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Abstract

Few mathematical models describing the dynamics of cell growth, production formation
and substrate consumption in batch and fed-batch bioprocesses have analytical solutions. In
this study, analytical solutions for a mathematical model of a batch bioprocess of penicillin
production based on the Logistic law for cell growth and on the Luedeking–Piret equation
for antibiotic formation are obtained using classical methods of solving ordinary differential
equations. The analytical solutions were validated by substitution into the differential
equations themselves, as well as by comparison with numerical solutions obtained through
the fourth-order Runge–Kutta–Gill integration method, using typical fungus inoculum
concentrations (X0 = 0.25; 0.75% DW) and kinetic parameters (µm = 0.5 h−1, Xm = 3.7% DW,
β = 0.02 U/(mL·h·% DW) and kh = 0.027 h−1). The novelty in relation to the few studies
published on the subject, which deal with the production of different metabolites, including
other antibiotics, is that in the present study, the hydrolysis of penicillin is considered
simultaneously with its production in the description of the dynamics of product formation.
The main finding demonstrates that the hydrolysis reaction acts as a stabilizing factor,
resulting in a system with two equilibrium points: an unstable point with no penicillin
production, and a stable point in which a certain amount of antibiotic is produced.

Keywords: mathematical modeling; dynamic equation; analytical solution; cell growth;
antibiotic production; penicillin hydrolysis; stability analysis

1. Introduction
From an industrial perspective, penicillin remains a critical product of the global

antibiotic market, accounting for a significant share of the global anti-infective landscape.
Currently, the worldwide annual production of penicillin is estimated to be around 50,000
to 60,000 metric tons [1]. Despite the mature stage of this fermentation industry, global de-
mand is not fully satisfied and faces critical bottlenecks. Recent clinical evaluations indicate
that several regions face recurrent shortages of essential narrow-spectrum penicillins and
broad-spectrum derivatives, such as amoxicillin. These supply deficits are primarily driven
by fragile supply chains, low profit margins for Active Pharmaceutical Ingredients (APIs),
sudden demand shocks from post-pandemic respiratory infections, and the centralization
of bulk manufacturing. Consequently, enhancing the volumetric productivity of industrial
penicillin fermentations remains highly relevant to stabilizing global supply and mitigating
public health vulnerabilities [2,3].
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Penicillin production on an industrial scale is a strict aerobic bioprocess carried out
by filamentous fungi (Penicillium chrysogenum) in tank-type reactors under high stirring
and aeration rates to increase the oxygenation of a fermentative medium and supply the
oxygen required for cell respiration [4]. Several other antibiotics can be synthesized from
the penicillin recovered from fermented media through the chemical modification of the
original molecule, obtaining modified molecules with higher therapeutic and commercial
values [5]. The biosynthetic pathway of penicillin in P. chrysogenum is practically understood
and occurs after a fast cell growth phase (trophophase), when the activities of two key
enzymes are accelerated, triggering the second phase (idiophase) [6,7]. One of these
enzymes activates phenylacetic acid, a precursor that forms the side chain of penicillin.
The other enzyme is the penicillin acyltransferase that links activated phenylacetate to
6-aminopenicillanic acid, forming the nucleus of the penicillin molecule [7].

Penicillin biosynthesis is subject to repression catabolite mainly by easily metabolizable
sources of carbon (substrate), requiring a slow supply of these nutrients to minimize the
repressive effects [5]. In this way, fed-batch processes have been preferably used for the
industrial production of penicillin, although batch processes also are employed. These
processes, when implemented on a commercial production scale—mainly those in the
pharmaceutical industry—need strictly to follow a pre-specified manufacturing practice
aimed at fermentation process reproducibility to ensure batch-to-batch product quality [8].
The determination of optimal profiles of temperature and substrate feed-rate in batch and
fed-batch penicillin fermentation processes is a problem of optimization whose solution
requires the use of phenomenological models and advanced mathematical methods such as
those based on the Pontryagin Maximum/Minimum Principle (PMP) [9–11]. However, the
PMP is not the only applicable approach for optimizing antibiotic production bioprocesses,
since other optimization methodologies have been used, including Metaheuristic and
Evolutionary Algorithms (Artificial Neural Networks coupled with Genetic Algorithms
(ANN–GA)), Model Predictive Control (MPC), Response Surface Methodology (RSM) and
Design of Experiments (DoE), Dynamic Programming (DP), and Machine Learning and
Explainable AI (XAI) [12–17].

