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Abstract: Aneurysms are abnormal ballooning of a blood vessel. Previous studies have shown
presence of complex flow structures in aneurysms. The objective of this study was to quantify
the flow features observed in two selected saccular aneurysm geometries over a range of inflow
conditions using Proper Orthogonal Decomposition (POD). For this purpose, two rigid-wall saccular
aneurysm models geometries were used (i.e., the bottleneck factor of 1 and 1.6), and the inflow
conditions were varied using a peak Reynolds number (Rep) from 50 and 270 and Womersley number
(α) from 2 and 5. The velocity flow field data for the studied aneurysm geometries were acquired using
Particle Image Velocimetry (PIV). The average flow field from the PIV measurement showed that the
model geometry and Rep have more significant impact on the average flow field than the variations
in α. The POD results showed that the method was able to quantify the flow field characteristics
between the two model geometries. The mode shapes obtained showed different spatial structures
for each inflow scenarios and models. The POD energy results showed that more than 80% of the
fluctuating kinetic energy were captured within five POD modes for BF = 1.0 flow scenarios, while
they were captured within ten modes for BF = 1.6. The time varying coefficient results showed
the complex interplay of POD modes at different inflow scenarios, highlighting important modes
at different phases of the flow cycle. The low-order reconstruction results showed that the vortical
structure either proceeded outward or stayed within the aneurysm, and this behavior was highly
dependent on α, Rep, and model geometry that were not evident in average PIV results.

Keywords: proper orthogonal decomposition; experimental fluid dynamics; aneurysm; particle
image velocimetry; biofluids

1. Introduction

Aneurysms comprise the localized outpouching of a weakened blood vessel. Unrup-
tured aneurysms constitute a growing public health concern [1] since individuals with
unruptured aneurysms can be asymptomatic until the time of rupture [2]. A ruptured
aneurysm can often cause subarachnoid hemorrhage (SAH), which has high mortality, long
term disability rates, and high treatment costs [1,2]. Researchers from diverse backgrounds
have worked on understanding aneurysm behavior and contributed significantly to the
current understanding of aneurysm formation, growth, and rupture. Review articles from
Brisman et al. [3], Lasheras [4], and Cebral and Raschi [5] have highlighted challenges
in understanding aneurysm behavior due to its multi-disciplinary and multi-factorial
characteristics.

One of the important parameters that play a role in aneurysm formation and progres-
sion is hemodynamics, and significant work has been conducted to understand its role in
aneurysm pathophysiology [6–14]. Earlier studies have shown the presence of large-scale
structures and patterns that are energetic in nature. These large-scale structures were
observed to be a single vortical structure or multiple vortices in the aneurysm. The vortical
structures remain stationary or become unstable and move throughout the cardiac cycle.
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In fusiform aneurysms, steady flow investigations by Budwig et al. [15] and Bluestein
et al. [13] have shown that the flow field through an aneurysm is characterized by a recircu-
lating vortex. Fukushima et al. [16] and Egelhoff [17] have shown that the vortices appear
and disappear at different points in the cardiac cycle under pulsatile flow investigations.
The trend of vortical structure behavior was also observed with other experimental and
numerical studies [12,18–22]. Although the presence of these vortical structures has been
studied extensively, understanding them better remains a challenge due to the complexity
of flow patterns present inside the aneurysm sac that are dependent on incoming flow
conditions [23,24].

Work has also been performed on the influence of inflow conditions and inflow
waveforms on flow structure and behavior in the aneurysm. Le et al. [21] showed that
the flow behavior can be cavity-flow driven or an unstable vortex ring formation driven
based on flow pulsatility and aneurysm neck and diameter parameters. They defined a
non-dimensional parameter to quantify aneurysm flow behavior, which had been used
in other studies in saccular, bifurcation, and patient specific aneurysm models [25,26]
and illustrated its robustness in quantifying aneurysm flow behavior. Asgharzadeh and
Borazjani [27] found in their study that Reynolds number (Re) and Womersley number
α can be used to control the vortex structure locations. These studies have shown that
inflow conditions impact flow behavior in an aneurysm, particularly in vortex formation
and evolution processes.

Advancements in computational power have allowed researchers to utilize advanced
data analysis methods to study and understand different fluid flows in great detail. One
of these methods is Proper Orthogonal Decomposition (POD), which was initially intro-
duced by Lumley [28] to extract coherent structures from turbulent flow fields. Since its
introduction, POD has become a commonly used method for extracting coherent structures
from experimental or computational data. POD optimally determines a basis of orthogonal
functions, which span the data in the L2 sense [29]. The most important property of POD is
its optimality as it provides an efficient method of capturing the dominant components of
a high-dimensional process using only a finite amount of modes [30]. Since its introduc-
tion, POD has been used in a variety of studies that are briefly introduced here [28,31–35].
Lumley [28] used POD to separate ’large eddies’ in shear flows. Graftieux et al. [31] sug-
gested using POD to separate pseudo-fluctuations attributed to the unsteady nature of
large-scale vortices from fluctuations due to small-scale turbulence. Chen et al. [32] used
POD to quantitatively distinguish internal combustion engine flows with extreme flow
properties. In biofluids, Byrne et al. [33] used POD in conjunction with computational fluid
dynamics simulations to classify aneurysm hemodynamics according to spatial complexity
and temporal stability for the parameters estimated from vortex core lines. They found
that ruptured aneurysms have complex and unstable dynamics, while simple and stable
dynamics are found in unruptured aneurysms. Daroczy et al. [34] used POD to determine
spectral entropy in the flow, which helped them to appropriately select computational
models based on flow regimes. Janiga [35] introduced POD for the analysis of time-varying
three-dimensional hemodynamic data. His work showed the ability of POD to reduce the
complexity of the time-dependent data for quantitative assessment. Yu et al. [23] used POD
to study the impact of inflow conditions on flow behavior in an idealized experimental
aneurysm. Their work highlighted that flow features were influenced by POD modes and
the interplay of their POD coefficients.

