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Abstract 

This study presents a finite element analysis (FEA)-based numerical homogenization 
method for evaluating the effective thermo-mechanical properties of a large-area addi-
tively manufactured particulate-filled composite using realistic periodic representative 
volume elements (RVEs) generated from reconstructed X-ray µ-CT image scans of a 3D-
printed bead. The numerical results of the predicted effective properties, including the 
elastic stiffness, coefficient of thermal expansion (CTE) and thermal conductivity, were 
benchmarked with the Mori–Tanaka–Benveniste analytical estimates, which were found 
to be comparable. Initial sensitivity analysis using a single region of interest (ROI) ex-
tracted from the bead’s volume was performed to determine a suitable RVE size. The im-
pact of inherent micro-porosities on the resulting composite material’s behavior was also 
quantified in the current investigation and was shown to reduce the composite’s effective 
properties. Using a suitable RVE size, the effect of anisotropy due to spatial variation in 
the microstructure across the bead specimen on the computed composite’s effective prop-
erties was also assessed. The results show that the regions closer to the exposed surface 
of the print bead with highly aligned and densely packed fiber particulates have superior 
properties as compared to inner regions with a more randomly oriented and less densely 
packed fibrous microstructure. 

Keywords: composites; microstructure; structure–property relations; additive  
manufacturing; finite element analysis (FEA) 
 

1. Introduction 
Large-scale additive manufacturing is a growing technology with applications rang-

ing from rapid prototyping to the fabrication of load-bearing components. For improved 
performance of manufactured components, the pelletized polymer feedstock is com-
monly reinforced with short carbon fiber fillers to improve the mechanical properties of 
the final part. Studies on the trend and development of AM-manufactured short fiber-
reinforced polymer (SFRP) composites can be found in [1–3]. 

The performance of a randomly dispersed SFRP composite depends on its inherent 
microstructural characteristics, such as the concentration, orientation and length distribu-
tion of the fiber reinforcement, the content, distribution and morphology of the inherent 
micro-voids, the fiber–matrix inter-layer adhesion, etc. [4]. In addition, spatial variation 
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in the heterogenous microstructure results in intrinsic anisotropic macroscopic behavior 
of the composite material. Material property prediction of randomly dispersed and ran-
domly oriented SFRP composites becomes more complicated with increased non-uni-
formity and anisotropy across the heterogenous composite microstructure, particularly 
when micro-voids are present. 

Several computational micro-mechanics techniques for estimating the effective 
thermo-elastic properties of SFRPs have been presented, offering an alternative to experi-
mental characterization; they include analytical mean-field homogenization techniques, 
numerical modeling methods and statistical continuum mechanics methods [5]. Existing 
analytical methods involve a two (2)-step homogenization approach for thermo-elastic 
property prediction of a randomly oriented SFRP composite which includes (a) determi-
nation of effective properties for the pseudo-grains of a decomposed representative vol-
ume element (RVE) structure based on available analytical mean-field models and (b) av-
eraging the predicted RVE properties over fiber orientation and length distribution using, 
for example, the Voight or Reuss models [6,7]. Existing definitions of the RVE concept by 
previous researchers can be found in [8]. Numerous classical analytical micro-mechanics 
models for predicting material properties of a unidirectional SFRP composite with uni-
formly distributed fibers currently exist and have varying degrees of accuracy [4,9–15]. 
These include models based on variational or energy principles [9,16–32], the family of 
Eshelby’s equivalent inclusion-based models [33–44], semi-empirical models [43,45–55], 
mechanics-based models [4,56], etc. Traditionally, most mean-field theories used in the 
first homogenization step, such as the Mori–Tanaka–Benveniste formulations, are limited 
to only two-phase composites. For multiphase heterogenous composites, common ho-
mogenization techniques include the direct Voight averaging method and the multi-step 
and (or) multi-level homogenization schemes [57,58]. Extension of the Mori–Tanaka 
model for multiphase composites has been shown to seldom violate the Hashin–Shtrik-
man and Hill–Hashin effective stiffness bounds [59]. While theoretical asymptotic formu-
lations are orders of magnitude faster and less computationally intensive than other com-
putational micro-mechanics techniques, their accuracy is reduced. This has been shown 
to occur more often when there is interaction between inclusions or when estimating the 
microscopic stresses associated with the particulates, especially when analyzing compo-
sites with sharp phase property contrast or a high inclusion aspect ratio and volume frac-
tion [5,60,61]. Moreover, asymptotic methods lack the capability to accurately model the 
geometric peculiarities of inclusions such as irregularities in a particle’s morphology and 
characteristics and spatial variations in the distribution of microstructural features across 
the RVE, which are typically found in actual SFRP composites [62]. Of the various existing 
fiber orientation averaging schemes of effective material properties for SFRP composites 
summarized in various studies [63–65], the method of Advani and Tucker [6,66] is per-
haps the most widely used. 

With growing computational capabilities, numerical boundary value problem (BVP) 
full-field methods, mainly finite element analysis (FEA)-based homogenization methods, 
have emerged for computing effective properties of SFRP composites. FEA-based meth-
ods provide a high level of accuracy and the ability to model complex microstructural 
geometric details associated with inclusions including both fibers and micro-voids. Exist-
ing studies on numerical homogenization methods for property prediction of random 
SFRP composites are predominantly based on computer-generated deterministic RVE 
volumes stochastically filled with particulates [66–72] and can yield results that are in 
good agreement with results obtained from analytical-based methods [5,73–75]. These 
studies have shown that numerical-based methods prevail in terms of accuracy over ana-
lytical-based methods when predicting properties of composites that have inclusions with 
a high aspect ratio and high volume fraction [74,76]. Continuum mechanics techniques 
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based on statistical correlation methods have been shown to perform poorly for elastic 
property prediction of composites with non-spherical-shaped inclusions. In addition, the 
required number of realizations and the desired precision in predicting properties of het-
erogenous SFRP composites have been shown to depend on several factors, including the 
microstructural composition and concentrations, the microconstituents’ phase property 
contrasts, the morphology, characteristics and dispersion of inclusion phases and the eval-
uated quantity of interest [66,69,76,77]. More recently, detailed microstructural character-
ization has become possible with advancements in modern imaging techniques. Recon-
struction of 3D-voxelated grayscale radiographs obtained from the X-ray micro-computed 
tomography (µCT) imaging technique has been used to characterize the microstructure of 
SFRP composites [44,62,78,79] and to generate realistic RVEs, i.e., RVEs defined directly 
from a µCT measurement of the internal microstructure, for micro-mechanical analysis. 
For example, Guven et al. [62] generated realistic or sample-specific RVEs of various sizes 
from 3D X-ray µ-CT voxelated images to numerically evaluate the effective material prop-
erties of a two-phase particulate-filled polymer composite which was shown to be in close 
agreement with experimentally measured properties. Although their study was based on 
a two-phase SFRP composite, their approach has been successfully extended to study the 
influence of micro-porosities and particulate inhomogeneities on predicted effective prop-
erties of multiphase particulate composites [57,80]. While extensive studies that numeri-
cally assess the influence of porosity on effective properties of SFRP composites using de-
terministic RVEs have been performed [57,60], to the best of the authors’ knowledge, no 
known studies that incorporate porosity in the calculation of effective properties of SFRP 
composites utilizing sample-specific RVEs currently exist. Realistic RVEs were used to 
evaluate a nickel-reinforced alumina composite with spherical-shaped nickel particle re-
inforcement [80]; however, this differs from typical AM-manufactured SFRP composite 
microstructures, which include cylindrical-shaped fibers with a high aspect ratio and of-
ten contain micro-voids. 

This paper evaluates the effective thermo-mechanical properties of a 13% carbon fi-
ber-filled ABS (13% CF-ABS) SFRP composite manufactured using large-area additive 
manufacturing (LAAM) technology and assesses the influence of micro-voids on its com-
puted effective properties. A finite element-based numerical homogenization approach is 
employed using realistic RVEs developed from sample-specific, reconstructed 3D X-Ray 
µ-CT voxelated grayscale images of the composite print beads. Microstructural character-
ization of the printed bead specimen based on binary segmentation of the 3D grayscale 
voxelated data is performed to identify unique phases and microstructural features within 
the sample. Finite element analysis is performed with models derived from specimen-
specific RVEs to compute effective thermo-mechanical properties over the bead cross-sec-
tion. To ensure domain continuity across RVE boundaries, periodic constraints are im-
posed on opposing boundary entities, which ensure effective transfer of load across 
boundary surfaces. The effective elastic stiffness is derived from the resulting homoge-
nized macro-stresses and macro-strains and for different load cases through a least 
squares linear regression fitting algorithm. In addition, effective CTEs are computed using 
a procedure similar to that appearing in Wang Z. [81]. Further, effective TCs are computed 
from homogenized heat flux and temperature gradient obtained from steady-state heat 
transfer FE analysis based on Fourier’s law. Results of the effective properties obtained 
from solutions to the numerical based homogenization scheme are compared to results 
derived from the analytical mean-field homogenization approach based on the Mori–
Tanaka–Benveniste formulation. Although studies have shown that effective properties 
of SFRP composites computed from the analytical MT method may deviate from numer-
ical results, especially with increasing fiber aspect ratios and phase property contrasts 
[2,60], MT results are presented here to show that our computed numerical values agree 
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reasonably well with what is to be expected. The effects of porosity (i.e., presence of micro-
voids) on the effective properties are also quantified. Additionally, a correlation study 
between the effective thermo-mechanical properties and microstructural properties across 
regions of the LAAM-printed bead specimen is used to gain an overall understanding of 
the effect of anisotropy on the resulting effective properties. 

2. Materials and Methods 
2.1. CF/ABS Composite Bead Specimen and Isotropic Material Properties 

In the current study, the effective properties of four (4) regions of interest (ROIs) 
across the 13% CF/ABS bead specimen shown in Figure 1 are evaluated. These include (a) 
ROI-I, adjacent to the print bed; (b) ROI-II, near the bead’s center; (c) ROI-III, along the 
outer edge of the bead; and (d) ROI-IV, adjacent to the top surface of the bead. The dimen-
sions of each ROI are 0.35 mm ൈ 0.35 mm ൈ 0.35 mm. The CF/ABS bead was printed us-
ing a Strangpresse Model 19 single-screw extruder (Strangpresse, Youngstown, OH, USA) 
on a custom LAAM system at Baylor University. More details on the LAAM printing pa-
rameters and operating conditions can be found in [82]. 

 

Figure 1. Regions of interest (ROI, I–IV) of the CF/ABS specimen from a polymer composite bead 
manufactured using Baylor’s LAAM system. (𝑋ଵ  and 𝑋ଶ  are coordinate directions normal to the 
print direction,𝑋ଷ , and the red dot dashed line indicates a plane of half-symmetry plane in the 𝑋ଵ  
direction.) 

The isotropic properties of the microconstituents of the 13% CF-ABS SFRP composite 
used in the homogenization analysis appearing in Table 1 are taken from [83], which as-
sumes that the fiber and matrix materials are isotropic. The constituent properties shown 
are for a Tourayaca® T300 (Touray Industries, Tokyo, Japan) PAN-based carbon fiber and 
Lustran ® 433 ABS (INEOS Olefins & Polymers, London, UK) for the ABS polymer matrix. 
In Table 1, E is the elastic modulus, ν is the Poisson’s ratio, κ is the thermal conductivity, 𝜌 is the density and 𝜁௦  is the specific heat capacity. 
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Table 1. Isotropic properties of the microconstituents of the 13% CF-ABS composite material. 

