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Abstract

We analyze the effect of microscopic heterogeneity on the Lorenz curve of macroscopic
observables. The Lorenz curve of a response function, being a cumulative and bounded
quantity; it is often a more stable function than the corresponding probability density. We
show here that by doing an exponent spectrum analysis of the complementary Lorenz
curve, it is possible to obtain a reflection of the underlying heterogeneity that causes the
response function to depart from a power law behavior. We demonstrate this framework
first by synthetic data and then by analyzing the avalanche statistics of a two dimensional,
Random Field Ising Model (RFIM) at zero temperature. This method can lead to possible
use in estimating the microscopic heterogeneity of a system from the analysis of an esti-
mated Lorenz curve, particularly in socio-economic and physical contexts where the full
probability distribution function is unavailable.

Keywords: Lorenz curve; inequality indices; critical phenomena; Random Field Ising
Model; avalanche statistics

1. Introduction

The Lorenz function was introduced in 1905 [1] to help quantify wealth inequality
in a society and is still used extensive for this purpose. It is a cumulative measure, in the
sense that £(p) quantifies the cumulative fraction of the wealth possessed by the poorest p
fraction of people in a society. From that one can then construct several inequality indices
that help assign a number to the wealth inequality in a society. By construction, £(0) = 0
and £(1) = 1, and it is otherwise a monotonic, concave function. In the extreme limit of
complete equality, the function is simply a diagonal straight line, and in the other extreme
where a single individual possesses all the wealth, itis L(p) = 6,,1.

Among the various inequality indices that can be extracted from the Lorenz function,
the most widely known is the Gini index (g) [2], which is the area between the diagonal line
and the Lorenz curve, normalized by the area under the diagonal line (1/2). Other than
that, the relatively new Kolkata index [3] is arguably the most intuitive one, which is simply
the intersection of the Lorenz curve with the off-diagonal line (at k, 1 — k), which marks the
fraction k of the total wealth that is possessed by the 1 — k fraction of the population. It is then
a generalization of the Pareto’s 80-20 law [4], which appears as a special case when p = 0.8.

Over the years, just like the Pareto’s 80-20 law, the Lorenz curve in general and
the Gini index in particular have found their uses in various disciplines, primarily in
economics [5-7] but also in the inequality of other social resources (for example, in scientific
citations [8,9]), disease spreading [10], image processing [11], heart-rate variability [12],
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environmental heterogeneity [13] etc. (see [14] for a review). More recently, inequality
indices have also been studied for the responses of physical systems near their critical
point, where those responses are known to be highly unequal [15]. These inequality indices
provide a remarkably simplified and universal representation of the critical phenomena
and scaling exponents in terms of the Gini index [16], in the sense that the critical scaling
can then be written without the critical point of the system, which is a highly non-universal
quantity. Furthermore, using the Kolkata index, a criterion for detecting an imminent large
response could be formulated, which was then used in several numerical (see, e.g., [17])
and experimental (see, e.g., [18]) systems. Other than that, in many cases of empirical
data analysis and numerical simulations, it was shown that the inequality indices have
near-universal behavior in many Self-Organized Critical (SOC) systems irrespective of their
universality class [19].

In the above examples, the probability distribution of the response variable is usually
known, and the Lorenz curve is constructed from it, after which the inequality indices
are calculated and analyzed. However, in many systems the accurate knowledge of the
probability distribution could be unavailable, even though the grouped data at various
hierarchies could still make it possible to accurately estimate of a cumulative measure such
as the Lorenz curve [20,21]. This is most common in the income and wealth distributions,
where the individual level data is almost never globally accessible. However, various
quantile data are often available, and the Lorenz function can be estimated from it [22,23].
Other than that, in many physical systems, such as those showing crackling noise [24], the
distribution data could be noisy, sparse or affected by binning. The Lorenz function, by
construction, is far more stable and rarely affected by finite noise; (moderate level) sparsity
of data; or bin sizes [25].

