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Abstract

We investigate the dissipative dynamics of a one-dimensional sawtooth-shaped Bose—
Hubbard model subjected to an external magnetic flux and staggered single-particle dis-
sipation. By combining the Lindblad master equation with a mean-field decoupling and
further reducing the dynamics to an effective three-site model, we derive the nonlinear
evolution equations that govern the system. Our results reveal that the magnetic flux, acting
through the next-nearest-neighbor hopping, determines the preferential direction of particle
flow, while the imbalance in dissipation forces the steady-state population to accumulate at
lattice sites with weaker loss. Furthermore, we find that two-particle dissipation accelerates
the relaxation process when it becomes negative (i.e., gain), whereas positive two-particle
loss suppresses localization. These findings demonstrate that directional localization and
relaxation dynamics can be controlled by the sign of the next-nearest-neighbor hopping t’
and the magnetic phase, providing a tunable scheme for engineering dissipative quantum
states in optical lattices.

Keywords: non-hermitian hamiltonian; cold atoms; imbalanced dissipation; magnetic flux

1. Introduction

The Bose-Hubbard model is a canonical framework for studying strongly correlated
quantum systems [1,2], and has played a key role in understanding phenomena such as
quantum phase transitions, superfluidity, and localization in ultracold atomic gases and
optical lattices [3-5]. Traditionally, this model has been developed within the framework of
the Hermitian Hamiltonian, where the interaction between field interactions and particle
transitions leads to the well-known superfluid-to-Mott insulator transition [6,7]. Over
the past two decades, the experimental progress of ulcerated atomic systems has made it
possible to precisely control these parameters [8,9], and has expanded the experimental
implementation of the three-source subsystem, providing a universal platform for exploring
the rich physics of the Bose-Hubbard model.

Existing works largely focus on uniform loss, balanced gain-loss, or topological non-
Hermitian effects. However, in cold-atom setups, local dissipation is widely achievable via
focused beams, state-selective addressing, or controlled two-/three-body losses. Hence, a
sublattice-selective loss bias—acting on alternating sites—merits independent investigation
beyond mere extensions of uniform cases.
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Such odd-even dissipation breaks discrete translation symmetry by one lattice con-
stant, potentially inducing non-Hermitian phase transitions, reshaping steady-state correla-
tions, or stabilizing exotic non-equilibrium phases. Thus, this bias is not only experimen-
tally relevant but also theoretically essential for connecting non-Hermitian frameworks to
realistic quantum-gas platforms.

Nowadays, the latest developments in non-Hermitian quantum mechanics have ex-
panded the scope of Bose-Hubbard models to include dissipative and open systems, where
non-Hermitian terms describe gain, loss, or other dissipative processes. Non-hermitian
systems exhibit unique phenomena that are not directly similar to Hermitian physics,
such as non-Hermitian skin effects (NHSEs) [10-15], Exceptional Points (EPs) [16-19], and
non-Hermitian topological phases [20-23]. These characteristics have aroused great interest
in theoretical and experimental research, leading to new insights into the dynamics and
steady state of open quantum systems.

However, most existing studies are restricted to uniform or global dissipation, which
inadequately captures local and non-equilibrium effects in realistic experiments. In this
work, we investigate a non-Hermitian Bose-Hubbard model on a one-dimensional zigzag
lattice, focusing on asymmetric dissipation between odd and even sublattice sites. This
dissipative bias, in conjunction with an external magnetic flux, gives rise to emergent
directional dynamics and enhanced localization. Specifically, we find that the interplay
between dissipation imbalance and flux can reverse the evolution preference and induce
self-trapping. Meanwhile, sites with stronger loss exhibit lower occupancy; for sufficiently
large bias, particles become predominantly confined to the weakly dissipative sublattice. We
further examine two-body dissipation, which introduces additional dynamical complexity.
Numerical simulations on a reduced model corroborate our theoretical analysis. Our results
contribute to non-Hermitian quantum many-body physics and highlight the tunability of
quantum states via non-uniform dissipation and external fields. The paper is organized as
follows: Section 2 presents the theoretical framework incorporating dissipative bias and
synthetic magnetic flux. Section 3 analyzes emergent dynamical phenomena induced by
the bias. Section 4 outlines the simplified model and numerical results for various loss
imbalances. Section 5 concludes with a discussion of broader implications for quantum
science and technology.

