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Abstract

Advanced seismic hazard assessment frameworks rely on stochastic models which include
aftershock production in the form of branching or self-exciting point processes. Such
empirical constructs are based on debated statistical laws observed across catalogs of
natural seismicity, which lack a derivation from first principles. Here, we derive the
statistics of aftershock production in a generalized mean-field model of avalanche dynamics
with static random thresholds and bimodal relaxation. The number of direct aftershocks is
statistically characterized as a renewal counting process accounting for Borel-distributed
refractory intervals. At the large-number limit, the expected number of aftershocks is
proportional to the size of the parent event with a characteristic scale linearly depending
only on the branching parameter governing refractory intervals, whereas the variance
follows a distinct parabolic dependence with the same parameter. This model provides a
rationale for the overdispersion in aftershock production observed in field data with respect
to the Poissonian offspring numbers of standard Hawkes models, but it cannot explain the
ubiquity of self-similar aftershock production found in catalogs and lab experiments.

Keywords: aftershocks; avalanches; mean-field theory; stochastic process; branching
process; self-excitation; epidemic growth

1. Introduction
Aftershock production is a source of spatiotemporal clustering first described in

seismology and observed across a broad class of systems exhibiting intermittent “crackling-
noise” dynamics [1,2]. These include a broad variety of acoustic emission experiments in
rock fracture [3–6], crack propagation [7], granular shearing [8], or the external stressing
of silica glasses [9–11], wood [12,13] or charcoal [14,15], and even structural phase transi-
tions [16]. Within a point process framework, we define aftershocks as point events caused
by transient increases in the activity rate triggered by preceding events, implying history
dependence, rather than by variations in the exogenous driving. When such an increase can
be traced to one specific event, we can establish direct causal links between the triggered
aftershocks and their parent event. We define this phenomena as inter-event triggering,
which can be described in terms of stochastic branching processes. Epidemic-type after-
shock sequence (ETAS) models designate a category of branching processes combining
the activity caused by both an exogenous driving and inter-event triggering, specifically
incorporating the common statistical laws observed in seismic catalogs [17]. In the point
process framework, ETAS models are often interpreted as self-exciting, a.k.a. Hawkes,
point processes [18], where the history-dependent expected rate of events, a.k.a. the in-
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tensity (λ(r, t)), is a linear superposition of a Poisson background rate λ0(r, t), initiating
independent triggering trees, and the excitation generated by each previous event i:

λ(r, t) = λ0(r, t) + ∑
i

Ψi(r − ri, t − ti, Si) (1)

This excitation term (Ψi) is modeled as the product of a normalized kernel describing
the spatiotemporal probability distribution [19,20] and scaled by a productivity term,
determining the expected number of direct aftershocks generated by an event of size Si in
generic magnitude (e.g., energy or moment):

n(Si) = KSα
i , (2)

where K = n(1).
To date, ETAS models remain largely empirical, being grounded on field and ex-

perimental observations, but lacking a formal derivation from physical principles. This
empirical nature has motivated the continued examination of both the ETAS formulation
and its parameter estimation procedures. For instance, estimates of aftershock productiv-
ity are known to be biased at short times by the transient increase in the magnitude of
completeness following large earthquakes, motivating the development of modified ETAS
formulations that explicitly account for catalog incompleteness [21–23] . Here, we focus on
the so-called productivity law [19,24], which is linked to the size scaling in the production
term presented in Equation (2). While beyond additional geomechanical dependencies [25],
the existence of an average scaling relation between size (or magnitude) and productivity
seems intuitive, the precise statistical form and parameter values of aftershock production
remain disputed.

A first debated issue concerns the apparent scale-free nature of aftershock production.
In ETAS models, the value of the productivity exponent α depends on the definition of
size, e.g., seismic moment, radiated energy, or rupture area, which are typically related by
power laws. The standard ETAS model assumes the Gutenberg–Richter law [26] translated
in sizes (S) as a scale-free distribution:

N(Si > S) ∼ S−b. (3)

When expressed in consistent size units, both exponents α and b define a scale-invariant
ratio α/b which plays a central role in controlling the statistics and topology of the re-
sulting triggering trees [27,28]. (Both power-law expressions (Equations (2) and (3)) take
exponential forms when working with logarithmic magnitude measures. In particular, for
earthquake magnitudes, α ≈ b ≈ 1). In such an idealized scale-free limit, ETAS models
typically consider α/b ≤ 1 such that branching ratios can be constrained to an average
branching parameter ⟨n(S)⟩ ≤ 1 [27] with the particular case α = b corresponding to the
self-similar branching aftershock sequence (BASS) model [29]. Several studies have re-
ported catalog statistics consistent with a near-critical branching regime and the self-similar
BASS limit [29–31]. Similar self-similar values are observed in acoustic emission catalogs
obtained during the compression of highly heterogeneous materials exhibiting mean-field
exponents, such as porous glasses [9] and wood [12], the crackling of ethanol-dampened
charcoal due to evaporation [14], also displaying mean-field exponents, and single crack
propagation close to the depinning limit [7]. Tectonophysical models reproduce the scale-
free limit for quasi 2D systems, i.e., for large events, by imposing a linear relation between
aftershock production and Coulomb stress transfer [32,33]. This explanation cannot ac-
count for the coincidence in the aforementioned lab experiments, which suggest a more
universal origin.
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A second open issue concerns the statistical fluctuations around the mean productivity
law in Equation (2). Simple self-exciting processes assume that the number of triggered
events follows a Poisson distribution, whereas field observations have reported overdisper-
sion, i.e., fluctuations exceeding Poissonian expectations, with offspring numbers better
described by negative-binomial, exponential or geometric distributions [34–37]. Regional
and temporal heterogeneity in the geomechanical properties of seismogenic systems is
known to affect aftershock productivity and can contribute to the apparent overdispersion
of offspring statistics [25]. In addition, as explored in the current work, overdispersion
might be intrinsic to aftershock production and appear as well in homogeneous settings.
Rather than proposing a closed answer to these debates, here, we examine the expected
behavior of aftershock production from first principles considering a generalized mean-
field model.