 𝑬 𝝂 𝜶 × 𝟏𝟎ି𝟔 𝜿 𝝆 𝜻𝒔  [𝐆𝐏𝐚] [𝐦 𝐦−𝐊⁄ ] [𝐖 𝐦⁄ − 𝐊] [𝐠 𝐜𝐜⁄ ] [𝐉 𝐤𝐠 ∙ 𝐊⁄ ] 
Fiber 230.0 0.20 −0.61 3.060 1.76 777 

Matrix 2.55 0.35 90.1 0.175 1.05 1865 

2.2. Numerical FE Homogenization Method 

FEA models of different RVEs were generated from reconstructed 3D X-ray 𝜇-CT 
voxel-based radiographs of each of the ROIs in Figures 1 and 2a. Binary segmentation of 
each ROI volume into the three (3) microstructural constituents (matrix, fiber and voids) 
was achieved via grayscale data thresholding, with detailed procedures provided in [82]. 
Sufficient image resolution to accurately capture the microstructural features was per-
formed using a voxel cube with a side length of 1.4 μm, yielding a total of 250 voxels per 
length or 15,625,000 voxels per ROI. The FEA models for the elasticity analyses were gen-
erated directly using the scripting interface of Abaqus/Standard (Abaqus 2023, Simulia, 
Dassault Systemes, Waltham, MA, USA), where each voxel within the RVE is represented 
as a 3D solid 8-node fully integrated iso-parametric continuum brick element (C3D8) 
where typical morphology normalization methods are not employed. A separate element 
set is created for each segmented microstructural constituent. For the heat transfer analy-
sis, diffusive-C3D8 elements (i.e., DC3D8) are employed instead based on the same mesh 
as that for the elasticity analysis. Relevant material property definitions for the individual 
microstructural phases are also created and assigned to their respective material sections 
through the section assignment input syntax. Figure 2a,b shows a sample RVE block ex-
tracted from ROI-II (cf. Figure 1) which highlights the three microstructural phases, in-
cluding fibers (gray), micro-voids (red) and the ABS matrix (transparent volume). Figure 
2c shows the resulting FEA model created from directly importing the segmented voxe-
lated data which illustrates the three microstructural phases appearing on the outer RVE 
surfaces. Figure 2d–f show the individual element sets of each of the microstructural 
phases, including the ABS matrix (cf. Figure 2d), the inherent micro-voids (cf. Figure 2e) 
and the fiber reinforcements (Figure 2f). Although the stepped-like surface of micro-fea-
tures within the RVE generated with voxel data is likely to induce stress concentrations, 
Guven et al. [62] has shown that the impact on the evaluated effective properties for small 
displacement analysis is only minimal. 

This study compares results for three RVE sizes, using ROI-II as a case study. The 
smallest sized RVE (RVE-I) has a cube side length of 70 µm, with 125,000 elements and 
125 RVE realizations (cf. Figure 3a) within ROI-II, while the mid-sized RVE (RVE-II) has 
a side length of 116.2 µm, with 571,787 elements and 27 RVE realizations (cf. Figure 3b) 
within ROI-II. The largest RVE (RVE-III) has a side length of 175 µm, with a total of 
1,953,125 elements and 8 RVE realizations within ROI-II (cf. Figure 3c). With the foregoing 
RVE classification, a numbering scheme for identifying a particular realization Z, belong-
ing to RVE type Y within ROI volume X, is defined as ROI-X, RVE-Y, #Z. Complete adhe-
sion between the filler and matrix constituents is assumed. In all cases, the element side 
length equals a voxel cube length of 1.4 μm, which is one-fifth the average fiber diameter 
of 7.0 μm. 
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(a) (b) (c) 

   
(d) (e) (f) 

Figure 2. (a) Reconstructed 𝜇𝐶𝑇 3D scans of ROI-II highlighting mid-block RVE volume; (b) mag-
nified view of mid-block RVE showing segmented micro-constituents; (c) FEA model imported 
from 𝜇𝐶𝑇 voxel data of the RVE; (d) ABS matrix FEA elements; (e) micro-void FEA elements; and 
(f) fiber reinforcement FEA elements. 

Periodic boundary conditions (PBCs) on the cubic RVE’s outer surfaces are defined 
according to the formulations in [84–86] for stress and thermal RVE simulations as 𝑢௜ிೖశ − 𝑢௜ிೖష   ൌ෍𝑐ி𝜀௜̂௝ 𝛥𝑥௝௞         𝜃 ிೖశ − 𝜃 ிೖష  ൌ෍𝑐ி∇෡௝𝜃𝛥𝑥௝௞ 

௝
 
௝     𝑐ி ൌ 𝛿௝௞ (1)

𝑢௜ఀ ೖ೙శ − 𝑢௜ఀ ೖ೙ష ൌ෍𝑐ఀ𝜀௜̂௝ 𝛥𝑥௝௞ 
௝       𝜃 ఀ ೖ೙శ − 𝜃 ఀ ೖ೙ష ൌ෍𝑐ఀ∇෡௝𝜃𝛥𝑥௝௞ 

௝        𝑐ఀ ൌ −൫−𝑒௝௞௠ ൯௡ (2)

𝑢௜௏ೖశ − 𝑢௜௏ೖష   ൌ෍𝑐௏𝜀௜̂௝ Δ𝑥௝௞ 
௝      𝜃 ௏ೖశ − 𝜃 ௏ೖష ൌ෍𝑐௏∇෡௝𝜃𝛥𝑥௝௞ 

௝       𝑐௏ ൌ ሺ−1ሻఋೕೖ (3)

where 𝑢௜ேೖ  is the 𝑖௧௛ component of displacement and 𝜃 ேೖ  is the temperature, both ap-
plied on the 𝑘௧௛directional identifier on opposing entities 𝑁 of the periodic structure in-
cluding faces ሺ𝑁 ൌ 𝐹 േሻ , 𝑛௧௛  edges ሺ𝑁 ൌ 𝛴௡േሻ  and vertices ሺ𝑁 ൌ 𝑉 േሻ . 𝛿௜௝  is the Kron-
ecker delta and 𝑒௜௝௞   is the Levi-Civita permutation tensor. Quantity 𝜀௜̂௝   is the average 
macro-strain tensor over the periodic RVE. 𝛥𝑥௝௞ is the projection of the 𝑗௧௛ dimension of 
the RVE along the 𝑘௧௛direction, and for our orthogonal shaped RVE, 𝛥𝑥௝௞ ൌ 𝛥𝐿௝  (cf. Fig-
ure 4). Indices 𝑖, 𝑗, 𝑘 𝜖 ሼ1,2,3ሽ identify the Cartesian degrees of freedom and 𝑚 ൌ 𝑘𝛿௝௞ ൅൫1 − 𝛿௝௞൯ሺ6 − 𝑗 − 𝑘ሻ in Equation (2). The PBC multi-point constraints (MPCs) on opposing 
entities are defined in the model via the Abaqus equation input syntax. To avoid redun-
dancy, edges and vertices are excluded from the facet node set definitions, and vertices 
are excluded from the edge node set definitions. The prescribed macro-strains 𝜀௜̂௝  or tem-
perature gradient ∇෡௝𝜃 are imposed through an extra set of dummy nodes that are coupled 
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to degree-of-freedom-MPC nodes on opposing PBC entities ሺ𝑁 േሻ with a respective dis-
placement or temperature magnitude equal to the RHS value of the constraint equation. 

  
(a) 

 
(b) 

 
 

(c) 

Figure 3. ROI-II partitioning into (a) RVE—I: 125 realizations with 125,000 elements per realization 
with 𝐿ூ ൌ 70 μm ; (b) RVE—II: 27 realizations with 571,787 elements per realization with 𝐿ூூ ൌ116.2 μm; (c) RVE—III: 8 realizations with 1,953,125 elements per realization with 𝐿ூூூ ൌ 175 μ. 
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Figure 4. Single periodic RVE structure showing definitions of entities and coordinate directions 
used in the PBC formulations (Equations (1)–(3)). 

Although we have enforced periodic constraints on an RVE structure that is strictly 
non-geometrically periodic, similar studies from the literature [43,62,66,80] have shown 
that utilization of PBCs for effective property prediction for this type of analysis yields the 
most accurate results compared to other boundary conditions like static and kinematic 
uniform boundary conditions (SUBCs and KUBCs). 

2.2.1. Effective Elastic Engineering Constants—A Numerical Approach 

For the stress analysis, six load cases are employed, with permutation indices 𝑘𝑙 ሺ11, 22, 33, 23, 13, 12ሻ, which are applied through the displacement PBC equations (cf. 
Equations (1)–(3)). For load case 𝑘𝑙, the applied strain 𝜀௜̂௝௞௟ may be written as 𝜀௜̂௝௞௟ ൌ 𝜖2 ൫1 ൅ 𝛿௜௝൯𝛿௜௞𝛿௟௝ (4)

where 𝜖 is the magnitude of the imposed strain and repeated indices do not imply sum-
mation. A value of 𝜖 ൌ 0.25 is assumed in all elasticity analyses. The homogenized equiv-
alent macro-stresses 𝜎ො௜௝  and macro-strains 𝜀௜̂௝  of the heterogenous RVE volume 𝛺  are 
evaluated through volume averaging, satisfying the Hill–Mandel condition of equivalent 
strain energy [87,88] between the idealized homogenized volume with macro-stress 𝜎ො௜௝ 
and macro-strain 𝜀௜̂௝  and heterogenous volume with stress 𝜎௜௝ሺ𝒙ሻ  and strain 𝜀௜௝ሺ𝒙ሻ 
(both a function of material point 𝒙 within the domain 𝛺 of the RVE), given as 12න𝜎௜௝ሺ𝒙ሻ𝜀௜௝ሺ𝒙ሻ𝑑𝛺 

ఆ ൌ 12𝜎ො௜௝𝜀௜̂௝𝛺 (5)

where the equivalent macro-stresses 𝜎ො௜௝ and macro-strains 𝜀௜̂௝ in Equation (5) are given 
as 𝜎ො௜௝ ൌ 1𝛺 න𝜎௜௝ሺ𝒙ሻ𝑑𝛺 

ఆ , 𝜀௜̂௝ ൌ 1𝛺 න𝜀௜௝ሺ𝒙ሻ𝑑𝛺 
ఆ , 𝑖, 𝑗 ൌ 1,2,3 ;   𝑥 ∈ 𝛺 (6)

The effective elastic constant tensor 𝐶መ௜௝௞௟ is obtained from the homogenized quanti-
ties according to the constitutive relation 
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𝜎ො௜௝ = 𝐶መ௜௝௞௟𝜀௞̂௟ , 𝑖, 𝑗, 𝑘, 𝑙 = 1,2,3 (7)

which is conveniently written in contracted notation as 𝜎ො௠ = 𝐶መ௠௡𝜀௡̂, 𝑚 = 𝑓ଵሺ𝑖, 𝑗ሻ, 𝑛 = 𝑓ଵሺ𝑘, 𝑙ሻ (8)

where 𝑓ଵሺ𝑖, 𝑗ሻ is a linear indices transformation functions given as 𝑓ଵሺ𝑖, 𝑗ሻ = 𝑟𝛿௜௝ + ൫1 − 𝛿௜௝൯ሺ9 − 𝑖 − 𝑗ሻ (9)

The material constant 𝐶መ௠௡ is computed from a least squares linear regression fitting 
algorithm that minimizes the relative error in the components 𝜎ො௠ of the stress tensor of 
Equation (8). Let the 𝑖th component of the stress and strain tensors for the 𝑗th load case 
be denoted as 𝛹෡௜௝ = 𝜎ො௜௝  and 𝛯෠௜௝ = 𝜀௜̂௝ , respectively; A tensor 𝐷෡௜௝  is defined such that 𝐷෡௜௝ = 𝛯෠௜௞𝛯෠௝௞ and the block diagonal matrices 𝑃෠௜௝௞௟ and 𝑄෠௜௝௞௟, respectively, as 𝑃෠௜௝௞௟ = 𝐷෡௜௝𝛿௞௟ , 𝑎𝑛𝑑, 𝑄෠௜௝௞௟ = 𝛯෠௜௝𝛿௞௟ (10)