2. Models and Theoretical Methods

In this study, we consider a one-dimensional sawtooth-shaped boson chain composed
of atoms in a Bose-Hubbard lattice [24], where interactions and non-uniform dissipation
exist, as shown in Figure 1. Naturally, we have also taken the transitions between particles
into account, including the transition intensity t between adjacent particles and the transi-
tion intensity t' between the next adjacent particles. And on this basis, we also consider
using the external non-zero magnetic flux ¢ to regulate the entire Bose-Hubbard lattice.

Even site
K
v — 0

0dd site
K
v+,

Figure 1. The figure shows a one-dimensional sawtooth-shaped non-Hermitian Bose-Hubbard model
under the combined effect of dissipation and transition strength. The transition strength between
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nearest-neighbor atoms is t, and the transition strength between the next-nearest neighbor is t'.
Furthermore, due to the difference in the positions of the atoms at odd and even lattice points, the
single-particle dissipation <y & ¢ will also be manifested. Finally, all the atoms will be subject to the
double-particle dissipation of x. The magnetic flux ¢ passing through the model is also introduced.

On this basis, we can write the Hamiltonian of the boson chain system at this time as

L/2-1

H= — Z (t’ei‘Pﬁ;j_,'_zﬁz]‘ + f’e_i(pfl;j-}-lﬁZj—l + H.C.)
j=1
S Sy (1)
_ Zi t(aj+1aj + H.c.) -u Z;a]- a;a;d;
= =

where 4; represents the boson annihilation operator at site j, and t and t' respectively
represent the strengths of the nearest-neighbor and next-nearest-neighbor transitions. U
represents the strength of multi-body interactions, and L is the number of optical lattices.

Based on the previously considered non-uniform dissipation between single particles
and uniform dissipation between two particles, we can write the dominant dynamic
equation of the system according to the Lindblad master equation [6,25,26]

ot =88]+ 5 [r- 0] lale) + Delaas @

where p is the density matrix of the system, and D[L]p is the Lindblad superoperator
representing the dissipation of bosons:

1
NP N S A
D[L]p = LpL 2{£ E,p}. 3)
Meanwhile, define (a;) = Tr(pa;). Then, the master equation becomes

d N T i
()= e 0 o) itV 8y ) it ((81) + (aj30) "
1

+i(2u - g) | {a;)1%(a) — 5 [7 - (—1)1'5} (4;),

In addition to the on-site interaction, the equation includes both nearest-neighbor (NN)
and next-nearest-neighbor (NNN) hopping processes. The corresponding hopping ampli-
tudes are site-independent and take the uniform values t and #', respectively. In addition,
the equation also contains the dissipation of single particles and that of two particles. Tak-
ing these factors into account constitutes the current dynamic equation. In our subsequent
simulation of the system, the system we study will include a large number of atoms, so
the differences between each atom will become very small. Therefore, in the above process
of describing the system dynamics, we used the average field approximation theory [27],
which is mainly reflected in < ataa >~< afa ><a >~ lal*> <a >.

The relative density distribution directly reflects the degree of orderliness of the
system. In the superfluid-Mott insulator phase transition, the uniform density corresponds
to the Mott state, while the density correlation of oscillation attenuation indicates the
superfluid state [8]. Density fluctuations contain interaction information: strong repulsive
forces (such as U in Hubbard’s model) suppress density fluctuations, while the density
correlation of neighboring lattice points can reveal strange quantum states such as D-wave
superconductivity [28].
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Therefore, in our current study, we will define the relative density p; of lattice points
to characterize the evolution of the system [29,30]. Its definition is

(42)
Pi= =7y ®
Zi(afa;)

It can be seen that under such a definition, if we plot the relationship between the
relative density and time, we can intuitively understand the relationship between the state
of the system and the evolution over time. However, the relative density of the grid points
alone cannot represent the number of system states. Based on this, we can continue to
define the standard deviation of the relative density on the grid points for observation. Its
definition is N

o2 =Y (pj—1/N)? (6)
j=1

After having the standard deviation, we only need to plot the variation relationship of
the standard deviation with time to see the state density of the system at that time. Not
only that, because of the relationship between the standard deviation and time, we can also
see the stability of the system. If the change in the standard deviation over time is small,
then the system at this time is relatively stable; otherwise, the system is relatively unstable.

