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Abstract

The evaporation of a thin liquid film representative of power-law rheology flowing along
an inclined channel wall under the combined influence of gravity and surface tension is
investigated using a semi-analytical modelling framework. The evolution of film thickness,
heat transfer characteristics, and dry-out behaviour are examined as functions of the power-
law exponent, Weber number, and inlet film thickness. The results show that a decrease
in the power-law exponent leads to a slower reduction in film thickness, resulting in a
significant increase in the dry-out length for a fixed value of consistency. This behaviour is
attributed to the large effective viscosity developing near the free surface for shear-thinning
fluids, in contrast to the negligible surface viscosity observed for shear-thickening fluids.
The local Nusselt number increases gradually along the flow direction, followed by a sharp
terminal rise marking the onset of dry-out. The mean Nusselt number decreases with
increasing power-law exponent, which is consistent with the dry-out length variation with
the power-law exponent. The dry-out length is found to be largely insensitive to surface
tension for a fixed normalised inlet film thickness, while exhibiting an approximately linear
dependence on the inlet film thickness that is nearly independent of the power-law index.
Overall, the study establishes a hierarchy of controlling parameters for evaporating power-
law films in inclined micro-channels, demonstrating that inlet film thickness primarily
governs the dry-out location, while rheology and surface tension exert secondary influences
within the parameter ranges considered.

Keywords: evaporation; micro-channel; power-law fluid; dry-out length; Nusselt number

1. Introduction

The evaporation of thin films in micro-channels is central to coating, electronic cooling,
heat pumps and micro-manufacturing applications where capillarity, gravity, and phase
change act over comparable length scales. In this setting, the local heat flux is governed
primarily by the instantaneous film thickness, while the overall heat removed depends
on how far the film persists before dry-out; both are set by the coupled momentum, heat,
and mass transfer across the liquid—vapour interface. A representative industrial system
exhibiting similar thin film transport characteristics is the slot-die coating process, in which
paint-like non-Newtonian fluids are conveyed through narrow distributor passages and
micro-scale inlet channels before forming a free surface and depositing onto a moving
substrate. A schematic illustration of a slot-die coater is shown in Figure 1.
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Figure 1. Schematic diagram of slot-die coater (adapted from [1]).

Several previous studies [2-14] analysed the coupled heat and mass transfer associated
with evaporation characteristics of thin films in micro-channels using both experimental
and numerical means, and interested readers are referred to the review by Park and Lee [14]
for an extensive review of the existing body of work. Early investigations by Derjaguin
et al. [2] established that evaporation from capillaries is inherently governed by thin
film transport, intermolecular forces, and capillary-driven flow, providing the conceptual
foundation for lubrication-based models. Subsequent studies progressively incorporated
additional physics, showing that evaporation modifies momentum transfer and interfacial
shear [3], while thin film heat transfer in microchannels is dominated by conduction across
the liquid film and capillary pressure effects [4]. Detailed analyses of extended menisci
further demonstrated that disjoining pressure, curvature, and interfacial resistances jointly
control evaporation and flow near the contact line [5].

Building on these foundations, a number of studies formulated governing-equation-
based models derived from coupled conservation of mass, momentum, and energy, leading
to nonlinear differential equations solved numerically for film thickness, pressure, and
velocity fields [6-8]. These approaches were extended to micro- and pore-scale geome-
tries, revealing the critical roles of vapour shear, axial pressure gradients, and thin film
microregions in determining evaporation rates and heat transport limits [9,10]. Later mod-
els further quantified how heat flux, capillary dimensions, and interfacial forces govern
film evolution and dry-out behaviour in microchannels and capillaries [11-13]. Park and
Lee [14] addressed the discontinuity of pressure through a dispersion constant and con-
sidered the gaseous phase to be saturated in thermodynamic equilibrium with the liquid
film. This implies that the phase change at the interface occurs through boiling in order
to maintain saturated temperature at the interface with a superheated wall temperature,
which is fundamentally different from the standard evaporation transport. In contrast,
Chakraborty and Som [15] dealt with the evaporation of a thin film below the saturation
temperature corresponding to the prevailing thermodynamic pressure, and the rate of
evaporation was coupled with the vapour phase mass diffusion at the interface. While
these studies [2-15] collectively establish a robust framework for thin-film evaporation
modelling, they are predominantly restricted to Newtonian fluids, motivating the present
work’s extension of this coupled transport formulation to non-Newtonian (power-law)
liquid films. Most synthetic and biological fluids are non-Newtonian in nature (i.e., the
viscosity is dependent on the shear rate). Building on prior analytical work by Chakraborty
and Som [15] on the evaporation of Newtonian fluid films in an inclined micro-channel
configuration (inclined wall, isothermal boundary, quiescent gas, and evaporation at the

