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Abstract

The wind field in urban areas is characterized by an inherent spatial variability, which is
also termed spatial uncertainty. This may be manifested as a noticeable difference between
rooftop-level measurements in adjacent locations, the degree of which changes throughout
the day. In meteorological and environmental contexts, such uncertainty is often described
as a probability distribution. Usually, studies deal with the uncertainty of each wind vector
component separately, i.e., wind speed and direction. The uncertainty is assumed to be
distributed symmetrically around the mean and represented by a single characteristic value.
Such representation neglects the correlation between the two wind vector components to-
gether. This, in turn, may result in wind vector component combinations that are physically
inconsistent with realistic wind regimes. This study proposes a method that quantifies the
spatial uncertainty of the urban rooftop wind. It is based on a covariance matrix that quan-
tifies the relationship between the rooftop spatial wind components alongside the seasonal
Mahalanobis distance functions. It draws on a representative sample of weather stations
and previously calculated seasonal log-logistic Mahalanobis distance functions. Thus, an
elliptic-shaped tolerance region is calculated to quantitatively estimate a given proportion
of the possible values of the wind vectors at a given time. The model was demonstrated on
the metropolitan area of Tel Aviv. The results show that the spatial wind distribution can
be very well represented by a small sample of merely four stations. The model’s results
were found to be well within the confidence interval, leading to the conclusion that the
model is fully capable of providing an accurate description of the current state of the urban
wind field.

Keywords: spatial analysis; wind distribution; Mahalanobis distance; meteorological
observations; spatial uncertainty

1. Introduction

Atmospheric wind is the primary mechanism responsible for the transport and dis-
persion of scalars, including pollutants, water vapor and heat [1-3]. Specifically, the
time-averaged wind velocity governs the process of advection, while the lateral and verti-
cal spread is driven by turbulent eddies [4,5]. In urban environments, this time-averaged
wind is a critical determinant of air quality and the transport of pollutants [6-10]. Further-
more, by modulating the transport of heat and moisture, the mean wind field significantly
influences pedestrian thermal comfort and the intensity of the Urban Heat Island (UHI)
effect [11-15]. Beyond thermal comfort, pedestrian safety can be compromised when strong
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upper-level winds are deflected to the street level [10]. Moreover, while recent technolog-
ical advancement has accelerated the use of unmanned aerial vehicles (UAVs) in urban
environments, these platforms are highly sensitive to the prevailing wind, which affects
their operational range, endurance and safety margins [16-18].

When the urban time-averaged wind is based on measurements it frequently exhibits
inherent spatial variability [14,19-22]. Such variability often exists in the rooftop wind
which is measured by weather stations. Several factors may influence this variability.
Among these is urban morphology, as is exemplified in Nanjing and New York City,
where the orientation of buildings relative to the prevailing wind direction affects wind
measurements [23,24]. Specifically, in New York City, noticeable differences were observed
between the wind vectors measured in weather stations that are less than 500 m apart [23].
Another factor that is influential in urban regions that are adjacent to large bodies of water
is the distance to these bodies of water. Such is the case in Singapore where locations that
are close to the open sea in the south experience stronger wind speeds than locations less
than 2 km northwards [25].

Due to this spatial variability across whole cities, a single weather station cannot repre-
sent the urban wind field adequately and a network of weather stations are needed [26-28].
Usually, such networks are established by large organizations, such as national weather
services, universities and research institutes [29-33]. However, as personal weather stations
gain popularity, the potential for crowdsourcing—specifically, obtaining data from publicly
available low-cost sensors—becomes increasingly viable. While such crowdsourcing may
harness a large number of weather stations, issues of data quality and site representa-
tiveness should be taken into consideration, as these stations are not set up by profes-
sionals [34]. Interpolation methods can be applied on data collected by weather stations’
networks [29,35-38]. These can estimate the urban field within the urban canopy [36-38] or
under the constraints of complex terrain [29,35].