3. Results and Discussions

Traditional research on cold atom dissipation mainly focuses on energy dissipation
and quantum decoherence caused by irreversible processes such as spontaneous emission,
collision and environmental noise [31-33]. The core goal is to suppress these effects to
improve the coherence and stability of the system. The theoretical basis is mainly quantum
master equations and open system dynamics. Non-hermitian dissipation research, on
the other hand, transforms traditional dissipation into a controllable quantum control
method by meticulously designing a balance between gain and dissipation. Therefore, in
our current research, we will focus on the balance control of dissipation and gain.

3.1. Analysis of the Influence of Introducing External Magnetic Flux on System Dissipation

Now, we explore the influence of various parameters on the evolution of quantum
states and consider the system at odd grid points (even grid points only differ by one
phase). When the initial states of the system are located on odd-numbered lattice sites, the
evolution (Equation (4)) becomes

57(8))= it (aj0) +it'e (8 o) +it(Aj_1) + it{Aj41)
)

+2il la;12(4;) — %(7 +6)(aj) — g laj1%(a;).

We know that the regulatory effect of the magnetic field is periodic. That is to say,
when the intensity of the magnetic field increases from 0 to 27t the evolution of the system
will also exhibit periodicity. However, we can observe that within the range of 0 to 277, due
to the coupling between the magnetic field and the next-nearest-neighbor transition, it is
possible to change the evolution state of the system by adjusting the magnetic field. Taking
¢ = 71/2 as an example, suppose the initial state of the system is at an odd grid point (here,
we take 31), then the evolution equation of the system is

()= —t"(Aj0) + ' {8j_2) +it(dj_1) + it{A;41) + 2iula; 1% (a;). (8)
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Now, from the formula, the intensities t of the nearest-neighbor transitions in the
two directions are equal. Therefore, neither of them will dominate the direction of the
system’s evolution. However, the next-nearest-neighbor hopping amplitude #' becomes
crucial in determining the system evolution. Thus, a “seesaw” effect is formed. That is to
say, when the intensity of the next-nearest-neighbor transition in one direction is relatively
large, the initial evolution of the system will lean towards this direction and continue to
evolve in this way. Let us take Equation (8) as an example. When the intensity of the
next-nearest-neighbor transition in the j + 2 direction is less than that in the j — 2 direction,
the system will have a tendency to transition towards the j — 2 direction in the initial state,
as shown in the state when ¢ = 0.57r in Figure 2.

System Evolution for Different ¢ Values (0, n/2, i, 3rv/2)

Probability Density Contour (¢ = n)

- 1000
= = =
5 - . o = .

. 08 e

Time Step

Time Step

100

0.1 L "{gg 01
1 L L L ‘l L
30 40

Position

Figure 2. When the external magnetic flux takes different values, the relationship graph of the system
probability density distribution evolution with time shows that the initial state of the system is at
the thirty-first grid point. In this simulation, we set the number of grid points to 60. Considering
that the intensity of the adjacent transition is greater than that of the secondary adjacent transition
under normal circumstances, we set the intensity of the adjacent transition t to 2, the intensity of the
secondary adjacent transition to 1, the interaction intensity u = 3.3, the single-particle dissipation
intensity 7y = 0, and the double-particle dissipation intensity « = 0.

From Figure 2, we can see that since the external magnetic flux has a periodicity of 2,
this leads to the system evolution also having a periodicity of 277. And when the external
magnetic flux is a half-integer, that is, 71/2 or 371/2, the system evolution is directional.
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Therefore, in the subsequent evolution, we will uniformly take the external non-zero
magnetic flux as 77/2.

3.2. The Effect Produced by the Particle Transition t,t'

In the absence of particle dissipation, that is, ¢ = 6 = k¥ = 0, the evolution of the system
at this time is only related to the interaction and the transition between particles. From
the analysis in the previous section, we know that if there were no next-nearest-neighbor
transitions, the system would evolve simultaneously on both the left and right sides, and
the evolutions on both sides would be equivalent. At this point, the evolution (Equation (7))
of the system becomes

da . . R ) 2 .
= <4 >=it <dj 1> +it <@ > +2ulapl” <a; > )

When the nearest-neighbor transition is dominant, the system will evolve to the left
and right sides over time, and the trends on both sides are the same, as shown in Figure 3.

Probability Density Contour

Standard Deviation
1000 oo~ — : ‘

1 T

o o

0.8 1

Time Step

0 20 40 60 80 100
Position Time

Figure 3. On the left is a schematic diagram of the evolution of the probability density of the system
on the grid points over time, while on the right is a graph of the relationship between the standard
deviation of the system and the evolution over time. In this simulation, the number of grid points we
set remains 60. The intensity of the system’s near-transition t = 2, the interaction intensity u = 0.5, the
external non-zero magnetic flux ¢ = 77/2, and all other parameters are set to 0.