https://doi.org/10.3390/fluids11030061


https://doi.org/10.3390/fluids11030061

Fluids 2026, 11, 61

30f17

interface), the present analysis focuses on evaporation of thin films of non-Newtonian
power-law fluids, representative of paint-like solutions in a channel flow configuration.
In this investigation, a gravity-assisted thin film flowing along one wall of an inclined
micro-channel with a gas layer (air + solvent vapour) above the liquid interface is studied.
The wall is maintained at Ty, and the far field temperature in the gaseous phase is Ty, and
interfacial properties are linked through standard relations. The material properties for
the present investigation are chosen from ranges typical of waterborne paints and ambient
air, and the liquid follows the Ostwald—de Waele law with consistency K and power-law
index n. These choices ground the model in realistic property windows and allow for a
controlled sweep of rheology n € {0.4, 0.6, 0.8, 1.0, 1.1, 1.2} while holding the rest of the
operating parameters unaltered.

2. Mathematical Background

The phase-change heat transfer from a thin gravity-assisted non-Newtonian liquid
film flowing along the wall of an inclined microchannel is schematically shown in Figure 2.
Only the lower half of the channel is considered for the present analysis. A quiescent gas
mixture (air + solvent vapour) occupies the region above the film at temperature T, and
the film material concentration of C, (set to zero in this study). The channel wall is taken to
be kept at constant temperature Ty, (baseline value below), and gravity acts at an angle 0
relative to the negative y-direction. Transport in both liquid and gaseous phases is coupled
through interfacial heat/mass balances and capillarity /disjoining pressure effects. It is
worth noting that the problem of microchannel film evaporation is fundamentally different
from steam cooling on a flat plate. Microchannel film evaporation is a capillarity- and
shear-dominated two-phase flow with strong flow-heat transfer coupling, whereas steam
cooling on a flat plate is a largely gravity- or forced-flow-driven film evaporation over an
unconfined surface, typically described by classical falling film heat transfer theory.

S~<o Channel centerline

Initial film Quiscent air: Ty, Cq T

thickness (5)

Channel
height (h)

fv\", Non-Newtonian fluid
" /

Microchannel wall: T=Ty
Figure 2. Schematic diagram of physical situation.

2.1. Fluid Rheology and Parameter Values

The liquid film acts as a power-law fluid, which yields the following expression for
the shear stress according to the Ostwald—de Waele model [16]:

ou

n—1 au
ay

Tyx = K 3y

(1)

where K is the consistency and # is the power-law index, which assumes a value smaller
than unity (i.e., n < 1) for shear-thinning fluids, whereas the power-law index n assumes
values greater than unity (i.e., n > 1) for shear-thickening fluids. The value of # is unity
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for Newtonian fluids (i.e., n = 1.0). For the purpose of this analysis, the baseline values of
thermophysical variables representative of a water-borne, paint-like fluid and ambient air
are considered and the corresponding values are listed in Table 1 along with key problem
parameters. The sources of the chosen baseline values are also indicated in Table 1 for the
sake of completeness.

For the present analysis, T, = T, = 298 K is considered, but the model remains valid
for T, > Ty. The selected baseline value of consistency K = 0.5 Pa.s" is representative of
a moderately viscous, water-based, paint-like fluid, which allows for isolating the effects
of power-law index n [17]. This value is supported by interpreting the classic rheological
data from Fischer [17]. Fischer’s review [17] indicates that while low-viscosity lacquers for
spraying operate at a viscosity limit of 0.02-0.12 Pa.s (0.2-1.2 poises), fluids causing a “drag”
on a brush operate near 0.3-0.4 Pa.s (3—4 poises) at brushing shear rates (~100-200 s~ 1).
Since the consistency index, K, is defined as the apparent viscosity at a unit shear rate of
157!, a rate much lower than brushing, the actual K value must be higher than 0.3-0.4 Pa.s
due to shear-thinning behaviour (n < 1). By adopting K = 0.5 Pa.s", it is possible to
simulate a less stabilised fluid whose viscosity is slightly above the moderate brushing
range, thus avoiding the high K values required for anti-sagging paints and ensuring  is
the dominant variable governing the model.