A weather stations” network can represent this variability by positioning the sta-
tions at relatively similar heights. Specifically, for urban environments characterized by
a fairly uniform building height, H, the commonly used guideline recommends placing
anemometers at approximately 1.5 H-2 H [39]. This height is generally referred to as
rooftop-level [23,25,29,40]. These rooftop anemometers provide wind observations at a
height that is still within the urban roughness sub-layer, where turbulent fluxes vary with
height, but also above the bulk of the roughness elements. Using standard morphometric
estimates for dense mid-rise districts (displacement height dy ~ 0.7H and roughness length
zo ~ 0.1H), these measurement heights correspond to (z — dy)/zg ~ 8 — 13, i.e., within the
range usually associated with the logarithmic surface-layer region [41-44]. Wind-tunnel
and field studies over urban-type roughness have shown that, when profiles are appropri-
ately averaged in space, the mean wind above such canopies follows a displacement-height
logarithmic law from roughly one building height upwards to at least 2-3 H, even though
the layer is not a strict constant-flux inertial sub-layer [41-43,45]. On this basis, the layer
between about 1.5 H and 2 H can be treated as a quasi-logarithmic region and thus a
displacement-height log profile can be fitted to the observed mean winds. This leads to an
estimated wind profile at different heights above the urban canopy.

In order to characterize the urban spatial wind, the inherent variability of the rooftop
wind can be treated as corresponding to the degree of uncertainty. In meteorological and
environmental contexts, such uncertainty is often described as a probability distribution,
which characterizes the range of its potential values [46-51]. Usually, studies deal with the
uncertainty of each wind vector component separately, i.e., wind speed and direction. This
uncertainty is assumed to be distributed symmetrically around the mean and represented
by a single characteristic value, which is a constant regarding the wind direction (e.g., £60°)
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and proportional to the mean when the wind direction is concerned (e.g., £70%) [46,47].
Such representation neglects the correlation between the two wind vector components to-
gether. This, in turn, may result in wind vector component combinations that are physically
inconsistent with realistic wind regimes.

This study proposes a method that quantifies the spatial uncertainty of the urban
rooftop wind. It does so by describing this uncertainty as an elliptic-shaped statistical region.
This region covers a given expected proportion of the possible values of the spatial wind
vectors. This is based on a covariance matrix that quantifies the relationship between the
rooftop spatial wind components alongside with seasonal Mahalanobis distance functions.
The covariance matrix is calculated from real-time measurements from a representative
sample of weather stations, while the Mahalanobis distance functions were empirically
estimated from historic seasonal data. As the deployment and the ongoing maintenance of
a dense network of weather stations is a difficult and expansive undertaking that requires
coordination and on-going quality assurance [27,52,53], the method employs a two-phase
scheme. It is based on a sparse network that continuously monitors the urban area of
interest and utilizes data from a dense network that was deployed in the same area for a
limited time in the past [54].

2. Methods

2.1. Theoretical Considerations
2.1.1. The Wind Vectors’ Spatial Population and Sample

Oty
y
defined as a random variable. u;,, and vy, are its components in the east-west and

u
Let U, = < ey ) , the wind vector at time ¢, at a point (x, y) in the area A, be

north-south axis, respectively. Now, let Fp be the spatial population of the wind vectors
over all possible points in A in time t—i.e., Fp = {ufx,y V(x,y) € A } Among the many
quantitative statistics that can describe this distribution, there are the population mean,
ut (a 2-dimensional vector), and the population covariance, ; (a 2 x 2 matrix).

Given the population, Fp, a representative sample, Fs, can be chosen. This sample
consists of n weather stations, Fs = [Utxwl, Utxz,yz, o Ut |(xj,y;) €A i=1,2,...,n
which are also located in the area A. It is convenient to organize the sample as a matrix—i.e.,
Fs = {Utxl,yl Uty
following statistics are calculated:

T
lltan} with dimensions of 4 x 2. From this sample, the

— _ 1
Uy = (ut, 9t) = Jin - Fs - - (1)

where U; is the sample average, whose components, #; and 7;, are the averages of the
sample wind vectors’ components. [; , is a matrix of ones and is of the order 1 x n.