It can be seen that under the regulation of the external non-zero magnetic flux, the
existence of nearest-neighbor transitions cannot cause the system to have directionality,
while only next-nearest-neighbor transitions and the external non-zero magnetic flux can
make the system have directionality. When the interaction becomes dominant, the self-
trapping effect will occur in the system. Now, let us observe the dynamic equation of the
system again:

%@0: —it'(B12) + it (8j-2) +it((aj-1) + (aj41)) + 20U 1 a;1*(@;).  (10)

Based on the previous discussion, we know that the next-nearest-neighbor transition
t' not only changes the law of system evolution, but also gives the transition direction
through the regulation of magnetic flux. When the next-nearest-neighbor transition t’ is
greater than 0, it can be observed that the evolution of the system has a tendency to move
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towards the grid point j — 2, that is, to evolve to the left. When we keep other parameters

variable and set the next-nearest-neighbor transition as the opposite number, t =2, t' = —1,

u = 3.3, then the system evolution direction at this time deflects as shown in Figure 4.

System Evolution Comparison for t' = +1 and t' = -1
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Figure 4. The left figure shows the evolution of the probability density on the grid points of the system
over time, and the right figure is a schematic diagram of the transformation of the standard deviation
of the system over time. In this simulation, we set the size of the system to 60, the interaction intensity
u of the system to 3.3, and the intensity of the nearest-neighbor transition t to 2. In the left figure,
we set the intensity of the next-nearest-neighbor transition to 1, and in the right figure, we set the
intensity of the next-nearest-neighbor transition to —1.

It can be seen that the evolution of the system only changes direction, but not the nature
of the evolution. This result further indicates that the direction of the system evolution is
the result of the combined effect of the next-nearest-neighbor transition intensity t’ and the
external magnetic flux ¢.

3.3. Particle Dissipation in the System (Single-Particle Dissipation Deviation y & 6 and Double-Particle
Dissipation «)

We know that in quantum mechanics, dissipation in a system is an inevitable process.
When dissipation occurs, the particles on the lattice points will be excited to a higher-energy-
level state. Therefore, we need to consider the influence of dissipation on the evolution of
the system. First, consider the single-particle dissipation y &+ § of the system. At this time,
the evolution equation of the system is

%w: i[t'(Qj-2) = (Bj12)) +1((2j-1) + (3j41))]

1 (11)
+i(2U g 12) () — 5 (v +0)(&)-

The odd and even positions in the system have different dissipation rates, which are
¥ — é and 7y + ¢ respectively. If both the dissipation v and the deviation ¢ are positive, and
the dissipation is greater than the deviation, that is, 7 > ¢, it will lead to the particle tending
to flow from the even position to the odd position when the dissipation is strong at the
even position. When dissipation is strong at odd positions, particles tend to flow from odd
positions to even positions.

Take the initial state of the system at 31 grid points as an example. At this time, due
to the existence of dissipation deviation, the dissipation at odd-numbered grid points is
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greater than that at even-numbered grid points. Then, the system will have a tendency to
evolve towards even-numbered grid points. After a period of time, the system will remain
stable at even grid points, as shown in Figure 5.

System Evolution for Different Parameters

Probability Density Contour Probabilty Density Contour
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t = +1, Iniial Position = 31
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t = +1, Initial Position = 32
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=41, pos=32
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Figure 5. The diagram showing particle localization caused by dissipative deviation. System
parameters: lattice size L = 60, nearest-neighbor hopping t = 2, on-site interaction U = 6, single-
particle dissipation v = 4, and staggered dissipation 6 = 2. The two figures above respectively
illustrate the evolution patterns of the system’s initial state at odd grid points (here, we take 31)
when t = 1 (on the left) and t = —1 (on the right). The figure on the left shows the evolution pattern
of the system’s initial grid points at even grid points (here, we take 32) when t = 1. The right side
presents the standard deviations for these three scenarios. Red dots in the left panels indicate stable
lattice positions.

From the figure, we can observe that the dissipation is relatively high at the odd grid
points, while it is lower at the even grid points. During the evolution of the system, it
tends to localize at the grid points with lower dissipation, that is, at the even grid points.
Moreover, after introducing an unbalanced dissipation deviation, the next-nearest-neighbor
transition t’ still dominates the direction of system evolution. We also noticed that if the
initial state of the system is at a grid point with lower dissipation, then on a macroscopic
scale, the system will exhibit a localized state at the initial position. However, from the
green curve of the standard deviation graph in Figure 5, we can see that although the system
does not exhibit transport properties at this time, due to the combined effect of transitions and
dissipation within the system, it will eventually stabilize after a period of time.