Table 1. List of baseline values of key thermophysical and problem parameters.

Physical Parameters Values References
Surface tension 0=0.04 N/m [18]
Dispersion constant a=287 x 102 [14]
Liquid density pr = 1200 kg/m?3 [19]
Gravity ¢=9.81m/s? -
Inclination 0=m/12 -
Power-law consistency K=05Pas" -
Power-law index ne{04,06,08,1.0,1.1,1.2} -
Vapour density pv =0.6kg/ m? [20]
Vapour-—air diffusivity Dy, =25 x 1075 m?/s [21]
Liquid thermal conductivity k; =0.18 W/mK [22]
Vapour thermal conductivity ky, =0.026 W/mK [23]
Vapour thermal diffusivity ap=2.0x 107> m?2/s [24]
Wall and ambient temperatures Tw=298K, Ty =298 K -
Reference latent-heat parameter AHg, =2.3 x 100/ kg [25]
Critical and saturation temperatures T. = 647K, Ts; =373 K [20]
Molecular weight for air M_ir = 0.029 kg/mol [26]
Molecular weight for liquid M; =0.018 kg/mol [20]
Universal gas constant Ry =8.314]/mol K [27]
Thermodynamic pressure pt = 101,325 Pa [21]
Channel height h=10"*m -
Initial film thickness Jp =10° m -

2.2. Simplifying Assumptions

The following assumptions are made to simplify the analytical model:
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e  Transport is effectively two-dimensional;

e  Axial (x-direction) diffusion terms are negligible relative to transverse (y-direction)
diffusion terms because of length-scale separation following the order of magnitude
analysis characteristic of boundary layer theory;

° The film is thin, é < k;

e  The axial pressure gradient depends only on the x-direction;

e  Axial gradients of temperature and concentration are weak compared to their relative
transverse gradients, which is consistent with boundary layer theory;

e  Thermophysical properties are uniform within each phase (though different
across phases);

o  The temperature across the y-direction in the liquid is assumed to be linear since
low flow speeds make convection negligible and the pure conduction yields a linear
temperature variation.

It is worth noting that the same assumptions were made in the previous analysis by
Chakraborty and Som [15].

2.3. Governing Equations and Interfacial Matching

1.  Liquid-phase (power-law fluid) momentum conservation:

d
dy<K

where u is the velocity, p is the pressure, and F(x) is a function of x. In Equation (2),

du
Y

n—1
ou\ dp o4
8y> =5 p1gsin® = —F(x) )

the subscript ‘1" denotes the liquid phase. The above equation is subjected to the
following boundary conditions:

Aty = 0, u = 0 due to no-slip condition, (3a)
Ju
Aty—é,@—o (3b)

Equation (2), subjected to the above boundary conditions, yields

) = i (B [ - 6 -] @

This equation is the liquid-phase velocity profile.
2. Vapour-phase energy conservation:

or_ P

s@ = Xy ayz )

where V; represents the Stefan flow velocity caused by evaporation at the interface,
and « denotes the thermal diffusivity. The subscript ‘v’ refers to vapor-phase proper-
ties. Under the following boundary conditions,

Aty=06,T=Ts (6a)

Aty=hT="T, (6b)
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Equation (5) provides

<
S,

S

ror, en(L) - e
Ts—Tou exp(%) —exp( »

3. Vapour-phase mass conservation:

S, | =
IS 8]

R

; )

oC 92C
oy~ P ®

Here, C denotes the vapour concentration in the gas layer, and D, is the binary mass
diffusivity of vapour in air. Because Equation (8) has the same steady, one-dimensional
convection diffusion form as that of Equation (5), with C in place of T and D, in place
of ay, it can be solved by the same procedure to obtain the concentration profile:

o _owlit) - ool .