A review of the previously mentioned studies indicates that aneurysms flows are a
widely studied fluid dynamics problem. Advancements in experimental and computa-
tional capabilities have allowed researchers to parametrically study aneurysms in different
models and flow conditions in greater detail than before. Computational aneurysm studies
have enabled researchers to simulate different aneurysm flow scenarios and allowed them
to model realistic aneurysm geometries using patient specific data [25–27,36–44] . How-
ever, the validation of numerical and computational studies still present some challenges,
particularly in flow model and assumptions [45]. Experimental aneurysm studies also
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present some challenges, particularly the realistic fabrication of the model [46–51], optical
access to the flow for flow field measurements [52–54] and measurement optimization
approaches [55–57].

The presence of complex flow structures are still present in computational and experi-
mental approaches and has encouraged the use of decomposition techniques to investigate
flow physics in aneurysms. Recent work has shown the usefulness of POD in analyzing
the spatial and temporal behavior in aneurysm flows. The approach of using POD can aid
researchers in complex flow quantification as well as in comparisons with numerical and
computational data. Despite the advantage of using POD, there are limited experimental
fluid dynamics studies utilizing POD for analyzing complex flows in aneurysm. There-
fore, the primary objective of this study is to quantify prominent flow features present in
aneurysm flows for two selected geometries. For this investigation, inflow conditions were
varied by changing non-dimensional parameters, namely Reynolds (Rep) number from 50
and 270 and Womersley (α) numbers from 2 and 5. POD was used to analyze coherent flow
structures and to quantify their spatial characteristics. The flow field evolution inside the
aneurysm test section was captured using Particle Image Velocimetry (PIV). The results
showed that POD was able to accurately quantify the flow field characteristics for the
two model geometries that were studied in this investigation. The POD modes illustrated
similarities and dissimilarities of flow features at different inflow conditions and the POD
time-varying coefficients provided a temporal interplay of POD modes and showed differ-
ences between flow cases. The flow field reconstruction using POD provided an accurate
representation of the flow evolution highlighting the complex interplay of modes and their
time-varying coefficients.

This investigation is organized as follows: First, a discussion on the experimental
setup will be provided. This will be followed by an analysis approach and the Results and
Discussion sections. Lastly, the summary and conclusions of findings for this study will
be discussed.

2. Materials and Methods

This section provides details of the experimental setup and test conditions used for this
study. First, a brief description of the aneurysm models will be provided. Details of the PIV
setup and the pump used for this investigation will then be discussed. Lastly, information
on the test conditions will be provided. Further details of the experimental setup, design,
and flow quantification are provided by Yu et al. [23] and Yu and Durgesh [24].

2.1. Aneurysm Models and Fluid

Experiments were performed on straight, rigid, idealized, sidewall aneurysm models;
the schematics for the two models used in this investigation are shown in Figure 1a,b.
The figures highlight the important features of the models, which have dimensions for
L1, L2, Dmax, and Dneck. The aneurysm models are designed to have a long entry length
in the cylindrical pipe (L1) and allowed the fluid to fully develop prior to reaching the
aneurysm region [58]. The return section (L2) allowed flow disturbances to dissipate before
recirculating back in the flow loop. The aneurysm geometries were spherical in shape,
with maximum aneurysm sac diameters (Dmax) and neck diameters (Dneck) at 13.87 mm
for the model in Figure 1a and 13.87 mm and 8.69 mm for the model in Figure 1b. For this
study, the aneurysm dimensions were characterized using bottleneck factor (BF) [59] to
provide a distinction between the models and their flow characteristics. The BF is the
ratio of the maximum aneurysm diameter to the neck diameter opening, which provides
BF = 1.0 for the model in Figure 1a and BF = 1.6 in Figure 1b.

The aneurysm models were fabricated at a professional glass shop. The borosilicate
glass material was selected for the study as it is hydraulically smooth, and it allows accurate
index matching with a commercially available fluid. The index of refraction matching
enabled the flow structures in the aneurysm geometry to be optically accessed with minimal
distortion. The aneurysm models were carefully inspected after fabrication. The neck edges
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were found to be smooth in the aneurysm geometries during their fabrication. Aneurysm
model dimensions were also verified using a calibrated image plane. The inspection
showed the pipe distance to the sac center (see Figure 1a,b) to be approximately 7 mm.