Our aim in this work is to extract signatures of heterogeneity in the underlying system,
by the analysis of the structure of the Lorenz curve. Specifically, we look at the exponent
spectrum (or spectral density) of the (complementary) Lorenz curve when expressed in a
polynomial basis. There has been an earlier effort to expand the Lorenz function using the
Legendre polynomial [26], which is an orthogonal basis. But we use a simple power-law
basis, so as to preserve the direct correspondence between the power and the corresponding
exponent of the probability distribution. While a direct inversion to obtain the exponent
spectrum, and hence the estimate of the exponent for the probability distribution, is ill-posed,
several indirect ways lead to reliable estimates of the width of the exponent spectrum. These
measures can then point to a quantitative estimate of the underlying heterogeneity, which
often influence the responses of the systems. After building the framework, we test it first
on synthetic data, for which the exponent spectra are known. Following this, we apply the
method to Random Field Ising Model (RFIM) [27-31] and show that near the critical point,
the heterogeneity strength (width of the distribution of the random fields) is highly correlated
with the (indirect measures of) spectral width of the Lorenz function. Of course, the effect of
heterogeneity shows up differently based on the component where it appears. In RFIM and in
similar other avalanching systems (say, fracture models), it appears in an activation threshold
(for example, the failure threshold of individual components in the case of fracture).

Before going into the results, we first list the symbols used in Table 1.

Table 1. List of symbols used in the manuscript.

Symbol Meaning

p Cumulative fraction of observations (ordered from small to large)
q Complementary fraction, g =1—p
L(p) Lorenz function

L*(q) Complementary Lorenz function, 1 — £L(1 — p)
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Table 1. Cont.

Symbol Meaning

Gini index
k Kolkata index
b Upper cutoff parameter in the truncated distribution
6 Exponent of the avalanche-size probability distribution
n Auxiliary exponent appearing in the Lorenz representation
0 Exponent of the complementary Lorenz function, £*(q) ~ ¢°
A(6) Spectral density in exponent space
6o Central value of the exponent spectrum
61,62 Lower and upper bounds of the exponent spectrum
€ Half-width of the exponent spectrum, ¢ = (6, —61)/2
e () Effective local exponent obtained from £*(g)
Avalanche size in the RFIM
R Disorder strength (width of the random-field distribution)
R. Critical disorder strength of the RFIM

2. Results
2.1. Formulation

Let us consider a power law size distribution function in the form of P(S) = CS~,
where 6 > 1. Generally, for this type of distribution, a lower cut-off as well as a higher
cut-off are required to make the mean of the distribution finite. Now, if the event sizes are
arranged in ascending order with m denoting the index of ordering, this will show a power
law diverging function such as S;;, ~ (m — mg) ™", where the divergence occurs at m = my,
with n = 515 It is then possible to estimate the Lorenz function (£(p)) from the diverging
function (up to b = mﬂo), which is given by (see [16]).

1—(1—pb)t
ﬁ(be):w

)

Note that the above equation for £(p) is valid for any n (for a given b) except n = 1
and n = 2. However, for b = 1, n must be less than 1 (meaning J > 2, and, in that case,
the higher cut-off can be taken as infinity to get the mean of the distribution). Hence, the
Lorenz function becomes

Lp)=1-(1-p)™" 2)

Again, the above equation can be rewritten in terms of the complementary Lorenz function
L(q) =1—L(1—p), whereqg=1—p.