To further solve the model, the liquid- and vapour-phase governing equations are

linked by interfacial matching conditions at the liquid-vapour boundary, as follows:

1.  Atany axial location x, the mass flow rate my is connected to the evaporation rate per
unit length m, through the relation

dmy

dx

= — 1, (10)

Substituting the liquid-phase velocity profile given by Equation (4) into the mass
balance expression above, and performing the required algebraic simplifications and
rearrangement of terms, one can obtain the following governing equation in terms of
driving function F(x) and film thickness ¢:

P 1 115 241 Loggel A8
K/ | @n51) F(x)" " F'(x) & + F(x)n 6 G| = e (11)

where m, = p, Vs (12)

2. At the liquid-vapour boundary, only liquid vapour crosses the interface; air cannot.
Hence, the net normal flux of air at y = § must be zero. In the vapour layer, air’s flux
has two parts: (a) a diffusive flux (from composition gradients) and (b) a convective
(Stefan) flux carried by the bulk gas motion V; generated by evaporation.

le
Y

v 13)

-D
“ oy, 1-Cs)

This expresses the Stefan velocity Vg directly in terms of the interfacial concentration
gradient of the liquid vapour and the local air fraction. Using Equations (9) and (13),

D, 1-Ca
Vs_h—(sl”(l—cs) (14)

it is possible to obtain
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In this study, the ambient gas over the film is taken as dry air in the far field C, = 0.
With C, = 0, Equation (14) reduces to

D, 1
Vo= 2 in( ) (15)

3. At theinterface y = J, the net heat conducted into the interface from both sides must
equal the latent heat required to evaporate the liquid leaving at the Stefan velocity
Vs. Heat comes from (a) the vapour side by conduction through the gas layer and

(b) the liquid side by conduction through the film. That incoming heat is consumed
as latent heat “p 117, V5" associated with the phase change. This gives the interfacial
energy balance:

—ky =2

3 = — Pl Ve (16)

y=0J

y=0
where k, and k; are the thermal conductivities of the vapour and liquid, respectively,
and hy, is the latent heat of evaporation at local conditions. The first term is the
conductive heat from the vapor to the interface (with a negative sign because y is
measured away from the wall), the second term is the conductive heat from the liquid
to the interface, and the right-hand side is the latent heat sink due to evaporation.

By substituting the temperature distribution from Equation (7) into Equation (16), the
expression for the interfacial temperature T is obtained:

L= ki/0) — f

(17)

where f is
‘ Vs exp(Vsd/ o)
Y % exp (Vsd/ o) —exp(Vsh/ )

f =

Equations (11), (13) and (17) together specify the equation governing film thickness,

(18)

the Stefan velocity from species transport in the vapour, and the interfacial temperature
from the heat balance. However, the system is only well-posed once the driving term F(x)
in Equation (11) is explicitly defined. To determine F(x), the interfacial dynamics need to
be considered.

4.  The pressure difference across the interface is given by
(19)

where p, is the vapour-phase pressure just outside the interface, ¢ is surface tension,
R(x) is the local radius of curvature of the interface, and a is the dispersion constant
modelling disjoining-pressure effects. Next, combining this relation with the liquid-
phase momentum equation, Equation (2), yields an explicit expression for the driving
function F(x) that appears in the film flow solution:

o dR 3add

F(X):—Wa‘f'éj%‘f'p[gﬂne (20)
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The radius of curvature R(x) is related to the film thickness ¢ by the standard small-

(1+ (3)2)1‘5

425
dx?

slope geometry:

(21)

R(x) =

In the subsequent analysis, the small-slope approximation, i.e., dd/dx < 1, will be
adopted, which simplifies the curvature relation.

At this stage it is important to recognise that the interfacial quantities Ts (interface
temperature), Cs (interface vapour concentration), and the latent heat 15, are not indepen-
dent parameters. They are thermodynamically coupled, so specifying one constrains the
others. In the present study, the above thermodynamic constraints are assumed to obey the
following relations:

1
Mair ﬂ _
1+ g (1)
where M denotes molecular weight, and the pressure ratio p;/p, is obtained from
Po AHs; Ts — Ty 038 ( Ts ) 0.118
=ex — In{ — ] — T, — T 23
Ptotal P R TsTsa Tc Tsa TCZ ( ’ sa) @)

In Equation (23), the subscript “sa” refers to standard atmospheric conditions and
“c” for the critical state; all temperatures are in Kelvin. Further, the variation of h fg is
expressed as

Tc o Ts 0.38
h¢, = AH 24
fg sa (Tc — Tsu> ( )

By substituting the thermodynamic relations Equations (22)—(24) into Equations (13)

and (17) and then inserting the results into the governing film thickness, Equation (11), it is
possible to obtain a single fourth-order, highly nonlinear ODE for the film thickness §(x).