At the micromechanical level, aftershock production is studied within the framework
of avalanche dynamics, describing the fast transformation events, recorded as earthquakes
or acoustic emission signals, as cascading processes, a.k.a., avalanches, emerging from the
interplay between positive feedback interactions and disorder fields. Several works have
highlighted the role of secondary relaxation time scales, slower than the immediate static-
stress transfer, to the production of aftershocks. Temporal and spatiotemporal clustering is
achieved when including such slow mechanisms of energy transfer in the form of damage
rheology [38], viscoelastic relaxation [39–46], pore-pressure diffusion [47–49], or rate-and-
state friction [40,50,51], operating alongside fast elastic and elasto-plastic interactions.
While sudden transformation events identified as dislocation motion, frictional slip, or
fracture are directly detectable by seismic or acoustic remote sensing [9,41,45,48,52,53],
such slow relaxation processes are harder to detect, yet they are still able to slowly drive
the system toward new metastable states, eventually triggering the secondary fast events
that we identify as aftershocks.

In Section 2, we adopt a generalized description of avalanche dynamics considering
mean-field interactions and a discrete field of random disorder [54]. The bimodal mean-
field (BMF) model introduced here switches the instantaneous relaxation assumed in Baró
and Corral [54] by a bimodal relaxation kernel with two distinct temporal scales, both
faster than driving, akin to the quasistatic transient hardening considered by Baró and
Davidsen [45], Dahmen et al. [55]. This separation of time scales naturally leads to the
stochastic processes described in Section 3. The events that, in the absence of slow relaxation
mechanisms, are identified as independent avalanches decompose into smaller temporally
correlated sub-avalanche events forming aftershock sequences. Previous works considering
slow time scales also reported similar fragmentation mechanics [40,41,45,55]. The resulting
stochastic process can be interpreted as a nested superposition of two branching process:
(i) the fast cascading events building sub-avalanches and represented as point events in
the ETAS formulation, which maps exactly into a Poisson branching process as in Baró
and Corral [54], and (ii) the triggering causal links between such sub-avalanche events
leading to aftershock production in terms of the ETAS formulation. Instead of the Poisson
number expected in self-exciting processes and assumed in the standard ETAS model, the
number of aftershocks directly triggered by a parent event can be mapped into a renewal
counting process consisting of random times plus independent refractory times whose
distribution inherits the statistics of the branching process underlying the sub-avalanche
propagation. In Section 4, we derive the expected number and variance of aftershocks under
a renewal-counting-process central-limit (CLT) theorem, i.e., considering a large number
approximation, and the productivity law in the terms presented in Equation (2), separating
the statistics for first-generation aftershocks and higher generations. In Section 5, we discuss
the observable aftershock production in terms of the ETAS formulation and field studies.
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2. The Mean-Field Aftershock Model
The proposed micromechanical model of aftershock production inherits the formalism

of the stochastic mean-field model proposed by Baró and Corral [54] and generalizes the
mechanisms for aftershock production introduced by Baró and Davidsen [45]. Let us
consider a scalar mean field (ξ ∈ R) slowly driven by a monotonously growing external
field B(t) across a disorder field, consisting of a discrete set of independent and identically
distributed (i.i.d.) random thresholds {X1, X2 > X1, . . . , Xi > Xi−1, . . . }. Let us consider
that the dynamical evolution of ξ(t) takes the form of the linear superposition:

ξ(t) := B(t) + ∑
i|Xi<ξ(t)

Ri(t − ti), (4)

where the internal term Ri(τ) is a positive monotonic response caused by the activation
of a threshold Xi < ξ such that Ri(τ < 0) = 0 and Ri(τ → ∞) = li and li is a finite
long-term field increase or interaction strength. The value ti marks the activation time
of each threshold such that ξ(t → t−i )− Xi turns positive. A last important measure is
the threshold density, ν(ξ), which is well defined for independent {Xi} as the expected
number of thresholds {Xi} ∈ (ξ, ξ + dξ) for units of δξ.

This mean-field model represents the avalanche dynamics of a broad category of
interactive mean-field models with uncorrelated disorder within quasistatic and athermal
conditions [54]. As an example, this construction is isomorphic to the random field Ising
model (RFIM) with mean-field interactions, where the threshold set corresponds to the
internal random fields {hi} and the mean-field can be rewritten in terms of the reduced
magnetization, i.e., the normalized sum of spins m(t) := ∑ Si/N, as: ξ(t) := H(t) + Jm(t),
where the adimensional terms H(t) and J are the external magnetic field and magnetic
exchange term, respectively, and the threshold density ν is inversely related to a local
measure of disorder. The same Equation (4) reproduces the avalanche dynamics in the
democratic fiber bundle model, and it is a good approximation of the self-organized critical
(SOC) slip mean-field theory, which was introduced as a conceptual avalanche model for
earthquakes [55]. At the thermodynamic limit, those models differ only in the evolution of
the model parameters and not in the local mechanics and statistics of avalanches [54].

2.1. Avalanches Modeled as Unimodal Relaxation

Avalanches emerge as instable intervals of the the mean-field in Equation (4) due
to the implicit relation between ξ(t) and {Rj(t − tj)} for j = i and a number S − 1 of
correlative threshold ({j} = {i, . . . , i + S − 1}) activated within the subsequent cascade of
field increases. Under quasistatic conditions, we define an avalanche as an event starting at
some specific threshold activated under external driving such that ξ(ti0) = Xi0 and ending
on the first instance of the condition:

Xi0+S > ξ(ti0+S−1) = ξ(ti0) +
i0+S−1

∑
i=i0

li, (5)

i.e., when all active internal terms Ri are fully relaxed. The number of activated thresholds
(S) marks the size of the avalanche. Given the quasistatic approximation, where B(ti0) ≈
B(ti0+∆−1), Baró and Corral [54] assume a simplified instant response:

Ru
i (τ) = li Θ(τ − δ), (6)

where Θ(x) is the step function and the infinitesimal delay time δ structures the avalanche
propagation into shells containing all the thresholds activated at the same branching
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generation. Here, we will refer to this ansatz as the unimodal mean-field (UMF) avalanche
model, since the relaxation is simplified in a single temporal scale associated with δ.