The material constant 𝐶መ௠௡  is then computed from the linear algebraic expression 
given as 𝑃෠௜௝௞௟𝐶መ௞௟ = 𝑏෠௜௝ , 𝑏෠௜௝ = 𝑄෠௜௟௝௞𝛹෡௞௟ (11)

For simplicity, the expression of Equation (11) can represented in the reduced order 
form as 𝑃෠௠௡𝐶መ௡ = 𝑏෠௠, 𝑚 = 𝑓ଶሺ𝑖, 𝑗ሻ, 𝑛 = 𝑓ଶሺ𝑘, 𝑙ሻ (12)

The linear index transformation functions 𝑓ଶሺ𝑖, 𝑗ሻ  that appear in Equation (12) are 
given as 𝑓ଶሺ𝑖, 𝑗ሻ = 𝑖 + 6ሺ𝑗 − 1ሻ (13)

The reduced order tensor 𝑃෠௠௡ is a 36 × 36 matrix and the tensors 𝐶መ௡ and 𝑏෠௠ are 36 
× 1 vectors. Depending on the requirements of material property behavior desired from 
the least squares fitting of the elastic constant 𝐶መ௡, such as matrix and material symmetry, 
orthogonality, isotropy, etc., constraints that define linear relationships between compo-
nents 𝐶መ௡ are imposed with the constraint matrix 𝑋௩௡ through the linear relation 𝑋௩௡𝐶መ௡ = 0, 𝑛 = 1 … 36 (14)

In the current study, only two material requirements are needed for a complete def-
inition of the constraint matrix 𝑋௩௡, which include the condition of matrix symmetry and 
material orthogonality defined through sets of linear equation constraint submatrices 𝑋௥௡ᇱ  
and 𝑋௦௡ᇱᇱ , respectively, such that 𝑋௩௡ = ൤𝑋௥௡ᇱ 𝑋௦௡ᇱᇱ ൨ (15)

The necessary condition of matrix symmetry 𝐶መ௜௝ = 𝐶መ௝௜  requires 15 essential con-
straints, and thus, 𝑋௥௡ᇱ  is a 15 x 36 sized submatrix such that 𝑋௥௡ᇱ = 𝛿௣௡ − 𝛿௤௡ 

(16)  𝑟 = 𝑓ଷሺ𝑖, 𝑗ሻ , 𝑝 = 𝑓ଶሺ𝑖, 𝑗ሻ, 𝑞 = 𝑓ଶሺ𝑗, 𝑖ሻ, 𝑖 = 1⋯5, 𝑗 = 𝑖 + 1⋯6 

where the linear indices transformation functions 𝑓ଷሺ𝑖, 𝑗ሻ are given as 𝑓ଷሺ𝑖, 𝑗ሻ = 𝑗 − 0.5ሺ𝑖ଶ − 11𝑖 + 12ሻ (17)

Further conditions for material orthotropy with three orthogonal planes of symmetry 
require the definition of 12 additional constraints that set the shear–extension (9) and bi-
planar shear–shear (3) coupling terms of the elastic constants to zero, i.e., 
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𝐶መ௜௝ = 0 
(18)  𝑖 = 1 … 5, 𝑗 = ቄ 4 … 6 𝑖 ≤ 3𝑖 + 1 … 6 𝑖 > 3 

The constraint submatrix 𝑋௦௡ᇱᇱ  is thus a 12 × 36 matrix given as 𝑋௦௡ᇱᇱ = 𝛿௡௣, 𝑠 = 𝑓ସሺ𝑖, 𝑗ሻ, 𝑝 = 𝑓ଶሺ𝑖, 𝑗ሻ (19)

The linear indices transformation functions 𝑓ସሺ𝑖, 𝑗ሻ that appear in Equation (19) are 
given as 𝑓ସሺ𝑖, 𝑗ሻ =  ൜3𝑖 + 𝑗 − 6 𝑖 ≤ 3𝑖 + 𝑗 + 1 𝑖 > 3 (20)

A Lagrange multiplier method is used to combine the constitutive relation of Equa-
tion (12) and the constraint equations in Equation (14) to obtain the linear algebraic sys-
tems of the equation, given as [81] ൤𝑃෠௠௡ 𝑋௡௩ 𝑋௩௡ 0௩௩ ൨ ൤𝐶መ௡𝜆௩ ൨ = ൤𝑏෠௠0௩ ൨ (21)

where 𝜆௩ is the vector of the Lagrange multipliers with one component for each imposed 
constraint. The accuracy of the regression fit is assessed by the coefficient of determination 
for each 𝑗௧௛ load case 𝑅௝ଶ given as, 𝑅௝ଶ = 1 − 𝑆𝑡 ௝ 𝑆𝑟 ௝⁄  (22)

where 𝑆𝑡 ௝ = ෍ൣ𝜎ො௜௝  − 𝐶መ௜௞𝜀௞̂௝൧ଶ∀௜ , 𝑆𝑟 ௝ = ෍ൣ𝜎ො௜௝  − 〈𝜎〉 ௝൧ଶ∀௜ , 〈𝜎〉 ௝ = 1𝑛෍𝜎ො௜௝ 
∀௜  (23)

The computed solution of 𝐶መ௡ transformed to the 6 × 6 matrix from 𝐶መ௠௡ and inverted 
yields the effective compliance matrix 𝑆መ௠௡, from which the 9 independent engineering 
constants are derived according to 

𝑆መ௠௡ = ൣ𝐶መିଵ൧௠௡ =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎡    1𝐸ଵଵ − 𝜈ଶଵ𝐸ଶଶ − 𝜈ଷଵ𝐸ଷଷ    − 𝜈ଵଶ𝐸ଵଵ     1𝐸ଶଶ − 𝜈ଷଶ𝐸ଷଷ    − 𝜈ଵଷ𝐸ଵଵ − 𝜈ଶଷ𝐸ଶଶ     1𝐸ଷଷ       1𝐺ଶଷ       1𝐺ଵଷ       1𝐺ଵଶ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎤
 (24)

2.2.2. Effective Coefficient of Thermal Expansion—A Numerical Approach 

The evaluation of the effective CTE in our approach is based on the Duhamel–Neu-
mann law [89,90], where the fundamental constitutive expression that relates the effective 
stress 𝜎ො௜௝ to the effective total strain 𝜀௞̂௟ for a structure subjected to temperature change Δ𝜃 is given as 𝜎ො௜௝ = 𝐶መ௞௟௜௝[𝜀௞̂௟ − 𝛼ො௞௟Δ𝜃] (25)

where 𝐶መ௞௟௜௝ is the effective elastic stiffness tensor of the homogenized material and 𝛼ො௞௟ is 
the effective CTE tensor. In contracted notation, Equation (25) becomes 
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𝜎ො௠ = 𝐶መ௡௠[𝜀௡̂ − 𝛼ො௡Δ𝜃] (26)

A temperature change of Δ𝜃 = 65 C ୭  is assumed for the thermal expansion analysis. 
In evaluating the effective CTE, the total strain 𝜀௜௝  in the sets of defined PBC constraints 
in Equations (1)–(3) above is set to zero, giving 𝜀௞̂௟ = 0. Equation (26) reduces to 𝜎ො௠ = −𝐶መ௡௠𝛼ො௡Δ𝜃 (27)

From the results of the homogenized equivalent macro-stresses 𝜎ො௠ derived from the 
thermal expansion analysis based on an applied temperature difference Δ𝜃 over the en-
tire RVE volume, the effective CTE can be computed by rearranging Equation (27) above 
as 𝛼ො௡ = −𝑆መ௡௠𝜎ො௠ Δ𝜃⁄  (28)

2.2.3. Effective Thermal Conductivity—A Numerical Approach 

A heat transfer analysis is performed on the RVE to compute the effective thermal 
conductivity using three thermal load cases with permutation indices 𝑘𝑘 (11, 22, 33) ap-
plied through the temperature PBC constraints in Equations (1)–(3). These thermal loads 
are defined to produce orthogonal temperature gradients, such that for case 𝑘 ∇෡௝௞𝜃 = 𝛿௝௞Θ (29)

where Θ is the magnitude of the imposed temperature difference across the RVE in the 𝑥௝ direction. A value of Θ = 100 C ୭  is assumed for the heat transfer analyses. The general 
heat conduction energy conservation equation, assuming a steady state with no internal 
heat generation at an arbitrary material point within the RVE volume, is given as ∇௜𝜅௜௝∇௝𝜃  = 0 (30)

where ∇௜ is the gradient operator vector, 𝜅௜௝ is the thermal conductivity of the material 
and 𝜃 is the temperature, with all quantities being evaluated at specified material point 
within the RVE volume. From Fourier’s law of steady-state heat conduction, the heat flux 𝑞௜  at any material point within the conducting medium is 𝑞௜ = −𝜅௜௝∇௝ 𝜃 (31)

Integrating Equation (30) over domain 𝛺, applying the Gauss divergence theorem 
and making appropriate substitution for the heat flux 𝑞௜  from Equation (31) yields න∇௜𝜅௜௝∇௝𝜃  𝑑𝛺 

ఆ = න𝜅௜௝∇௝𝜃 nሬ⃗ ௜ 𝑑𝛬 
௸ = −න𝑞௜ nሬ⃗ ௜ 𝑑𝛬 

௸ = 0 (32)

The Hill–Mandel condition of equivalent thermal dissipation between the assumed 
homogenous and heterogenous regions yields [60] −𝑞ො௞ ∇෡௞ 𝜃 = −ሼ𝑞௞∇௞ ሽ෣ 𝜃 = − 1𝛺 න𝑞௞ሺ𝑥)∇௞ 𝜃ሺ𝑥)𝑑𝛺 

ఆ  (33)

Applying the same macrohomogeneity principle as with the elasticity solution in Sec-
tion 2.2.1, the spatial averages of local heat flux 𝑞ො௜  and temperature gradient ∇෡௜ 𝜃 are ob-
tained and given as [43,77,91] 𝑞ො௜ = 1𝛺 න𝑞௜ 𝑑𝛺 

ఆ , ∇෡௜ 𝜃 = 1𝛺 න∇௜ 𝜃𝑑𝛺 
ఆ  (34)

The effective TC tensor 𝜅̂௜௝  of the RVE volume is obtained from Fourier’s law of 
steady heat conduction, given as 
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𝑞ො௜௞ = −𝜅̂௜௝∇෡௝௞𝜃 (35)

For simplicity, let the 𝑖th component of the equivalent homogenized heat flux vector 𝑞ො௜௞ and temperature gradient ∇෡௝௞𝜃  for the 𝑘 th load case be denoted as 𝑄෠௜௞ = 𝑞ො௜௞  and ∇𝑇෢௝௞ = ∇෡௝௞𝜃, respectively, such that Equation (35) can be rewritten as 𝑄෠௜௞ = −𝜅̂௜௝∇𝑇෢௝௞ (36)

Rearranging Equation (36) yields the effective ETC tensor 𝜅̂௜௝, given as 𝜅̂௜௝ = −𝑄෠௜௞ ൣ∇𝑇෢  ିଵ൧௝௞ (37)