In this study, the boundary conditions are §(0) = dpand 6 — 0,dd/dx — 0, d28/dx* — 0
as x — oo to recast the fourth-order ODE as a first-order system and integrate it with
MATLAB’s odel5s (stiff, variable-order BDF/NDF) using tight tolerances. The march
starts from x = 0 with §(0) = &y and small initial derivatives for &’,6",6"”, and integration
proceeds until dry-out (when J drops to a small threshold), which for this study is defined
at 50 nm [13].

Lastly, the local Nusselt number can be defined as

Nty = (25)

ki
For a linear liquid temperature profile (which leads to h, = k;/J), the expression

reduces to X
lelx = S (26)

Accordingly, the expression for the mean Nusselt number is defined as

— 1 % 1
Nuy = — Nuydx = — —dx (27)
X4 JO Xq Jo 0

where x; denotes the dry-out length, i.e., the distance from the inlet to the point where the
non-Newtonian liquid ceases to exist.
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3. Results and Discussion

Figure 3 shows the axial variation in the liquid-film thickness for power-law rheology
at fixed inlet thickness and operating conditions, with the power-law index varied over
n=1{0.4,0.6,0.8,1.0, 1.1, 1.2}. The film thins monotonically along the wall because of inter-
facial evaporation and approaches an “almost dry-out” state where 6 becomes exceedingly
small. The influence of rheology is modest near the inlet, where the capillary—gravity forc-
ing and the initial condition effects dominate, but the effect of power-law index becomes
evident downstream: liquid films with n < 1 exhibit a larger value ¢ for a given value
than the Newtonian fluid case (i.e., n = 1), and accordingly, the dry-out point is pushed
farther downstream in comparison to that in the case of n = 1. The exact opposite trend is
obtained for the liquid films with n > 1 (see Figure 3).

107°
12F T T T T T T T T I
—n=04
——n=0.6
n=0.38
1 —n =1.0[]
—n=1.1
n=12
0.8 -1
E
~06F -1
X
=
04 -1
0.2F -1
0 > :
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
x (m) x107°

Figure 3. Evolution of the liquid film thickness §(x) with axial distance x for different values of .

In order to explain the behaviour shown in Figure 3, the variation in normalised
effective viscosity, pe/ jin=1, as a function of the normalised wall normal coordinate y/J(x)
is shown in Figure 4 for different power-law indices n at three downstream locations. The
effective viscosity is evaluated from the power-law relation, pes = K | ¢ |*~1, with the
shear rate ¢ = du/dy obtained from the analytical velocity profile (see Equation (4)).
Differentiation of the velocity profile given by Equation (4) yields 7 « ((5 — )11, leading

to a viscosity distribution given by g o ((5 —y)("=1)/" Consequently, the cross-film
viscosity behaviour is entirely governed by the exponent (n — 1) /1, which determines both
the magnitude and the limiting behaviour of the viscosity near the free surface. For the
Newtonian case (i.e., n = 1), the exponent vanishes, and the effective viscosity remains
constant across the film, appearing as a straight vertical line in Figure 4. For n > 1, the
exponent is positive, and the viscosity decreases monotonically with increasing /4, tending
toward zero as the shear rate vanishes near the free surface. By contrast, for n < 1, the
exponent is negative, causing the viscosity to increase sharply as y/é(x) — 1 and to grow
without bound as the shear rate approaches zero. In the numerical implementation, the
viscosity is therefore evaluated up toy = (1 —1077)J(x), which allows these asymptotic
trends to be captured consistently without artificially prescribing endpoint values, as y
never reaches the exact value of §(x).
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Figure 4. Variation in the effective viscosity normalised by the Newtonian fluid viscosity, pest/ =1,
as a function of the normalised wall normal coordinate y/J(x) for different power-law indices n at
three axial locations, x = 0.0002, 0.0005, and 0.0008 m.