L(q)=4¢%0=1—n (3)

This functional form of £*(g) comes from the power-law diverging response function. Any
departure from the power-law divergence would give a different functional form of £*(g),
which is usually very hard to estimate. Consider a function 8*(g) defined by the integral
transform of the spectral density A(0) as,

Bq)= | AO)qdo @
where the kernel of the transformation is g% and a spectral density is valid only if
fow A(0)d8 = 1. We can immediately see that if A(8) = 5(8 — 6y), B*(q) = g%, that

is, we get back the complementary Lorenz function £*(g). That also suggests that a narrow
spectral density (J-function) gives a broad size distribution (power law type).
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Now, let us consider a broad spectral density,

- 1
-6

A(6) ©(0 —01)0(0, — 0) )

where O(.) is a Heaviside step function. Again, B*(g) can be calculated from Equation (4).

N e
B*(q) = @ —61)Ing (6)

gq=1-pand1-B*(p) =B(p)

(1-p)— (1= p)"

Blp)=1- (62 —01)In(1—p)

(7)

Note that in general B(p) does not satisfy all the properties of the Lorenz function, unless

61,0, < 1. Therefore, if we consider B(p) as a Lorenz function then we need to have

61,02 < 1. For the uniform spectral density A(6), we can expand it in terms of the power ¢,

0 = 6y +¢,61 = 6y — €, where 6y and 2¢ are mean and width of A(0), respectively.
Rewriting the above equation in terms of ¢

1 (1_ 6| sinh [eln(1 —p)]
Blp) =1- (1) [T ®)
Expanding in the Taylor series (for small €) gives the form
g & 2 4
Blp) =1 (1= p)" |1+ Glin(1 - p)*+ O ©)
Now we will calculate the probability density function (PDF) from B(p).
1 /
P{x(p)} = —z—;x(p) = uB (p) (10)
w8 (p) P
From Equation (9) we get the PDE,
1
P(x(p)) =
u(1 = p)o2 [90(1 —00) + 5 00(1 — o) (In(1 = p))2 + 5 (1-200) In(1 - p) — 5
(11)
6o—1 e 2
x(p) = u(1 = p)"" |80 + Z (6o(in(1 = p))? +2In(1 - p))
When ¢ = 0, Equation (11) reduces to simple power law decay type distribution,
0p—2
Py = — L (&) (12)

~ 10o(1 — 6o)

where the exponent § = (ggj) . Here 4 is always greater than 2.

2.2. Case:n>1

We discussed earlier that the above formalism is valid only for n < 1. Here we shall
discuss the case of n > 1 (i.e., 1 < § < 2), since it is of the most practical importance. Now
we can make a transformation of Sy, (the diverging response function) such that it becomes
Sm = (Su)" ~ (m—mgy)~", where /i = nr; here,n > 1,but 0 < nr < 1.
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Hence, the same procedure can be repeated to obtain the Lorenz function B(p) and
then the probability density function P(%). The Lorenz function has the form,

- 52
Bp) =1~ (1= p)* |1+ 5 In(1 - p)P -+ O (13)

Where é() =1—nr= @ and'é — 6256]'

Similarly, the probability density function can be written as

- 1
P(x(p)) =
u(1—p)h=2 [éo(l o) + 500(1— 00) (In(1 = p))2 + 5 (1 200) In(1 — p) — 3]
(14)
bo-1la L E (5 2
x(p) = (1= )" + = (Bo(in(1 = p)) +2In(1 - p))
When & = 0, Equation (14) reduces to simple power law decay-type distribution,
_( =2
pro-— 1 () a5
6o (1 — 6o)
The above equation can also be written in terms of 6p(=1—n), with 6y =1 — (1%90) and
(0<fy<1)
N _((’o;z>
P(x) ~x \%-1 (16)

As 6 is negative (n > 1), the size distribution exponent § = (ggj) lies between 1 and 2

(ie,1<d<2).