The resulting avalanches are independent in time with an occurrence rate proportional
to ν, and the propagation profile of each avalanche maps onto a memoryless Poisson
branching process with branching parameter:

µ0(ξ) = ν(ξ)× ⟨li⟩(ξ), (7)

where we use the subindex 0 to indicate that the unimodal mode is a particular case of the
bimodal model (Section 2.2) by setting the parameter h = 0. The sizes (S) of subcritical and
critical (µ0 ≤ 1) avalanches are equivalent to the sizes of subcritical and critical Poisson
rooted trees, which are i.i.d. according to a Borel probability mass function (pmf) [56]:

pmf S(S; µ) =
(µS)S−1e−µS

S!
, (8)

with µ = µ0. For large avalanches and µ → 1, Equation (8) can be approximated as
pmf S(S) ≈ S−1.5µS−1eS(1−µ), which is consistent with the mean-field universal exponent
b = 0.5 in Equation (3).

2.2. Sub-Avalanches Modeled as Bimodal Relaxation

We associate the existence of event-event triggering with a clear separation of, at
least, two characteristic time scales in the internal term Ri(τ) caused by, at least, two
different mechanisms of energy transfer. It is convenient to keep the quasistatic driving
approximation; i.e, both mechanisms relax faster than any perceptible change in B(t).
In realistic operational scenarios, fast mechanisms are detected as spikes in mean-field
change ξ̇(t) while the low transformation profile caused by slower mechanisms is harder
to detect above noise. The resulting evolution of the mean-field ξ(t) within the span of
one avalanche, i.e., until all internal terms are fully relaxed (Ṙi(t′) = 0 ∀i, t′ > t), appears
split into a series of sudden sub-avalanche events separated by intervals of creep caused by
the active slow mechanisms (see Figure 1b). In terms of a point process, we associate such
sub-avalanches as the point events that appear clustered and are susceptible to be assigned
as aftershocks.

Figure 1. Schematic representation of the aftershock production in the BMF model (a) as a branching
process in the field span of a single avalanche (S̃l1) and (b) as a temporal point process, showing the
temporal evolution of ξ(t), in a wider interval containing that avalanche (marked in red). Threshold
values are represented in the mean-field (ξ) line as downward pointing triangles. Red triangles are the
thresholds initiating avalanches, green are the ones activating sub-avalanches, and blue are activated
within a sub-avalanche. Blue and green intervals of ξ represent, respectively, the sudden and slowly
relaxed field changes due to two elements in R(τ). The causal links between sub-avalanches are
indicated in (a) as green dashed arrows.
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Here, we define the bimodal mean-field (BMF) avalanche model as a reduction in the
minimal form, considering a simple internal term constituted by the linear superposition of
an instantaneous relaxation as in Equation (6) and a monotonous, continuous, and differen-
tiable slow part with a temporal profile G(τ), such that G(0) = 0 and G(τ → +∞) = 1. (The
slow part G(τ) might involve a certain degree of complexity, due to the superposition of
different mechanisms with different time scales, without affecting the resulting aftershock
statistics, as long as all such scales are well separated from the fast ones. Differences only
appear in the temporal statistics of such aftershock production). Since both contributions
are normalized between 0 and 1, we represent the internal term in two fractions controlled
by 0 ≤ h < 1. Thus, the internal term of each threshold can be expressed as

Rb
i (τ) = li [ (1 − h) Θ(τ + δ) + h Gi(τ) ], (9)

where δ is an infinitesimal time such that Gi(τ + δ) = Gi(τ) and the slow relaxation is still
fast enough such that Gi(τ) = 1 while driving remains quasistatic (B(t) = B(t + τ)).

As an example, the BMF model is asymptotically exact in the thermodynamic limit to
the avalanche dynamics in a democratic fiber bundle model (DFBM) with generalized Zener
elements instead of elastic fibers [45], where the term h defines the scale or magnitude of a
transient hardening. In particular, the creep compliance of the generalized Zener element
can be expressed similarly to Equation (9) as

JGZ(τ) =
1
E

{
(1 − h)Θ(τ + δ) + h

[
1 − Eα

(
−
(

τ

τ0

)α)]}
(10)

where h := Em
Em+E , E and Em are the elastic moduli defining the primary and secondary

elastic elements, and Eα(−|x|α) is the Mittag–Leffler function, resulting from the fractal
nature of the springpot element [57] and acting as a power-law relaxation term, which is
slower than a memoryless exponential relaxation and recovers the power-law profiles of
the temporal kernel in the ETAS model [44,45]. The introduction of transient hardening
such as this one in mean-field models is shown to lead to aftershock production both in
frictional [55] and fracture [45] models. Here, we focus on the statistical characterization of
such aftershock production.