As evaporation proceeds downstream, the local film thickness decreases and the
characteristic shear rate within the film increases, amplifying differences ¢ in response
to the variations of n. This effect is most evident at the furthest downstream location,
x = 0.0008 m, where fluids with n < 1 exhibit extreme viscosity amplification near the free
surface, while fluids with n > 1 exhibit decaying viscosity from the wall to the free surface.

It can be seen from Figure 4 that the viscosity within the film for n < 1 (n > 1) remains
greater (smaller) than the Newtonian fluid (i.e., # = 1) and thus the flow velocity at a given
value of y/4(x) decreases with n. This leads to a reduction in decay of §(x) and an increase
in the dry-out length with a decrease in . The results shown in Figures 3 and 4 indicate
a clear mechanistic link between rheology, film thinning, and dry-out trends, which has
implications for the heat transfer rate within the film.

It is important to recognise that the power-law is an approximation of rheology.
However, real fluids show asymptotic values of viscosity for very large and small values
of shear rate, but these values are dependent on the choice of the specific fluid. Thus, in
real shear-thinning fluids, the effective viscosity will not reach infinity for low shear rates,
but the asymptotic value of viscosity for low shear rate typically remains several orders
of magnitude higher than the asymptotic value for large shear rates. Thus, power-law
rheology is a simplification that is used for the current analysis, but the qualitative nature
of the effective viscosity variation is unlikely to change for real shear-thinning fluids.

Figure 5 shows the variation in local Nusselt number (i.e., Nuy = x/5(x)) for
n=1{0.4,0.6,0.8,1.0, 1.1, 1.2} under otherwise identical operating conditions. The profiles
of Nuy initially collapse because the film remains nearly uniform over the entrance region
(i-e., & = dp). Downstream, evaporation progressively reduces é(x); the shrinking denomi-
nator in Equation (25) accelerates the growth of Nuy, and the apparent “blow-up” observed
near the terminal region arises from the geometric effect of small J rather than a change in
wall physics. In this study, dry-out is not taken as § = 0, but is defined at a finite cutoff
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(e.g., 0 = 50 nm), which avoids the singularity and sets the endpoint of each Nu, profile.
The ordering of Nu, with the variation of # is consistent with the film thickness trends
shown in Figure 3. The film in cases with n = 1.1 and 1.2 thins more rapidly, reaches the
dry-out threshold earlier, and therefore exhibits an earlier blow-up of Nu,. By contrast, the
cases with n < 1 maintain larger film thicknesses over a longer distance; as a result, their
Nu, profiles blow-up further away from the inlet.

I T T T T | T
—n=0.4 !
2000 f{e—n=0.6 o
n=0.8 I
1800 H—n=1.0 | =
——n=1.1
1600 H——n=1.2 |
1400 .
1200 .
S
=z
1000 1
800 - a
600 - =1
400 -
200 =]
L . 1 1 1
70 80 90 100 110 120 130 140 150 160 170
x4,
I T
——n=0.4
2000 l——n=086
n=0.8
1800 |=——n=1.0
—n=1.1
1600 {——n=1.2
1400 -
. 1200
E
=z
1000 -
800 [~
600
400 -
200
L 1 1 1
70 80 90 100 110 120 130 140 150 160 170
L
I T
—n=0.4]
2000 He——n=0.6
n=0.8,
1800 =——n=1.0|
=—n=1.1
1600 H——n=1.2
1400
1200
E
=
1000 -
800
600
400
200
e - 1 1 1 1
70 80 90 100 110 120 130 140 150 160 170
x 14,
(©

Figure 5. The variation in the local Nusselt number (i.e., Nuy = x/4(x)) for n = {0.4, 0.6, 0.8, 1.0, 1.1,
1.2} at different normalised axial locations for dry-out cutoff of (a) 5 x 1072 m, (b) 5 x 1078 m, and
()5 %1077 m.
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To assess the sensitivity of the results to the dry-out criterion, additional simulations
were performed by varying the dry-out cutoff from 5 x 107 m to 5 x 1077 m. These
variations produced no discernible change in the qualitative nature of the local Nusselt
number profiles shown in Figure 5, nor in their ordering or trends with respect to the
power-law index. This indicates that the apparent blow-up of the local Nusselt number
is governed by geometric film thinning upstream of dry-out rather than by the specific
numerical threshold used to define dry-out.