2.3. Analysis with Synthetic Data

Since the spectral density A(6) is not a controllable function for a realistic system, it is
useful to verify, as an intermediate step, how far can its effect be extracted from a Lorenz
function. For this, we keep the form of the spectral density in Equation (5), with 6; = 6y — ¢
and 0, = 0y +¢, with 6y = 0.5. For the synthetic data, the probability distribution is
first generated as follows: randomly a 6 is drawn from within the range (61, 60;). It is
then converted to the size distribution exponent as outlined above: § = g:—%. A random
variable is then constructed using the inverse transform sampling S = (1 — 1)~/ (0=1) with
u € [0,1]. One can then obtain the corresponding probability distribution P(S|6) ~ $~%(9),
which is essentially a uniform mixture of all exponents within the range (61, 6;). Figure 1
shows such distribution functions constructed for various values of e and 6y = 0.5. Clearly,
for small values of ¢, one would expect § = 3, as can be seen. For higher values of ¢, the
most slowly decaying exponent is expected to dominate, i.e., 6,,;;, = 2.11 (for e = 0.4).

There are realistic circumstances where such a mixture of power laws can appear. It
can happen in Pareto-like wealth distribution among various sub-populations, in avalanche
sizes in heterogeneous samples [32], etc. As we shall see, in RFIM, the width of the
distribution of the random fields can affect the power law of the avalanche sizes (driven
slowly by external magnetic field). Each of these scenario indicates, either explicitly (for
RFIM) or implicitly (for wealth distribution), that underlying microscopic heterogeneity
has a role to play in determining the shape of the distribution function and in turn that of
the spectral density A(6).
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Figure 1. The probability distribution of the synthetic data generated from assuming a uniform
spectral density A(6) in the range (6y — ¢, 6y + €), with 6y = 0.5. For small values of ¢, § ~ 3.0 and for
larger values of ¢, it is expected to show the slowest decay available, which for e = 0.4 is 6 ~ 2.11,
as indicated. Inset shows a zoomed in part of the smaller avalanches where most of the curves
almost superpose.

In this case, from the probability density, we construct the Lorenz function (£(p)) and
its complement (£*(q)). For our choice of values for 6y and ¢, we always have § > 2, so no
further variable transformation is required before constructing the Lorenz curve and its

)
complement. Here, by construction £*(q) = [ A(8)q°d6. However, in realistic situations,
61

where the Lorenz function (and its complement) is known, doing the inverse transform to
obtain the spectral density is an ill posed problem (as g° is not an orthogonal basis set). We
then have to resort to estimating the spectral density through indirect means. We use those
means here as well to benchmark their reliability in cases where A () is not known a priori.

We calculate the local exponent that describes the complementary Lorenz function for
a particular value of g:

dInL*(q)

Yeff = “dIng (17)

In the case of a pure power-law distribution, one should have A(f) = 6(6 — ), and
consequently 6y = a,rr. However, when there is a departure from the pure power-law
distribution, A(#) will have a finite width, as discussed above, and hence a,¢f = a,f¢(q)
will depend on g (see Figure 2). The next step is then to construct measures that would
faithfully mirror A(f). We do this through two measures,

Ax = (“eff)mﬂx - (“eff)minr (18)

and the spectral entropy

where Q(.) is the histogram of all a, ¢ values obtained for various values of g (the sum also
runs over all such values). Figure 3 shows the variations of these two quantities with e.
As can be seen, they are highly correlated with and hence a faithful mirror of the spectral
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width. It is possible to make a theoretical estimate of their functional forms. Of course, in
analyzing the effective exponent a,¢r, we wish to capture the behavior of 6y, which in this
synthetic case is a good approximation. Now, as A(f) = 1/2¢ in the range (6p — ¢, 6 + ¢),
the spectral entropy should simply be

S = —/A(e)lnA(e)de, (20)

which gives 5, ~ Ine. We have retained the subscript «, since in realistic cases (where
A(0) is not known), the correspondence « = 6 is only approximate. Also, in numerical
calculations, we do a discrete sum, rather than a continuous integral, and the bin width
appears as an additive constant in this relation. As for the range of the effective exponent
Aw, it should simply represent the width of A(), and that is € here. But given that is an
extreme measure (the difference between the maximum and minimum effective exponent
values), fluctuations can severely affect its value. Therefore, in Figure 3 we see a linear
variation of Ax with ¢, but it is closer to /4 (indicated by the solid line).