1
n—1

var(uy)  cov(u, vp)

5= = (Fs—Jua - Ts)" - (Fs = Ju - i) - @

cov(ut,vy)  var(v)
where S; is the sample covariance matrix, whose items are var(u;) and var(v;), the variance
of each vector’s component, and cov(u¢, v¢), the covariance between them. J, 1 is again a
matrix of ones of the order n x 1.

2.1.2. The Tolerance Region

The statistical model is based on constructing R;, a tolerance region such that the
expected value of the proportion of the population contained in it is exactly (100P)%. This
region can be defined in terms of a repeated examination of wind vectors measured during
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t, a time point in a 24 h period, but in different days. In such a case during ¢, p; is the
actual proportion of the population observed on the i-th day that is contained within R;, a
tolerance region calculated from the sample during the i-th day. The aim is to construct R;
so that the expected value, E[p;], will maintain E[p;] = P [55].

In the i-th day, during t, the sample’s average vector is U;, and the covariance matrix
is S;. Given U; and S;, an ellipse-shaped tolerance region can be constructed:

_ _\T
R, — {Uix/yw(x,y) € A; (uiw - Ut) s; 1 (u,-x/y - Ut) < D2(P)} 3)

where D?(P) is the Mahalanobis distance for a given proportion of the population, P. When
the spatial distribution of the wind vectors is bivariate normal, there is an analytic expres-
sion for D?(P) [56]:

D*(P) = x*(1-P,2) (4)

x2(a,v) is the upper (100a%) point in the Chi-square distribution with v degrees of
freedom such that it follows Pr{x?(v) > x*(a,v)} = a.

When the spatial distribution of the wind vectors is not bivariate normal, D?(P) can
be estimated empirically, according to its definition in terms of repeated examination by
choosing different values of D? and for each i-th day in a group of days calculating p;.

Then, from these, E[p;] = Pis calculated. In such a case during ¢, p; is the actual proportion
of the population observed on the i-th day that is contained within R;, a tolerance region
calculated from the sample during the i-th day. The aim is to find a D?(P) function that

will allow the construction of R; so that E[p;] = P with no dependence on the assumption
that the observations follow the bivariate normal distribution.

2.2. Dataset for the Model’s Application and Validation

The data for the actual model application and validation was a dataset of a wind mea-
surement campaign conducted in the metropolitan area of Tel Aviv, from 1 February 1998 to
30 June 1999. The campaign consisted of the deployment of 22 weather stations (Figure 1).
All weather stations consisted of Young model 05103 wind monitor anemometers which
measured wind speed and direction. Sensor accuracy was +0.3% for wind speed and +-3°
for wind direction. Measurements were made at a rate of 1 Hz [57]. These were collected
by a Campbell Scientific CR10 data logger. The data logger internal programs were used to
produce 10 min vectorial averages of the wind speed and direction [58]. These were stored
on a Campbell Scientific SM 192 storage module [59]. The collected data was downloaded
to a laptop computer once every two or three days.

Data quality control computer programs were applied on the data files, in order to
remove erroneous records. The procedures included the search for characters in numeric
fields, examination of the time order of records, and examination of whether the wind
direction and speed were within the correct range, i.e., wind direction within [00, 360"] and
wind speed within [0, 20 m/s|. This maximal wind speed was set according to reported
multiannual measurements in a representative station in Tel Aviv [60].

Most stations were mounted on 6 m masts on urban rooftops. Three stations were
located in open rural areas on the outskirts of Tel Aviv. Of these, stations no. 2 and 16
were mounted on a mast of 10 m above ground, and station 17 was mounted on a 65 m
mast. It should be noted that the metropolitan area of Tel Aviv is rather homogenous where
typically the buildings are predominantly 3—4 stories, with a representative mean building
height H ~ 9 —12m [11,13]. A 6 m mast on a typical Tel Aviv rooftop therefore places
the anemometers at a total height of about 15-18 m, corresponding to roughly 1.5-2 times
the mean building height. This configuration is consistent with the commonly used siting
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guideline of placing urban anemometers at least about 1.5 H above the mean roughness
elements in areas of relatively uniform building height and density [39].