3. Stochastic Representation
As in the UMF model [54], we will interpret the dynamics of avalanche and sub-

avalanche propagation in the BMF model in terms of stochastic branching processes. We
will consider a simplified model with a unique h, li := l1, Gi(τ) := G(τ) and uniform ν,
which is a valid approximation at the thermodynamic limit for any infinitesimal subcritical
interval [ξ(t), ξ(t) + δξ). Once a threshold {Xi} is crossed, the instant field increases as
ξ(ti + δ) = ξ(ti) + (1 − h)l1. The number of immediately surpassed thresholds due to the
fast relaxation is a Poisson number with branching parameter:

µh := (1 − h)l1ν, (11)

analogous to the propagation of avalanches in the UMF in Equation (7) with a correction
term (1 − h). Once both the slow and fast term relax, the field change due to that specific
threshold reaching ξ(t0 + τ)− ξ(t0) = l1, which recovers the branching parameter µ0 = l1ν

of the UMF model [54]. Consequently, the separation of temporal scales between fast
relaxation, slow relaxation and driving results in a structure of nested branching processes
in which the avalanche, the size of which is invariant to h, is split in sub-avalanche events
constituted by the instant cascading activation of thresholds caused by fast (i.e., detectable)
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relaxation, which are connected by (undetectable) intervals of slow relaxation or creep.
The structured dependence between sub-avalanches is similar to the production term (Ψi)
assumed in ETAS models.

Figure 1a illustrates the resulting branching process splitting avalanches in sub-
avalanches. We will designate as tk the time each sub-avalanche event (k) starts. Consider
that a first threshold Xi0 is activated due to the slow driving at time ti, when ξ(ti) = Xi0 ,
initiating both the root sub-avalanche (event i in the point sequence) and the triggering
tree or full avalanche. At time ti + δ, i.e., after the fast relaxation, a number K1 of new
thresholds fall behind the mean-field value:

ξ(ti + δ) = ξ(ti) + (1 − h)l1, (12)

and are activated due to the fast relaxation. In Figure 1, K1 = 1 and only {Xi0+1} is
activated. The process is recursive, leading to the internal propagation within the sub-
avalanche. At time ti + gδ, a new shell (or generation) g constituted by a number Kg of
thresholds is activated due to the increase:

ξ(ti + gδ) = ξ[ti + (g − 1)δ] + (1 − h)l1Kg−1. (13)

Therefore, the propagation of the first sub-avalanche is, as expected, a Poisson branching
process that is equivalent to the propagation of avalanches in the unimodal model, leading
to Borel distributed sub-avalanche sizes (Si), as in Equation (8) but now with µ = µh.
Following the avalanche propagation, after all the fast internal terms are relaxed, the next
threshold might, or might not, be reached before all previous slow internal terms are
fully relaxed (e.g., the case of {Xi0+2} in Figure 1). If any, the first aftershock corresponds
to the next sub-avalanche event i + 1 initiated at time ti+1 at which the next threshold
X(i+1)0

is reached by slow relaxation. For example, the activation of X(i+1)0
= Xi0+2 in

Figure 1 is shown in Equation (14). (The equation can be inverted to determine ti+1, thereby
resolving the occurrence times of consecutive sub-avalanche events. This relation becomes
more complex, although it remains numerically solvable, when considering the concurrent
relaxation of several sub-avalanche events [45]).

ξ(ti+1) = ξ(ti) + Si(1 − h)l1 + Sihl1G(ti+1 − ti) = X(i+1)0
. (14)

Right after the activation of X(i+1)0
, the field increases as ξ(ti+1) = ξ(ti+1 + δ) + (1 −

h)l1, leading to the same branching process for the root in Equation (13) with the same
branching ratio in Equation (11). Therefore, sub-avalanche sizes are i.i.d. as Equation (8)
with µ = µh.

4. Aftershock Production
The main difference between the UMF and the BMF is the introduction, in the latter,

of clustering in the time series of sub-avalanche events. As expected, the final field value at
the end of the avalanche after all responses, fast and slow, are relaxed reads ξ(t → ∞) =

ξ(ti,0) + l1 ∑k Sk, where k contain now all sub-avalanche events, and leading to a state
equivalent to consider the UMF. Therefore, the size (S̃) of the avalanche is invariant to
h, and the effect of h is the splitting of the avalanche in a sequence of inter-event creep
intervals and instant individual sub-avalanche events of size Sk, such that S̃ = ∑k Sk. The
resulting point process can be interpreted both in terms of the mean-field (ξ) and time (t)
units (x and y axes in Figure 1b). Due to the independence of {Xi}, the field difference
separating the end and initiation of consecutive sub-avalanche events, both background or
aftershock, are exponentially distributed in units of ξ with frequency ν. Therefore, temporal
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clustering appears in the form of aftershock production only in the temporal point-process
representation, not in the mean-field line where {Xi} are i.i.d. Whilst avalanches themselves
are temporally independent, only conditioned by the driving rate Ḃ(t), sub-avalanche
events within the same avalanche are temporally correlated given the functional form of
G(τ). Such temporal correlations, leading to a process similar to self-excitation, might be
interpreted as the result of univocal causal links connecting each parent event destabilizing
a field interval and the offspring initiated by {Xi} values within that interval. This is
considering the span between the relaxed state of all previously activated thresholds in the
simulation right before and right after the parent sub-avalanche. Following this stability
criteria, the first sub-avalanche event within an avalanche corresponds to a background
event, in terms of ETAS models, or a root, in terms of branching processes, which is
activated by the crossing of threshold Xi due to B(t) if all internal terms are quiescent or
fully relaxed. A sub-avalanche j is defined to be triggered by a previous sub-avalanche i of
size Si starting at a time ti if and only if the threshold value Xj initiating the sub-avalanche
j fits within an interval:

B(ti) + ∑
k<i

Skl1 < Xj ≤ B(ti) + ∑
k<i

Skl1 + Sil1, (15)

meaning that the field increase caused by Si is the first one sufficient to push the field
ξ across the value of Xj at some finite time before the driving resumes. As illustrated
in Figure 1a, a background sub-avalanche 0 of size S0 can trigger a number N1 of first-
generation (d = 1) aftershocks. A generation d, consisting of Nd of sub-avalanche events,
will trigger in its turn a number Nd+1 := ∑Nd

j Nj sub-avalanche events constituting genera-
tion d + 1, accounting for the Nj direct aftershocks of each sub-avalanche event j within Nd.