€
0.65 €

0.55 | - -

— . ——

Aot
-~
\

\

—— — —— —
— —
— — —
— —
— —
—

0.45 |

——
———
-
-
-
-
- - -
. -
-
-
-
-
-
-
-
-
-
-
-
-

025 et = I I I I

Figure 2. The variation of the effective exponent for synthetic data with g is shown for different
widths of the spectral density. As the spectral density is chosen to be centered at 6y = 0.5, for small
widths, the effective exponent remains close to that for all values of g. However, for larger width, the
effective exponent starts deviating, especially towards the larger event side (7 — 0).

To test the robustness of the result, we then repeat the above mentioned process
starting with a Gaussian distribution for A(6), having a variance e. The range is kept fixed
in (0,1) and the mean is at 0.5, as before. While sampling, especially for larger values
of ¢, if the random number falls outside the range, it is redrawn from the distribution
until it satisfies the range mentioned above. Figure 4 shows the corresponding results for
the Gaussian form of A(6), which is qualitatively similar to what was observed for the
uniform distribution.
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Figure 3. The variations of (a) Ax and (b) S, are plotted for different values of ¢ when the distribution
A(0) is uniform. The first quantity is essentially the difference between the maximum and minimum
local slopes of the complementary Lorenz function (see Equation (18)), while the second one is
the entropy of the distribution constructed from the values of the local exponents obtained (see
Equation (19)). The first quantity almost behaves linearly with ¢, indicating it could be taken as a
representation of A(0) (at least where it is uniform), when that is explicitly not available. This then
means that the entropy of the distribution of « values could be associated with entropy of the spectral
width, which in this case should vary as In e, which seems to hold up to an additive constant. The R2
values of the two fittings are 0.96 and 0.80, respectively.

0.4 4
035 (@ 13.5
0.3 3
0.25 25
0.2 2
0.15 | 115
01 | 11
0.05 | 105

0 ‘ Ax 0

0O 01 02 03 04 05 0 01 0.2 03 04 05
Spectral width, ¢ Spectral width, €

Figure 4. The variations of (a) Ax and (b) S, are plotted for different values of ¢ when the distribution
A(0) is Gaussian with variance e. The R2 values of the two fittings are 0.85 and 0.88, respectively.

This indicates that the qualitative form of the variations remain unchanged when the form of A(9)
is changed.
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Therefore, we see using synthetic data that even though the direct evaluation of
spectral width is difficult, we can have useful measures that we can apply on the Lorenz
function and from which we have an idea of the spectral width.

2.4. Effect of Disorder on Spectral Width of Random Field Ising Model Avalanche Distributions

We now turn to a specific example of a physical system, where the spectral width
can vary due to some physical property of the system. Specifically, we look at the T = 0
limit of the Random Field Ising Model (RFIM) on a square lattice with periodic boundary
conditions. The Hamiltonian of the system reads

H=—]Y sisj— Y hisi— Hext ) _si, (21)
@ i

where the spin variables s; = £1, which interacts with the nearest neighbors (as indicated
by the angular brackets in the limit of the sum) and H,,; is the external magnetic field that
is slowly tuned.

The dynamics of the model proceed as follows: the spins are initially all aligned in
one direction. Then the external field is slowly increased in the opposite direction. Due to
the random (Gaussian distributed) fields (/;), the spins requiring the lowest energy to flip
will flip first. However, this changes the environment of the four nearest neighboring spins,
some of which may again flip and so on. The value of the external field is held constant
until there is no further spin flipping in the system. Due to the fact that T = 0, this will
be a stable state. Then the external field is again slightly flipped (dH = 0.01 here), and
the flipping dynamics may restart. This process continues until all spins have aligned in
the direction of the external field. The number of spins flipped between two successive
increase of the external field is considered an avalanche. Throughout the study, we have
used system size N = 128 x 128 and 500 averages over different disorder configurations.