The overall rate of heat transfer in this configuration is set mainly by the liquid
film thickness, which itself evolves under the combined action of the flow and interfacial
evaporation. The flow speed reflects a balance between gravity and surface tension, so it is
convenient to compare cases using a non-dimensional group, p;gsinfé2/c, which can be
considered to be a Weber number for this configuration. Figure 6 shows the variation in the
mean Nusselt number Nu, with p;gsinf33 /o for different values of n. The Weber number
is varied by sweeping the inlet film thickness (10~* to 10~® m), while keeping all other
parameters unalterd. The mean Nusselt number is defined as Nu, = (1/x,) Ox"’ x/ddx.
This indicates that an increase in the initial film thickness Jy increases the dry-out length x;,
which acts to increase Nuy. By contrast, § decreases less rapidly for an increased value of
8o, which acts to reduce Nu,. These two competing effects are simultaneously at play in
the variation in the mean Nusselt number Nu, with p;¢sin663 /o shown in Figure 6, where
5o was changed to bring about the variation in p;¢sinf6% /. The non-monotonic variation
of Nu, with p;gsinfé}/c in Figure 6 is a consequence of the aforementioned competing
mechanisms. As dry-out length is smaller for n > 1 than for n < 1, the minimum value
of Nu, is obtained for a smaller value of p;gsinf53 /¢ in the case of n > 1 fluids than for
n < 1 fluids. It can also be seen from Figure 6 that, in general, higher values of Nu, are
obtained for smaller values of 7 for small values of p;gsindé3 /.

70 T T T T T T T

—n=04

Nuy,

p|gsin96§Ic %1074

Figure 6. Variation in the mean Nusselt number N with p;gsin063 /o for different values of power-
law exponent 7.

While the local heat flux is governed by the local film thickness, the total heat removed
from the surface depends on the wetted length, i.e., the streamwise distance to dry-out
as the film decays by evaporation. Figure 7 shows the variation in x,;/h with p;gsin663 /o
(obtained here by sweeping ¢ at fixed &y/h = 0.1), which shows a weak p;gsindé3/c
dependence of x;/h, indicating that the dry-out location is practically insensitive to surface
tension over the range tested. In Figure 7, the dry-out condition is characterised by finite
cutoff § < 50 nm, but the trend does not change if the dry-out cutoff is changed from
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5x10°mto5 x 1077 m. The cases with n > 1 in Figure 7 exhibit a shorter x;/h at
small values of p, gsin(?(%/ o, consistent with its faster thinning of the film and earlier
local blow-up of Nuy, but approaches the same plateau-like curve as the Weber number
0185in063 / o increases.

—n=04H
—n=0.6

—n=1.0
—n=1.1
n=12

11 1 1 1 1 1 1 1 1 |
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

plgsinBE:Ic %1072
Figure 7. Variation in x;/d with p; gsin%é /o for different values of power-law exponent n.

Finally, the variation in x;/h with the inlet film ratio dy/h for Weber numbers
01 gsin65(2) /o = 107° — 1077 is shown in Figure 8 for different values of 7. An almost
linear variation of x;/h with éy/h is observed for a large range of dy/h, and the power-
law exponent does not appreciably influence this behaviour (i.e., profiles for different
n values are virtually indistinguishable). At p;gsin653 /o = 1075, the axial extent of a
capillarity-dominated entrance region increases, leading to a brief deviation from linearity
at small inlet thicknesses, while a near-linear scaling is recovered downstream. At an even
lower Weber number (p; gsin@&% /o = 1077), surface-tension effects dominate throughout
the channel, and the dry-out length exhibits an almost linear dependence on inlet film
thickness over the entire range considered, with minimal sensitivity to the power-law index.
These results indicate that the linear scaling is robust and becomes more pronounced as
capillarity dominates gravity.

120 T T T T T
—n=04
—n=0.| ’
n=028 o~
100 H—n=1.0 r |
—n=1.1 /
n=12 >
///
80 o —
=
~ 60| B
Ead
40| =
-
20 -
0 1 1 1 1 1
0.05 0.1 0.15 0.2 0.25

5y/h
(@)
Figure 8. Cont.
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Figure 8. Variation in x,;/h with the inlet film ratio 6y /h for p; gsin()(% /o = (a) 1077, (b) 10~% and
(c) 105.