4.1. Aftershock Production in Terms of Field Interval

We define Tj as the effective field interval within which aftershocks of sub-avalanche j
can be produced. As shown in Section 4.2, the general relation between Tj and Equation (8)
is not a trivial matter. The number of direct aftershocks triggered by j is the number
of sub-avalanches that are initiated within this interval Tj. Since we consider the same
parameters l1, ν and h, all sub-avalanche events are i.i.d. with sizes (Si) distributed as
in Equation (8) with the branching ratio in Equation (11), as shown in Figure 2a. Hence,
each of these aftershocks causes a sudden increase in the field Si(1 − h)l1 within which
no new sub-avalanches can be initiated, since all {Xk} activated within belong to event
i. Therefore, the sequence of direct aftershocks can statistically be modeled as a renewal
process of independent events with stochastic refractory mean-field intervals, or times in
the traditional language, as schematically illustrated in Figure 3. The pmf of Nj is a Poisson
number excluding the refractory mean-field intervals.

We can derive an approximate solution to the statistics of N|T for large numbers. As
verified with the statistical distributions shown in Figure 2, the mean-field intervals be-
tween consecutive sub-avalanches (∆ξ) account for the i.i.d. inter-event intervals ν and
refractory times:

∆ξ ∼ Exp(ν) + (1 − h)l1Borel(µh), (16)

where Exp(ν) and Borel(µh) are i.i.d. numbers from the independent exponential distribu-
tion for random events and the Borel distribution for sub-avalanche sizes, respectively. Due
to the statistical independence between the two terms, the cumulants are additive. Thus,
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E(∆ξ) =
1
ν

(
1 +

µh
1 − µh

)
=

1
ν

1
(1 − µh)

, (17)

Var(∆ξ) =
1
ν2

[
1 +

(
µh

1 − µh

)3
]

. (18)

The central limit theorem (CLT) provides a solution to renewal counting processes for large
numbers [58]. Considering Equations (17) and (18), the approximate number of aftershocks
produced in a field interval T follows a symmetric Gaussian distribution with parameters
mean µN and variance σ2

N such that

nT(νT; µh) := µN(T; µh) ≈
T

E(∆ξ)
= (1 − µh)νT, (19)

σ2
N(T; µh) ≈

Var(∆ξ)

[E(∆ξ)]3
=

[
1
4
+ 3

(
µh −

1
2

)2
]

νT. (20)

Figure 2. Sub-avalanche distributions extracted from raw BMF simulations represented in logarithmic
bins: (a) distribution of sub-avalanche sizes (S) compared to the predicted Borel dsitributions in
Equation (8); (b) distribution of field intervals between sequential sub-avalanches and the predicted
Poisson process with a rate coinciding with the imposed parameter ν = 1.

Figure 3. Schematic representation of the renewal process describing the statistics of direct aftershocks.
Within a mean-field interval T (blue line), we can fit a number N of {i} independent events with
frequency ν and refractory field-intervals {Si(1 − h)l1} (wide red lines) being Si Borel distributed, as
in Equation (8) with parameter µh := (1 − h)νl1.

Figure 4a compares the conditional averages of direct aftershocks ⟨N|νT⟩ obtained in
raw BMF simulations, in small dots, the renewal model from Equation (16), in solid colored
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lines, and the asymptotic CLT limit nT(νT) in Equation (19), in dashed black lines. We
show the results of two different h values (h = 0.1 and 0.8) at a high avalanche branching
ratio (µ0 = νl1 = 0.94). For the raw simulation, we only consider background events,
for which the interval has a linear dependence with sizes Tj = hl1Sj (see Section 4.2).
Since sub-avalanche sizes in the BMF are subcritical, the span of T values reachable in raw
simulations is limited to a characteristic upper cutoff derived from the Borel distribution in
Equation (8). We verify the convergence to the asymptotic approximation for long T and
provide predictions for rare extreme events by directly simulating sub-avalanche sequences
imposing fixed T values (large squares). The BMF simulations by the two methods are
indistinguishable from the renewal model in Equation (16) for all sizes. The CLT limit
nT(νT) stands even for small T values, except in regimes where large sub-avalanches are
statistically significant, i.e., close to the critical branching considering both l1ν ⪅ 1 and
h ⪆ 0 (e.g., red in Figure 4a). In Figure 4b,c, we verify the agreement for the different h
values with a scaling relation:

P(N|νT) =
1√

nT(νT)
Φ

N − nT(νTj)√
nT(νTj)

. (21)
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Figure 4. Conditional averages ⟨N|νT⟩ of direct aftershock production for l1ν = 0.940 and h = 0.8
(green) and h = 0.1 (red). (a) Small circles show the averages obtained by raw BMF simulations
sampling 107 random thresholds; large boxes show simulations of 105 independent sequences of
events within an imposed νT; solid lines show the averages of 105 simulations of the renewal model
for each value of νT; dashed lines show the CLT limit nT(νT) from Equation (19). Scaling collapses of
P(N|νT) are shown (b) for h = 0.8 and (c) for h = 0.1. Black dashed lines show the Gaussian CLT
solution from Equation (21) imposing Equation (20).