The random fields follow a distribution given by

1 h?
o= s (- 25).

where R denotes the strength of the disorder. For the weak disorder case, due to increase in

the external field, there will be a system spanning avalanche where all spins will reverse.
On the other hand, when disorder is very wide, there will be only isolated spin reversals.
There will be a critical value of R = R; ~ 0.8 where the avalanche dynamics are scale-free.
Just above the critical disorder strength, there will be gradual deviation from the power
law scaling, which should be captured by the spectral density analysis. We can then see the
variations of the effective widths of spectral density and their relation to the underlying
heterogeneity of the system, in this case the width of the random field distribution.

Figure 5 shows the avalanche size distributions P(S) ~ S~ for different values of the
disorder strength. The critical strength shows a power law distribution with an exponent
value close to —1.25. Above this disorder strength, the distribution deviates from power
law. Below the critical strength, all spins flip in one avalanche. Now, as the critical exponent
here is in the range 1 < § < 2, we have to use the variable transformation sec. ILB.
Here we do the transformation § = S', with a choice of r, such that /i = nr < 1, where
n=1/(5 —1). We have taken two values of r, 0.05 and 0.1. With this transformation, the
resulting transformed Lorenz function (particularly, its complement) can then be analyzed.
Figure 6 shows the effective exponent for different values of the disorder strength. The
value of the effective exponent, after the transformation with the parameter » = 0.05, is

https://doi.org/10.3390/e28070799
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expected to be 0.8 for the critical disorder. The departure from this is due to fluctuations
and finite size effects.

|

109

107"

N o 0 1o 0|

1072

e
CDIZU:U%IU?JJ—
TN 2O

2 10—3

1074

107™°

10_6 0 ““““1 | 2 HHMS 4 5
10 10 10 10 10 10
S

Figure 5. Avalanche size distribution of the 2d RFIM at T = 0 for different values of the disorder
strength. The power law is observed at critical R, = 0.8, and above that it deviates from power law.
Below the critical disorder, all spins flip in one avalanche. The system size is N = 128 x 128, the
number of disorder average is 500.

1 ‘

SN
\\‘\ AN RN
0.95 | N . N 1
SN .
\ .. \\ S e
.. N ~ S
5 09 NN S .
5 . \_—\./.\-;\~~ ~~\. \\\ \‘
.\_\“\;\\ \\
R=0.8 —-— RN A
0.85 | R=1.2 -—-- N\
R=1.6 -—-- T
R=26 ———
R=3.5 --- -
08 I I I I
0 0.2 0.4 0.6 0.8 1

q (=1-p)
Figure 6. The effective exponent a7y describing the transformed (complementary) Lorenz function
for the 2d RFIM is calculated for different values of the disorder parameter. Except for the critical
disorder, the effective exponent varies strongly with q. For 6 = 1.25 and the transformation parameter
r = 0.05, the effective exponent for the critical disorder is expected to be around 0.8, which is close to
what is numerically seen. The deviations are due to fluctuations and finite size effects.
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As before, we look at the correlation between the indirect estimates of A(6), measured
through Ax and S,, and the disorder strength. Figure 7 shows the variations of these two
quantities with R. It can be seen that there is initially a strong correlation between the
disorder strength and the two quantities that estimate the width of A(6), shown for both
the values of r. The correlation then saturates for an intermediate range of disorder, before
finally starting to decay when the avalanches are essentially localized events (for high
disorder). Therefore, for disorder strength near criticality, these indirect measures of the
spectral width can serve as a good indicator of the underlying heterogeneity of the model.