Aqueous glycerin was used in the current investigation to accurately match the index
of refraction with the aneurysm models’ material. Aqueous glycerin was chosen as its fluid
properties are known and has been previously used in other investigations [12,16,19,23,48,60].
The aqueous mixture of 60:40 by volume had a density of ρ f = 1168.3 kg/m3 and a
kinematic viscosity of ν f = 1.453× 10−5 m2/s. Non-dimensional parameters Rep and
α [61] were used to characterize inflow conditions. The velocity scales and characteristic
length scales were adjusted to match the flow regimes commonly found in the cerebral
circulatory system [21,27,58,62,63].

(a) (b)

Figure 1. Critical features of the idealized, saccular, aneurysm model for (a) BF = 1.0 and
(b) BF = 1.6.

2.2. Velocity Field Measurements

Velocity field measurements were performed on the aneurysm models using 2D PIV.
Figure 2 shows a simplified schematic of the PIV system setup. The PIV system has a
200 mJ Nd:YAG double pulsed laser capable of pulsing at 15 Hz. The system also has a
high resolution CCD camera (8 MP, 3312 × 2488 pixels) with a macro lens used to focus
on the aneurysm region. The measurement plane was calibrated prior to experiments and
had ≈0.012 mm/pixel spatial resolution. The calibration yielded a field of view of the
aneurysm region to be 32 mm × 20 mm. A laser sheet thickness of 1 mm at the focal point
was created using sheet optics.

The flow was seeded using silver-coated, neutrally buoyant, hollow glass spheres that
were 9–13 µm in diameter. The aneurysm field of view was divided into three subregions,
namely pipe, neck, and sac in order to appropriately select the time between PIV image
pairs between the subregions. This approach made it possible to capture the flow structures
at these subregions. To acquire an entire flow cycle, PIV images were acquired using a
camera frame rate of 1.17 Hz and sequenced to a single cycle. This method allowed us to
capture different phases of the flow cycle, which were used for POD analyses. Velocity
fields were determined from the PIV images using DaVis software. Post-processing used
cross-correlation, multi-pass analyses with 50% overlap, and a final interrogation window
of 32 × 32 pixels. The resulting velocity fields in the aneurysm yielded ≈9000, 6000,
and 6800 velocity vectors in the pipe, neck, and sac regions, respectively.

Figure 2. Key components of 2D PIV system for the experimental fluid flow study.
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2.3. Pump System

Rep and α were two inflow parameters used in this study, and these were controlled
using a ViVitro Labs Inc. (Victoria, BC, Canada) SuperPump system. The piston pump
system was used to move the fluid into the aneurysm model where the flow’s structure and
behavior were captured by the PIV system. The pump system was capable of moving the
piston at a frequency range of 0.067 Hz to 3.33 Hz. The system also featured a precise control
of the flow rate and predefined waveform settings for the piston to follow. The design of
the pump head contained spring-loaded disc valves that, in turn, allowed a uni-directional
flow in the flow loop. The flow loop, thus, mimicked typical flows occurring in the human
circulatory system.

In this study, piston stroke lengths of 2 mL to 50 mL and pump frequencies of 0.4 Hz
to 2.4 Hz were used and correlated to non-dimensional fluid parameters Rep and α. The
pump frequency of 0.4 Hz corresponded to α = 2, while the pump frequency of 2.4 Hz
corresponded to α = 5 flow conditions. A well-behaved sinusoidal waveform signal was
selected for the piston to follow. The piston followed a periodic cycle with the other half of
the waveform signal rectified due to the disc-valve’s design.

The flow fields were correlated to the flow cycle by synchronizing the PIV and pump
systems. The synchronization of the hardware equipment was performed by simulta-
neously recording the PIV trigger signal and piston waveform during the experiments.
The synchronization setup enabled us to determine when each PIV image was taken in
relation to the flow cycle. The information acquired was then used for POD and flow
evolution analyses.

2.4. Test Conditions

The inflow conditions for this study were varied by changing Rep and α [61]. These
inflow parameters influence the flow’s structure and behavior in the aneurysm. Using
the information from the pump and aneurysm model design, the pump piston frequency
and pipe fluid velocity were then non-dimensionalized using Rep and α and provided
as follows:

Rep =
UmaxDp

ν f
, (1)

α =
Dp

2

√
2π f
ν f

, (2)

where ν f is kinematic viscosity of the fluid, Dp is diameter of the pipe, and f is flow
frequency generated by the pump. The diameter of the pipe was used for the length scale
(Dp), while the maximum centerline velocity from the pipe (Umax) was used for the velocity
scale. Rep was then varied from 50 and 270, and α varied from 2 and 5. The selected α
for this study represents quasi-steady flow and unsteady flow regimes, as identified by
White [64]. Furthermore, the Rep and α conditions selected in this study were in the range
of flow conditions used in previous studies [21,27,58,62,63]. For example, Steiger et al. [62]
investigated basic flow structures in saccular aneurysms using a mean Reynolds number of
300 and an α of 1.3 for pulsatile flow investigations. Work by Ku [58] had shown that the
mean Reynolds number was around 300, and the Womersley number was about 4 in the
carotid artery bifurcations located along the sides of the neck. Liou and Liou [63] used a
mean Reynolds number of 500 to study human basilar tip aneurysms. Le et al. [21] used
range of peak Reynolds number range from 375 to 800 and α of 3.3–4.8. The computational
studies by Asgharzadeh and Borazjani [27] in their computational study investigated the
effect of mean Reynolds number and α in intracranial aneurysms for a mean Reynolds
number of 173–914 and α of 5 to 30.

