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Abstract

This paper develops and evaluates HQER-SFA, a likelihood-based stochastic frontier specifi-
cation that embeds a hybrid quantile-expectile error layer into the bilateral noise component
while preserving the standard one-sided inefficiency structure. The model nests Quantile-
SFA when ¢ = 0 and extends it by normalizing the hybrid loss into a proper bilateral
error density, so that likelihood inference, residual decomposition, and technical-efficiency
recovery remain in a unified stochastic-frontier framework. We compare HQER-SFA with
Traditional-SFA and Quantile-SFA using three processed production modules, Monte Carlo
parameter-inversion experiments, an expanded R = 300 robustness design, 7 sensitiv-
ity and ablation checks, convergence diagnostics, and a source-assisted small-sample
extension. The results demonstrate clear gains for technical-efficiency recovery: in the
R = 300 design, HQER-SFA attains win rates of 0.5646 for technical-efficiency RMSE and
0.5578 for technical-efficiency rank correlation, and the agricultural module shows the
strongest real-data improvement under the flexible bilateral error layer. The source-assisted
analysis further shows that same-domain initialization improves small-sample validation
RMSE by about 2.43%, while excessive source-centered penalties should be controlled.
Overall, HQER-SFA provides an interpretable and computationally feasible extension for
technical-efficiency recovery, especially when bilateral noise is asymmetric, tail-sensitive,
or heterogeneous across production modules.

Keywords: stochastic frontier analysis; technical efficiency; HQER-SFA; quantile-expectile
loss; robustness analysis

1. Introduction

Stochastic frontier analysis was introduced to separate production deviations into
bilateral statistical noise and one-sided technical inefficiency [1,2]. Because technical effi-
ciency is inferred rather than directly observed, conditional inefficiency recovery depends
on how residual variation is allocated after the deterministic frontier has been fitted [3,4].
The central question in this paper is therefore not only whether a frontier predicts output
well, but whether the bilateral error layer helps recover the latent inefficiency component
in a stable and interpretable way.

The classical composed-error model provides the structural decomposition that the
present paper preserves. Battese and Coelli [5,6] extended inefficiency-effect and panel-data
formulations, and Greene [7] emphasized the role of heterogeneity in frontier estimation.
Recent work continues to broaden the distributional and computational frontier literature
through quantile stochastic frontiers [8-11], robust and finite-mixture likelihood analy-
sis [12-14], semiparametric and regularized inefficiency recovery [15,16], and more flexible
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frontier specifications for distributional features, endogeneity, skewness, and multivari-
ate settings [17-21]. Nonparametric and robust frontier methods also provide a related
background for modeling production boundaries without relying exclusively on a single
parametric mean structure [22-26].

Quantile and expectile ideas motivate the error-layer construction. Quantile regression
models conditional distributional behavior beyond the conditional mean [27,28], while
asymmetric Laplace likelihoods connect quantile loss to likelihood-based estimation [29,30].
Expectile methods, originating from asymmetric least-squares estimation [31,32], provide a
complementary quadratic-loss view of tail-sensitive estimation [33-35]. The recent hybrid
quantile-expectile regression literature [36] supplies a useful loss-function background, but
the contribution here is not the proposal of a new loss function per se.

This paper contributes by formulating HQER-SFA as a stochastic-frontier likelihood
with an HQER-induced bilateral error density, by clarifying its nesting relationship with
Quantile-SFA, and by evaluating its behavior through real-data comparisons, Monte Carlo
designs, vy sensitivity, source-assisted checks, and convergence diagnostics. The contribu-
tion is therefore the construction and evaluation of a normalized hybrid quantile-expectile
bilateral density within the stochastic-frontier likelihood, while the one-sided inefficiency
component remains structurally separate. The source-assisted component is motivated by
the literature on transfer learning and source-assisted estimation, where external informa-
tion may help or harm depending on source-target alignment [37-43]; it is used here to test
whether related source estimates can further stabilize small-sample frontier estimation.