Based on a compromise between complexity and the applicability of a mathematical
model, the most widely used approach to model penicillin production bioprocesses is
the unsegregated–unstructured phenomenological one, according to which cells are con-
sidered homogeneous, with no distinction of cellular properties (age, size, activity and
others) or variations in intracellular composition during successive cell divisions (balanced
growth) [4,18,19]. Since the production of penicillin is generally carried out in homoge-
neous reactors, many of the mathematical models associated with this bioprocess were
developed under isothermal conditions, consisting of ordinary differential equations that
represent the mass balances of the main components considered in the modeling [4]. Energy
balance equations are rarely included in descriptions, except when a temperature control
law (proportional, proportional–integral, proportional–integral–derivative) is incorporated
into the mathematical model of the bioprocess [20–22].

In these mass balance equations, kinetic equations are introduced to describe the
substrate consumption, oxygen uptake, fungal growth and degradation, formation, and
hydrolysis of the product during penicillin biosynthesis. Several equations have been pro-
posed to describe these kinetics, most of them derived from the classical Monod equation,
inserting additional terms referring to the main phenomena involved in the bioprocess of
penicillin production by P. chrysogenum such as growth limitation by multiple substrates
(carbon source and oxygen) and diffusion into fungal biomass, morphological differentia-
tion, hyphal fragmentation, deactivation, autolysis, cell death, maintenance metabolism,
penicillin production associated and not associated with cell growth, catabolite repres-
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sion of product formation, and product hydrolysis [4,18]. Another equation that is also
frequently used to represent various batch and fed-batch bioprocesses is the logistic law,
according to which the specific rate of cell growth (µX) is determined by the carrying
capacity of the system that includes nutrient availability and growth-inhibiting factors such
as toxic product accumulation, shear and steric stresses, and contamination [4,23,24].

Once the mass balances of the components in the bioreactor are elaborated, the corre-
sponding ordinary differential equations are solved in most cases—due to nonlinearities—
by numerical integration from given initial conditions of the main modeled state variables
(concentration of substrate, dissolved oxygen, cells, and product). However, depending
on the bioreactor’s operation mode (batch or fed-batch) and the structure of the adopted
kinetic expressions, it is possible to obtain an analytical solution for the mass balance
equations, allowing a comparison between both solutions.

Generally, analytical solutions, when they exist, are always preferred because they
provide exact values for the response variable and can be used as references to evaluate the
validity and accuracy of numerical solutions, given that these solutions, in being obtained
by progressive methods of step-by-step integration, can provide wrong values depending
on the method’s order, integration-step size and numerical stiffness. Moreover, analytical
solutions are more valuable as they explicitly show the relationship between dependent
and independent variables and the influence of the parameters on such solutions [25].

Only a reduced number of cases allow analytical solutions to be obtained for batch
bioprocess dynamics. Blanch and Clark [7], Bailey and Ollis [26], and Shuler and Kargi [27]
developed analytical solutions for the cell growth and substrate consumption dynamics
in batch cultures following Monod kinetics. In addition, Blanch and Clark [7] also solved
the situation whereby the cell culture is inhibited by substrate, inserting a multiplicative
inhibition factor 1/(1 + S/Ki) in the Monod equation, where S is the substrate concentration
and Ki is the inhibition constant by the substrate, respectively. Advances in these studies
were made by Garnier and Gaillet [28] when, in addition to the dynamics of cell growth and
substrate consumption, they also included and analytically solved the dynamics of product
formation, describing the production kinetics using the Luedeking–Piret equation [29],
according to which product formation is partly associated and partly non-associated with
cell growth. The Monod equation and the Andrews equation for substrate inhibition were
used to describe the kinetics of cell growth, applying the same analytical procedure of
problem resolution to both kinetic equations.

Using the logistic law to describe cell cultures, Blanch and Clark [7], Bailey and
Ollis [26], Shuler and Kargi [27], and Najafpour [30] only presented solutions for the
cell growth dynamics, since, in this case, it is only dependent on the cell concentration
itself and on the time. However, the most frequent case is the one involving the com-
bination of the cell growth Logistic law with the Luedeking–Piret kinetics for product
formation, as listed in Table 1 [28,31–44], highlighting the studies by Dhavale et al. [32] and
Bankar and Singhal [36], who presented a generalized and complete approach to the case
under investigation.