2.3. Analytical Mean-Field Homogenization Method 

Analytical methods for computing the thermal–elastic properties of discontinuous 
fiber-reinforced composites with suspended fibers of random orientation first appeared 
in Advani and Tucker’s [6,66] two-step micro-mechanics homogenization evaluations. In 
their approach, the first step computes the average properties of decomposed pseudo-
grains with unidirectional, uniform-length fibers using mean-field theory (see, e.g., [9]) or 
numerical FE analysis, and the second step performs an orientation and/or a fiber length 
averaging of the aggregates using either Voight’s or Reuss’ assumption. This widely ac-
cepted approach for computing elastic material properties from orientation tensor data 
accounts for randomly dispersed, spatially varying fiber orientation and length distribu-
tions in the heterogenous macro-scale volume of fiber-filled polymer composites. The fol-
lowing section presents the Mori–Tanaka–Benveniste analytical mean field homogeniza-
tion approach to computing effective material properties, i.e., components of the 4th-order 
elastic stiffness tensor 𝐶መ௜௝௞௟, the 2nd-order coefficient of thermal expansion (CTE) 𝛼ො௜௝ and 
the 2nd-order thermal conductivity tensor 𝜅̂௜௝. 
2.3.1. Effective Elastic Engineering Constants—An Analytical Approach 

Various empirical micro-mechanics models have been developed to predict the elas-
tic properties of unidirectionally aligned discontinuous short fiber-reinforced polymer 
composite such as those briefly discussed above and summarized in [9]. One such model 
which is used to validate results from our numerical calculations are Eshelby-based Mori–
Tanaka formulations for calculating the effective composite moduli. The general equation 
for the mean-field homogenized composite stiffness 𝐶௜௝௞௟ is given as 

𝐶௜௝௞௟ = ቎𝜗௠𝐶௜௝௨௩௠ + ෍𝜗௣𝐶௜௝௥௦௣ 𝐵௥௦௨௩௣௣ ቏ [𝐵෨ିଵ]௨௩௞௟ , 𝐵෨௜௝௞௟ = ቎𝜗௠𝛿௜௝௞௟ + ෍𝜗௣𝐵௜௝௞௟௣௣ ቏ (38)

where 𝐶௜௝௞௟௠  and 𝐶௜௝௞௟௣  are the isotropic matrix and particulate (either fiber or void) stiff-
ness tensors, respectively. The particle’s strain concentration tensor 𝐵௜௝௣ , according to the 
Mori–Tanaka model, corresponds to the Hashin–Shtrikman–Willis lower bounds solution 
for the stiffness tensor, computed as [𝐵ିଵ]௜௝௞௟௣ = 𝛿௜௝௞௟ + Π௜௝௥௦௠ ൫[𝐶ିଵ]௥௦௨௩௠ 𝐶௨௩௞௟௣ − 𝛿௥௦௞௟൯ (39)

where Π௜௝௞௟  is the Eshelby elasticity tensor appearing in Appendix A. The micro-void in-
clusions are assumed to be spherical-shaped, with unity aspect ratio. Length averaging of 
the stiffness tensor is first performed using the length distribution of the inclusions within 
the composite as 𝐶௜௝௞௟ = ෍𝑤௡𝐶௜௝௞௟௡ ሺ𝑎ො௥௡) 

∀௡  (40)
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where 𝑤௡ is the weight fraction of the 𝑛௧௛ pseudo-grain of an inclusion phase with av-
erage aspect ratio 𝑎ො௥௡ . Subsequently, the orientation average of the fourth-order trans-
versely isotropic elastic stiffness tensor 𝐶መ௜௝௞௟ is computed using the fourth-order fiber ori-
entation averaging scheme [6]: 𝐶መ௜௝௞௟ = 𝛽ଵa௜௝௞௟ + 𝛽ଶ൫a௜௝𝛿௞௟ + a௞௟𝛿௜௝൯ + 𝛽ଷ൫a௜௞𝛿௝௟ + a௜௟𝛿௝௞ + a௝௞𝛿௜௟ + a௝௟𝛿௜௞൯+ 𝛽ସ൫𝛿௜௝𝛿௞௟൯ + 𝛽ହ൫𝛿௜௞𝛿௝௟ + 𝛿௜௟𝛿௝௞൯ (41)

where a௜௝௞௟ is the 4th-order orientation tensor of an inclusion phase computed using any 
of the suitable closure approximations detailed in [6,66,92], and 𝛽௜, 𝑖 = 1⋯ 5 are invari-
ants of the unidirectional transversely isotropic elasticity tensor 𝐶௠௡  (written in con-
tracted notation): 𝛽ଵ = 𝐶ଵଵ + 𝐶ଶଶ − 2𝐶ଵଶ − 4𝐶଺଺, 𝛽ଶ = 𝐶ଵଶ − 𝐶ଶଷ, 𝛽ଷ = 𝐶଺଺ + 12 ሺ𝐶ଶଷ − 𝐶ଶଶ) 

(42)𝛽ସ = 𝐶ଶଷ, 𝛽ହ = 12 ሺ𝐶ଶଶ − 𝐶ଶଷ) 

The elastic engineering constants are computed from the orthotropic stiffness matrix 
of the contracted form of Equation (41) based on Equation (24). 

2.3.2. Effective Coefficient of Thermal Expansion—An Analytical Approach 

Similar to the approach presented above for the analytical elastic stiffness prediction, 
a two-step homogenization approach is employed to analytically evaluate the effective 
CTE tensor for the discontinuous fiber-reinforced polymer composite with voids consid-
ered in this work. The analytical orientation-averaged effective CTE tensor 𝛼ො௜௝ for a dis-
continuous fiber-reinforced composite with randomly oriented cylindrical fiber inclusions 
may be computed from [6,85,86] 𝐶መ௜௝௞௟ 𝛼ො௞௟ = [𝐶:𝛼]෣ ௜௝      where      [𝐶:𝛼]௜௝ = 𝐶௜௝௞௟𝛼௞௟ (43)

and 𝐶መ௜௝௞௟ is given in Equation (42). The orientation average for tensor product [𝐶:𝛼]෣ ௜௝  may 
be calculated using the second-order orientation averaging scheme from Advani & Tucker 
[6,66], given as [𝐶:𝛼]෣ ௜௝ = 𝛾ଵa௜௝ + 𝛾ଶ𝛿௜௝ (44)

where 𝛾ଵ and 𝛾ଶ are, respectively, the invariants of the tensor product [𝐶:𝛼]௜௝ obtained 
from the double contraction of the transversely isotropic elasticity tensor 𝐶௜௝௞௟ and CTE 
tensor 𝛼௞௟ for a unidirectional discontinuous fiber composite given as 𝛾ଵ = [𝐶:𝛼]ଵଵ − [𝐶:𝛼]ଶଶ       and      𝛾ଶ = [𝐶:𝛼]ଶଶ (45)

For consistency, the Mori–Tanaka–Benveniste equation is used for estimating the ten-
sor product 𝐶௜௝௞௟𝛼௞௟ of the unidirectional short fiber-reinforced polymer composite with 
isotropic constituents, given as [37–41] 

[𝐶:𝛼]௜௝ = 𝐶௜௝௞௟𝛼௞௟ = ቎𝜗௠𝐶௨௩௞௟௠ 𝛼௞௟ + ෍𝜗௣𝐶௨௩௥௦௣ 𝐵௥௦௞௟௣ 𝛼௞௟௣௣ ቏ [𝐵෨ିଵ]௨௩௜௝ (46)

Terms given here appear in Section 2.3.1. Length averaging of the tensor product [𝐶:𝛼]௜௝ is performed prior to orientation averaging on the right-hand side of Equation (44) 
according to [𝐶:𝛼]௜௝ = ෍𝑤௡[𝐶:𝛼]௜௝௡ ሺ𝑎ො௥௡) 

∀௡  (47)
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2.3.3. Effective Thermal Conductivity—An Analytical Approach 

The Mori–Tanaka model presented above for predicting the homogenized 4th-order 
elasticity tensor for the unidirectional particulate composite has been extended [42–44] to 
estimate other 2nd-order tensor properties of the composite material, including the ther-
mal conductivity tensor. The resulting expression for evaluating the composite’s thermal 
conductivity tensor 𝜅௜௝  is as 

𝜅௜௝ = ቎𝜗௠𝜅௜௦௠ + ෍𝜗௣𝜅௜௥௣ 𝐴௥௦௣∀௣ ቏ ൣ𝐴ሚିଵ൧௦௝       with        𝐴ሚ௜௝ = 𝜗௠𝛿௜௝ + ෍𝜗௣𝐴௜௝௣∀௣  (48)

where 𝜅௜௦௠ and 𝜅௜௥௣  are the isotropic matrix and particulate (either fiber or void) thermal 
conductivity tensors. The intensity–concentration tensor 𝐴௜௝௣  that couples the mean tem-
perature gradients between the particulate inclusions and the isotropic matrix corre-
sponds to the lower bound solution based on Hashin–Shtrikman–Willis single variational 
principle and is computed as  [𝐴ିଵ]௜௝௣ = 𝛿௜௝ + 𝒦௜௥ ൛[𝜅ିଵ]௥௦௠𝜅௦௝௣ − 𝛿௥௝ൟ (49)

In Equations (48) and (49) above, 𝒦௜௝  is Eshelby’s thermal conductance tensor with 
only non-zero diagonal components, which for spheroidal inclusions is given as 𝒦ଶଶ = 𝒦ଷଷ = 0.5𝑎௥𝜒௥ଷሼ𝑎௥𝜒௥ି ଵ − ln[𝑎௥ + 𝜒௥ି ଵ]ሽ, 𝒦ଵଵ = 1 − 2𝒦ଶଶ  (50)

In our calculations, the void particles are assumed to be spherical-shaped for simplic-
ity. In this case, Eshelby’s tensor is simply one-third the identity tensor, i.e., 𝒦௜௝ = 1 3ൗ 𝛿௜௝ . 
Similar to the procedure adopted in elasticity stiffness tensor homogenization, length av-
eraging of the computed transversely isotropic thermal conductivity tensor using the 
length distribution of the fiber inclusion phase within the SFRP composite is performed 
on a weight-based averaging scheme according to 𝜅௜௝ = ෍𝑤௡𝜅௜௝௡ ሺ𝑎ො௥௡) 

∀௡  (51)

The invariants of 𝜅௜௝ , i.e., 𝜓௜, are computed in the usual manner as 𝜓ଵ = 𝜅ଵଵ − 𝜅ଶଶ, 𝜓ଶ = 𝜅ଶଶ (52)

Subsequently, the second-order orientation-averaged thermal conductivity tensor 𝜅̂௜௝  for the misaligned fiber-reinforced composite is calculated as [6,44] 𝜅̂௜௝ = 𝜓ଵa௜௝ + 𝜓ଶ𝛿௜௝  (53)

2.3.4. Density and Specific Heat Estimation 
The average density 𝜌ො and specific heat capacity 𝜁መ௦    for the composite material are 

also computed here using the basic rule of mixture equation, since these scalar quantities 
do not depend on the distribution of fiber orientation or fiber length within the RVE. The 
average density 𝜌ො for p particulate phases is given as 𝜌ො = 𝜗௠𝜌௠ + ෍𝜗௣𝜌௣ ∀௣  (54)

where 𝜌௠  and 𝜌௣  are the matrix and particulate (either fiber or void) isotropic density. 
Likewise, the average specific heat capacity 𝜁መ௦  for p particulate phases is given as 𝜁መ௦ = 𝜗௠𝜁௦௠ + ෍𝜗௣𝜁௦௣∀௣  (55)
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where 𝜁௦௠ and 𝜁௦௣are the matrix and particulate (fiber and void) isotropic specific heat 
capacity values. 