The interpretation is targeted rather than overgeneralized. Because HQER-SFA modi-
fies the bilateral error law while retaining the economic frontier and one-sided inefficiency
component, its main expected advantage is in residual allocation and posterior technical-
efficiency recovery. Prediction RMSE and coefficient recovery are retained as important
benchmarks, but the central empirical question is whether the additional error-layer flexibil-
ity improves the efficiency-recovery channel that classical and quantile-oriented stochastic
frontiers leave more restricted.

2. Methodology

The methodological framework begins with the classical stochastic frontier bench-
mark and then introduces a normalized hybrid bilateral error layer. This section keeps
the production-frontier decomposition explicit because the later empirical interpretation
depends on distinguishing fitted-frontier accuracy from technical-efficiency recovery.

Because production data contain both bilateral statistical noise and one-sided ineffi-
ciency, Traditional-SFA provides the classical reference specification. For production unit i,
the standard model is

y,-:xiTﬁJrvi—ui. (1)

Here y; is the output, x; is the input vector, j is the frontier coefficient vector, v; is
bilateral noise, and u; > 0 is inefficiency. The benchmark distributional assumptions are

v~ N(0,67), i~ [N(O,07)]. @)
Technical efficiency is defined as
TE; = exp(—u;). 3)

In these expressions, y; denotes output, x; the input vector, B the frontier parameters,
v; bilateral statistical noise, #; nonnegative inefficiency, and 0, and o, the corresponding
scale parameters. Technical efficiency is denoted by TE;.
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This benchmark places HQER-SFA relative to the standard Gaussian-noise stochastic
frontier model rather than only relative to a quantile-oriented baseline. Quantile-SFA
keeps the same frontier decomposition but specifies the bilateral error with an asymmetric
quantile-oriented density. The quantile check loss is

pr(s) = s{T = I(s < 0)}, 4)

where T € (0,1) controls asymmetry and I(-) is the indicator function. In the baseline
specification,
v; ~ ALD(0, 09, T). (5)

Quantile-SFA is the nested benchmark because it corresponds to the HQER-SFA
boundary when the hybrid mixing parameter equals zero. To construct the hybrid layer, let
s denote a standardized residual and define the asymmetric weight

Yo(s) =7l(s > 0)+ (1 —1)I(s <0). (6)
The hybrid quantile-expectile loss is
CI(s) = (1= 7)¥x(s)ls| + 1¥=(s)s%, (7)

where ¢ € [0,1] controls the mixture of quantile-like absolute loss and expectile-like
quadratic loss. The induced bilateral error density is

folort ) = e -C1( 2 )], ®)

with the normalizing constant

[0}

Z(t,y) = /ooexp[—C;’(s)] ds. )

The normalizing constant is required because the loss defines the density shape but not
its probability scale. It converts the hybrid quantile-expectile loss from a robust objective
into a valid likelihood component, which is the key step that allows HQER-SFA to retain
likelihood-based comparison and posterior inefficiency recovery.

The HQER-SFA likelihood embeds this induced bilateral density in the same
composed-error structure. Let €; = y; — x;| B. Because inefficiency is latent, the observation-
level likelihood integrates over u > 0:

L;i(0) = /Ooo folei +u;T,7v,00) fu(u; o) du. (10)

The sample log-likelihood is
n
£(6) =Y _log L;(6). (11)
i=1

The main distinction from Quantile-SFA is the bilateral density f,. The inefficiency
distribution and the interpretation of technical efficiency remain unchanged, so the com-
parison isolates the contribution of the HQER-induced error layer rather than confounding
it with a different inefficiency model.

Figure 1 illustrates how the mixing parameter changes the shape and tail sensitivity of
the HQER loss.
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Figure 1. HQER loss curves for the bilateral error layer. Larger v values increase the expectile-
like quadratic component and therefore strengthen tail sensitivity while preserving the asymmetric

quantile weight.