Figure 1. The weather stations’ network in the metropolitan area of Tel Aviv, during the
1998-9 campaign.

2.3. Application of the Statistical Model to the Tel Aviv Area
2.3.1. Sample Choice Considerations and Representativeness Examination

In order to apply the proposed statistical model, the complete 1998-9 metropolitan Tel
Aviv dataset will be considered as the manifestation of the spatial populations of the wind
vectors, Fp, at different time points. Therefore, Fp for a given time point, ¢, say 1200 h in the
suminer season, consists of the available wind measurements that were collected in this
time point in all days of the summer season.

The sample size was chosen in order to assure the invertibility of the sample covariance
matrix, S, which is a key component in the tolerance region (Equation (3)) investigated in
this study. This matrix is invertible when its dimension, d, is larger than the sample size,
n [61]. St is a matrix of 2 x 2 (Equation (2)), so d is 2 and # is 4. This satisfies the invertibility
condition. The decision regarding the possible inclusion of weather stations in the sample
Fs was based on climatological considerations. Due to the fact that the morphology of the
metropolitan area of Tel Aviv is rather homogenous, where the urban fabric is dominated
by low-rise buildings, the flow in the Tel Aviv urban boundary layer (UBL) is adapted to
the rough urban surface layer and is not disturbed by individual buildings [11,13,62,63].
The flow in the UBL also reflects processes that operate at larger scales, specifically the
flow characteristic of the upwind rural surface [12,64]. The rural area surrounding Tel Aviv
is the central coastal plain of Israel. The flow in this area is characterized by a typical
diurnal flow pattern: the Mediterranean Sea breeze regime during the day characterized by
strong westerly to north-westerly winds, a land winds regime during the night, governed
by weak southerly to south-easterly winds and two change periods between these [65].
Therefore, five alternative sample sets of four stations were selected and subsequently
subjected to statistical analysis. The stations included in each alternative sample followed a
common thread in an effort to best describe the flow into the metropolitan area of Tel Aviv.
Alternative A includes weather stations that are close to the perimeter of the urban area,
in order to capture the entrance of any transient rural flow into the metropolitan area of
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Tel Aviv. Alternative B consists of stations located along a diagonal line that crosses the
area from northwest to southeast, in order to capture both outside flows and the flow
generated within the urban area. Alternatives C and D consists of stations located along a
line which bisects the area from west to east. Alternative C is positioned along the area’s
southern section, while Alternative D runs through its northern one. Alternative E consists
of stations in central portion of the city of Tel Aviv, and tries to capture flows that originate
within the urban area (Figure S1 in the Supplementary Material).

In order to examine the representativeness of the chosen sample, a comparison will
be conducted. This will involve the comparison of the Mahalanobis distance distributions.
For each wind vector observation in time t measured on a weather station in position (x,y),
the Mahalanobis distance was calculated by:

D? = (U, - Ur) s (us,, — Tr) 5)

This value was calculated both for the population and for the sample based on

two different values of the spatial average, U, and the covariance matrix, S;. For the
population, Fp, D? was calculated for all weather stations, i.e., Uy, € Fp and for the sam-
ple, Fs, D? was calculated exclusively just for the weather stations included in the sample,
Utx/y € Fs.

A comparison was conducted for the two main seasons, according to the seasons’
definition in the Eastern Mediterranean (EM) region [66], i.e., winter spans from December
to March and Summer occurs between June and September.

2.3.2. Comparison of Empirical and Theoretical Mahalanobis Distance

For a list of arbitrary D? values, E[p;] = P was calculated for each of the combinations
of season and time point. These were 108, ge (-1, —0.75, —05, ..., 1, 1.25, 1.5). Then,
using the analytic expression in Equation (4), the value of P that leads to each of these D?
values was calculated. For the comparison, four time points were chosen from each of the
EM seasons. The time points were chosen to represent morning (0800 h), midday (1200 h),
evening (2100 h) and night (0400 h) [29,65].