2.4. Magnitude of the Effective Quantities 

The magnitude of the effective quantities is used here to define equivalent isotropic 
properties of the RVE for the elastic modulus, the CTE and the TC. This provides a con-
venient means for quantifying the dispersion in the effective quantity and for comparing 
the numerical FE results with the analytical MT estimates. The effective elastic modulus 𝐸௘௙௙ magnitude and effective Poisson ratio 𝜈௘௙௙ magnitude are given as [93] 1𝐸௘௙௙ = 13𝐺௘௙௙ + 19𝐾௘௙௙ , 𝜈௘௙௙ = 3𝐾௘௙௙ − 2𝐺௘௙௙6𝐾௘௙௙ + 2𝐺௘௙௙ (56)

where 𝐾௘௙௙ is the apparent effective bulk modulus, defined as the average between the 
Voight upper 𝐾௏  and Reuss lower 𝐾ோ  first-order bounds on the bulk modulus and is 
given as 𝐾௘௙௙ = 12 [𝐾௏ + 𝐾ோ], 1𝐾ோ = 𝑆መ௜௜௝௝ , 𝐾௏ = 19𝐶መ௜௜௝௝ (57)

The effective shear modulus magnitude 𝐺௘௙௙  is obtained from the average of the 
Voight upper 𝐺௏ and Reuss lower 𝐺ோ first-order bounds on the shear modulus and is 
given as 𝐺௘௙௙ = 12 [𝐺௏ + 𝐺ோ], 1𝐺ோ = 25 ൤𝑆መ௜௝௜௝ − 13 𝑆መ௜௜௝௝൨ , 𝐺௏ = 110 ൤𝐶መ௜௝௜௝ − 13𝐶መ௜௜௝௝൨ (58)

Likewise, the apparent effective CTE magnitude 𝛼 ௘௙௙ is computed from Hill’s aver-
age of the Voight lower bound 𝛼௏ and Reuss upper bound 𝛼ோ values of the CTE tensor 
[94]. i.e., 𝛼௘௙௙ = 12 [𝛼௏ + 𝛼ோ], 𝛼௏ = 13𝛼ො௜௜ , 𝛼௏ = 19𝐾௏ 𝐶መ௜௜௞௟𝛼ො௞௟ (59)

where summation convention is implied. The apparent effective TC magnitude is given 
as [60,66] 𝜅௘௙௙ = 13 𝜅̂௜௜ (60)

3. Results and Discussion 
The results of the thermo-mechanical properties, including the engineering con-

stants, effective CTE and TC obtained from both numerical and analytical homogenization 
approaches, are presented in this section. The influence of the inherent microstructural 
porosity on the resulting thermo-mechanical properties is also evaluated, and a quantita-
tive assessment of the macroscale property anisotropy due to spatial variation in micro-
structural configurations across various ROIs is presented. The measure of dispersion in 
the computed effective properties for each ROI is quantified using the coefficient of vari-
ation statistical parameter, given as 𝜉 = 𝜎 𝜇⁄  (61)

where 𝜉 assesses the ability of selected RVE size in representing the ROI volume. The 
parameters 𝜎 and 𝜇 are, respectively, the standard deviation and mean value of the re-
ported effective quantity from the different RVEs of the ROI volume. Minimization of the 𝜉 value is desirable when determining a suitable RVE size in accurately predicting a com-
posite property 𝑍 . From this point onward, the effective composite properties are re-
ported in their normalized form with respect to the equivalent properties of the isotropic 
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matrix phase 𝑍௠ and are distinguished from actual dimensional quantities by an overbar 
accent, i.e., 𝑍̅ = 𝑍 𝑍௠⁄ . 

3.1. Thermo-Mechanical Property Estimates for ROI-II 

The first set of results presented here are solutions obtained for the three RVE sizes 
within ROI-II appearing in Figure 3, based on the numerical FE homogenization method 
presented in Section 2.2. Numerically computed quantities are compared to the results 
obtained from corresponding analytical solutions from Section 2.3. The effect of the inher-
ent micro-voids on the resulting effective thermo-mechanical properties is also quantified. 
Average microstructural properties of ROI–II follow from results provided in [82] and 
include the fiber volume fraction 𝜗௙  ୍ ୍ = 6.65% , the void volume fraction 𝜗௩୍୍ = 12.27% 
and the region-averaged second-order fiber orientation tensor aො௜௝୍୍ , given as [82] 

aො௜௝୍୍ = 〈𝑝௜𝑝௝〉 = ൥0.32     0.04   0.120.04     0.17 −0.02 0.12 −0.02   0.51 ൩ (62)

From the region averaged orientation aො௜௝୍୍ , higher fiber alignment was observed in the 
print direction (𝑥ଷ-direction), with less fiber alignment in the 𝑥ଵ-direction parallel to the 
build surface. The distribution of the fiber aspect ratio for the ROI-II region appears in 
Figure 5, where it is fitted to a Weibull function with a shape parameter 𝜙ଵ = 22.72 and 
a scale parameter 𝜙ଶ = 1.65. The weighted average aspect ratio for this region is 𝑎ො௥୍୍ =20.31. The average fiber aspect ratio is limited by the ROI envelope, which may under-
represent the specimen’s true mean aspect ratio. Partitioning of the ROI into several RVE 
realizations further limits the average fiber aspect ratio. The mean fiber aspect ratio 𝑎ො௥  
and fiber aspect ratio coefficient of variation 𝜉௥  from all realizations (cf. Section 2.2) of 
each RVE size (RVE-I, RVE-II and RVE-III) from ROI-II are presented in Table 2. These 
microstructural characteristics for ROI-II are used to compute the thermo-mechanical 
properties of the region. 

 

Figure 5. Fiber aspect ratio distribution extracted for ROI-II. (red dashed line represents the fitted 
Weibull distribution function curve) 

  



Fibers 2025, 13, 147 17 of 36 
 

Table 2. Mean fiber aspect ratio 𝑎ො௥  and fiber length coefficient of variation 𝜉௥  from all realizations 
of RVE-I, RVE-II and RVE-III from ROI-II. 

RVE Size  RVE-I RVE-II RVE-III 𝑎ො௥  8.58 12.38 15.69 𝜉௥  [%] 10.50 7.19 7.01 

3.2. Effective Elastic Stiffness and Engineering Constants for ROI-II 

Typical displacement contours of the single RVE-II, instance #14 extracted from par-
titioning of ROI-II, as shown in Figure 3, appear in Figure 6a–c. In this example, the RVE 
is subjected to tensile and shear loading corresponding to a total of six load cases, as de-
scribed in Section 2.2.1. The loads are prescribed on the bounding entities of the RVE 
through periodic boundary conditions, as described in Section 2.2. The single-step static 
stress analysis considers the effect of all three microstructural constituents, including the 
ABS matrix, fiber and micro-void inclusion (cf. Figure 2), on the stiffness behavior of the 
RVE using the micro-constituents’ material properties presented in Table 1. The homoge-
nized stresses and strains obtained from the six different load cases are used to compute 
the effective stiffness using procedures detailed in Section 2.2.1. Figure 6a,b show the un-
even displacement on opposing faces of the RVE in response to the tensile loading, which 
is due to the anisotropy introduced by the non-uniform spatial and orientation distribu-
tion of the fiber and void inclusions within the RVE. Additionally, the distinct features of 
the inherent microstructure are reflected by the local deformations (undulations) on the 
boundaries of the RVE (cf. Figure 6). 

   
(a) (b) (c) 

Figure 6. Isometric view of the deformation contours of RVE-II, #14 from ROI-II, overlayed over the 
undeformed volume under different loading values: (a) tensile response in 𝑥ଵ-direction; (b) tensile 
response in 𝑥ଶ-direction; (c) shear response in 𝑥ଵ𝑥ଶ-plane. 

Figure 7a–c presents contours of displacement magnitude on opposing bounding 
faces of the RVE in the direction of the applied load for the 𝑥ଵ  and 𝑥ଶ  tensile defor-
mations and the 𝑥ଵ–𝑥ଶ shear deformation load cases, which verifies the correct imple-
mentation of the periodic constraints on the boundaries of the RVE. This is evident from 
similar topographical features on opposing bounding faces of the RVE, as shown in Figure 
7. The periodic constraints enforce domain continuity without overlapping or separation 
among neighboring RVE boundaries, which ensures the effective transfer of loads be-
tween adjacent RVE boundaries. 
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(a) 

  
(b) 

  
(c) 

Figure 7. Deformation contours of RVE-II, #14 from ROI-II, showing the topography of opposing 
bounding face pairs to validate the implementation of PBC for loading in the (a) 𝑥ଵ-direction, (b) 𝑥ଶ-direction and (c) 𝑥ଵ𝑥ଶ-plane. The images show RVE bounding faces in the negative (left column) 
and positive (right column) direction (or normal in case of shear) to the direction of the applied 
loading. 

The homogenized stresses and strains from the six (6) different load cases are used 
to compute the effective stiffness and compliance of the RVE volume, as described in Sec-
tion 2.2.1, which appear in Tables 3 and 4. The results are presented for both (a) a non-
porous microstructure without considering micro-void inclusions (i.e., the micro-void 
constituent properties are replaced by ABS properties) and (b) a porous microstructure 
considering the micro-void inclusions. Table 3 below provides the computed mean elastic 
stiffness 𝐶̅௠௡ derived from the orthotropic regression fitting procedure in Section 2.2.1 for 
the complete sets of 27 RVE-II realizations of ROI-II (cf. Figure 3b), which are compared 
to the Mori–Tanaka mean-field estimate using the length distribution in Figure 5 and the 
region-averaged orientation tensor of ROI-II appearing in Equation (62). The values in 
Table 3 show a good agreement between the results obtained from our computational 
approach and those from the related analytical method. The results of the stiffness tensor 
in Table 3 and elastic moduli in Table 4 show that the 13% CF/ABS bead RVE specimen 
exhibits a somewhat transversely isotropic behavior along the 𝑥ଷ -plane. These results 
show that the largest component of the stiffness tensor 𝐶̅ଷଷ (cf. Table 3) and the largest 
elastic moduli 𝐸തଷଷ  (cf. Table 4) both coincide with the largest average fiber orientation 
tensor component aොଷଷ, showing that material stiffness increases with an increasing degree 
of fiber alignment, as expected. Further, the results in Tables 3 and 4 confirm that there is 
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a clear reduction in elastic stiffness when micro-void inclusions are considered [42,57,80]. 
In addition, regression coefficients from the computational homogenization least squares 
approach given in Section 2.2.1 for ROI-II data indicate a moderately high accuracy of the 
regression fitting procedure (i.e., 〈𝑅 ଶ〉 > 0.80) from the set of realizations of the various 
RVE sizes reported in Table 5. This, along with the relatively low standard deviations 𝜎௦௧ௗ, also appearing in Table 5, shows that the computed homogenized elastic constants 
provide a good fit to the data with minor variation. Although Table 4 shows that the ef-
fective moduli increase with increasing RVE size, the rate of increase between consecutive 
RVEs is seen to decrease by an average of −22.8% and −44.3% for the elastic and shear 
moduli, respectively, of the non-porous microstructure and by an average of −42.7% and 
−42.9% for the elastic and shear moduli, respectively, of the porous microstructure. Addi-
tionally, Table 5 shows that the average regression fitting coefficients are seen to decrease 
with increasing RVE size. 

Table 3. Computed values of average elastic stiffness 𝐶̅௠௡ for ROI-II region obtained from the nu-
merical (FE) homogenization approach based on RVE-II and the orientation-averaged Mori–Tanaka 
(MT) method for the 13% CF/ABS SFRP composite (components not shown indicate a zero value). 