The test scenarios used and measurements performed for this investigation are sum-
marized in Table 1. For each test scenario, dynamic equilibrium was achieved by waiting
for several pump cycles. For α = 2 scenarios, 170 complete pump cycles were acquired
while 1040 complete pump cycles were obtained for α = 5. The table also shows the PIV
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frame rate chosen such that PIV images were acquired at a slightly different rate than
the sub-multiples of the pump-driving frequency. The approach allowed PIV to capture
different phases of the flow cycle [65]. The synchronization of the pump and PIV enabled
velocity fields to be sequenced according to their phase in the flow cycle. This information
was then used in the POD analyses, which helped in creating a flow evolution for a single
flow cycle.

Table 1. Test conditions and measurements performed for BF = 1.0 and BF = 1.6 for this study.

BF Re α PIV Images PIV Frame Rate (Hz) Pump Frequency (Hz)

1.0 50 2 500 1.17 0.4

1.0 270 2 500 1.17 0.4

1.0 50 5 500 1.17 2.4

1.0 270 5 500 1.17 2.4

1.6 50 2 500 1.17 0.4

1.6 270 2 500 1.17 0.4

1.6 50 5 500 1.17 2.4

1.6 270 5 500 1.17 2.4

2.5. POD

POD was utilized to extract the energetic features or modes in the flow field. POD was
used to understand flow behavior in the present study by isolating different flow features or
modes and describing them through their energy content levels. Furthermore, the interplay
of these modes along with their time-varying coefficients can provide a mathematical
description of the flow field.

The mathematical background and description of POD are provided in great detail
by several authors [28,30,66,67]. In the current investigation, a traditional (i.e.,vector POD)
approach was used to ensure the coupling of u and v components of velocity.

POD is a method that aims to find a basis in the Hilbert space (i.e., L2) that is optimal
for the dataset and that can be represented in the following form:

−→
U (x, y, t) =

N

∑
i=1

ai(t)
−→
Ψi(x, y), (3)

where
−→
U (x, y, t) is a velocity field, and ai(t) is the time-varying coefficient of the ith basis

function (
−→
Ψi(x, y)) at time t. To find basis functions

−→
Ψi(x, y), they are chosen such that

the averaged projection of the velocity field
−→
U (x, y, t) onto

−→
Ψi(x, y) is maximized. This is

shown as follows:

max
Ψ∈L2([0,1])

〈|
(−→

U (x, y),
−→
Ψ
)2
|〉

‖−→Ψ ‖2
, (4)

where |.| denotes the modulus, 〈.〉 is the ensemble average, (.) represents the inner product,
and ‖.‖ denotes the L2 norm. The solution to Equation (4) yields the approximation of
the velocity field by a single function, but other critical points of this function are also
physically significant. Thus, the set of functions, when taken together, provide the desired
basis. This yields a variational calculus problem shown as follows.

J[Ψ] = 〈|
(−→

U (x, y),
−→
Ψ
)2
|〉 − λ(‖Ψ‖2 − 1). (5)
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A necessary condition is that the derivatives vanish for all variations Ψ + δΨ ∈ L2,
δ ∈ R. In other words, we have the following.

d
dδ

J[Ψ + δΨ]|δ=0 = 0. (6)

Using calculus principles, the equation reduces to an Euler–Lagrangian equation shown as
follows: ∫

Ωxy
〈−→U (x, y)⊗−→U (x′, y′)〉−→Ψ (x′, y′)dx′dy′ = λ

−→
Ψ (x, y), (7)

where Ωxy is the domain of interest, 〈−→U (x, y) ⊗ −→U (x′, y′)〉 is the spatial correlation of
the velocity field, ⊗ is the tensor product, and λ is the energy associated with each POD
mode. With further simplification and substitution, the formulation in Equation (7) can be
described as follows:

R
−→
Ψ (x, y) =

∫
Ωxy
〈−→U (x, y)⊗−→U (x′, y′)〉−→Ψ (x′, y′)dx′dy′ (8)

where R is the kernel of the POD formulation, i.e., the spatial velocity correlation matrix that
results from the definition of velocity vector tensor product. The resulting simplification
can be observed as an eigenvalue problem that is shown as follows:

R
−→
Ψ (x, y) = λ

−→
Ψ (x, y), (9)

where the eigen decomposition will have eigenvectors (i.e., POD modes) ψuu(x, y) and
ψvv(x, y), and λ represents the eigenvalues or energies captured by POD modes. The ve-
locity field reconstruction in Equation (3) requires coefficients ai(t), which can be found
by projecting the original velocity fields

−→
U (x, y, t) onto each of the POD modes and are

provided as follows.

ai(t) =
(
−→
U (x, y, t),

−→
Ψi(x, y)

)
. (10)