The scaling function Φ(x) agrees with the Gaussian approximation quite beyond
the CLT limit except where aftershock production is low, e.g., for small parents at high
branching ratio (l1ν = 0.94 and h = 0.1 in Figure 4c). The width of the distribution scales
on µh as predicted for the variance in Equation (20).
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The universal dependence of aftershock production in terms of µh is further exposed in
Figure 5. The expected value from Equation (19) can be expressed in terms of the productivity
law in Equation (2) as linear asymptotic dependence nT(νT) = K⟨T⟩(µh)× νT with

K⟨T⟩(µh) ≈ 1 − µh. (22)

In a similar way, we can express the variance in Equation (20) in terms of the linear
dependence σ2

N(T) = Kσ2
N
(µh)× νT, also depending only on the branching parameter (µh)

with the parabolic shape:

Kσ2
T
(µh) ≈ 0.25 + 3(µh − 0.5)2. (23)

Figure 5a shows the estimates of K⟨T⟩(h, µ0) by fitting the cumulants from independent
aftershock sequences at different fixed T (e.g., the large boxes in Figure 4a) up to T = 104 as
a linear regression by linear least squares (LLS). Each line corresponds to the dependence
on h given different values of µ0 = νl1. Figure 5b shows the collapse of both nT and σ2

T as a
function of µh. The collapse agrees with the large-number approximation in Equations (22)
and (23) except for large branching parameters µ0 and low transient hardening h ≲ 0.1 for
which aftershocks are scarce. Only for µh = 2/3 is the variance of aftershock production
compatible with the null Poisson hypothesis (K⟨T⟩ = Kσ2

T
) considered in the point process

interpretation of ETAS models. That point marks a transition between under- and overdis-
persion. The Fano factor F(µh) = σ2

T(µh)/nT(µh) decreases as function of µh down to a
minimum value Fmin = 2

√
3 − 3 ≈ 0.46 for µh = 1 − 1/

√
3 ≈ 0.42 before a progressive

increase, crossing the transition point, toward a divergence at µh → 1.

Figure 5. Representation of K for mean and variance as function of h and νl1. Values K estimated from
the linear relation n(νT) = KνT are shown in squares (K⟨T⟩) and triangles (Kσ2

T
) with color-scheme

matching the νl1 values: (a) as function of h; (b) as function of µh. Gray lines show the expected
results from Equations (22) in both (a) and (b), and (23) in (b).

4.2. Aftershock Production in Terms of Sub-Avalanche Size

The solutions in terms of Tj derive from the renewal model in Equation (16), which
imposes a Poisson field increase between the end of a sub-avalanche and the onset of the
next. This implies that the onset of the first aftershock is Poisson. This condition requires
that Tj excludes the initial offsets caused by the refractory intervals (1 − h)l1Sk of the same
event j or any other sub-avalanche event, the aftershock of an event previous to j, screening
the interval before any aftershock of j can occur. For example, we consider the intervals
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Ti and Ti+1 in Figure 1a. If j is the root of an aftershock tree, the interval in Equation (15)
starts at the onset of the parent event. Therefore,

T(g=1)
j = l1Sj − (1 − h)l1Sj = hl1Sj, (24)

i.e., the interval slowly relaxed by that event. This implies that the expression for T
in Equation (19) directly provides a closed mathematical solution for first-generation
aftershocks (d = 1) considering Equation (24). On the contrary, the interval in Equation (15)
for higher generation aftershocks (d > 1) is detached from the onset of the parent. Such
an interval might be screened, or not, by itself or other events within the same aftershock
tree, causing a non-trivial generational memory in the aftershock branching process. The
different possible scenarios are schematically represented in Figure 6. In general, Tj is
bounded within:

Figure 6. (a) Possible screening scenarios for the effective Tj given a parent event sized Sj and
depending on the aftershock generation. The shaded blue area corresponds always to Sjl1. First-
generation aftershocks always occur within an interval Tj = hliSj. For higher generations, the interval
Tj is stochastic and constrained between 0 and Sjl1 depending on whether the situation was total,
partial or no screening due to previous events. (b) Dependence of the mean length of unscreened field
intervals for aftershock production (T) on the generational depths of such aftershocks (d) and (c) the
size of the parent (S). The conditional averages are normalized by the upper bound l1S. The values
1 − h expected for background events following Equation (24) are marked with colored dash-lines.
Black dashed lines correspond to the limit Tj = l1Sj.

0 ≤ Tj ≤ l1Sj. (25)

The right panels in Figure 6 show the dependencies of average T normalized by the size of
events (l1S). The memory effects tend to level off at high generations toward an unspecified
value higher than the one for d = 1 (Figure 6c). On the contrary, for large S, i.e., large
T, the relation approaches the one for d = 1 (Figure 6b). The aftershock production
over all generations is compared to first-generation aftershocks in Figure 7 for a reduced
selection of µ0 and h values. Four theoretical lines are shown for each data-set. Lower
solid lines corresponds to the numerical solution of Equation (16) assuming Equation (24),
which matches the theoretical prediction for first-generation aftershocks. Upper solid lines
represent the theoretical limit Tj = l1Sj. Dashed lines mark the CLT asymptotic behavior
for both cases. Apart from the perfect match between first-generation aftershocks and the
renewal model assuming Equation (24), the simulation results considering all generations
are encased between the two renewal models (solid lines). This is consistent with Figure 6c,
where the effective interval T is enclosed between hl1S and l1S, which is a gap that narrows
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as h approaches one. Therefore, the asymptotic CLT limit forcedly leads to N ∝ S even
considering all generations. We also observe that although the global production always
approaches the first-generation solution, the approach to the CLT limit is slower as the
model approaches criticality (µ0 → 1) where Borel refractory times become broad.

Figure 7. Effective productivity law of direct aftershocks in terms of parent size for µ0 = 0.9 and
h = 0.2 from conditional averages ⟨Nj|Sj⟩ for d = 1 (empty symbols) and for all d values (filled
symbols). Solid lines show the expected values for the renewal model in Equation (16) for first-
generation aftershocks (T = (1 − h)l1S) and the upper limit (T = l1S). Dashed lines show the
asymptotic CLT solution in Equation (19) considering both limits.