Now, taking the dissipation of two particles into account together, the evolution
equation of the system at this time becomes
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Dissipation in quantum mechanics refers to the irreversible energy loss, coherence
attenuation or information loss that occurs in a quantum system due to its interaction with
the external environment (thermal reservoir). Dissipative channels (such as spontaneous
emission and phonon coupling) provide additional transition paths for the system, accel-
erating energy relaxation. For two-particle dissipation, its influence is more obvious than
that of single-particle dissipation. Therefore, compared with the system dispersion caused
by single-particle dissipation, two-particle dissipation will destroy the original stability of
the system and make the system more dispersed, as shown in Figure 6. And it also has a
greater influence on the evolution speed of the system. If the two-particle dissipation is set
to a negative x < 0, the two-particle dissipation becomes the two-particle gain. When the
two-particle gain is relatively large, the system will undergo a period of evolution and then
reach an equilibrium state, as shown in Figure 6.

System Evolution Comparison with Different Two-Particle Loss Rates k

Probability Density Contour (k = 0 Probability Density Contour (x = 4
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Figure 6. The left figure shows the evolution of the probability density of the system over time, and
the right figure shows the evolution of the standard deviation of the system over time. The size of the
system is set to 60. The initial state of the system is at the 31st grid point. The interaction intensity
u = 6, the adjacent transition intensity t = 2, the secondary adjacent transition intensity t' = 1, the
single-particle dissipation = 4, and the dissipation deviation J = 2.

It can be seen that this result is similar to the situation without considering the
dissipation of the two-particle system. The difference is that due to the influence of the
two-particle gain, the system can reach the equilibrium state more quickly. Therefore, due
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to the deviation of single-particle dissipation at odd and even grid points in the system, the
system will have a tendency to flow directionally towards odd or even numbers, and the
introduction of two-particle gain will accelerate the evolution speed of the system.

4. Three-Site Reduced Lattice System

In the classic double-well optical system, we can observe many remarkable phenom-
ena, such as the quantum tunneling effect and self-trapping effect. These phenomena
usually occur when the system has a specific energy barrier structure and is influenced by
the quantum interference effect. They reflect the nonlinear and complex dynamic behavior
of the system under changes in external conditions. In our research, we will further expand
this framework and assume that the research object is a non-equilibrium dissipative system
with three optical lattices. Unlike the traditional double-well model, the configuration of
the three optical lattices provides more abundant physical phenomena and dynamic char-
acteristics, especially in terms of interaction and energy transfer. Moreover, our model also
takes into account the influence of the external magnetic field, particularly the regulation
of the external magnetic flux ¢.

Based on our aforementioned discussion, the dynamic equations of the system have

thus become
da

Tl Ha+N(a) (13)
with the matrix »
—XR g e
H=| it 22 it (14)
i - +5
ite™ it =132
and
(2iu—5%)1m 12 a4
N(a) = | (2iu—5)1ay1?ay (15)
(2iu — %) las 12 a5
where

(a3)
In order to further study the system dynamics under non-equilibrium dissipation, we
assume that at this time an external non-zero magnetic flux of ¢ = 77/2 is received, and
v = 6. The double-particle dissipation x = 0. Thus, the dynamic equation becomes

a —y it —t'\ (o 2iulay 1%a;

d ) ) . 2

2| = it 0 it ap | + | 2iulay1<ay |. (16)
az t it —v) \as 2iulaz 1%a3

At this point, we perform a semiclassical approximation for each lattice site, setting

aj = \/rT]-eiQ/.
Additionally, we define the particle number difference operator and the relative phase
difference operator as follows:

D=mny+n3—mny, ¢p=~6;+063—20,.

Thus, we can obtain the following relationship equation:

D= —4t[\/nynysin(6, — 61) + /nzny sin(6y — 03)] — 2y(ny + n3), (17)
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. ny +nsz . nyp nyp
pp= ————sin(f3 — 6) + t|/ == cos(6y — 6;) + | —= cos(f — 6
D s ST ( 3 1) l: n COS( vl 1) 13 COS( vl 3)

nm

—2,/—cos(6h —62) — 2, /% cos (63 — 62)] +2UD.
2

(18)

12
We assume that when the system reaches a stable state, the relationship between the
particle number difference and time changes approaches 0, i.e., D ~0. Moreover, due to
the symmetry of the system, we can assume that n; = n3 = n, and define the following
angle differences:

Ppr=0,—01, ¢r=06—0s.