Figure 2 summarizes how the normalized bilateral error layer enters the otherwise
standard composed-error likelihood.

Bilateral error
Vi
HQER-induced
bilateral density

Input

Frontier _IQutput
x;' B Vi=%; p+Vvi—u
Inefficiency Technical efficiency
u; =0 TE; = exp(-u;)

Figure 2. Structure of the HQER-SFA composed-error likelihood. The frontier and one-sided in-
efficiency structure are preserved, while the bilateral error density is replaced by the normalized
HQER-induced layer.

The marginal likelihood is evaluated by quadrature over the nonnegative inefficiency
component. Positive scale parameters are estimated through transformations, and bounded
parameters are constrained to feasible domains. The normalizing constant Z(t,y) is
evaluated numerically for the relevant parameter values, log-likelihood contributions are
computed in a stable form, and multiple starting values are used because the likelihood can
be nonconvex. Convergence diagnostics are reported in the supplementary convergence
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tables and should be read alongside the main estimates. After estimating 8, inefficiency is
summarized by the posterior mean

ﬁi = E(u,‘ | 61‘;9), (12)

TE; = exp(—1;). (13)

Monte Carlo win rates compare HQER-SFA with a baseline estimator through
1 R
WinRate,,, = z Y I(Mpugqer, is better than Mpaseline, ) - (14)
r=1

For error metrics, lower values are better; for rank correlation, higher values are better.

Positive paired differences in the statistical checks are defined to favor HQER-SFA.
The source-assisted extension evaluates whether external estimates can stabilize a small
target sample. Let 65 denote the source-domain estimate and 61 denote the target-domain
parameter. A source-centered penalized target objective is

NLL7(8) + A||6 — 6%, (15)

where NLL7(0) is the target-domain negative log-likelihood, 65 is the source-domain
estimate, and A controls the penalty strength. This extension evaluates whether external
source information can improve small-sample stability when it is introduced through
initialization or controlled regularization.

The empirical analysis uses three processed production modules. The small-sample
benchmark module, front41Data, is the FRONTIER 4.1 dataset distributed with the
R frontier package [44,45] and contains 60 firm-level observations with output, cap-
ital, and labor inputs. Its analysis variables are constructed by taking natural loga-
rithms of the corresponding raw production columns. The two large panel modules,
WDI_industry and WDI_agriculture, are reconstructed from archived project-level raw
JSON and merged source files from the World Bank’s World Development Indicators [46].
The archived reconstruction exactly reproduces the analysis-ready files, including the
country/economy-year keys and transformed variables, with full hash checks reported in
the Supplementary Materials.

The WDI_industry module uses industrial value added as output, gross fixed capital
formation as the main capital proxy, and a labor-count proxy constructed from total labor
force and the industry employment share. Where the main capital proxy is unavailable
in the archived source, the reconstruction follows the documented fallback rule based on
gross capital formation. The final industrial module contains 5546 country/economy-year
observations from 203 country/economy codes over 1991-2024. The WDI_agriculture
module uses agricultural value added as output, agricultural land as the land input, and
a labor-count proxy constructed from total labor force and the agricultural employment
share. The final agricultural module contains 6565 country/economy-year observations
from 223 country/economy codes over 1991-2023.

For all modules, the dependent variable is retained on the logarithmic scale, while
input variables are standardized at the experiment-loading stage after observations with
missing or nonpositive core model variables are excluded. Full data-construction details,
indicator mappings, archived-source reconstruction scripts, and hash checks are reported
in the Supplementary Materials.
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The analysis compares three frontier specifications. Traditional-SFA is the classical
Gaussian-noise benchmark. Quantile-SFA is the nested quantile-oriented benchmark.
HQER-SFA modifies the bilateral error layer through the hybrid quantile-expectile density
while preserving the same one-sided inefficiency structure. This design makes it possible to
separate prediction-oriented evidence from technical-efficiency-oriented evidence. Table 1
summarizes the datasets, roles, sample sizes, and variables used in the empirical design.