The differences among the cases listed in Table 1 are related to two main aspects: (i) the
form of describing the substrate consumption dynamics, whether through a mass balance
equation or by the equation that defines the biomass yield coefficient from the substrate
consumed (YX/S), and (ii) whether or not the substrate consumption kinetics takes into
account the amount of substrate consumed separately for each cellular subprocess: growth,
product formation, and maintenance [29].
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Table 1. Cases reported in the literature on analytical solutions for dynamic equations of cell growth,
product formation, and substrate consumption.

Case Reference Bioprocess Related to the Case

Ali et al. [31] Batch biomass and ethanol production from inulin by Pichia caribbica

Dhavale et al. [32] Batch fermentation for glutathione production by Saccharomyces cerevisiae

Garnier and Gaillet [28]
General batch bioprocesses applied to fermentations for lactic acid
production by Lactobacillus delbrueckii and xanthan production by
Xanthomonas campestris

Zakeri et al. [33] Batch fermentation for xanthan biopolymer production by
Xanthomonas campestris

Vinayagam et al. [34] Batch biomass and nattokinase production by Bacillus subtilis

Wu and Fan [35] Batch ethanol production by an engineered Escherichia coli using a novel
carbon source (sodium gluconate)

Bankar and Singhal [36] Batch fermentation for poly-ε-lysine biosynthesis by Streptomyces noursei

Lu et al. [37] Daptomycin batch fermentation by Streptomyces roseosporus

Uzir and Don [38] General batch microbial growth and product formation

Kargi [39] General batch microbial growth

Rao et al. [40] Batch Bacillus circulans growth and alkaline protease production

Razvi et al. [41] Batch fermentation by Lactococcus lactis under hemin-stimulated
respirative condition

Kong et al. [42] Batch butyric acid bioproduction by Clostridium butyricum

Dahanasekar and Viruthagiri [43] Batch poly-β-hydroxy butyrate synthesis by Azotobacter vinelandii using
different carbon sources

Elibol and Mavituna [44] Batch fermentation for actinorhodin production by Streptomyces coelicolor

The popularity of the logistic equation is due to the fact that it is represented by a
sigmoidal curve (S-shaped curve) with two kinetic parameters that can be adjusted in
order to allow it to describe almost all phases of cell growth (lag, acceleration, exponential,
deceleration, and stationary phases), with the exception of the decline phase.

Xu [45] developed analytical solutions for the dynamics of cell growth and substrate
consumption in batch and continuous cultures following a hybrid cell growth kinetics,
given by the Monod equation multiplied by the characteristic term of the logistic law
(1 − X/Xm), where X is the cell concentration and Xm its maximum value, respectively.

The previous studies did not consider the kinetics of product degradation that, in the
case of penicillin, occurs through alkaline hydrolysis, catalyzed by proteases produced
by the fungus itself during antibiotic biosynthesis and leading to the formation of peni-
cilloic acid. Penicillin hydrolysis is a first-order reaction that must be considered in the
mathematical descriptions of production bioprocesses of this antibiotic [46].

This study is entirely theoretical and model-based, involving no laboratory exper-
iments. The objective is to determine analytical solutions for the dynamic equations of
cell growth and product formation during batch penicillin fermentations with the fungal
growth and penicillin formation kinetics being given by the Logistic and Luedeking–Piret
equations, respectively. In addition, penicillin hydrolysis is also considered, a case not
yet reported in the literature. The analytical solutions are validated by substitution into
the differential equations themselves, as well as by comparison with numerical solutions
obtained through the fourth-order Runge–Kutta–Gill integration method [10,47]. While
neglecting penicillin hydrolysis is standard for idealized, short-term fermentations, in-
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corporating it into a bioprocess model becomes highly justified under specific industrial,
operational, or downstream scenarios. A strong justification for including penicillin hy-
drolysis in a bioprocess model is to accurately predict real-world yield losses during
prolonged batch cycles, extended downstream holding times, or unexpected bioreactor
pH/temperature deviations.

