information and Financial Criteria. Entropy 2025, 27, 480. https://doi.org/10.3390/e27050480.

Alonso-Rivera, A.; Cruz-Aké, S.; Venegas-Martinez, F. Impact of monetary policy on financial markets efficiency under
speculative bubbles: A non-normal and non-linear entropy-based approach. Andlisis Economico 2019, 34, 139-160.

Fan, J.; Fan, Y,; Lv, J. High dimensional covariance matrix estimation using a factor model. J. Econom. 2008, 147, 186-197.
https://doi.org/10.1016/j.jeconom.2008.09.017.

DeMiguel, V.; Garlappi, L.; Uppal, R. Optimal versus naive diversification: How inefficient is the 1/N portfolio strategy? Rev.
Financ. Stud. 2009, 22, 1915-1953. https://doi.org/10.1093/rfs/hhm075.

Ledoit, O.; Wolf, M. A well-conditioned estimator for large-dimensional covariance matrices. J. Multivar. Anal. 2004, 88, 365
411. https://doi.org/10.1016/S0047-259X(03)00096-4.

Hoerl, A.E.; Kennard, R.W. Ridge regression: Biased estimation for nonorthogonal problems. Technometrics 1970, 12, 55-67.
https://doi.org/10.1080/00401706.1970.10488634.

Herfindahl, O.C. Concentration in the Steel Industry. Doctoral Dissertation, Columbia University, New York, NY, USA, 1950.
Hirschman, A.O. The paternity of an index. Am. Econ. Rev. 1964, 54, 761-762.

Boucheron, S.; Lugosi, G.; Massart, P. Concentration Inequalities; Oxford University Press: Oxford, UK, 2013.

Vershynin, R. High-Dimensional Probability; Cambridge University Press: Cambridge, UK, 2018.

Nassar, S.; Hedjam, R.; Brahim Belhaouari, S. Hybrid Wasserstein Distance: An Approximation for Optimal Transport
Distances. Computation 2026, 14, 57. https://doi.org/10.3390/computation14030057.

Villani, C. Optimal Transport: Old and New; Springer: Berlin/Heidelberg, Germany, 2009.

Cover, T.M.; Thomas, J.A. Elements of Information Theory, 2nd ed.; Wiley: Hoboken, NJ, USA, 2006.

Newman, M. Networks: An Introduction; Oxford University Press: Oxford, UK, 2010.
https://doi.org/10.1093/acprof:0s0/9780199206650.001.0001.

Freeman, L.C. A Set of Measures of Centrality Based on Betweenness. Sociometry 1977, 40, 35-41. https://doi.org/10.2307/3033543.
Barkhagen, M.; Garcia, S.; Gondzio, ].; Kalcsics, J.; Kroeske, J.; Sabanis, S.; Staal, A. Optimising portfolio diversification and
dimensionality. ]. Glob. Optim. 2023, 85, 185-234. https://doi.org/10.1007/s10898-022-01202-7.

Pal, S. Exponentially concave functions and high dimensional stochastic portfolio theory. Stoch. Process. Their Appl. 2019, 129,
3116-3128. https://doi.org/10.1016/j.spa.2018.09.004.

Li, J.Y.-M. Wasserstein-Kelly portfolios: A robust data-driven solution to optimize portfolio growth. arXiv 2023,
arXiv:2302.13979. https://doi.org/10.48550/arXiv.2302.13979.

Kempf, A.; Memmel, C. On the estimateon of the global minimum variance portfolio. SSRN Working Paper 2003.
https://doi.org/10.2139/ssrn.385760.

Santambrogio, F. Optimal Transport for Applied Mathematicians; Birkhduser: Basel, Switzerland, 2015.

Sharpe, W.F. Mutual fund performance. J. Bus. 1966, 39, 119-138. https://doi.org/10.1086/294846.

Sharpe, W.F. The Sharpe ratio. J. Portf. Manag. 1994, 21, 49-58. https://doi.org/10.3905/jpm.1994.409501.

Grossman, S.J.; Zhou, Z. Optimal investment strategies for controlling drawdowns. Math. Financ. 1993, 3, 241-276.
https://doi.org/10.1111/.1467-9965.1993.tb00044 .x.

Magdon-Ismail, M.; Atiya, A.F. Maximum drawdown. Risk Mag. 2004, 17, 99-102.

Morgan, ]J.P.; Reuters. RiskMetrics — Technical Document, 4th ed.; ].P. Morgan: New York, NY, USA, 1996.

Duffie, D.; Pan, J. An overview of value at risk. . Deriv. 1997, 4, 7-49. https://doi.org/10.3905/jod.1997.407971.

Jorion, P. Value at Risk: The New Benchmark for Managing Financial Risk, 3rd ed.; McGraw-Hill: Columbus, OH, USA, 2007.

https://doi.org/10.3390/e28070790



Entropy 2026, 28, 790 39 of 39

54. Artzner, P.; Delbaen, F.; Eber, ].-M.; Heath, D. Coherent measures of risk. Math. Financ. 1999, 9, 203-228.
https://doi.org/10.1111/1467-9965.00068.

55. Rockafellar, R.T.; Uryasev, S. Optimization of conditional value-at-risk. ] Risk 2000, 2, 21-41.
https://doi.org/10.21314/JOR.2000.038.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury
to people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/e28070790