Table 1. Processed production modules and model variables used in the empirical design.

Dataset Role N  Output Inputs
Small industrial x_capital;
front41Data target dataset 60 y x_labour

x_capital_proxy;
x_industry_labor

Large industrial dataset and

WDL industry same-domain source

5546 v

x_ag_land,
x_ag_labor

Agricultural dataset and

cross-domain source 6565 y

WDI_agriculture

The empirical evaluation reports validation RMSE, log-likelihood, AIC, BIC, mean
technical efficiency, median technical efficiency, low-efficiency ratios, and convergence
status. The Monte Carlo evaluation reports § error, prediction RMSE, technical-efficiency
RMSE, and technical-efficiency rank correlation. These metrics are interpreted separately
because they measure different aspects of model behavior.

Table 2 summarizes the evidence design. It links data sources, competing model
specifications, empirical and simulation evidence blocks, evaluation metrics, and the final
metric-specific interpretation.

Table 2. Evidence design linking data sources, model comparisons, evaluation metrics, and interpretation.

Evidence Block Data/Design Compared Models Main Metrics Role
Real-data Processed Traditional-SFA, Validation RMSE,
. . Quantile-SFA, AIC/BIC, TE Empirical behavior
comparison production modules HOER-SFA summaries
. . Beta error, prediction S .
R — 100 Monte Carlo Parameterjmversmn HQER—SFA Vs. RMSE, TE RMSE, TE Baseline simulation
design baselines pattern
rank corr.
R =300 robustness  Expanded repetitions HQER_SFA s Win rates by metric Stability check
baselines
. . . HQER-SFA variants; Validation RMSE, TE Error-layer
7y sensitivity Fixed/free vy settings . . ;
quantile boundary summaries mechanism
Source-assisted Small target No transfer, RMSE, TE Small-sample
extension with sources initialization, penalty rank stability stability
anvergepce All estimation blocks Traditional, Quantile, Converggnce rate, Numerical feasibility
diagnostics HQER warnings

3. Simulation Study

The simulation study evaluates the same estimators under controlled parameter-
inversion designs rather than rerunning or altering the empirical modules. The main
Monte Carlo design uses pseudo-true parameters extracted from the locked real-data
estimates and then refits the competing estimators on simulated samples. The design
crosses dataset-specific pseudo-parameter sources, Quantile-SFA and HQER-SFA pseudo-
model sources, normal, Student-t, skewed, asymmetric-Laplace, and HQER-induced error
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scenarios, and sample-size settings. The formal sample sizes are n = 60 and n = 500 for
frontd1Data, and n = 500 and n = 2000 for both WDI-derived modules. The R = 100
design provides the baseline simulation pattern, and the R = 300 design checks whether
that pattern remains stable under expanded repetitions. The comparison is metric-specific:
lower f§ error, prediction RMSE, and technical-efficiency RMSE are better, whereas higher
technical-efficiency rank correlation is better. Scenario-level design cells and repetition-level
summaries are reported in Supplementary Tables 54 and S5.

In the R = 100 design, the win rates are 0.4810 for 5 error, 0.4700 for prediction RMSE,
0.5597 for technical-efficiency RMSE, and 0.5563 for technical-efficiency rank correlation.
The expanded R = 300 experiment preserves and slightly strengthens the same technical-
efficiency pattern: the win rates rise to 0.5646 for technical-efficiency RMSE and 0.5578 for
technical-efficiency rank correlation. These results indicate that the main benefit of HQER-
SFA appears in the residual-decomposition and technical-efficiency-recovery channel, while
prediction and coefficient recovery provide complementary benchmark evidence. Figure 3
and Table 3 compare the two repetition designs by metric.