2. Modeling Fungal Growth Dynamics and Penicillin Production in
Batch Stirred-Tank Bioreactor (BSTR)

The growth description of the penicillin-producing fungus Penicillium chrysogenum
is based on the logistic law of limited growth, a substrate-independent equation where
microbial growth limitation is not explicitly described as a function of the limiting factors,
but implicitly by introducing the term (1 − X/Xm) in the growth rate equation (rX). Since
X increases, this term diminishes over time, becoming null in the stationary phase when X
reaches the maximum value Xm.

The penicillin production rate (rP) is given by the Luedeking–Piret equation (rP = αrX + βX),
where the parameters α and β represent the product formation associated and non-
associated with fungus growth, respectively. At low specific rates of cell growth (µX

< 0.015 h−1), growth-associated penicillin formation occurs, while in the opposite condition
(µX > 0.015 h−1), non-growth-associated formation predominates [7]. Since penicillin is a
product of secondary metabolism in fungus, produced mostly after the growth phase, it will
be assumed, as a good first approximation, that rP = βX. Moreover, to better describe the
dynamics of penicillin production, it is considered that penicillin is hydrolyzed and that the
hydrolysis rate (rh) follows first-order kinetics with respect to own penicillin concentration
(rh = khP), where kh is the reaction rate constant.

The complete model, incorporating two ordinary differential equations correspond-
ing to the dynamics of cell growth and of penicillin production in BSTR, is given by
Equations (1) and (2):

dX
dt

= rX = µmX
(

1 − X
Xm

)
(1)

dP
dt

= rP − rh = βX − khP (2)

In Equations (1) and (2), t is the time (h), X is the cell concentration (% DW), P is the
penicillin concentration (U/mL), rX is the fungus growth rate (% DW/h), rP is the penicillin
production rate (U/(mL·h)), rh is the product–hydrolysis rate in U/(mL·h), and µm, Xm,
β, and kh are the parameters of the model, according to the following meanings: µm is the
maximum specific growth rate (h−1), Xm is the attainable maximum cell concentration (%
DW), β is the constant of product formation not associated with cell growth (U/(mL·h·%
DW)), and kh is the rate constant of the hydrolysis reaction (h−1). The abbreviation DW
stands for dry weight, and U is the international unit of measurement, equivalent to the
activity of 0.6 µg of sodium salt of penicillin. Although expressing biomass concentration
in mass-per-volume units (such as g/L) is the standard convention in modern bioprocess
literature, the mathematical model formulated and simulated in this study was strictly built
upon the fundamentals established by Constantinides et al. in their seminal papers [48,49].
In their original formulation, biomass concentration was explicitly expressed as percentage
of dry weight (% DW). To ensure dimensional homogeneity, the notation was maintained.
Additionally, da Paz et al. [50] recently developed a software architecture for penicillin
fermentation modeling and used % DW as a unit to express cell concentration.

https://doi.org/10.3390/fermentation12070316

https://doi.org/10.3390/fermentation12070316


Fermentation 2026, 12, 316 6 of 15

3. Results and Discussion
This section presents the analytical solutions for the dynamic equations of cell growth

and product formation in batch bioprocesses of penicillin production, without and with
antibiotic hydrolysis during its biosynthesis. The analytical solutions are then validated
with numerical solutions, equilibrium points for the system are determined, and local
stabilities are analyzed by using the first Lyapunov method.

3.1. Analytical Solutions

Fungal growth dynamics (Equation (1)) is independent or uncoupled of penicillin
production dynamics (Equation (2)) and its solution is well known [51], which is given by
Equation (3):

X(t) =
X0eµmt

1 +
(

X0
Xm

)
(eµmt − 1)

; X0 = X(0) (3)

To solve Equation (2) (penicillin production dynamics), subject to the initial condition
P(0) = 0, Equation (3) is inserted into Equation (2) and the cases below can be now analyzed.

3.1.1. Case 1: Bioprocess Without Product Hydrolysis (kh = 0)

In this case, the solution of Equation (2) by using the method of separating variables
provides Equation (3) as result (the step-by-step solution development is presented in
Appendix A):

P(t) =
(

βXm

µm

)
ln
[

1 +
(

X0

Xm

) (
eµmt − 1

)]
(4)

3.1.2. Case 2: Bioprocess with Product Hydrolysis (kh ̸= 0)

The solution for the dynamics of penicillin production when the hydrolysis of the
product occurs is the main objective of the present study and was developed by using the
integrating factor method [51], whose steps are described as follows.