The findings from Figures 7 and 8 indicate that the dry-out position scales with the
starting thickness and is largely unaffected by surface tension when the Weber number x;/h
with the inlet film ratio dy /& is held constant. Physically, a thicker inlet film simply provides
more liquid to sustain evaporation over a longer distance, and, once the global forcing is
fixed, the modest rheological differences do not materially alter the near-linear relation
between x,;/h and 59/ h. Moreover, the above findings also indicate that an increasing trend
of Nu, with a decrease in 1 for a given value of p;gsinf33 /o (see Figure 6) is a consequence
of increasing dry-out length x; with a decrease in power-law exponent #n, which can be
discerned from Equation (27).

4. Conclusions

The evaporation of a liquid thin film following a power-law rheology along a thin
inclined micro-channel wall under the combined action of gravity and surface tension has
been modelled using semi-analytical means. The main findings of the present analysis are
summarised below:

e It has been found that the film thickness J reduces more slowly for smaller values
of power-law exponent n for a given value of consistency (i.e., K = 0.5 Pa.s"), and
accordingly, dry-out (which is characterised at the point / becomes smaller than
50 nm) length increases with decreasing power-law exponent n. However, it is worth
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noting that the results remain qualitatively and mostly quantitatively unaltered for
the dry-out threshold choice ranging from 5 x 10~ m to 5 x 1077 m.

e  Ithas been found that the local Nusselt number Nu, increases gradually before the
sharp terminal rise that is indicative of dry-out. The effective viscosity is found
to assume a large value at the free surface for n < 1, whereas negligible value of
viscosity is obtained at the free surface for n > 1, which explains the decreasing rate
of reduction in the film thickness for a decrease in power-law exponent.

° The mean Nusselt number Nu, decreases with increasing n and Nu, shows a non-
monotonic trend with the variation in Weber number p;¢sin063/c. This is a conse-
quence of the competing effects of increased film thickness and dry-out length with an
increase in the initial flame thickness dy. It has been found that the dry-out length is
mostly insensitive to the variation in surface tension ¢ for a given value of normalised
initial flame thickness dq/h.

e  The small dry-out lengths for n > 1 lead to an increase in x;/h at small values
of p;gsingd3 /o but x;/h approaches a plateau as the Weber number p;gsinfs3 /o
increases. Moreover, it has been found that the normalised dry-out length x;/h is
roughly linearly related to the normalised initial film thickness dy/h for a given Weber
number p;¢sin053 /o, and this behaviour is almost independent of the choice of power-
law exponent 1. These findings also indicate that an increasing trend of Nu, with a
decrease in n for a given value of p;gsinf53 /o is a consequence of increasing dry-out
length x; with a decrease in power-law exponent 7.

Opverall, the results establish a clear hierarchy of controls for the evaporation of power-
law films over thin inclined channels: the local heat transfer is influenced by the local
thickness; and the dry-out position in a given channel height is governed primarily by the
inlet film thickness, with only modest sensitivity to rheology and almost no dependence of
surface tension within the ranges examined.

Film evaporation of non-Newtonian fluids in microchannels is increasingly significant
across various technological domains, particularly where precise thermal management
and fluid control are essential. In microfluidic systems, such as lab-on-a-chip devices, the
evaporation of shear-thinning polymer solutions (e.g., poly(vinyl alcohol)) within open
rectangular microchannels has been shown to influence solute deposition patterns due to
surface tension driven flows and viscosity variations during solvent evaporation [28]. In
thermal management, non-Newtonian fluids, including polymer-enhanced coolants, are
utilised in microchannel heat sinks for electronics cooling. Their shear-thinning properties
can lead to reduced pressure drops and enhanced heat transfer efficiency [29]. Additionally,
in biomedical applications, the controlled evaporation of non-Newtonian fluids within
microchannels is employed for sample concentration and analyte detection, leveraging the
unique flow characteristics of these fluids [30]. These examples underscore the versatility
and importance of understanding non-Newtonian film evaporation in micro-scale systems
and the proposed mathematical formulation has the potential to play a key role in the
aforementioned applications. However, future analyses will be needed for more realistic
rheology than the power-law model, which will enable a broader range of parameters to be
explored without any singularities in viscosity values. Furthermore, computational fluid
dynamics analysis will be needed to assess the validity of the assumptions made for the
semi-analytical model. These analyses will form the foundation for future studies.
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