The higher differences with first-generation aftershocks are observed in the situation
with higher branching, approaching the scale-free limit µh → 1. Around this limit, an
estimation of the productivity laws within a narrow interval of S could render effective
α exponents below 1. We explore the possible range of such an effective exponent when
estimated by LLS in a log-log scale. (In order to address statistical artifacts below the CLT
limit, a more precise maximum-likelihood estimation of parameters α and K is advised [33],
but it should account for the non-Poissonian nature of the underlying renewal counting
process, which is beyond the scope of this paper.) In Figure 8a, we fit the following heuristic
correction to the average numbers for µ0 = 0.9, h = 0.2, considering the renewal-counting-
process CLT (nCLT) in Equation (22) with T = hl1S:

⟨N|S⟩ ≈ nfit(S) :=
(

1 + c(1 + S/sc)
−β

)
nCLT(S), (26)

where c, sc and β are positively defined free parameters. The Gaussian scaling for the CLT
limit in Equation (21) around this ansatz (26) is significant and accurate, considering the
reduced statistics, even for small numbers (Figure 8b). We can approximate an effective
productivity law given by an LLS fitting in the log-log space as

αeff(S) :=
∂ ln(N)

∂ ln(S)
= 1 − βc S/sc

(1 + S/sc)
[
(1 + S/sc)β + c

] . (27)

This expression has a single minimum at Sm given c(1− Sm/sc)−β = b(1− Sm/sc)− b+ 1. The
example in Figure 8, close to the large branching limit, accepts a minimum αeff(Sm) ≈ 0.75 for
first-generation aftershocks and αeff(Sm) ≈ 0.60 for all aftershocks.
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Figure 8. Simulation results of BMF for µ0 = 0.900, h = 0.2 and N = 107 thresholds compared
with the ansatz in Equation (26) for first-generation aftershocks (d = 1) and all generations. (a) The
approach of ⟨Nj|∆j⟩ toward nCLT represented in the scaled difference between them. Dashed lines
show the best fit for nfit(S). (b) Scaling collapse of distributions P(N|S), as in Figure 4c, considering
the scaling parameter from Equation (26).

5. Discussion
We obtained a closed asymptotic solution for aftershock production in the mean-field

model owing to the direct mapping between avalanches and branching processes, which
allows the interpretation of aftershock production as the renewal process in Equation (16),
that would be otherwise difficult to obtain in more realistic low-dimensional systems. This
mean-field approximation has its own limitations to explain field observations.

Since avalanche growth is constrained by the branching condition µ0 ≤ 1, the sizes of
sub-avalanches, with branching parameter µh = (1 − h)µ0, are subcritical. Therefore, it is
mathematically impossible within the present formulation to reproduce both aftershock
production and the scale-free Gutenberg–Richter law from Equation (3). Another important
limitation of the mean-field approximation is the kind of aftershock-tree structures that can
be obtained. By construction, all aftershocks in the BMF model are temporally ordered.
Aftershocks of event i will occur after all aftershocks of event j < i and before all aftershocks
of event j > i. The resulting “combed” tree structures are unlikely to occur in real catalogs,
where local field changes will activate independent branches involving different regions.
Attempts to compare branching topologies with field observations [28] are therefore forfeit.

Finally, we highlight that causal connections between sub-avalanche events are es-
tablished through stability criteria within the micromechanics rather than through the
spatiotemporal distance or other metrics commonly used in earthquake catalogs [59,60].
The distinct definitions of causality may partly account for discrepancies in the inferred
aftershock statistics. Since spatial information is absent in the mean-field formulation,
aftershock identification based on temporal proximity alone would produce a sequential
genealogy, where each event is attributed, if any, to the immediately preceding one. This
alone is sufficient to render useless any comparative attempt between the two identification
approaches. Tectonophysical models, such as the clock advance model [32] or the solid
seismicity postulate [33], assume similar stability criteria. There, the spatial density of
direct aftershocks is assumed to be proportional to the Coulumb stress change. We interpret
the metric criteria used in field catalogs as an operational inference of the underlying causal
network based on more fundamental physics rather than as unique definitions of causality.

Mean-field models commonly share a universality class with characteristic scale-
free exponents of avalanche statistics, e.g., b = 1/2, which is a consequence of the lack
of memory in avalanche profiles [54]. The range of scale-free exponents is known to
broaden when considering low-dimensional systems and it is generally non-universal,
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exhibiting parameter dependencies on aspects such as dissipation, interaction ranges and
structures. This is the case of earthquakes where mechanistic [61,62], regional [63,64],
or temporal [55,65–67] dependencies on b-value are often discussed, which are always
around ≈0.7, higher than mean-field models, when measured in earthquake moment
magnitudes or displacement [68]. We highlight that within the idealized pure scale-free
scenario, aftershock production is determined by the ratio of α/b and a K production
term [7,27,28]. Therefore, α and b-values are not independently fundamental to the statistics
of aftershock production. However, we cannot discard such non-universality in low-
dimensional systems as an alternative mechanism tuning b or α toward the self-similar
aftershock production. Acknowledging the limitations of the mean-field approximation,
the present results represent a counterexample indicating that stress-relaxation dynamics
alone do not generically enforce the self-similar condition imposed in the BASS limit (α = b).
We have shown how lower effective α values are possible below the CLT limit both when
considering the complete aftershock sequence and when restricting the analysis to first-
generation aftershocks. Close to the self-similar limit (µ0 = 1 and h → 0), the convergence
toward the asymptotic is slower. Therefore, the observation of a transient exponent α < 1
is plausible, even for relatively strong parent events, but it is still significantly higher than
the BASS limit α = 0.5. Similarly, Mignan [33] reports a higher exponent α ≈ 1, which is
self-similar in terms of m, for southern California when restricting the study to large parents
(m > 6), in contrast to the lower α-values where statistics are affected by low aftershock
production numbers (2 < m < 6). This behavior is opposed to the theoretical one, where
the geometric constrains toward a 2D plane appear, precisely for strong events, finding a
higher ratio (α/b = 1.5) for weak earthquakes in an unrestricted 3D space. Other known,
or yet to be discovered, systematic biases in aftershock detection and identification, such as
short-term incompleteness [21–23] might also condition parameter estimation.