Cases Non-Porous Porous 

FE ⎣⎢⎢
⎢⎢⎡1.34 1.20 1.33    1.20 1.28 1.21    1.33 1.21 1.51       1.51       1.79       1.49⎦⎥⎥

⎥⎥⎤ ⎣⎢⎢
⎢⎢⎡0.98 0.75 0.89    0.75 0.89 0.77    0.89 0.77 1.15       1.21       1.48       1.18⎦⎥⎥

⎥⎥⎤ 
MT ⎣⎢⎢

⎢⎢⎡1.36 1.18 1.32    1.18 1.21 1.21    1.32 1.21 1.61       1.44       1.71       1.37⎦⎥⎥
⎥⎥⎤ ⎣⎢⎢
⎢⎢⎡0.99 0.74 0.83    0.74 0.87 0.75    0.83 0.75 1.21       1.20       1.45       1.13⎦⎥⎥

⎥⎥⎤ 
Table 4. Mean values of engineering elastic constants for ROI-II computed from the numerical FE 
homogenization schemes for all RVE cases (i.e., RVE-I, II and III, with 125, 27 and 8 realizations, 
respectively) with non-porous and porous microstructures. 

Cases RVE 𝑬ഥ𝟏𝟏 𝑬ഥ𝟐𝟐 𝑬ഥ𝟑𝟑 𝑮ഥ𝟐𝟑 𝑮ഥ𝟏𝟑 𝑮ഥ𝟏𝟐 𝝂ത𝟐𝟑 𝝂ത𝟏𝟑 𝝂ത𝟏𝟐 

non-po-
rous 

I 1.39 1.38 1.58 1.45 1.67 1.42 0.82 0.93 0.97 
II 1.42 1.41 1.65 1.51 1.79 1.49 0.78 0.93 0.98 
III 1.45 1.43 1.70 1.55 1.87 1.52 0.76 0.94 0.97 

porous 
I 1.08 1.04 1.27 1.15 1.34 1.11 0.72 0.86 0.90 
II 1.12 1.07 1.35 1.21 1.48 1.18 0.78 0.93 0.98 
III 1.14 1.09 1.40 1.26 1.56 1.21 0.76 0.94 0.97 

Table 5. Mean values and standard deviation of the coefficient of determination 𝑅 ଶ for ROI-II com-
puted from the least squares regression fitting procedure for all RVE cases (i.e., RVE-I, II and III). 

Cases Non-Porous Porous 
RVE I II III I II III 〈𝑅ଶ〉 0.92 0.90 0.88 0.87 0.84 0.81 𝜎௦௧ௗ 0.05 0.05 0.05 0.08 0.07 0.08 

Figure 8 presents box plots showing the mean value (‘x’ marker), the interquartile 
range (box), consisting of the lower quartile, median line and upper quartile, the extre-
mums of the data range (whiskers) and outliers (isolated dots) for the predicted 
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engineering constants for each set of realizations RVE-I, RVE-II and RVE-III of ROI-II ap-
pearing in Figure 3. The results show an overall reduction in the variability of computed 
properties with increasing RVE size. Mean values tend to converge as the RVE size is in-
creased for all engineering constants, which agrees with the work of Kanit et al. [66]. Their 
work showed that small but reasonable-sized RVEs with a sufficient number of realiza-
tions can accurately predict effective properties, as would larger-sized RVE with a smaller 
number of realizations. However, there were some deviations in computed engineering 
constants observed for the smallest RVE (i.e., RVE-I). Although micro-voids appear to re-
duce the elastic moduli for all RVE cases (i.e., up to 24% reduction observed), the mean 
Poisson ratios computed from RVE-II and III are unaffected by micro-void inclusions (cf. 
Figure 8b and Figure 8c, respectively), contrary to what is shown in the RVE-I results (cf. 
Figure 8a), which show a significant effect of voids on the Poisson ratio, with deviations 
as high as 11.6%. This suggests that RVE-I is insufficient in accurately predicting the elastic 
modulus of the CF/ABS composite. Partitioning of the ROI into smaller RVE volumes re-
sults in increased variability in average microstructural characteristics across the RVE re-
alizations, which potentially leads to increased dispersion in the predicted effective prop-
erties of the ROI volume, as observed from the box plots of Figure 8. 

  
(a) (b) 

 
(c) 

Figure 8. Box plot showing the mean values (‘x’ markers), median values (horizontal lines), inter-
quartile intervals (box limits), extremums (whiskers) and outliers (isolated points) of the computed 
normalized engineering constants from RVE realization datasets for (a) RVE-I, (b) RVE-II and (c) 
RVE-III. Results are shown for analysis cases with micro-voids (red) and without micro-voids (blue) 
present within the bead’s microstructure. 

The microstructural features measured within ROI-II, including fiber length distri-
bution, fiber orientation tensor values, fiber volume fraction and micro-voids, are used to 
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compute and compare the mean effective elastic modulus 𝐸 ௘௙௙  obtained from both the 
Mori–Tanaka mean-field and the numerical FE-based homogenization approaches using 
the method of Hills [93] according to Equation (56). The relative error in predicted values 
between both methods presented in Table 6 shows that the Mori–Tanaka estimates are 
reasonably comparable to the numerical predictions, with errors that are mostly below 
10% for the elastic moduli. Further, these results indicate a good degree of accuracy, which 
improves with increasing RVE size. Likewise, the predicted effective elastic modulus for 
the porous case (𝐸 ௘௙௙ ~1.235) is comparable to the mean values obtained from the tensile 
test experiment by Russell T. [95] for the same 13% CF/ABS test sample (𝐸௅௘்௙௙ ~1.221), and 
the predicted effective shear modulus (𝐺 ௘௙௙ ~1.286) aligns closely with the flexural test 
experimental mean values (𝐺௅௘்௙௙ ~1.295) for the same test sample [95].The higher errors 
may stem from the original Mori–Tanaka–Benveniste model, which was formulated for 
two-phase composites with ellipsoidal inclusions, as Norris A. N [59] has shown that the 
model’s extension to multiphase inclusions may perform poorly and may violate the 
Hashin–Shtrikman stiffness bounds. Moreover, Mori–Tanaka predictions have been re-
ported by Mortazavi et al. [5] and Breuer et al. [61] to deviate significantly from numerical 
estimates with increasing aspect ratio and volume fraction of fiber inclusions. 

Table 6. Relative error 𝜖 ̅ [%] in the magnitude of the predicted effective elastic modulus, 𝐸ത ௘௙௙, of 
ROI-II between the Mori–Tanaka analytical model and numerical FE homogenization schemes for 
all RVE cases (I, II and III). 

Cases Non-Porous Porous 
RVE I II III I II III 
FE 1.46 1.52 1.56 1.13 1.20 1.23 
MT 1.31 1.41 1.47 1.08 1.16 1.22 𝜖 ̅[%] 10.21 8.20 5.86 4.49 3.38 1.49 

The coefficient of variation 𝜉 computed with Equation (61) for each RVE computa-
tion of ROI-II appears in Table 7. These results show that the 𝜉 value decreases with in-
creasing RVE size by roughly −45% from RVE-I to RVE-II and −40% from RVE-II to RVE-
III for the numerical FE calculation. Additionally, the 𝜉 values are relatively higher for 
the porous RVE structures compared to the corresponding non-porous RVE due to the 
increased variability introduced by the non-uniform distribution of the inherent micro-
voids. The 𝜉 values computed from the analytical MT approach are relatively lower than 
the numerical FE counterparts for all RVE sizes. The 𝜉 value of RVE-II in both cases is 
less than 5%. Although RVE-III yields slightly more accurate results than the others con-
sidered, the computational requirements are excessive, and the gains of higher accuracy 
do not justify the higher computational cost. 

Table 7. Coefficient of variation 𝜉 [%] for the magnitude of the effective elastic modulus, 𝐸ത ௘௙௙, for 
all RVE cases (I, II and III) of ROI-II and for both the Mori–Tanaka analytical model and the numer-
ical FE homogenization scheme. 

Cases  Non-Porous Porous 
RVE I II III I II III 
FE 7.13 3.91 2.37 7.78 4.23 2.47 
MT 3.54 2.18 2.12 4.17 2.26 2.39 

3.3. Effective Coefficient of Thermal Expansion for ROI-II 

Effective CTEs are presented here, where results from the numerical FE homogeni-
zation approach (cf. Section 2.2.2) are compared to those computed using the Mori–
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Tanaka mean-field method in Section 2.3.2. Typical displacement contours from the nu-
merical FE simulation are plotted in Figure 9 for RVE-II, realization #14, subjected to a 
uniform thermal load of Δθ = 65 C ଴ . As stated earlier, PBC constraints are imposed on the 
bounding entities of the RVE with zero applied strain (cf. Section 2.2.2). The displacement 
contour of Figure 9 shows the thermal response of the porous RVE microstructure con-
sisting of the ABS matrix, fiber and micro-void inclusion (cf. Figure 2) based on the micro-
constituents’ material properties presented in Table 1. The stresses computed from the 
single-step static stress analysis are used to obtain the effective CTE from Equation (28) 
using the stiffness tensor for the corresponding RVE instances computed in the preceding 
section (i.e., Section 3.2). Figure 9 shows the non-uniform deformation of the RVE in all 
directions due to the anisotropic nature of the inherent microstructure. Additionally, there 
are distinct local deformations at the RVE boundaries, which are likely introduced by the 
property contrast of the various micro-constituents at the RVE boundaries. 

The mean values of the diagonal components of the effective CTE tensor for the three 
RVE sizes shown in Figure 3, including both non-porous and porous microstructure of 
the CF/ABS SFRP bead, are presented in Table 8. The maximum observed discrepancy in 
the effective CTE component values between RVE sizes is seen to drop from 6.3% between 
RVE-I and II to 3.3% between RVE-II and III. The CTE component values in Table 8 are 
observed to be consistently lower for the 𝛼തଷଷ component with the highest degree of fiber 
alignment (aොଷଷ), and the CTE is highest for the 𝛼തଶଶ component with the lowest degree of 
fiber alignment, i.e., aොଶଶ (cf. Equation (62)), for all RVE cases considered. Additionally, 
the inherent micro-voids are seen to only slightly reduce the CTE component values. 

 

Figure 9. Deformation contour of RVE-II, #14 from ROI-II region, overlayed on the undeformed 
mesh geometry and showing the bulk response of the volume under thermal load of Δ𝜃 = 65 C ୭ . 

Table 8. Mean values of the diagonal components of the effective CTE tensor for all RVE cases (I, II 
and III) of ROI-II computed using numerical FE homogenization. 

Cases Non-Porous Porous 
RVE 𝜶ഥ𝟏𝟏 𝜶ഥ𝟐𝟐 𝜶ഥ𝟑𝟑 𝜶ഥ𝟏𝟏 𝜶ഥ𝟐𝟐 𝜶ഥ𝟑𝟑 

I 0.83 0.91 0.70 0.81 0.89 0.67 
II 0.82 0.90 0.66 0.79 0.88 0.63 
III 0.81 0.89 0.64 0.79 0.87 0.61 
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Box plots appearing in Figure 10 indicate that the degree of variation in effective CTE 
decreases with increasing RVE size. Higher variance was observed in the predicted quan-
tities, with the smallest RVE (RVE-I) having more outliers outside the interquartile range 
(cf. Figure 10a) compared to the largest RVE (RVE-III), with shorter error bars and mini-
mal variation in predicted effective CTE values. From these results, the presence of micro-
voids within the bead microstructure only slightly reduces the predicted effective CTE 
values in all RVE cases (i.e., less than 5%). The estimated effects of micro-voids on the 
volumetric effective CTE values 𝛼௏ are much lower (i.e., less than 3.25%). These trends 
agree well with results provided by others (see, e.g., [40,80,96]). The Mori–Tanaka (MT) 
mean-field estimates of the effective CTE magnitude, 𝛼ത ௘௙௙ (cf. Equations (57)–(59)), agree 
well with the numerical FE predictions, with a maximum observed discrepancy of about 
5.5% for the non-porous composite and 7.0% for the porous composite (cf. Table 9). 