Then, the dynamic equation of the system is

0 = —4ty/n(Niot — 2n)[sin ¢y + sin¢y| — 4yn (19)

If the phase differences throughout the entire lattice remain uniformly consistent,

¢1=¢2 = ¢. -
2sin¢g = _R/W (20)
_ . 'Y(D + Ntot)
¢p = —2arcsin <4t\/(D T Ni) (Noot — D)/2> (21)

As can be seen from Figure 7, at lower dissipation deviations (such as ¢ = 0.1), the
influence of the particle number difference is relatively small, and the phase difference of
the system changes more smoothly, indicating that at this time the phase difference of the
system is not strongly affected by the particle number difference. At higher dissipation
deviations (such as 7y = 2.0), the change in the phase difference is larger, suggesting that the
system responds more vigorously to the particle number difference because the stronger
dissipation deviation leads to more energy or information loss, making the change in the
phase difference more sensitive. At the same time, a larger deviation also causes a more
intense localized degree at even-numbered lattice points.
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Figure 7. Graph showing the relationship between the phase difference and the particle number
difference of the system under different dissipative deviations y. The total particle number of the
system is set to Niot = 10.
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5. Conclusions

In conclusion, in this study, we investigated the dynamics of cold atom dissipation
models with non-Hermitian Hamiltonian quantities in optical lattices. The influence
of dissipation and transition on non-Hermitian systems is explored through numerical
simulation and analysis. The research results show that the introduction of external non-
zero magnetic flux has the ability to regulate the evolution direction of non-Hermitian
systems. This effect is caused by the interaction between non-zero magnetic flux and next-
nearest-neighbor transitions. Not only that, in our research, non-uniform single-particle
dissipation was also introduced. The simulation results show that due to the different
dissipation intensities of odd and even positions, the final local lattice points of the system
evolution are also different. If the dissipation intensity at the odd-numbered grid points is
greater than that at the even-numbered grid points, then the evolution of the system will
eventually flow from the odd-numbered grid points to the even-numbered grid points, and
vice versa. Finally, we discussed the influence of two-particle dissipation on the evolution
of the system. The results show that uniform two-particle dissipation makes the system
more dispersed. However, if the two-particle dissipation becomes negative, that is, if the
two-particle dissipation becomes gain, then the evolution speed of the system will increase.

Author Contributions: B.C. provided the concept development and method guidance, Y.G. conducted
specific analysis and verification of the article content, and Y.C. and S.D. jointly provided supervision
and guidance for this research. All authors have read and agreed to the published version of
the manuscript.

Funding: This research received no external funding.

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding author.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Hubbard, ]. Electron correlations in narrow energy bands. Proc. R. Soc. Lond. Ser. A Math. Phys. Sci. 1963, 276, 238-257. [CrossRef]

2. Gutzwiller, M.C. Effect of correlation on the ferromagnetism of transition metals. Phys. Rev. Lett. 1963, 10, 159. [CrossRef]

3. Fisher, M.P.A. Quantum phase transitions in disordered two-dimensional superconductors. Phys. Rev. Lett. 1990, 65, 923.
[CrossRef] [PubMed]

4. Bloch, I; Dalibard, J.; Nascimbene, S. Quantum simulations with ultracold quantum gases. Nat. Phys. 2012, 8, 267-276. [CrossRef]

5. Sheshadri, K.; Krishnamurthy, H.R.; Pandit, R.; Ramakrishnan, T.V. Superfluid and insulating phases in an interacting-boson
model: Mean-field theory and the RPA. Europhys. Lett. 1993, 22, 257. [CrossRef]

6.  Jaksch, D.; Bruder, C.; Cirac, J.I.; Gardiner, C.W.; Zoller, P. Cold bosonic atoms in optical lattices. Phys. Rev. Lett. 1998, 81, 3108.
[CrossRef]

7. Freericks, ].K.; Monien, H. Phase diagram of the Bose-Hubbard model. Europhys. Lett. 1994, 26, 545. [CrossRef]

8.  Greiner, M.; Mandel, O.; Esslinger, T.; Hansch, T.W.; Bloch, I. Quantum phase transition from a superfluid to a Mott insulator in a
gas of ultracold atoms. Nature 2002, 415, 39—44. [CrossRef] [PubMed]