Initially Equation (3) is inserted into Equation (2) and the result is manipulated to
provide Equation (5):

dP
dt

+ khP = β

 X0eµmt

1 +
(

X0
Xm

)
(eµmt − 1)

 (5)

By multiplying both members of Equation (5) by the ekht integrating factor, one obtains:

(
ekht

)dP
dt

+ kh

(
ekht

)
P = β

(
ekht

)  X0eµmt

1 +
(

X0
Xm

)
(eµmt − 1)

 (6)

The two terms on the left member of Equation (6) represent the derivative of the
product between them, so Equation (6) can be written as:

d
dt

(
ekhtP

)
= β

 X0e(µm+kh)t

1 +
(

X0
Xm

)
(eµmt − 1)

 (7)

Separating the variables in Equation (7) and integrating results in Equation (8):

P(t) = e−kht

[
β XmX0e(µm+kh)t

2F1
(
1, δ1; δ2; δ3 eµmt)

(µm + kh) (Xm − X0)
+ C

]
(8)
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In Equation (8), 2F1
(
1, δ1; δ2; δ3 eµmt) is the hypergeometric function of Gauss in time

t, with parameters 1, δ1, δ2, and δ3, being δ1 = (µm + kh)/µm, δ2 = (2 µm + kh)/µm,
δ3 = X0/(X0 − Xm), and C is the integration constant, which is determined from initial
condition P(0) = 0, giving Equation (9):

C = −
[

β XmX0 2F1(1, δ1; δ2; δ3)

(µm + kh) (Xm − X0)

]
(9)

Inserting Equation (9) into Equation (8) and after algebraic manipulations, Equation (10)
is obtained, which represents the temporal profile of product concentration.

P(t) =
β XmX0

(µm + kh) (Xm − X0)

[
2F1

(
1, δ1; δ2; δ3 eµmt)eµmt − 2F1(1, δ1; δ2; δ3 )e−kht

]
(10)

3.2. Validation of the Analytical Solution for Product Concentration

Appendix B shows that the solution obtained for P(t) in Case 2 satisfies both the
ordinary differential equation and the initial condition P(0) = 0. However, the analytical
solution is, at times, a complex mathematical expression replete with composite functions,
implicit terms, or integrals, making algebraic derivation a laborious task. In such cases,
employing an independent, high-accuracy numerical method serves as a strict mathemat-
ical cross-verification tool. Upon observing perfect agreement between both simulated
datasets, the mathematical verification of the analytical solution is proven, ensuring that it
is ready for physical validation using experimental data. Analytical solutions have been
validated using such a procedure, as performed by Shilsar et al. [52] when assessing the
analytical solution for the pollutant transport equation obtained by the Laplace Transform
technique. Analogously, Manitcharoen and Pimpunchat [53] validated an analytical so-
lution to describe the pollutant concentration generated by uniform and exponentially
increasing sources. In this context, numerical simulations were also performed in this study
to validate the analytical solutions developed for the dynamic equations of fungal growth
and penicillin production during fermentation processes subject to product hydrolysis.
Thereby, the bioprocess was simulated using both the derived analytical solution and a
numerical solution, under identical initial conditions and kinetic parameters.

Figure 1 shows the cell (X) and product (P) concentration profiles simulated
by the analytical solutions (Equations (3) and (10)) and by numerical integration of
Equations (1) and (2) using the fourth-order Runge–Kutta–Gill method [10,47]. For these
simulations, the following characteristic values of parameters for penicillin fermentations
were extracted from the literature [4,10] and used in the mathematical model of the biopro-
cess: µm = 0.5 h−1, Xm = 3.7% DW, β = 0.02 U/(mL·h·% DW) and kh = 0.027 h−1.

As can be seen in Figure 1, the agreement between the two solutions is quasi total,
which means that the analytical solution obtained is correct and the numerical solution is
precise. In fact, the fourth-order Runge–Kutta–Gill algorithm for numerical integration
of ordinary differential equations has a small local truncation error of order h4 and a total
truncation error of h3, where h is the integration step size whose value adopted in this study
was 10−5 h. Both solutions involve numerical calculations with an intermediate degree of
complexity; the analytical solution to evaluate the value of the hypergeometric function
of Gauss, which is given by an infinite series, and the numerical solution to integrate the
ordinary differential equations representative of the bioprocess mathematical model. As all
points from the numerical solution coincide with the respective points of the curves from
the analytical solution, any of the solutions can be used to simulate the batch bioprocess of
penicillin production.
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Figure 1. Comparison between the analytical and numerical solutions.