POD was implemented in-house using MATLAB. For each experimental inflow con-
dition, 500 PIV images were acquired, which spanned several minutes. PIV images were
acquired over 170 pump cycles for α = 2 cases while 1040 complete pump cycles for α = 5
cases. The average velocity flow field was subtracted for each inflow scenario before using
POD, which allowed us to capture POD modes based on the flow fluctuations in the data
set. POD implementation used a coupled u and v components of each velocity field,
with auto and cross correlations operations to obtain the POD kernel (i.e., R). This coupling
approach allowed the POD method to acquire the flow structures that were dependent
on the u and v components of velocity, which were similar to the implementation used
by Durgesh and Naughton [68]. For this study, the POD kernel was a square matrix of
∼13,000 × 13,000 elements. The mathematical formulation provided in Equation (9) was
solved to calculate the eigenvalues (i.e., λi) and eigenvectors (i.e., Ψi

uu(x, y) and Ψi
vv(x, y)),

where the subscript i represents POD mode numbers. The typical calculation processing
time for POD analysis was approximately one hour. The obtained eigenvectors (i.e., POD
modes) were then used to calculate the time-varying coefficients (i.e., Equation (10)) at a
given time instance, and the low-order velocity field was performed using Equation (3).

3. Results

This section provides a discussion of the results obtained in this study. The average
flow field results in the aneurysm region are presented to provide an overview of the flow
features. The results from POD analysis are then presented, which include key results for
POD modes, energies, and time-varying coefficients; and low-order reconstructions for
both models. For brevity, only critical results in the aneurysm region are discussed here.
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3.1. Average Flow Field

The mean flow results are first shown here to provide an overview of the bulk flow
features at different inflow conditions. The time-averaged velocity fields for α = 2 at
different Rep and BF are shown in Figure 3a–d. For each test scenario, 500 PIV images
were used to calculate the time-averaged flow field. As seen from the figures, the mean
flow results qualitatively indicate that the aneurysm is dominated by a clockwise vortex
structure at different inflow conditions.

At Rep = 50 and BF = 1.0 (i.e., Figure 3a), the vortex structure is pushed deep near the
proximal side of the aneurysm sac with the average impinging location near the maximum
aneurysm diameter (i.e., x = 7 mm and y = −5 mm). The closely compact streamlines
near the distal neck (i.e., x = 7 mm and y = 0 mm) show high velocity gradients, which
suggest an increase in shear stresses in this area. For BF = 1.6 (i.e., Figure 3b), the center of
the vortical structure is below the neck diameter with the average impinging location near
(x = 4.0 mm, y = −2.7 mm). High velocity gradients are observed near the neck diameter
(i.e., high shear stresses) as the incoming flow is diverted to the distal side for this Rep.
Similar average vortical structure shapes are observed for α = 5 and Rep = 50 scenarios,
which are not discussed here.

For Rep = 270, there is a shift in flow behavior where the vortical structure (i.e.,
Figure 3c) engulfs the aneurysm sac for BF = 1.0. The average impinging location moves
closer to the distal neck (i.e., x = 7.4 mm and y = −0.4 mm) when compared to Rep = 50,
while high shear stress is still observed in this area. With BF = 1.6 (i.e., Figure 3d),
the vortex structure core moves near the neck diameter (i.e., x = 0.2 mm, y = −3.3 mm)
with the average impinging locations and high velocity gradients near the neck area. Similar
average vortical structure shapes are also observed for α = 5 and Rep = 270 scenarios, and
they are not discussed here.

The average flow field results show that Rep impacts the mean vortex structure shapes
more than α. When Rep = 50 is compared across different α and BF, the mean vortical
shapes remain qualitatively similar. On the other hand, Rep = 270 shows a engulfing
vortical structure across different α and BF. The impact of BF can be observed through
the size of the vortical structure as the neck constricts this vortex. The similarity of the
mean vortical shapes provides motivation to further investigate vortical structures and
learn more about flow field behavior using POD.

(a)
x (mm)

y
 (

m
m

)

5 0 5
10

5

0

(b) (c)
x (mm)

y
 (

m
m

)

5 0 5
10

5

0

(d)

Figure 3. Average velocity field inside the aneurysm sac for α = 2 for (a) Re = 50 and BF = 1.0,
(b) Re = 50 and BF = 1.6, (c) Re = 270 and BF = 1.0, and (d) Re = 270 and BF = 1.6

3.2. POD Modes

The POD mode results are presented here as they provide insights into large-scale
flow structures and their underlying behavior. The POD modes shown here provide a
mathematical description of the behavior of the flow structures present in the aneurysm,
and they are ordered (i.e., the POD modes are ranked based on the fluctuating kinetic
energies captured by them). The POD modes will have components ψuu(x, y) and ψvv(x, y)
for streamwise and transverse components, respectively. For brevity, vector representation
of the POD modes are presented and discussed in the manuscript.