2.3.3. Estimation of the Mahalanobis Distance Function

Two empirical Mahalanobis distance functions were calculated, one for each of the
main seasons in the EM, which are the summer and the winter. Each function was calculated
based on three months of data, that is the learning dataset, thus leaving one month of data
for the resultant model validation. The months that were used for validation are months
which are considered high season, namely February for winter and August for summer [66].
Splitting data into disjoint learning (training) and validation (test) subsets is a standard
practice in predictive modeling. The learning dataset is used to estimate the regression
parameters, while the validation set provides an independent assessment of predictive
performance [67,68].

The functions were estimated by first calculating the values of E[p;] = P that corre-
spond to the list of arbitrary D? values that were described in the previous section. Then,
the empirical Mahalanobis distance functions, E (D2), were fitted to these couples. In order
to fit such functions, their functional form should be defined. When dealing with popula-
tion tolerance, the logistic distribution is frequently used when the observations are not
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normally distributed. In order to do so, the expected proportions should be transformed
into logits [69,70]:

Y=1In — (6)
1-P

This leads to the following functional form of the empirical D? functions:

~

Y=In 1_PIN) :u+b-1n(D2) (7)

where the parameters of this log-logistic relationship can then be determined using linear
regression [71].

The correlation coefficient, R2, was used as a measure of the fit achieved by the linear
regression. R? is the result of two sums of squares [72]. The first is the sum of squared
deviations of the predictand, Y, from its mean, Y:

SSD = i(yi -Y) ®)
i=1

And the second is the sum of squared deviations from the prediction, V:

m
Iy

sSSP =Y (Y;—-Y) ©)
i=1

where m is the number of arbitrary D? values that were described earlier (Section 2.3.2).
Based on the two equations, R?, is calculated:

sspP

REP=1-——
SSD

(10)

2.3.4. Model Validation

In order to validate the model, E[p;] = P was calculated for the list of arbitrary D?
values, but in this case using the data of the months left for validation. The validation itself
was made by comparing these results to the prediction interval, i.e., the confidence interval

where future P values should fall, given the log-logistic Mahalanobis distance functions
that were previously calculated.

2.4. Extracting Wind Realizations
Given the sample average wind vector, U, the sample covariance matrix S; and
empirical Mahalanobis distance function D? (P) , then, for a specified proportion, P, it is

possible to draw an ellipse, representing the tolerance region according to these variables’
values. In order to do so, A1 and A;, the eigenvalues of the matrix S; as well as the ellipse’s
orientation, 8, should be calculated as [56]:

2
A = vur(ut)ervur(zzt) + \/{var(ut)zvar(vt)} + [cov(us, vt)]Z

2
Ay = vur(ut)ervur(z;t) . \/{var(ut)2var(vt)} + [cov(ut, vt)]z

(11)
0 if cov(uy,ve) =0 and var(uy) > var(ve)
90° if cov(uy,ve) =0 and var(uy) < var(ve)
atan2(Aq — var(uz), cov(ug, vt)) otherwise
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Then, it is possible to calculate the coordinates of the elliptical tolerance region, which
is a function of @, with an angle whose range is [0°, 360°] around u and v, the components
of Uti

x(¢) = ur + Dz[Azcos(G)cos(q)) — Aysin(0)sin(¢)] (12)

y(p) = ve + D2 [Azsin(0)cos(p) + Aqcos(8)sin()]

This equation represents the uncertainty as an elliptic-shaped statistical region toler-
ance region that contains a given expected proportion of the spatial wind vectors’ popu-
lation. Now, by choosing some values of ¢, the possible values of the wind vector can be
calculated from the above equation. As examples for this study, the following values were
used: ¢ = {0°, 90°, 180°, 270°}.