The observed product plateau, rather than a maximum followed by a decline, is a
direct consequence of the model’s behavior. Because the specific antibiotic production rate
is a constant (β) not limited by substrate depletion in this simplified model, the production
term (βX) never drops below the degradation term (khP) at high process times. Instead,
it asymptotically matches it, resulting in dP/dt = 0. This prevents a drop in product
concentration and forces the system to achieve a steady-state plateau (Pplateau) rather than a
peak, given by Pplateau = βXm/kh.

Figure 2 shows the temporal profiles of the simulated state variables with the analytical
solution for two different concentrations of fungus inoculum (X0 = 0.25 and 0.75% DW),
suggesting that the higher the inoculum concentration, the faster the bioprocess, although
the final plateau reached is the same.
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Figure 2. Simulation of the influence of inoculum concentration on the batch bioprocess of penicillin
production (analytical solution): (a) X0 = 0.25% DW; (b) X0 = 0.75% DW.

3.3. Equilibrium Points and Stability Analysis

As can be seen in Figure 2, the hydrolysis reaction acts as a stabilizing factor in the
dynamics of product formation and makes the penicillin concentration reach a plateau after
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a certain processing time corresponding to one of the multiple equilibrium points possibly
existing for the system, Ei (Xi*, Pi*), which are analytically determined as follows.

Starting from Equations (1) and (2) and considering that dX/dt = 0 and dP/dt = 0 at
the equilibrium points, Equations (11) and (12) can be obtained:

µmX∗
(

1 − X∗

Xm

)
= 0 (11)

βX∗ − khP∗ = 0 (12)

Since Equation (11) is quadratic in X*, it has two roots given by X1* = 0 and
X2* = Xm. From these roots, the corresponding roots in P of Equation (14) are P1* = 0
and P2* = βXm/kh. Therefore, the dynamical system represented by Equations (1) and (2)
has two equilibrium points given by E1(0, 0) and E2(Xm, βXm/kh), whose local stability for
small perturbations will be analyzed later using the first Lyapunov method [7,54,55].

From the values adopted for the kinetic parameters, the analysis obtains X2* = 3.7%
DW and P2* = 2.74 U/mL. The final cell and penicillin concentrations at the specified
simulation time (190 h) reached values above 95% of the equilibrium values. Processing
times longer than specified are prohibitive because they negatively impact on the overall
productivity of the bioprocess, which incorporates the amount of antibiotic produced,
production volume and processing time.

The stability for a given equilibrium point Ei (Xi*, Pi*) depends on the sign and on the
real or imaginary form of the eigenvalues (λj) of the characteristic matrix of the system,
given by C = λI − J, where I and J are the identity and Jacobian matrices, respectively,
which, in the present case, are as follows:

I =

 1 0

0 1

 (13)

J =


(

∂ f1
∂ X

)
X∗

i , P∗
i

(
∂ f1
∂ P

)
X∗

i , P∗
i(

∂ f2
∂ X

)
X∗

i , P∗
i

(
∂ f2
∂ P

)
X∗

i , P∗
i

 (14)

f1 = µmX
(

1 − X
Xm

)
(15)

f2 = βX − khP (16)

To determine the eigenvalues (λj), the determinant of matrix C is set equal to zero as
shown in Equation (17):

det


λ −

(
∂ f1
∂ X

)
X∗

i , P∗
i

−
(

∂ f1
∂ P

)
X∗

i , P∗
i

−
(

∂ f2
∂ X

)
X∗

i , P∗
i

λ −
(

∂ f2
∂ P

)
X∗

i , P∗
i
∗
i

 = 0 (17)

Subsequently, the partial derivatives indicated in Equation (17) are developed and the
determinant is calculated, resulting in Equation (18):(

λ − µm +
2µmX∗

i
Xm

)
(λ + kh) = 0 (18)
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At the equilibrium point E1(0, 0), Equation (18) becomes (λ − µm) (λ + kh) = 0, whose
roots are λ1 = µm and λ2 = −kh. Since µm > 0 and kh > 0, then λ1 > 0 and λ2 < 0, which
characterizes the equilibrium point E1(0, 0) as locally unstable without penicillin production,
but it is possible to change it, for example, by inoculating a small amount of fungus in
the medium, leading to some antibiotic production. Conversely, at the equilibrium point
E2 (Xm, βXm/kh), Equation (18) becomes (λ + µm)(λ + kh) = 0 and the eigenvalues are
λ3 = −µm and λ4 = −kh. As λ3 < 0 and λ4 < 0, the equilibrium point E2 (Xm, βXm/kh) is
characterized as locally stable, making this equilibrium point desirable for the bioprocess
as it corresponds to the maximum antibiotic production possible to be reached.