The first five POD modes (ψi(x, y)) for α = 2, BF = 1.0, and Rep = 270 are shown
in Figure 4a–e. The POD mode results for BF = 1.0 show different and distinct coherent
structures within the aneurysm region. Such a variation in mode shapes allows for the
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convective motion of vortical structure. For a detailed discussion of the POD mode’s results
for BF = 1.0, see Yu et al. [23]. The POD mode results for α = 2, BF = 1.6, and Rep = 270
are shown in Figure 5a–e. Here, the overall POD modes are different from the ones observed
in BF = 1.0. POD modes still have symmetrical and asymmetrical features. Such features
in the POD modes allow it to capture the convection of coherent structures. It should be
noted that most of the spatial features in the POD modes are limited to the neck region of
the aneurysm, suggesting that the coherent flow structure and its movements are confined
to these locations for this model.

Next, the POD modes for the higher α (i.e., 5) and Rep = 270 for both models are
analyzed. Figures 6a–e and 7 show the POD modes for BF = 1.0 and BF = 1.6, respectively.
As observed in the figures, a change in α = 5 results in very different sets of POD modes as
compared to α = 2 case for both BFs (see Figures 4 and 5). This suggests that a change in
α impacts the flow features for both models. For BF = 1.0 model, we observe a variation
in POD mode shapes inside the aneurysm sac, while for BF = 1.6, most of the variations
in the POD contour are confined to the neck region of the aneurysm sac. This suggests
the presence of complex flow structures and their movement in the aneurysm sac for
BF = 1.0 as compared to BF = 1.6. It should also be noted that the POD mode shapes are
significantly different for higher α (i.e., 5) as compared to α = 2.

The POD mode shapes provide completely different spatial features between the two
morphologies and inflow scenarios. The impact of BF is highlighted as the POD mode
shapes show where distinct features and large-scale structures may be located. When
inflow conditions are compared, the POD modes provide information on spatial features as
well as the movement of large-scale structures. Next, we analyze the energy content of the
POD modes to quantify the impact of POD modes on flow behavior.

(a) (b) (c) (d) (e)

Figure 4. POD modes presented as streamlines for α = 2, Rep = 270, and BF = 1.0. (a) ψ1, (b) ψ2,
(c) ψ3, (d) ψ4, and (e) ψ5.

(a) (b) (c) (d) (e)

Figure 5. POD modes presented as streamlines for α = 2, Rep = 270, and BF = 1.6. (a) ψ1, (b) ψ2,
(c) ψ3, (d) ψ4, and (e) ψ5.

(b) (c) (d) (e)(a)

Figure 6. POD modes presented as streamlines for α = 5, Rep = 270, and BF = 1.0. (a) ψ1, (b) ψ2,
(c) ψ3, (d) ψ4, and (e) ψ5.
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(a) (b) (c) (d) (e)

Figure 7. POD modes presented as streamlines for α = 5, Rep = 270, and BF = 1.6. (a) ψ1, (b) ψ2,
(c) ψ3, (d) ψ4, and (e) ψ5.

3.3. POD Energies

The relative POD energy (i.e., the ratio of energy captured by each POD mode and
total fluctuating kinetic energy) results are analyzed to gain insight into the contribution
of each POD mode. The results are shown in Figure 8 for the first ten modes for BF = 1.0
(Figure 8a) and BF = 1.6 (Figure 8b). As observed from these figures, the contribution of
each POD mode decreases with increasing POD mode numbers. For BF = 1.0 (Figure 8a),
the results indicate that about 95% of the fluctuating energy can be captured by five POD
modes. For flow scenarios with α = 2, the first three mode shapes are likely to have
dominating influences on the flow behavior in the aneurysm. This is in contrast with α = 5
flow conditions, where five POD modes are needed to meet the 95% threshold. Similar
conclusions can be deduced for Rep = 270 and α = 2 scenarios (i.e., three modes) and α = 5
scenarios (i.e., five POD modes).

In contrast to BF = 1 case, the energy results for BF = 1.6 exhibit different behaviors,
as shown in Figure 8b. The results for this morphology show an increased number of modes
required to reach a ∼95% of the total fluctuating kinetic energy. The Rep = 50 scenarios
show that at least five POD modes are needed to capture ∼95% of the total fluctuating
kinetic energy. On the other hand, Rep = 270 scenarios show that at least ten POD modes
are needed to fully reconstruct an accurate representation of the flow field. Furthermore,
the POD energy results for BF = 1.6 clearly show that Rep impacts energy contributions.

The POD energy results suggest that aneurysm morphology and inflow conditions
impact flow behavior. The energy results show critical differences between the two mor-
phologies and provide an insight into the impact of inflow conditions on the large-scale
structures in the aneurysm. To understand the dynamics of the POD modes and the inter-
play among the POD modes, the time-varying coefficients of the POD modes are analyzed.

1 2 3 4 5 6 7 8 9 10

Mode Number

40

60

80

95

100

1 2 3 4 5 6 7 8 9 10

Mode Number

40

60

80

95

100

(a) (b)

Figure 8. Sum of energies for (a) BF = 1.0 and (b) BF = 1.6 at different α and Re.