Monte Carlo win-rate evidence by metric
@ R=100 B R=300

0.481 '
1
Beta error - : E
0.481 1
i
1
1
0.470 |
Prediction | [ ) i
RMSE [ | :
0.467 :
]
1
1
i 0.560
1
[ ]
TE RMSE -+ !
i [ |
: 0.565
1
1
1
: 0.556
TE rank | : )
correlation | B
1 0.558
T T ! T T T
0.46 0.48 0.50 0.52 0.54 0.56

HQER-SFA win rate

Figure 3. Monte Carlo win-rate comparison across evaluation metrics. The red dashed line marks the
0.5 equal-win reference, and the green-shaded region denotes win rates above 0.5, which favor HQER-
SFA. The expanded R = 300 design confirms that the clearest gains occur for technical-efficiency
RMSE and technical-efficiency rank correlation.

The -sensitivity results clarify that 7y is not merely an additional tuning parameter. It
changes the relative influence of quantile-like absolute loss and expectile-like quadratic
loss in the bilateral error layer, thereby controlling how strongly tail-sensitive residuals
affect the likelihood. The agricultural module benefits most from a positive and freely
estimated 7, while the industrial modules show smaller changes, indicating that the hybrid
layer is especially useful when residual allocation is more asymmetric or heterogeneous.
Table 4 summarizes the mechanism-level evidence, and Figure 4 visualizes the real-data
sensitivity results.
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Table 3. Monte Carlo win-rate robustness from R = 100 to R = 300.

R = 100 HQER-SFA Win

R = 300 HQER-SFA Win

Metric Rate Rate Interpretation
Coefficient recovery remains
Beta error 0.4810 0.4810
benchmark-comparable.
Prediction RMSE 0.4700 0.4669 Prediction accuracy remains a
complementary diagnostic.
TE RMSE 0.5597 0.5646 Techmcal—efﬁc.nen?y recovery
advantage is reinforced.
. Technical-effici ki
TE rank correlation 0.5563 0.5578 ecmicareticlency raning
advantage is reinforced.
Table 4. y sensitivity and ablation summary for the HQER-induced bilateral error layer.
Evidence Block Main Finding Implication
7 changes validation RMSE The bilateral error layer
Real-data v sensitivity and TE summaries directly affects
across datasets. residual decomposition.
. Free vy provides additional The mechanism improves
Monte Carlo <y ablation R . targeted
flexibility across criteria. .
error-layer adaptation.
Thi fi h i
v = 0 corresponds to the 1s confirms the nesting
Boundary case y = 0 Quantile-SFA boundar relationship with
Y Quantile-SFA.
Fixed values reveal how
Fixed 7 settings performance ChE}nges as The sensitivity p}‘oﬁle ggldes
the expectile stable specification choices.
component increases.
-0~ fixed y @ freey
front41Data WDI industry WDI agriculture
1.55 ~
0.4375 A ¢ 0.4705 -
0.4350 - 0.4700 - 1.50 1
A 0.4325 - 0.4695 - 1.45
- .
'.,% 0.4275 A 0.4685 - 1.35 A
=
';'; 0.4250 A 0.4680 A 1.30 A
0.4225 0.4675 1.25 -
0.4200 A 0.4670 1.20 A
OjO Oj2 Oj4 016 018 0?0 012 Of4 016 0r8 010 012 014 016 018
y Y y

Figure 4. -y sensitivity in real-data validation RMSE. The free-y estimate is shown separately from
fixed settings to make the data-dependent error-layer adaptation visible.

Paired statistical checks compare fitted models under matched design cells and repeti-
tions. Positive paired differences are defined to favor HQER-SFA. The checks show positive
average differences for both the R = 100 and R = 300 designs, including for the technical-
efficiency metrics, confirming that the observed gains are not driven by a single aggregate
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summary. Medians and win rates still reveal heterogeneity across design cells, which is
expected because the hybrid error layer is most valuable when residual structure departs
from the simpler benchmark densities. Table 5 reports the matched paired-difference tests.