The stability/instability of the equilibrium points was confirmed by 200 h simulations
of the temporal response of the dependent variables under small perturbations in their
initial values, as shown in Figure 3. In simulation (a), a perturbation of + 5% was performed
in the value of X2*. Consequently, dX/dt < 0 in Equation (1) and the fungus concentration
decreases until it reaches the equilibrium value again. In response to the increase in
fungus concentration triggered by the perturbation, the concentration of penicillin initially
increases because dP/dt > 0 in Equation (2) and later continuously decreases until it returns
to the original equilibrium value. An analogous analysis can be made for simulation (b),
in which a perturbation of −5% was performed in the value of X2*. In simulation (c), a
perturbation of + 5% was performed in the value of P2*. Since the fungal growth dynamics
is uncoupled to that of penicillin formation, the fungus concentration remains constant at
X2* and dP/dt < 0. Thus, the concentration of penicillin gradually decreases, returning to
its original equilibrium value P2*. A similar discussion can be developed for simulation
(d), in which a perturbation of −5% was performed in the value of P2*. These first four
simulations confirm the stability predicted for the equilibrium point E2.

 
Figure 3. Stability analysis for the equilibrium points: (a) +5% perturbation in X2*; (b) −5% perturba-
tion in X2*; (c) +5% perturbation in P2*; (d) −5% perturbation in P2*; (e) change in X1* to 0.05%.

The instability of equilibrium point E1 is demonstrated by simulation (e). Since the
E1 equilibrium state corresponds to null concentrations of fungus and penicillin, neg-
ative perturbations are not feasible because negative values of concentration have no
phenomenological significance, as would as any simulation performed without considering
the presence of fungus because, in this condition, there would be no cellular activity on
the medium. Therefore, in simulation (e), the value of X1* was changed to 0.05% DW and,
according to Equation (1), dX/dt > 0. The fungus concentration progressively increases
until it reaches the equilibrium value X2*, without returning to its original equilibrium
value. According to Equation (2), with the progressive increase in the fungus concentration,
the rate of penicillin formation exceeds that of its hydrolysis, inducing a gradual rise in
the concentration of penicillin until reaching a plateau in which the rates of penicillin
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formation and hydrolysis become equal and P = P2*, also without returning to its original
equilibrium value.

4. Conclusions
Based on the results of this study, the following conclusions can be made:

• By using classical analytical methods for solving ordinary differential equations
(variable-separating and integrating-factor methods), it was possible to analytically
solve the dynamic equations referring to fungal growth and penicillin production,
with the specific rates of cell growth and product formation described by the equations
logistic and Luedeking–Piret, respectively, in addition to considering the hydrolysis of
the product.

• Both solutions involve numerical calculations of intermediate complexity.
• The agreement between analytical and numerical solutions is quasi complete, and any

one of them can be used for simulation, optimization and bioprocess control purposes.
• Stability analysis using the first Lyapunov method revealed that the system has two

equilibrium points, one locally unstable (undesirable point) and the other locally
stable (desirable point), two relevant dynamic features that are fully captured by the
mathematical model, as shown by the performed simulations.
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Appendix A
In this appendix, the step-by-step development of the solution to the dynamic equation

of product formation without considering the product hydrolysis is presented. Therefore,
making kd = 0 in Equation (2), one obtains Equation (A1):

dP
dt

= βX (A1)

Substituting Equation (3) into Equation (A1) gives:

dP
dt

= βX0

 eµmt

1 +
(

X0
Xm

)
(eµmt − 1)

 (A2)