9.  Bloch, I. Ultracold quantum gases in optical lattices. Nat. Phys. 2005, 1, 23-30. [CrossRef]

10. Kordas, G.; Wimberger, S.; Witthaut, D. Dissipation-induced macroscopic entanglement in an open optical lattice. Europhys. Lett.
2012, 100, 30007. [CrossRef]

11.  Eto, Y.; Shibayama, H.; Shibata, K.; Torii, A.; Nabeta, K.; Saito, H.; Hirano, T. Dissipation-assisted coherence formation in a spinor
quantum gas. Phys. Rev. Lett. 2019, 122, 245301. [CrossRef] [PubMed]

12.  Wang, Q.; Peng, G.-F; Li, W.-]J. Restoring distribution entanglement via environment-assisted measurement and quantum
measurement reversal under various decoherence sources. Laser Phys. 2019, 29, 105202. [CrossRef]

13.  Akram, J.; Pelster, A. Statics and dynamics of quasi one-dimensional Bose-Einstein condensate in harmonic and dimple trap.
Laser Phys. 2016, 26, 065501. [CrossRef]

14. Tomita, T.; Nakajima, S.; Takasu, Y.; Takahashi, Y. Dissipative Bose-Hubbard system with intrinsic two-body loss. Phys. Rev. A

2019, 99, 031601. [CrossRef]

https://doi.org/10.3390/e28080890


https://doi.org/10.1098/rspa.1963.0204
https://doi.org/10.1103/physrevlett.10.159
https://doi.org/10.1103/physrevlett.65.923
https://www.ncbi.nlm.nih.gov/pubmed/10043057
https://doi.org/10.1038/nphys2259
https://doi.org/10.1209/0295-5075/22/4/004
https://doi.org/10.1103/physrevlett.81.3108
https://doi.org/10.1209/0295-5075/26/7/012
https://doi.org/10.1038/415039a
https://www.ncbi.nlm.nih.gov/pubmed/11780110
https://doi.org/10.1038/nphys138
https://doi.org/10.1209/0295-5075/100/30007
https://doi.org/10.1103/physrevlett.122.245301
https://www.ncbi.nlm.nih.gov/pubmed/31322383
https://doi.org/10.1088/1555-6611/ab3daa
https://doi.org/10.1088/1054-660x/26/6/065501
https://doi.org/10.1103/physreva.99.031601
https://doi.org/10.3390/e28080890

Entropy 2026, 28, 890 13 of 13

15.

16.
17.

18.

19.

20.

21.

22.

23.

24.
25.

26.

27.

28.

29.
30.

31.

32.
33.

Le Hur, K.; Henriet, L.; Herviou, L.; Plekhanov, K; Petrescu, A.; Goren, T.; Schiro, M.; Mora, C.; Orth, P.P. Driven dissipative
dynamics and topology of quantum impurity systems. Comptes Rendus Phys. 2018, 19, 451-483. [CrossRef]

Heiss, W.D. Exceptional points of non-Hermitian operators. J. Phys. A Math. Gen. 2004, 37, 2455. [CrossRef]

Doppler, J.; Mailybaev, A.A.; Bohm, J.; Kuhl, U.; Girschik, A ; Libisch, F.; Milburn, T.J.; Rabl, P.; Moiseyev, N.; Rotter, S. Dynamically
encircling an exceptional point for asymmetric mode switching. Nature 2016, 537, 76-79. [CrossRef] [PubMed]

Hodaei, H.; Hassan, A.U.; Wittek, S.; Garcia-Gracia, H.; El-Ganainy, R.; Christodoulides, D.N.; Khajavikhan, M. Enhanced
sensitivity at higher-order exceptional points. Nature 2017, 548, 187-191. [CrossRef] [PubMed]

Chen, W.; Kaya Ozdemir, S.; Zhao, G.; Wiersig, J.; Yang, L. Exceptional points enhance sensing in an optical microcavity. Nature
2017, 548, 192-196. [CrossRef] [PubMed]

Shen, H.; Zhen, B.; Fu, L. Topological band theory for non-Hermitian Hamiltonians. Phys. Rev. Lett. 2018, 120, 146402. [CrossRef]
[PubMed]

Gong, Z.; Ashida, Y.; Kawabata, K.; Takasan, K.; Higashikawa, S.; Ueda, M. Topological phases of non-Hermitian systems. Phys.
Rev. X 2018, 8, 031079. [CrossRef]