Convergence diagnostics were collected across the real-data experiments, the tradi-
tional SFA benchmark, the Monte Carlo robustness experiment, the y-sensitivity analysis,
and the source-assisted extension. Missing legacy diagnostic fields are recorded as NA
rather than imputed. The diagnostics document numerical feasibility: all reported model
classes converge in the compact summary, and warning shares are transparently sepa-
rated from convergence failures. Table 6 and Figure 5 summarize the convergence and
warning results.

Table 5. Matched Monte Carlo paired-difference tests favoring HQER-SFA.

Design Metric No. of Pairs Mean Diff. 95% CI Wilcoxon p-Value
R =100 B error 6000 0.0108 [0.0066, 0.0151] 0.00809

R =100 y RMSE 6000 0.0092 [0.0068, 0.0116] 7.86 x 1078
R =100 TE RMSE 6000 0.0232 [0.0205, 0.0260] 7.53 x 10736
R =100 TE rank corr. 6000 0.0018 [0.0012, 0.0025] 2.36 x 10716
R =300 B error 18,000 0.0104 [0.0081, 0.0126] 1.61 x 107
R =300 y RMSE 18,000 0.0085 [0.0072, 0.0100] 3.10 x 10721
R =300 TE RMSE 18,000 0.0231 [0.0216, 0.0245] 1.02 x 107126
R =300 TE rank corr. 18,000 0.0022 [0.0018, 0.0026] 1.06 x 1050

Note. Positive differences favor HQER-SFA; all listed mean differences are positive.
Convergence and warning diagnostics
HQER-SFA

Quantile-SFA

Traditional-SFA

1.00

0.00

I Convergence rate Bl Warning share

0.0 0.2 0.4 0.6 0.8 1.0
Share of runs

Figure 5. Convergence and warning diagnostics. Convergence rates equal one in the compact
summary, while warning shares identify runs requiring numerical caution rather than indicating
estimation failures.

Table 6. Compact convergence and warning diagnostics across estimation blocks.

Model Runs Converged Conv. Rate  Mean Iterations =~ Warnings =~ Warning Share
HQER-SFA 24,018 24,018 1.0000 30.8126 4800 0.1999
Quantile-SFA 24,018 24,018 1.0000 26.8643 4800 0.1999
Traditional-SFA 3 3 1.0000 22.6667 0 0.0000
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front41Data A

WDI industry -

WDI agriculture -

Warnings are documented in the Supplementary Diagnostics and do not imply failed
convergence unless explicitly flagged.

4. Empirical Application

The empirical application compares the processed production modules through the
same metric-specific lens used in the simulations. Table 7 reports the original real-data
comparison between Quantile-SFA and HQER-SFA, and Figure 6 visualizes the three-model
robustness-validation RMSE comparison. HQER-SFA attains lower validation RMSE in all
three modules in the formal two-model comparison, with the largest gain in the agricultural
module. This pattern is consistent with the methodological premise that a more flexible
bilateral error density is most useful when residual variation is more asymmetric, tail-
sensitive, or heterogeneous.

@ Traditional-SFA B Quantile-SFA A HQER-SFA
Real-data robustness validation RMSE

@®0.476
Wo.419
A 0.437
@0.466
Wo0.467
A 0.467
@1.438
1.535
Lower is better
A1.199
0.4 0.6 0.8 1.0 1.2 1.4 1.6

Validation RMSE

Figure 6. Real-data robustness-validation RMSE comparison across Traditional-SFA, Quantile-SFA,
and HQER-SFA. Lower values indicate better prediction under the robustness-validation setting.

Table 8 adds the classical Traditional-SFA benchmark. The robustness comparison
shows that the industrial modules are close across competing specifications, whereas HQER-
SFA gives the lowest validation RMSE in the agricultural case. The result strengthens the
interpretation that HQER-SFA is most valuable when the bilateral error layer has a larger
role in allocating residual variation.