3.4. POD Time-Varying Coefficients

The time-varying coefficients ai(t) of the POD modes are analyzed to learn about
the interaction among various POD modes at different points in the flow cycle. This
insight is important since the shape of the POD modes provide spatial information and
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their respective time-varying coefficients provide temporal information for low-order
reconstructions of the flow field at a given time instance. The ai(t)s are determined by
projecting the velocity field at a given time instance

−→
U (x, y, t) on the ith POD modes

−→
Ψi(x, y) (see Equation (10)). The obtained ai(t) values were normalized by the square root
of their respective energies (i.e., λi). For each sub-figure, ai(t) values were sequenced to a
single flow cycle using the hardware synchronization approach where time information
of the coefficients was determined by correlating the PIV trigger and the piston position
from the experiments (see Section 2.3). Thus, the plots contained the scatter plot for each
time-varying coefficient, and a spline curve fit operation was performed to determine
a mathematical relationship for each coefficient. For brevity, only the results for α = 5
and Rep = 270 at different BF are shown here to illustrate the interaction of ai(t) values for
these scenarios.

Figure 9a–e contains the phase portrait plots for α = 5 using the first five ai(t) for
BF = 1.0, while Figure 9f–j contains the first five ai(t) values for BF = 1.6. From these
figures, it can be observed that there is significant variation in the time-varying coefficients
trend in a single flow cycle for both BF cases. There are points in the cycle when certain
time-varying coefficients are close to zero value, suggesting that contributions from those
POD modes to the flow field are minimal, and the other modes may play a bigger role
in describing the flow behavior at that time. These figures clearly show the difference in
time-varying coefficients between the BF = 1.0 and BF = 1.6 cases. This suggests that
overall temporal flow behavior in these two aneurysm models will be different for the same
inflow conditions.
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Figure 9. Time-varying coefficients a1(t)–a5(t) for α = 5 and Rep = 270. Grey square markers repre-
sent experimental data while dashed lines represent curve fit data. (a–e) BF = 1.0 and (f–j) BF = 1.6.
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3.5. POD Low-Order Reconstruction

The POD modes, energies, and time-varying coefficient results from previous sec-
tions are combined together to create a low-order reconstruction for each flow condition.
The low-order reconstruction allows obtaining insight on the dynamics of the flow through
the interaction of POD mode shapes and coefficients. The reconstruction results used a
mathematical model to create an accurate representation of the flow field. To create a low-
order reconstruction model, Equation (3) is used for selected N POD modes. The number
of modes was determined by comparing POD reconstructions relative to PIV images that
sufficiently capture large-scale features (not shown in this paper). This corresponded to
the first three POD modes for α = 2 scenarios and the first five POD modes for α = 5
scenarios for BF = 1.0. For BF = 1.6, five POD modes were used for Rep = 50 scenarios
while ten POD modes were used for Rep = 270 flow scenarios. Here, the results were
presented to focus on the similarities and differences observed between the flow scenarios
and morphologies. A detailed discussion of POD reconstruction results for BF = 1.0 can be
found in Yu et al. [23].

The low-order velocity reconstructions for the model with BF = 1.0 and inflow
condition of α = 2 and Rep = 270 are shown in Figure 10. As observed in the figure,
the vortical structure convects towards the center of the aneurysm and then out for the
first half of the cycle. This process is repeated for the second half of the flow cycle, and the
vortical structure follows the same path trajectory. For the model with BF = 1.6 and inflow
condition of α = 2 and Rep = 270, the low-order reconstructions are able to capture the
initiation, growth, and convection of the vortical structure in the flow cycle, as shown
in Figure 11. It is interesting to note here that we observe an elongation of the vortical
structure as it convects out of the aneurysm sac, which was not observed for the BF = 1
case. For the model with BF = 1.6, the vortical structure mostly spanned the neck and
middle portion of the aneurysm model, but the BF = 1.6 vortical structure was able to cover
the entire aneurysm sac. A similar trend in vortical structure formation and movement was
observed for α = 2 and Rep = 50 for the models with BF = 1.0 and BF = 1.6.

The low-order reconstructions for the model with BF = 1.0 and inflow conditions of
α = 5 and Rep = 50 are shown in Figure 12. As observed in the figure, the vortex structure
forms near the proximal side of the aneurysm, moves towards the distal side, and convects
down into the aneurysm sac, where it dissipates, which is in contrast with the inflow
condition of α = 2 and Rep = 50 and 270 for the model with BF = 1 case, where the vortical
structure convects outside the aneurysm sac. Similarly to prior low-order reconstructions,
we see the process repeated for the latter half of the cycle. With the change in BF to 1.6 and
for the same inflow conditions (i.e., α = 5 and Rep = 50), the vortical structure forms near
the proximal side, moves out of the aneurysm through the neck opening, and returns to the
aneurysm sac, where it oscillates vertically (see Figure 13).

The next set of reconstructions was performed for inflow conditions of α = 5 and
Rep = 270 for both models (i.e., BF = 1.0 and BF = 1.6), as shown in Figures 14 and 15,
respectively. It is evident from these figures that, at higher α, the flow is significantly
different for both models. For the model with BF = 1.0, a primary vortical structure
along with a secondary vortical is observed ( see Figure 14). It is also evident in these
reconstructions that the secondary vortical structure merges with the primary vortical
structure, forming a single vortex structure. With changes in morphology to BF = 1.6
(Figure 15), only a single vortical structure was observed in the aneurysm. This vortical
structure moves back and forth between the aneurysm neck opening and the center of the
aneurysm sac.