Kawabata, K.; Shiozaki, K.; Ueda, M.; Sato, M. Symmetry and topology in non-Hermitian physics. Phys. Rev. X 2019, 9, 041015.
[CrossRef]

Bergholtz, E.J.; Budich, J.C.; Kunst, EK. Exceptional topology of non-Hermitian systems. Rev. Mod. Phys. 2021, 93, 015005.
[CrossRef]

Li, Y.; Cai, Z.-F; Liu, T.; Nori, F. Dissipation and Interaction-Controlled Non-Hermitian Skin Effects. arXiv 2024, arXiv:2408.12451.
Ates, C.; Olmos, B.; Li, W.; Lesanovsky, L. Dissipative binding of lattice bosons through distance-selective pair loss. Phys. Rev. Lett.
2012, 109, 233003. [CrossRef] [PubMed]

Garcfa-Ripoll, ].J.; Diirr, S.; Syassen, N.; Bauer, D.M.; Lettner, M.; Rempe, G.; Cirac, ].I. Dissipation-induced hard-core boson gas in
an optical lattice. New J. Phys. 2009, 11, 013053. [CrossRef]

Witthaut, D.; Trimborn, F.; Hennig, H.; Kordas, G.; Geisel, T.; Wimberger, S. Beyond mean-field dynamics in open Bose-Hubbard
chains. Phys. Rev. A 2011, 83, 063608. [CrossRef]

Bakr, W.S,; Peng, A; Tai, M.E.; Ma, R.; Simon, J.; Gillen, J.I; Foelling, S.; Pollet, L.; Greiner, M. Probing the superfluid-to-Mott
insulator transition at the single-atom level. Science 2010, 329, 547-550. [CrossRef] [PubMed]

Zhao, Y.; Cui, B. Dissipative dynamics of cold atoms in an optical lattice. Laser Phys. 2019, 29, 115501. [CrossRef]

Cui, B.; Hou, S.C.; Wang, W.; Yi, X.X. Dynamics of a driven optical lattice with distance-selective dissipation. J. Phys. B At. Mol.
Opt. Phys. 2014, 47, 215303. [CrossRef]

Breuer, H.-P. Non-Markovian generalization of the Lindblad theory of open quantum systems. Phys. Rev. A 2007, 75, 022103.
[CrossRef]

Tarasov, V. Quantum Mechanics of Non-Hamiltonian and Dissipative Systems; Elsevier: Amsterdam, The Netherlands, 2008; Volume 7.
Razavy, M. Classical and Quantum Dissipative Systems; World Scientific: Hackensack, NJ, USA, 2017.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/e28080890


https://doi.org/10.1016/j.crhy.2018.04.003
https://doi.org/10.1088/0305-4470/37/6/034
https://doi.org/10.1038/nature18605
https://www.ncbi.nlm.nih.gov/pubmed/27454554
https://doi.org/10.1038/nature23280
https://www.ncbi.nlm.nih.gov/pubmed/28796201
https://doi.org/10.1038/nature23281
https://www.ncbi.nlm.nih.gov/pubmed/28796206
https://doi.org/10.1103/physrevlett.120.146402
https://www.ncbi.nlm.nih.gov/pubmed/29694133
https://doi.org/10.1103/physrevx.8.031079
https://doi.org/10.1103/physrevx.9.041015
https://doi.org/10.1103/revmodphys.93.015005
https://doi.org/10.1103/physrevlett.109.233003
https://www.ncbi.nlm.nih.gov/pubmed/23368192
https://doi.org/10.1088/1367-2630/11/1/013053
https://doi.org/10.1103/physreva.83.063608
https://doi.org/10.1126/science.1192368
https://www.ncbi.nlm.nih.gov/pubmed/20558666
https://doi.org/10.1088/1555-6611/ab48fe
https://doi.org/10.1088/0953-4075/47/21/215303
https://doi.org/10.1103/physreva.75.022103
https://doi.org/10.3390/e28080890

	Introduction 
	Models and Theoretical Methods 
	Results and Discussions 
	Analysis of the Influence of Introducing External Magnetic Flux on System Dissipation 
	The Effect Produced by the Particle Transition t,t' 
	Particle Dissipation in the System (Single-Particle Dissipation Deviation  and Double-Particle Dissipation ) 

	Three-Site Reduced Lattice System 
	Conclusions 
	References