The validation RMSE entries in Tables 7 and 8 come from complementary real-data
protocols rather than identical re-estimates. Table 7 reports the original two-model compar-
ison between Quantile-SFA and HQER-SFA under the formal real-data estimation protocol,
whereas Table 8 reports a separate robustness benchmark that adds Traditional-SFA under a
common robustness-validation setting. The two tables are therefore used as complementary
evidence on model-ranking stability across protocols.

The empirical technical-efficiency summaries show that the agricultural dataset is most
responsive to the error-layer specification. HQER-SFA produces higher mean technical
efficiency and a lower low-efficiency ratio than Quantile-SFA in that dataset, indicating
that the hybrid bilateral density substantially changes posterior inefficiency allocation. A
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plausible explanation is that agricultural production data contain stronger tail behavior,
measurement variation, or domain heterogeneity than the industrial modules.

Table 7. Formal real-data comparison between Quantile-SFA and HQER-SFA.

Dataset Model Val. RMSE AIC BIC MeanTE Low-Eff. Ratio 0%

front41Data Quantile-SFA 0.4360 23.1931 35.7592 0.9505 0.0000 0.0000
front41Data HQER-SFA 0.4354 21.7624 36.4229 0.9505 0.0000 0.3248
WDL industry Quantile-SFA 0.4730 3402.3535 3442.0785 0.9505 0.0000 0.0000
WDL industry HQER-SFA 0.4711 3447.4393 3493.7851 0.9505 0.0000 0.0386
WDI_agriculture Quantile-SFA 1.4487 19,045.0900 19,085.8270 0.4141 0.7514 0.0000
WDI_agriculture HQER-SFA 1.2897 18,778.3079  18,825.8345 0.8492 0.0000 0.9212

Table 8. Real-data robustness comparison across Traditional-SFA, Quantile-SFA, and HQER-SFA.

Dataset Best RMSE Model Trad. RMSE Quantile RMSE HQER RMSE Interpretation
Quantile-SFA is
. best, with
front41Data Quantile-SFA 0.4761 0.4195 0.4372 HOQER-SFA

remaining close.

Traditional-SFA has
a marginal edge;

WDL_industry Traditional-SFA 0.4663 0.4669 0.4669 floxi
exible models are
nearly tied.
HQER-SFA gives
WDI_agriculture HQER-SFA 1.4375 1.5354 1.1987 the strongest
RMSE performance.

Land quality, climate-related shocks, regional heterogeneity, measurement error, and
tail disturbances can make the bilateral error specification more consequential for residual
allocation and posterior inefficiency.

The source-assisted extension examines whether external source information can
stabilize estimation in the small industrial target sample. Same-domain industrial source
initialization reduces validation RMSE from 0.4282 to 0.4178, an improvement of about
2.43%. This result shows that related source information can be useful when it is used
for initialization. Strong source-centered penalties, by contrast, over-constrain the target
likelihood; the large A = 10 errors are therefore treated as diagnostics for excessive transfer
strength rather than as a failure of source-assisted initialization. Figure 7 visualizes these
effects, and Table 9 reports the corresponding numerical summary.

Table 9. Source-assisted estimation summary for the small target sample.

Method Source A Val. RMSE TE Rank Stability Main Interpretation
No Transfer none 0 0.4282 0.9764 Target benchmark.
Source Initialization WDL_industry 0 0.4178 0.9739 Best RMSE; —2.43%.
Penalty Transfer WDL industry 10 21.3229 0.2787 Penalty too strong.

Cross-domain

Penalty Transfer WDI_agriculture 10 20.2155 0.2780
penalty too strong.

Note. Full log-likelihood and beta-stability results are reported in Supplementary Table S9.
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No transfer

Industry
initialization

Industry penalty
A=10

Agriculture penalty
A=10

Source-assisted transfer in the small target sample

0.4282

4178

2.43% RMSE reduction

Validation RMSE (log scale)

Figure 7. Source-assisted validation RMSE under initialization and penalty transfer. Same-domain
initialization improves the small-sample target RMSE, whereas large source-centered penalties illus-
trate the need to control transfer strength. Note. The y-axis is on a logarithmic scale because strong
penalty settings produce much larger validation errors than the no-transfer and initialization settings.