By separating the variables in Equation (A2) and integrating them, Equation (A3) is
obtained: ∫

dP = βX0

∫  eµmt

1 +
(

X0

Xm

)
(eµmt − 1)

dt (A3)

https://doi.org/10.3390/fermentation12070316

https://doi.org/10.3390/fermentation12070316


Fermentation 2026, 12, 316 12 of 15

Making u = 1 +
(

X0
Xm

)(
eµmt − 1

)
, one obtains du = µm

(
X0
Xm

)
eµmtdt and eµmtdt =

1
µm

(
Xm
X0

)
du. Substituting these relationships into Equation (A3) results in:

∫
dP =

(
βXm

µm

)∫ (
1
u

)
du (A4)

Performing the integrals indicated in Equation (A4), one obtains:

P(t) =
(

βXm

µm

)
ln|u|+ C =

(
βXm

µm

)
ln
∣∣∣∣ 1 +

(
X0

Xm

)(
eµmt − 1

) ∣∣∣∣+ C (A5)

To determine the integration constant C, the initial condition P(0) = 0 is applied in
Equation (A5), giving C = 0. Therefore, making C = 0 in Equation (A5) gives:

P(t) =
(

βXm

µm

)
ln
∣∣∣∣1 + (

X0

Xm

)(
eµmt − 1

) ∣∣∣∣ (A6)

As eµmt ≥ 1, then 1 +
(

X0
Xm

)(
eµmt − 1

)
> 0 and the modulus operator can be removed

from the Equation (A6), providing the final equation:

P(t) =
(

βXm

µm

)
ln
[

1 +
(

X0

Xm

) (
eµmt − 1

)]
Appendix B

This appendix demonstrates that the solution obtained for P(t) in Case 2 satisfies both
the ordinary differential equation and the initial condition P(0) = 0. It will be shown first
that the solution satisfies the ODE and, secondly, that it satisfies the IC (Initial Condition).

To simplify the notation of Equation (10), the following relations can be established:

K =
βXmX0

(µm + kh)(Xm − X0)
(A7)

A(t) = 2F1
(
1, δ1; δ2; δ3eµmt)eµmt (A8)

B(t) = 2F1(1, δ1; δ2; δ3)e−kht (A9)

The simplified form of Equation (10) becomes:

P(t) = K[A(t)− B(t)] (A10)

Thus:
dP
dt

= K
[

dA
dt

− dB
dt

]
(A11)

To differentiate the term A(t) with respect to t, it is necessary to use the recurrence
relation [56]:

z
( a

b

)
2F1(a + 1, b + 1; c + 1; z) = (c − 1)[2F1(a, b; c − 1; z)− 2F1(a, b; c; z)] (A12)

Considering that, in Equation (A12), a = 1, b = δ1, c = δ2, and z = δ3eµmt, the expression
for dA/dt is developed as follows:

dA
dt

= µm(δ2 − 1)[2F1(1, δ1; δ1; z)− 2F1(1, δ1; δ2; z)]eµmt + µm A(t) (A13)
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Since 2F1(1, δ1; δ1; z) = (1 − z)−1 and δ2 − 1 = δ1, the derivative becomes:

dA
dt

= µmδ1(1 − z)−1eµmt − µmδ1 A(t) + µm A(t) (A14)

By substituting δ1 = µm+kh
µm

, one obtains:

dA
dt

= (µm + kh)
eµmt

1 − δ3eµmt − kh A(t) (A15)

Developing dB/dt:
dB
dt

=
d
dt

(
2F1(1, δ1; δ2; δ3)e−kht

)
(A16)

Since 2F1(1, δ1; δ2; δ3) is independent of t, it follows that:

dB
dt

= −kh2F1(1, δ1; δ2; δ3)e−kht = −khB(t) (A17)

Substituting the expressions for dA/dt and dB/dt into Equation (A11) gives:

dP
dt

= K
[
(µm + kh)

eµmt

1 − δ3eµmt − kh A(t) + khB(t)
]

(A18)

Inserting the expressions for A (t) and B (t) into Equation (A18), followed by some
algebraic manipulation, gives Equation (A19), which is the original ODE, thus validating
the obtained solution.

dP
dt

= β

[
X0eµmt

1 + X0
Xm

(eµmt − 1)

]
− khP = βX − khP (A19)

To show that the solution also satisfies the initial condition, i.e., P(0) = 0, it is only
necessary to substitute t = 0 into Equation (A10). Since A(0) = 0 and B(0) = 0, it follows that
P(0) is also zero, thus satisfying the initial condition.
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