To keep branching subcritical, exponents α > b are only feasible in subcritical sub-
avalanche statistics, i.e., in the presence of the cutoff to the power-law distribution that
appear naturally in the formulated BMF model. It is also yet to see the effects of including
SOC and facilitation mechanisms to the model, leading to a non-stationary, and potentially
transiently supercritical, µ0(t) [55]. The emergent transition between SOC and supercritical
regimes has been proposed to underlay the observed coexistence or transitions between
Gutenberg–Richter and characteristic earthquake regimes [69] and introduce temporal
dependencies within the earthquake cycle [66,67]. A temporally dependent µh(t) within
the supercritical avalanche, a.k.a. the aftershock tree, can modify as well the α value at the
CLT limit. Sub-avalanche propagation in low-dimensional systems exhibit generational
memory and do not necessary attain the branching relation in Equation (11). Geometrical
constrains might act as an alternative restraining mechanism to tree growth, leading to the
compatibility between scale-free sub-avalanche statistics and aftershock production. In all
such different scenarios, the emergence of a stable point is foreseeable, which could coincide
with the stable scale-free limit assumed in BASS even in the mean-field approximation. Oth-
erwise, the results of this model do not explain the α = b limit of BASS, which appears both
in natural catalogs within tectonic settings and acoustic emission experiments on systems
encompassing diverse universality classes from mean field to depinning transitions.

The results of this paper may also motivate a reinterpretation of ETAS models within
stochastic process frameworks. In the BMF model, the stochastic representation determin-
ing the statistics of aftershock production is naturally defined in the space of the ’mean-field’
rather than in the conventional physical ’time’ where the temporal clustering is identi-
fied. The renewal interpretation of the statistics in the mean-field space suggests that the
productivity, in the terms of the temporal point process in Equation (1), should not be
regarded as constant but rather the measure of a finite resource progressively consumed by
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its direct offspring. In this view, each aftershock simultaneously adds its own triggering to
the activity and reduces the remaining triggering potential available to its direct ancestor
through a shadowing mechanism associated with the exhaustion of residual stresses. Such
a process lies outside the classic self-excitating point process formalism, where each off-
spring event is generated independently, but can be incorporated as an additional memory
effect. Alternative hierarchical descriptions of seismicity based on avalanche-like relax-
ation cascades and memory effects have also been proposed [67]. Such interpretations are
also consistent with broader notions of resource-limited branching dynamics considered
in self-similar and stress-constrained extensions of epidemic aftershock models [70–73].
These approaches generally modify the offspring statistics by introducing dependencies
in aftershock sizes while preserving independent production among descendants, which
is a mechanism frequently debated in natural seismicity [74–77]. On the contrary, all af-
tershocks and root events in the BMF are instead i.i.d. from the same statistical law in
Equation (8). Overdispersion in the BMF model is instead attained with the aforementioned
dynamical redistribution of triggering capacity, where the production term of the parent
decreases in proportion to the aftershock size, moment or energy. The implications may
also extend to aftershock identification techniques, many of which rely on ETAS-based
metrics to infer causal relationships between events [59].

6. Conclusions
We have shown how temporal clustering appears naturally in a mean field model

with uncorrelated disorder and two modes of relaxation with different temporal scales,
mimicking the dynamics of a general category of potential aftershock production mech-
anisms. The temporal clustering can be interpreted in terms of aftershock production
with unique causal links where each sub-avalanche parent event destabilizes a mean-field
interval where aftershocks can initiate. The results obtained in this conceptual model are
generalizable to mean-field models defined over a discrete field of random disorder and
positive interactions with a temporal profile described in the form Equation (9). This in-
cludes multimodal modes combining the different mechanisms described in Section 1, but
it might be extensible to avalanche dynamics in other areas exhibiting temporal clustering.

The number of direct aftershocks follows the renewal counting process with refractory
field intervals defined in Equation (16). We find an exact solution at the CLT limit, returning
Gaussian numbers where the expected value and variance in Equations (19) and (20) scale
with the duration of the effective portion of the interval where aftershocks can initiate, with
a factor that only depends on the branching parameter of the sub-avalanche propagation
(µh). The mean aftershock production follows a linear law, while the fluctuations exhibit a
non-Poisson dependence entirely controlled by µh. The overdispersion regime, occurring
close to the critical limit (µh ≲ 1), is consistent with field observations, and it appears
as a statistical feature even in homogeneous systems rather than owing to the regional
or temporal heterogeneity of the underlying geomechanics. Such overdispersion had
previously motivated the ad hoc inclusion of geometric or negative-binomial offspring
distributions into the ETAS models [27,34,35,37]. The resulting renewal model in the
present work provides an indirect way to generate overdispersion based on physical
mechanisms, which can be used to guide new stochastic model formulations closer to first
principles and physical constrains and reduce systematic biases in parameter estimation
and exceedance probabilities, ultimately influencing the assessment of short-term seismic
hazard and emergency management following large earthquakes.

The mean-field formulation provides a simplified framework useful to derive stochas-
tic models from first principles but comes with its own limitations. Some specific results,
such as the memory on the relation between production and generational-depth, the impos-
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sibility of obtaining scale-free aftershock production within finite trees, the high α-values,
and the sorted topology of trees are inherent to the mean-field formulation and will foresee-
ably disappear in low-dimensional systems. Mean-field inconsistencies with real catalogs,
as well as a comparative study with operational metric identification techniques, will
require examination in finite-dimensional systems such as interface depinning models
with viscoelastic relaxation [40], plastic yielding and elastoplastic models [78], spring-
block models [39,44,46], or fiber bundle models [79]. The inclusion of SOC and facilitation
mechanisms in the mean-field model might lead to transient supercritical regimes with
time-dependent parameters and could constrain the α-values below the self-similar limit.
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