3. Results
3.1. Sample Representativeness Examination

Of the five alternative samples, the chosen sample is Alternative A, which includes
weather stations that are close to the perimeter of the urban area (Supplementary Material).
These are: station number 7 in the southwest of the Tel Aviv metropolitan area, station
number 1 in the southwest, number 12 in the east and number 17, the northernmost
weather station in this area (Figure 1). The Mahalanobis distance distribution of this sample
was compared to the equivalent distribution of the population. The comparison was
made via probability—probability (P-P) plots. These plots are scatterplots of the cumulative
probability of the population as a function of the cumulative probability of the sample. Each
couple of population and sample probabilities corresponds to a common data value [56].
In this study, the data values that pair the sample and population probabilities are D?
values, which were calculated for each of the seasons (Figure 2 and Figure S2 in the
Supplementary Material).

Winter Summer
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T T T T T T I T T T T T
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Figure 2. Comparison of seasonal sample (horizontal axis) and population (vertical axis) Mahalanobis
distances—percentile—percentile (P-P) plot. The solid line is the line of equality.

All the points in all the seasonally P-P plots fall very close to the line of equality
(Figure 2). Comparatively, the other alternative samples have exhibited a portion of the plot
that is either above the line of equality (Figure S2B-D), or below it (Figure S2E). The maximal
differences between alternative sample A and the population cumulative probabilities
were 2% in the winter and 2.3% in the summer. The maximal differences between the
other alternative samples and the population cumulative probabilities ranged from 4.5%
(Alternative D) to 7.4% (Alternative B) in the winter, and from 3.9% (Alternative C) to 7.5%
(Alternative E) in the summer. Because the maximal differences achieved by alternative
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sample A are considerably smaller than those of any other alternative, it clearly provides
the best representation of the population.

3.2. Comparison Between the Empirical and Theoretical Mahalanobis Distance

The comparison involved the season and time of the day and was conducted using
percentile—percentile (P-P) plots. These plots consist of pairs of proportions that relate to

the same Mahalanobis distance, D2. Each pair of proportions consists of an empirical Pand
a theoretical P calculated by inverting the analytic expression in Equation (4). The pairs
relate to the arbitrary D? values that were described earlier (Section 2.3.2).

The comparison shows that all the points are to the right and below the equality
line (Figure 3). This means that the empirical values do not exceed the theoretical ones.
There are some cases in which the empirical D? values are close to the theoretical, such as
proportions up to 40% during the evening (2100 h) and night (0400 h) of the summer season
(Figure 3). However, in most cases the theoretical proportions are considerably larger than
the empirical ones. This is evident during the winter season in all the examined time points,
for theoretical proportions greater than 10%, and also during the day, at 0800 h and 1200 h
in the summer (Figure 3).
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Figure 3. A Percentile-Percentile (P-P) plot comparing pairs of theoretical P, according to the bivariate

normal distribution’s D? function (horizontal axis) and empirical INJ (vertical axis). P and 1N7 are paired
by the same D?. The 4 kinds of dots refer to 4 time points during the summer (left) and winter (right)
seasons. The solid line is the line of equality.

3.3. The Empirical Mahalanobis Distance Function

Due to the insufficient agreement between the empirical D? distribution and the
theoretical Mahalanobis function according to the bivariate normal distribution, empir-
ical Mahalanobis distance functions were established for each of the main seasons. As
described earlier (Section 2.3.3) their functional form was based on a log-logistic relation-
ship (Equation (7)) and their parameters were estimated using linear regression [71]. The

~

resultant functions, when restated as D?(P) are:
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These functions resulted in R? values of 0.9735 for the summer and 0.9943 for the
winter (Figure 4 top panels). All the values calculated for the summer validation data
set fall within the upper and lower prediction interval of 99% (Figure 4, lower left panel).
Regarding the winter validation data set, 77% of the values fall within the boundaries of
the prediction interval (Figure 4, lower right panel). This percentage remains consistent
throughout the diurnal cycle, with 82% at midday (1200 h) and night (0400 h), and 73%
during the morning (0800 h) and evening (2100 h). The validation R? were 0.9753 for the
summer and 0.9707 for the winter. The close agreement between the learning and validation
R? indicates a robust regression fit, with no signs of overfitting.