(a) (b) 

 
(c) 

Figure 10. Box plot showing the mean values (‘x’ markers), median values (horizontal lines), inter-
quartile intervals (box limits), extremums (whiskers) and outliers (isolated points) of the computed 
components of the normalized effective CTE tensor from the RVE realization datasets for (a) RVE-I, 
(b) RVE-II and (c) RVE-III. Results are shown for analyzed cases with micro-voids (red) and without 
micro-voids (blue) present within the bead’s microstructure. 

Note that the analytical MT-calculated CTE values depend on the accuracy of the 
calculated stiffness tensor 𝐶̅௠௡  in Table 3, and they appear to improve with increasing 
RVE size, dropping to about 2.0% for the non-porous composite and 4.6% for the porous 
composite. Similar to the numerical FE results, porosity appears to have the same effect 
on the analytical MT results as that seen with the numerical FE data, where effective CTEs 
are reduced less to than 1% when micro-voids are considered. 
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Table 9. Computed normalized 𝛼ത ௘௙௙ and the associated relative error 𝜖  ̅[%] in the computed effec-
tive CTE magnitude of ROI-II between the numerical FE homogenized results and the Mori–Tanaka 
(MT) analytical results for all RVE sizes (RVE-I, II and III). 

Cases Non-Porous Porous 
RVE I II III I II III 
FE 0.81 0.79 0.78 0.79 0.76 0.75 
MT 0.85 0.82 0.79 0.84 0.81 0.79 𝜖 ̅[%] 5.45 3.85 2.00 7.02 6.07 4.59 

Based on the results of the calculated coefficient of variation 𝜉 for the effective CTE 
magnitude 𝛼ത ௘௙௙ computed from the different realizations of the various RVEs of ROI-II 
presented in Table 10, the 𝜉 values are much lower compared to corresponding 𝜉 values 
computed for the effective modulus (cf. Table 7), with 𝜉 ≤ 4% for the non-porous RVE 
and 𝜉 ≤ 5.5% for the porous RVE. Like the effective modulus, the 𝜉 values for the effec-
tive CTE are relatively higher for the porous RVE compared to the non-porous RVE. Ad-
ditionally, the 𝜉 values from the numerical FE approach are relatively higher than the 
analytical MT values for RVE-I and RVE-II but relatively lower for RVE-III. 

Table 10. Coefficient of variation 𝜉 [%] for the normalized effective CTE magnitude (𝛼ത ௘௙௙) for all 
RVE cases (I, II and III) of ROI-II and for the Mori–Tanaka analytical model and the numerical FE 
homogenization schemes. 

Cases Non-Porous Porous 
RVE I II III I II III 
FE 4.00 2.28 1.12 5.36 3.16 1.61 
MT 2.89 1.86 1.91 3.23 2.03 1.99 

The influence of micro-voids on the effective CTE is shown to be minimal in these 
results. The impact studies may thus be more relevant to the effective composite stiffness 
and thermal conductivity. 

3.4. Effective Thermal Conductivity for ROI-II 

The results of the effective TC of the 13% CF/ABS composite based on the numerical 
and analytical FE homogenization evaluation procedures described in Sections 2.2.3 and 
2.3.3, respectively, are reported here. First, this section presents the analysis results for the 
non-porous structure of RVE-II, realization #14 from ROI-II, subjected to a thermal gradi-
ent along each of the three principal reference axes. The thermal gradients are prescribed 
on the bounding entities of the RVE through the set of PBC equations given in Equations 
(1)–(3). The material properties of the micro-constituents used for the analysis are also 
provided in Table 1. Single-step steady-state heat transfer analysis is carried out and the 
output of the homogenized heat fluxes and temperature gradients computed from the FE 
analysis for the three different load cases are used to compute the effective thermal con-
ductivity tensor using the numerical FE homogenization procedures detailed in Section 
2.2.3. 

The temperature contours of three separate simulations appear in Figure 11. The 
plots show a non-uniform distribution of the temperature gradients along the principal 
coordinate axes due to microstructural heterogeneity across the composite sample, cou-
pled with the relatively high contrast in the isotropic thermal conductivity between the 
fiber and matrix phases (𝜅̅ ௙~17.5). 
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(a) (b) (c) 

Figure 11. Temperature contours of RVE-II, realization #14 from ROI-II, for three thermal load con-
ditions: (a) thermal gradient in 𝑥ଵ-direction, (b) thermal gradient in 𝑥ଶ-direction and (c) thermal 
gradient in 𝑥ଷ-direction. Units of θ in [ C ୭ ]. 

Table 11 shows the principal components of the predicted effective TC tensor for all 
three RVE sizes appearing in Figure 3 for both non-porous and porous composite micro-
structures. The effective mean component values of TC from all RVEs considered are seen 
to be within close range of each other (ranging from 0% to a maximum of 1.5% discrepancy 
between consecutive RVE values). The micro-voids are seen to reduce the computed ef-
fective TC values by 10–12%. The maximum component of the conductivity tensor (i.e., 𝜅̅ଷଷ) is observed to coincide with the component of maximum average fiber orientation 
(i.e., aොଷଷ). 

Table 11. Mean values of effective TCs for all RVE cases (RVE-I, I and III) for ROI-II computed with 
the numerical FE homogenization scheme. 

Cases Non-Porous Porous 
RVE 𝜿ഥ𝟏𝟏 𝜿ഥ𝟐𝟐 𝜿ഥ𝟑𝟑 𝜿ഥ𝟏𝟏 𝜿ഥ𝟐𝟐 𝜿ഥ𝟑𝟑 

I 1.39 1.32 1.47 1.22 1.15 1.31 
II 1.40 1.33 1.49 1.24 1.16 1.33 
III 1.41 1.33 1.50 1.24 1.16 1.35 

As seen in the error bar plots in Figure 12, there is a clear reduction in the dispersion 
of quantities as the RVE size increases from RVE-I (cf. Figure 12a) to RVE-III (cf. Figure 
12c). The error bar shrinks considerably for the largest RVE case, i.e., RVE-III, although 
the mean values for all three RVE cases are within close range to each other, with the 
maximum discrepancy in all quantities observed between consecutive RVE sizes for both 
porous and non-porous microstructural considerations, dropping from about 1.8% be-
tween RVE-I and II to a value of only 0.8% between RVE II and III. 
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(a) (b) 

(c) 

Figure 12. Box plot showing the mean values (‘x’ markers), median values (horizontal lines), inter-
quartile intervals (box limits), extremums (whiskers) and outliers (isolated points) of the diagonal 
components of the normalized effective TC tensor from the RVE realizations for (a) RVE–I, (b) RVE-
II and (c) RVE-III. Results are shown for the analyzed cases with micro-voids (red) and without 
micro-voids (blue) present within the bead’s microstructure. 

The results of the effective TC magnitude 𝜅̅ ௘௙௙ presented in Table 12 below show 
very good agreement between the values obtained from both numerical (FE) homogeni-
zation and the Mori–Tanaka (MT) analytical methods, with a maximum discrepancy of 
only 3.5% recorded for the smallest sized RVE (RVE-I), which reduces with increasing 
RVE size to about 1% for RVE-III. 

Table 12. Relative error 𝜖 ̅ [%] in the predicted effective TC magnitude (𝜅̅ ௘௙௙) for ROI-II between 
the numerical FE homogenization scheme and the Mori–Tanaka (MT) analytical results for all RVE 
sizes (RVE-I, II and III). 

Cases Non-Porous Porous 
RVE I II III I II III 
FE 1.40 1.41 1.42 1.23 1.24 1.25 
MT 1.35 1.38 1.40 1.18 1.22 1.24 𝜖  ̅[%] 3.48 1.79 0.98 3.46 1.95 1.16 

Although there are minimal differences in computed effective TC values among the var-
ious RVE sizes in Table 11, the results of the dispersion in the measured effective TC appearing 
in Table 13 show that the coefficient of variation 𝜉 decreases with increasing RVE size, as 
observed with other effective quantities, and falls below 3% for both the porous and non-
porous RVE-II micro-structures, computed from both numerical FE and analytical MT 



Fibers 2025, 13, 147 27 of 36 
 

methods. The 𝜉 values for the effective TC are seen to be relatively lower than the values 
computed for the effective moduli, and in some cases, they are slightly higher than those com-
puted for the effective ETC. This is because the determination of sufficient RVE size is known 
to be dependent on the property being evaluated [66]. Although there is less dispersion in the 
computed effective TC quantities observed for RVE-III (𝜉 ൏ 2%), the gain in accuracy does 
not measure up to the added cost of computation (i.e., in terms of analysis time with same 
computing configuration) due to the increased RVE size and associated mesh points. 

Table 13. Coefficient of variation 𝜉 [%] for the predicted normalized apparent ETC (𝜅̅ ௘௙௙) of ROI-
II for both the Mori–Tanaka analytical model and the numerical FE homogenization schemes and 
for all RVE cases (I, II and III). 

Cases Non-Porous Porous 
RVE I II III I II III 
FE 5.63 2.92 1.78 5.49 2.80 1.83 
MT 4.85 2.59 1.83 4.86 2.47 1.93 

3.5. Effective Properties over the LAAM Bead Specimen 

To better understand the variation in the effective properties across the 13% CF/ABS 
bead appearing in Figure 1, the numerical FE homogenization procedure in Section 2.2 is 
used to compute the outputs of the reference quantities for all RVE-II realizations over all 
four ROIs. Renderings of these realizations appear for the various ROI volumes in Figure 
13. Correlations between computed quantities across the bead cross-section for each ROI 
volume are presented here. Moreover, with knowledge of the overall average bead micro-
structural properties, these relationships provide insight into the average effective prop-
erties of the overall bead microstructure. 

  
(a) (b) 

  
(c) (d) 

Figure 13. Three-dimensional µCT volume view showing internal microstructure (fiber—gray; 
voids—red) of the various ROI volumes and the RVE-II instances for each: (a) ROI-I, (b) ROI-II, (c) 
ROI-III and (d) ROI-IV. 
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Figure 14 presents the least squares linear fitted curve effective elastic modulus 𝐸ത௘௙௙ 
(cf. Equation (63)) as a function of average fiber volume fraction 𝜗௙ over all ROIs. The 
volume fraction is shown to vary between 5% and 9%, which is reasonable for our CF/ABS 
samples that have an average of about 8.4% by volume (or 13% by weight). Similarly, 
Figure 14b shows the correlation between the 𝐸തଷଷ elastic modulus (cf. Equation (64)) and aොଷଷ average fiber orientation tensor component in the print direction obtained from da-
tasets for the non-porous RVE-II realizations for the various ROIs. 𝐸ത௘௙௙ = 0.9063 + 9.1362 𝜗௙ (63)𝐸തଷଷ = 0.5536 + 2.4565 aොଷଷ (64)

The results in Figure 14 indicate a good correlation exists between the fiber volume 
fraction and effective elastic modulus, with a correlation coefficient 𝑅ଶ = 0.94, which im-
plies that the fiber volume fraction is an important microstructural parameter for predict-
ing the modulus of SFRP composites, as expected. Similarly, there is a reasonable correla-
tion between the 𝐸തଷଷ elastic modulus and aොଷଷ average fiber orientation tensor compo-
nent, with a correlation coefficient 𝑅ଶ = 0.75 , which suggests that the degree of fiber 
alignment with the print direction is a key indicator of this effective elastic property for 
our SFRP composite. 

 
(a) (b) 

Figure 14. Linear correlation plots between (a) the effective elastic modulus 𝐸ത௘௙௙ and the fiber vol-
ume fraction 𝜗௙ and between (b) the elastic modulus component 𝐸തଷଷ and the average fiber orien-
tation tensor component aොଷଷ for non-porous RVE-II instances of the various ROIs. (circled markers 
indicate outlier datapoints). 