5. Discussion and Conclusions

Across the empirical and simulation evidence, HQER-SFA delivers its clearest gains for
technical-efficiency recovery, especially for TE RMSE and TE rank correlation. The R = 300
robustness design reinforces the R = 100 pattern, and the agricultural module shows the
strongest real-data response to the flexible bilateral error layer. Prediction-oriented metrics
remain useful benchmarks, but they are not the primary target of the proposed specification.
This pattern is consistent with the recent frontier literature’s emphasis on distributional
specification, robustness, mixture behavior, and numerical likelihood care [12-14,18].

The strongest evidence appears in technical-efficiency recovery because that target
depends directly on decomposing residual variation into bilateral noise and one-sided
inefficiency. Prediction RMSE mainly measures the fitted frontier, and beta recovery mainly
measures recovery of the frontier parameters. HQER-SFA modifies the bilateral error layer
rather than the economic meaning of the frontier itself. This is a strength of the design:
it targets the channel through which posterior inefficiency is recovered while leaving the
frontier decomposition interpretable and comparable with established SFA benchmarks.

The mixing parameter 7y controls the relative weight of quantile-like absolute loss
and expectile-like quadratic loss in the bilateral error layer. Aty = 0, HQER-SFA re-
duces to the Quantile-SFA boundary; positive values change tail behavior and residual
allocation. The sensitivity and ablation evidence shows that 7y is mechanism-relevant
and identifies the settings in which additional tail-sensitive flexibility matters most. This
interpretation also distinguishes HQER-SFA from broader quantile frontier and semipara-
metric approaches [10,11,15,16]: the present paper evaluates a likelihood-based bilateral
error layer that can be inserted into the composed-error framework without redefining the
frontier technology.

The benchmark comparisons are informative because they show where each speci-
fication is strongest. Traditional-SFA performs well in the large industrial dataset, while
Quantile-SFA performs best on the small industrial robustness benchmark; HQER-SFA is
strongest in technical-efficiency recovery and in the agricultural module, where the error-
layer specification is more consequential. The contribution is therefore the construction
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and evaluation of an HQER-induced bilateral error density within a stochastic-frontier
likelihood, with empirical evidence showing when this additional flexibility improves
residual decomposition.

The model also opens several natural extensions. The HQER-induced density requires
numerical normalization and likelihood integration, but the convergence diagnostics show
that the reported implementation is feasible for the empirical and simulation designs
considered here. Future work can develop identification and asymptotic theory, examine
alternative inefficiency distributions and domains, and study the joint behavior of 7, v, oy,
and o, in larger frontier systems.

This paper introduces HQER-SFA as a likelihood-based extension of Quantile-SFA
for stochastic frontier analysis. It embeds a normalized hybrid quantile-expectile loss into
the bilateral error layer while preserving one-sided inefficiency, nests Quantile-SFA when
v = 0, and allows the error layer to improve technical-efficiency recovery through more
flexible residual allocation. The expanded evidence identifies technical-efficiency recovery
as the central advantage: R = 300 reinforces the R = 100 pattern for TE RMSE and TE
rank correlation, the agricultural application shows the strongest real-data improvement, «y
sensitivity confirms the role of tail-sensitive adaptation, and same-domain source initializa-
tion improves small-sample RMSE. HQER-SFA is therefore a practical and interpretable
extension for likelihood-based technical-efficiency recovery in settings where the bilateral
error structure matters.
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www.mdpi.com/article/10.3390/e28080881/s1. Supplementary Tables S1-513 provide the complete
supporting evidence. Table S1 reports descriptive statistics; Tables S2 and S3 report full real-data and
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