Summer Winter
4 4
3 3
2 2
1 1
on
E 0 ~ 0
£ = <[
Q B ,L ~—
— = -1 RS -1
-2 -2
-3 -3
-4 -4
0.01 0.01 0.1 1 10
D2
4 4
3 ’ 3 L]
2 2
1 1
,a ~
b= w [ 0 - 0
el NS |
SO -1 £ -1
-2 -2
-3 -3
-4 1 -4
0.01 0.01
@®0400h ™ 0800 h ¢ 1200 h A 2100 h — Fitted line ---- Confidence lines

Figure 4. The estimated empirical Mahalanobis distance functions In (#) = f(In(D?)) for the
1-P

summer and winter seasons (solid purple line), based on the learning dataset (top panels) and the
comparison of these functions to the validation dataset (lower panels). The dashed lines signify upper
and lower prediction intervals of 99%.
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Now, for each P, which acts as the degree of spatial uncertainty, it is possible to

~

receive a quantified uncertainty, as D?(P) defines the actual size of the tolerance region
(Equation (5)).

4. Discussion and Summary

This study presents a method that quantifies the spatial uncertainty of the urban
rooftop wind. It does so by describing this uncertainty as an elliptic-shaped statistical
tolerance region that contains a given expected proportion of the spatial wind vectors’
population. This method deals with the problem of making a reliable statistical projection
of the degree of heterogeneity of an urban region, based on real-time measurements of a
sparse network of weather stations and a historic dataset of denser measurements. Such
projection, expressed as a tolerance region for given proportions, can be obtained by the

following steps:

1.  Input of the current wind vector measured by a representative sample consisting of
four weather stations. This is exemplified for several time points in a typical day in
Tel-Aviv (Figure 5a).

2. Calculation of the sample’s average and covariance matrix (Figure 5b).

3. For given proportions, Mahalanobis distance values are obtained from the log-logistic
empirical functions (Equation (13)). These are based on a historic dataset of dense
network of weather stations.

4. Elliptical tolerance regions are provided, which are defined by the sample’s average,
covariance matrix and the Mahalanobis distances (Equations (11) and (12)). Each of
these ellipses contains a proportion of the wind vectors expected in the area (Figure 5c).

An example of the implementation of these steps by using a simple code in R
(version 4.1.1; R Core Team, 2021) is detailed in the Supplementary Material (Figure S3 and
the associated text). The run time of this code is less than 1 s on a regular PC.

This study has shown that a sample of four weather stations can accurately represent
a population of urban spatial wind vectors. The application and validation were performed
on a dataset collected from a weather stations” network in metropolitan Tel-Aviv which
consisted of 22 wind observation stations. This network size is comparable in size to the
28-station network in Birmingham [73] and the 24-station network in Amsterdam [32].
It is larger than the networks in Berlin [31] and in Ghent [33] which consist of 10 and
6 wind observation stations, respectively. Because Tel Aviv’'s weather station network
is comparable in scale to larger urban networks, it can accurately characterize the wind
vectors’ population.

This representativeness of such a small sample is interesting because many statistical
applications consider such a sample as very small [74-76]. Moreover, a key component
in the tolerance region investigated in this study is the sample covariance matrix. Such
covariance matrix is invertible when its dimension, d, is larger than the sample size, n. For
a sample size of n independent observations, it is also required that the ratio d/n should be
negligible [61]. In this study, the covariance matrix is 2 x 2, so d is 2 and n is 4. This satisfies
the invertibility condition, but not the ratio requirement. A possible explanation for this
small sample size is that it is usually assumed that the samples drawn from a population
are statistically independent. An assumption of such independence cannot be valid when
dealing with weather stations situated in a given region, because most of the time all
these stations are influenced by common larger scale meteorological phenomena. The
role of dependency can be exemplified by the Chebyshev inequality for bivariate random
variables [77,78]:
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Figure 5. The steps in obtaining a statistical projection using the model, exemplified for several time
points (2100 h, 1200 h, 0400 h, 0800 h) on 15 August 1998: input from the sample weather stations
(panel (a), green arrows); sample’s average and covariance matrix (panel (b), red arrows and ellipse);
tolerance regions for given proportions (panel (c), red, orange and yellow ellipses for proportions
of 50%, 66%, 75% respectively). For comparison, all available wind vectors measured on these time
points appear as well (panel (c), black arrows). The tips of the arrows point towards the wind’s
destination. The Cartesian axis (in gray) shows the cardinal directions and the circles (also in gray)
show the speed (in m/s, by steps of 2 m/s).
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According to this inequality, for any underlying bivariate distribution it can be guar-