Linear correlations between effective CTE 𝛼ത ௘௙௙ and the average fiber volume frac-
tion 𝜗௙ (cf. Equation (65)) for the non-porous RVE-II realizations for the various ROIs 
appear in Figure 15a, which reveals an inverse relationship, where a higher-volume frac-
tion of particles yields a lower effective CTE. This is also expected given the relatively low 
CTE of the carbon fiber material (see, e.g., [40,80,96]). 𝛼ത ௘௙௙ = 0.9918 − 3.1942 𝜗௙ (65)𝛼തଷଷ = 1.0445 − 0.8400 aොଷଷ (66)

These results show a good correlation between 𝛼ത ௘௙௙ and 𝜗௙, with a correlation co-
efficient 𝑅 ଶ = 0.81. Similarly, a good correlation is seen between the average fiber orien-
tation component in the print direction aොଷଷ  and the 𝛼തଷଷ  component (cf. Equation (66), 
Figure 15b) of the effective CTE tensor ሺ𝑅 ଶ = 0.85). The degree of fiber alignment in the 
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print direction is observed to vary inversely with the 𝛼തଷଷ  component of the effective CTE 
tensor along the same direction. Higher fiber alignment tends to allow for a higher pack-
ing density, giving more weight to the suspended carbon fiber properties. 

 
(a) (b) 

Figure 15. Linear correlation plots between (a) the apparent ECTE magnitude 𝛼ത ௘௙௙ with the fiber 
volume fraction 𝜗௙ and between (b) the ECTE tensor component 𝛼തଷଷ  and the average fiber orien-
tation tensor component aොଷଷ  for non-porous RVE-II instances of the various ROIs. 

A near-perfect correlation ሺ𝑅ଶ = 1.0) is seen between the fiber volume fraction 𝜗௙ 
and the apparent effective TC magnitude 𝜅̅ ௘௙௙ (cf. Equation (67), Figure 16a) for the non-
porous RVE-II realizations for various ROIs. Conversely, a very weak correlation ሺ𝑅ଶ = 0.66) is seen to occur between the average fiber orientation component in the print 
direction aොଷଷ  and the 𝜅̅ଷଷ  component (cf. Equation (68), Figure 16b) of the effective TC 
tensor. 𝜅̅ ௘௙௙ = 0.9548 + 6.8198 𝜗௙ (67)𝜅̅ଷଷ = 0.9815 + 0.8079 aොଷଷ (68)

This implies that for the two-phase SFRP composite, the apparent effective TC 𝜅̅ ௘௙௙ 
has a strong linear dependence on the volume fraction of the fiber reinforcement, as was 
also identified in Tian et al. [91]. 

While the above numerical studies carried out to estimate the effective properties of 
a given ROI requires computation of all its associated RVE realizations which may be 
computationally expensive and time consuming, a more efficient method for quickly ex-
trapolating a ROI effective properties based on a minimization approach using a single 
characteristic RVE instance from the realization set of the parent ROI is presented in the 
Supplementary Materials. 
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(a) (b) 

Figure 16. Linear correlation plots between (a) the apparent ETC magnitude 𝜅̅ ௘௙௙ and the fiber vol-
ume fraction 𝜗௙ and between (b) the ETC tensor component 𝛼തଷଷ  and the average fiber orientation 
tensor component aොଷଷ  for non-porous RVE-II instances of the various ROIs. (circled markers indi-
cate outlier datapoints). 

4. Conclusions 
A numerical FE homogenization method was developed and applied to evaluate the 

effective thermo-mechanical properties of a 13% CF-ABS SFRP composite. The material’s 
microstructure was obtained using X-ray µ-CT characterization techniques, which pro-
vided realistic, 3D voxel-based RVEs. Sensitivity analysis was performed to determine a 
suitable computationally efficient RVE based on three RVE sizes and realization sets, 
which yielded effective properties with minimum dispersion in predicted quantities. Our 
results show that dispersion in the predicted effective quantities decreases with increasing 
RVE size to less than 2.5% for the largest sized RVE. On average, the dispersion in pre-
dicted quantities decreased by about 68% for a 1.5 times increase in RVE side length. The 
predicted effective properties obtained from our numerical FE approach were shown to 
agree well with the estimated properties based on the Mori–Tanaka mean-field homoge-
nization technique. Discrepancies of less than 10.2%, 7% and 3.5% were observed between 
both techniques for the predicted effective modulus, CTE and TC, respectively, for all RVE 
cases, and the degree of alignment increased significantly with increasing RVE size. As-
sessment of the influence of micro-voids on the material behavior of the SFRP composite 
indicated an overall reduction in the equivalent properties of the composite by about 21% 
and 12% for the predicted effective modulus and TC, respectively, while the effect of po-
rosity on the effective CTE was minimal, and only about a 4% reduction was observed. 
Parameter-dependent studies showed that the computed effective properties had a linear 
correlation with the fiber volume fraction and the average fiber orientation within the 
bead specimen, consistent with the literature [61,75,76]. Depending on the computed ef-
fective quantity, a correlation coefficient between 0.81 and 1.00 was observed with the 
fiber volume fraction, while a coefficient between 0.66 and 0.85 was observed with the 
average fiber orientation. The effective modulus and thermal conductivity were observed 
to vary proportionally with the fiber volume fraction and degree of fiber alignment with 
the print direction. Conversely, the effective thermal expansion coefficient was observed 
to vary inversely with fiber volume fraction and degree of fiber alignment in the print 
direction. Overall, the effective modulus and thermal conductivity were predicted to be 
higher at the edges and top surface of the print bead, where the volume fraction and de-
gree of fiber alignment in the print direction are seen to be highest, and the properties 
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were lower in regions closer to the bead center, with a less densely packed and more ran-
domly oriented fibrous microstructure. The opposite behavior was observed for the ther-
mal expansion coefficient across the bead sections. 

Supplementary Materials: The following supporting information can be downloaded at: 
https://www.mdpi.com/article/10.3390/fib13110147/s1. Figure S1. Three-dimensional correlation 
plot between the distribution of the deviation in fiber fraction 𝛿𝜗௙ and orientation vector 𝛿𝜌 ver-
sus the deviation in the (a) apparent effective modulus, 𝛿𝐸ത ௘௙௙; (b) apparent ECTE, 𝛿𝛼ത ௘௙௙; and (c) 
apparent ETC, 𝛿𝜅̅ ௘௙௙ for the various RVE-II instances of ROI-II. Figure S2. Deviation in the fiber 
volume fraction and average fiber orientation for the RVE-II realizations of each ROI, (a) ROI-I, (b) 
ROI-II, (c) ROI-III and (d) ROI-IV for the non-porous RVE microstructure. Figure S3. Three-dimen-
sional µCT volumes showing the microstructure (fiber—gray; voids—red) of select RVE-II realiza-
tions of each ROI volume: (a) ROI-I, RVE-II, realization #14; (b) ROI- II, RVE-II, realization #24; (c) 
ROI- III, RVE-II, realization #23; and (d) ROI- IV, RVE-II, realization #3. Figure S4. Correlation be-
tween the deviation in the (a) net effective modulus; (b) net product of the effective modulus and 
thermal expansion coefficient; and (c) net thermal conductivity versus the deviation in the void frac-
tion for the various RVE-II instances of ROI-II volume. Table S1. Deviation in microstructural pa-
rameter values for the non-porous RVEs of each ROI: (a) ROI-I, RVE-II, realization #14; (b) ROI-II, 
RVE-II, realization #24; (c) ROI- III, RVE-II, realization #23; and (d) ROI- IV, RVE-II, realization #3. 
Table S2. Average values of the fiber volume fraction and orientation tensor components for the 
select RVE-II realizations: (a) ROI-I, RVE-II, realization #14; (b) ROI- II, RVE-II, realization #24; (c) 
ROI- III, RVE-II, realization #23; and (d) ROI- IV, RVE-II, realization #3. Table S3. (a) Computed 
values of effective thermo-mechanical properties for selected non-porous RVE-II realizations: (a) 
ROI-I, RVE-II, realization #14; (b) ROI-II, RVE-II, realization #24; (c) ROI- III, RVE-II, realization #23; 
and (d) ROI- IV, RVE-II, realization #3. Table S4. (a) Estimated values of differences in effective 
thermo-mechanical properties (ΔZ_ ^RVE) between the porous and non-porous microstructures for 
selected RVE-II instances of the various ROI volumes: (a) ROI-I, RVE-II, #14; (b) ROI-II, RVE-II, #24; 
(c) ROI- III, RVE-II, #23; and (d) ROI- IV, RVE-II, #3. Table S5. (a) Approximate values of effective 
thermo-mechanical properties of the porous microstructures for the various ROI volumes: (a) ROI-
I, RVE-II, #14; (b) ROI- II, RVE-II, #24; (c) ROI- III, RVE-II, #23; and (d) ROI- IV, RVE-II, #3. 
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Appendix A 
Appendix A.1 

The strain concentration tensor, or Eshelby’s tensor (Π௜௝௞௟ ), that appears in the Mori–
Tanaka model for predicting the homogenized elasticity tensor of a short fiber-reinforced 
composite material is presented in this section. Given 𝜂௠ = ሺ1 − 𝜈௠)ିଵ,   𝜒௥ = ሺ1 − 𝑎௥ଶ)ିଵ,ω௠ = ሺ1 + 𝑎௥) + 𝑎௥ ൜ሺ−𝜒௥)ଵ.ହ cosିଵ 𝑎௥ 𝑎௥ < 1 −𝜒௥ଵ.ହ coshିଵ 𝑎௥ 𝑎௥ > 1 (A1)

then, for spheroidal inclusions, the non-zero components of 𝛱௜௝௞௟  are given as Πଵଵଵଵ = Πଵଵଵଵ = 0.50𝜂௠[−χ୰ + ሺ4 − 2ν୫ + 3χ୰)ሺ1 −ω୫)] 

(A2)

Πଵଵଶଶ = Πଵଵଷଷ = 0.25𝜂௠[   χ୰ − ሺ2 − 4ν୫ + 3χ୰)ሺ1 −ω୫)] Πଶଶଶଶ = Πଷଷଷଷ = 0.25𝜂௠[   1.5ሺ1 + χ୰) + ሺ   1 − 2ν୫ − 2.25χ୰)ω୫] Πଶଶଷଷ = Πଷଷଶଶ = 0.25𝜂௠[   0.5ሺ1 + χ୰) + ሺ−1 + 2ν୫ − 0.75χ୰)ω୫] Πଶଶଵଵ = Πଷଷଵଵ = 0.25𝜂௠[−2.0ሺ1 + χ୰) + ሺ    2 + 2ν୫ + 3.00χ୰)ω୫] Πଶଷଶଷ = Πଷଶଷଶ = 0.25𝜂௠[    0.5ሺ1 + χ୰) + ሺ    1 − 2ν୫ − 0.75χ୰)ω୫] Πଵଶଵଶ = Πଵଷଵଷ = 0.25𝜂௠[−2. ሺν୫ + χ୰) + ሺ    1 +  ν୫ + 3.00χ୰)ω୫] 
For spherical-shaped inclusions, the non-zero components of the Eshelby tensor are 

given as 𝛱ଵଵଵଵ = 𝛱ଶଶଶଶ = 𝛱ଷଷଷଷ = η୫[7 − 5𝜈௠] 15⁄  

(A3)𝛱ଵଵଶଶ = 𝛱ଵଵଷଷ = 𝛱ଶଶଵଵ = 𝛱ଷଷଵଵ = 𝛱ଶଶଷଷ = 𝛱ଷଷଶଶ = 𝜂௠[−1 + 5𝜈௠] 15⁄  𝛱ଵଶଵଶ = 𝛱ଵଷଵଷ = 𝛱ଶଷଶଷ = 𝜂௠[4 − 5𝜈௠] 15⁄  
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