POD reconstructions were able to capture the flow evolution in the aneurysm sac
at different inflow conditions. Results from POD provided information on the impact of
inflow conditions and model geometry on the flow’s features. The low-order reconstruction
captured vortex formation, evolution, and convection.
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Figure 10. POD low-order reconstruction for Rep = 270, α = 2, and BF = 1.0 for selected time phases.
The velocity reconstruction used three POD modes.
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Figure 11. POD low-order reconstruction for Rep = 270, α = 2, and BF = 1.6 for selected time phases.
The velocity reconstruction used ten POD modes.

Figure 12. POD low-order reconstruction for Rep = 50, α = 5, and BF = 1.0 for selected time phases.
The velocity reconstruction used five POD modes.
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Figure 13. POD low-order reconstruction for Rep = 50, α = 5, and BF = 1.6 for selected time phases.
The velocity reconstruction used five POD modes.

Figure 14. POD low-order reconstruction for Rep = 270, α = 5, and BF = 1.0 for selected time phases.
The velocity reconstruction used five POD modes.
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Figure 15. POD low-order reconstruction for Rep = 270, α = 5, and BF = 1.6 for selected time phases.
The velocity reconstruction used ten POD modes.

4. Conclusions

POD was used to quantify the coherent flow structures in aneurysm flow for two
selected geometries. Two-dimensional PIV measurements were performed for two rigid
aneurysm models to capture the flow field evolution at different inflow scenarios. PIV
measurements were performed at inflow conditions of α = 2–5 and Rep = 50–270 for two
models with BF = 1.0 and BF = 1.6. A SuperPump system was used to control the
inflow conditions, and it was synchronized with the PIV system to determine the phase
in the flow cycle. The modes, energies, and time-varying coefficients at different inflow
scenarios were extracted using POD. Low-order velocity field reconstruction at different
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inflow conditions was performed to quantify flow behavior, such as the vortex formation
process and movement for the studied models and inflow conditions.

The average flow field results highlighted the differences in the mean flow structure
present in the aneurysm at different inflow scenarios. The results showed that BF and
Rep had more significant influence on the averaged flow structures than the variation in α.
POD analysis provided detailed insight into the complex flow behavior in the aneurysm.
The POD mode shape results changed with varying inflow conditions and geometries
and provided spatial descriptions on the flow structures. POD energy results showed
that different modes contained different energy levels, and the first ten POD modes can
capture at least 80% of the fluctuating energy in the flow. The time-varying coefficients’
results showed the interaction among the modes, and this was highlighted with a complex
interplay of modes for BF = 1.6 flow scenarios than BF = 1.0. The POD modes, energies,
and coefficients allowed low-order flow modeling to capture the complex flow behavior in
the aneurysm.

The low-order flow reconstruction using appropriate amount of modes provided an
accurate temporal representation of the large-scale structures in the flow field at different
inflow conditions such as α, Rep, and model geometries (i.e., two BF). The flow field at each
phase of the flow cycle was obtained using POD modes and their time-varying coefficients.
For fixed α = 2 scenarios, the vortex formation process and movement remained relatively
similar across different Rep and BF. The formation of the vortex was initiated from the
proximal side, which exited the aneurysm opening and was followed by its return and
dissipation processes. This vortical formation and movement occurred between t/T = 0.00
and t/T ≈ 0.5, and this process repeated itself for the rest of the flow cycle. Meanwhile,
for α = 5 scenarios, different vortical structure behavior was observed at different Rep and
BF. In this study, we observed a single vortical structure in the aneurysm or a primary
vortex merging together with a secondary vortex forming a single vortex at a latter time in
the cycle.

POD provides a method for analyzing complex flow phenomena in great detail.
It can be used to study a variety of unsteady, physiological flows to understand the
behavior of energetic flow structures. POD also provides an alternative approach to create
mathematical models and to examine flow evolution at any time step. This method can
be more advantageous for a researcher than performing phase-locked measurements,
which can be time consuming and require extensive hardware synchronization. With POD,
pertinent information can be extracted with an appropriate number of PIV images. Lastly,
POD can aid researchers in comparing numerical and computational data as well as
quantification across different inflow scenarios.
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Nomenclature
The following abbreviations, symbols, and markings are used in this manuscript:

CFD Computational Fluid Dynamics;
Dp Pipe diameter (m);
PIV Particle Image Velocimetry;
POD Proper Orthogonal Decomposition;
R Spatial velocity correlation matrix;
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Rep Peak Reynolds number;
t Time (s);
T Time period (s);
−→
U (x, y) Velocity vector;
−→u Velocity component in x-direction (m/s);
−→v Velocity component in y-direction (m/s);
Vmax Maximum centerline velocity in the pipe (m/s);
x, y Cartesian coordinates;
α Womersley number;
νb Blood kinematic viscosity (m2/s);
ν f Kinematic viscosity (m2/s);
ρb Blood density (kg/m3);
ρ f Fluid density (kg/m3);
ω Angular frequency (rad/s);
−→
Ψi ith POD mode;
ψi

uu Streamwise component of ith POD mode;
ψi

vv Transverse component of ith POD mode;
Ωxy Domain of interest;
λi Energy captured by ith POD mode;
⊗ Tensor product;
〈...〉 Ensemble averaging.
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