anteed that an ellipse tolerance region will contain at least 100 (1 - é)% of the wind

vectors’ population for all D? > 2[77,78]. For example, using Equation (10), for ?’ = 0.66,
D? equals 4.238 for the summer season and 5.51 for the winter. For these D? values,

the Chebyshev inequality guarantees that P is greater than 0.53 and 0.64. The correla-

tion coefficient, p, can be calculated by the components of the covariance matrix, S;, as
o cov(ug,v)

0= \/var(ut)\bulletvar(vt)

formulated in terms of the correlation coefficient, p:

€ (—1,1). Thus, the Chebyshev inequality can be alternatively

2 2

Mt—ﬂt) (Z)t—ﬁt) < D2 >1721—p

(15)

+2(1-p)

Vovar(up)  J/var(oy)

(
Vvar(ug) \/var(or) D2

This formulation is valid for all D > 2(1 — pz), provided D? # 0. This expression
quantifies the contribution of the weather stations” dependence, showing that as the corre-
lation strengthens, the minimal guaranteed proportion rises accordingly. Supposedly, if the
right-hand side of the inequality would be equal to 0.66, then the D? values mentioned ear-
lier, 4.238 for the summer season and 5.51 for the winter, correspond to absolute correlation
values of 0.529 and 0.252 for summer and winter, respectively. Therefore, as some degree of
dependency can be expected in an urban wind field, this population can be represented by
a smaller sample than the one required when it is assumed that the population is composed
of independent random variables.

The results of the comparison between the samples’ empirical D? distribution and the
theoretical one according to the bivariate normal distribution has shown that the empirical
values are either smaller than the empirical ones, or at most similar. This suggests that the
empirical Mahalanobis distance distributions are either narrower than the theoretical
distribution or similar to it. Therefore, the theoretical bivariate normal Mahalanobis
distance function can be considered as somewhat of upper limit to the empirical one.

It was found that a single seasonal Mahalanobis distance function can fit well with the
data, along all the flow patterns during the day. These results suggest that although the
spatial average and covariance matrix changes along the day, the functional form of the
distribution is fairly constant throughout the season. The fact that the seasonal Mahalanobis
distance functions were appropriate for the validation data suggest that these functions,
alongside a calculation of the real-time sample mean and covariance matrix, can serve as a
statistical model for the urban wind field, as exemplified for the Tel Aviv area. Such a model
provides an elliptic-shaped tolerance region that contains a given expected proportion of
the spatial wind vectors’ population.

The statistical model in this study was demonstrated on the metropolitan area of
Tel Aviv. The analysis-based methodology presented in this study addresses the horizon-
tally homogeneous inertial sub-layer which is the layer just above the canopy roughness
sub-layer. It is therefore expected to perform well in other cities with a well-defined inertial
sub-layer. This is consistent with previous generalizations of inertial sub-layer wind vector
fields, such as turbulent standard deviations [1].

However, the choice of configuration and size of the sample should be carefully
analyzed for each individual city, due to site-specific topographical and morphological
features as well as the variability of diurnal larger scale flow. A useful rule of thumb is to
examine the spatial correlation which indicates weather stations” redundancy. This suggests
a possible reduction in the sample size required to achieve a statistical representation of the
wind vector population.
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