2 T T T T T T T T T
0 Ao, r=0.05 e S Sy r=0.05 =
Aa/2,r=0.10 (af Se 1=0.10  © (b)
2 "o .
A 4 | §
° !
01 [ 2 -
35 -
0.05 1
® 3| |
0 ! ! ! ! ! ! 25 ! ! ! ! ! !
1 15 2 25 3 35 1 15 2 25 3 35

Disorder strength, R Disorder strength, R

Figure 7. The variations of the (a) range of effective exponent Ax and (b) the entropy S, of the
distribution of the values of the effective exponent are plotted against the disorder strength. Initially
there is a strong correlation, as was seen in the case of synthetic data, before it reaches an intermediate
saturation phase around the critical strength. We show the results for two values of the transformation
parameter r. The range of effective exponent Aw scales with r, but the entropy is independent of the
parameter. The rms errors are smaller than the symbol sizes.

3. Discussions and Conclusions

There has been an extensive effort, especially in economics, to estimate the Lorenz
function to quantify inequality (see, e.g., [20-23]). Under some approximations, the Lorenz
function can be fairly accurately inferred, even when the full distribution function (of
wealth) is not known. This is a very common scenario in a society, where the complete
individual level information of wealth is rarely available, if at all. But the Lorenz function
alone can give several useful measures of inequality, for example, the Gini and Kolkata
indices, that can quantify the wealth concentration in society. The Lorenz function and
inequality indices have been also calculated for many other empirical data sets, revealing
universal features of inequality statistics [3]. A more recent application of the Lorenz
function and social inequality indices has been to physical systems, particularly when
they are near their critical point. For tuned criticality and for SOC, this approach is able to
produce universal scaling and precursory signs for imminent large responses in the system
(see, e.g., [15], see also [8]).
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Note that Lorenz curve is not the only way to graphically represent inequality. There
are several other representations that can give useful information regarding quantifying
inequality, such as the Bonferroni curve, Zenga curve, etc. (see [33] for a review). However,
these can either be estimated from the Lorenz curve either directly or indirectly, and the
Lorenz curve remains the most popular choice of representing inequality.

In this work, we investigated if the Lorenz function is able to detect any qualitative
change in the microscopic heterogeneity of the underlying system. Specifically, a deviation
from the underlying power law distribution function could often be due to qualitative
shifts in interactions in the microscopic level, for example, the disorder strength in an
avalanching system. In general, microscopic heterogeneity induces local environments
with varying effective scaling responses, which collectively appear as a superposition of
local exponents. It could also be due to different Pareto tail in wealth distributions of
sub-populations, or for that matter in heterogeneity of agents (see, e.g., [34,35]). Indeed,
the effect of heterogeneity on the Lorenz curve will depend on the parameter on which the
heterogeneity is introduced. In avalanching systems, such as the RFIM, it is introduced in
the activation threshold. In wealth distribution models, on the other hand, it can appear in
the saving propensity, where high heterogeneity would result in narrower spectral density.

By expanding the Lorenz function in a (non-orthogonal) power-law basis, we are able
to extract a correlation between the microscopic heterogeneity (demonstrated here using the
Random Field Ising model) and the spectral width of such an expansion (see Equation (4)).
Of course, the use of the non-orthogonal (polynomial) basis has the consequence that we
cannot directly estimate the spectral function and had to estimate it indirectly through the
range of the effective exponent and the spectral entropy, which is a potential drawback
of this method. It should also be noted here that the systems that do not show a power-
law response function in any condition will not have a direct correspondence between
heterogeneity and spectral density as such, particularly when a polynomial basis is used.
In such cases, appropriate system-specific choice of the basis would be necessary.

In conclusion, the Lorenz function of a response variable that has a power law size
distribution can detect departures from such a power law in the tail. It has been shown
using synthetic data and Random Field Ising model simulations that such deviations could
be related to the underlying microscopic heterogeneity of the system. This could potentially
be applied to systems to extract information about their microscopic heterogeneity, where
the information for the full distribution function is lacking but the Lorenz curves are
well approximated.
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