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Abstract

Explicit expressions for bubbly Taylor–Couette flow fields are rarely available in the liter-
ature. The present work aims to derive explicit expressions for bubble velocity fields in
laminar gas–liquid Taylor–Couette flow between two rotating coaxial cylinders with the
buoyancy effect on gas bubbles. It is assumed that the angular velocity of the rotating cylin-
der(s) is moderately low and the bubble radius is relatively small so that the Stokes number
of bubbles is small enough and, consequently, the radial bubble migration is ignorable
and the bubble volume fraction can be treated as being constant in a limited period of time.
Explicit leading-order solutions are derived for the spiral rising bubble velocity field in
the dilute limit. Unlike the heavy particles dominated by the Stokes drag, the added mass
and lift forces are shown to be relevant for the bubbly flows. The radial bubble velocity field
is discussed in detail for several cases of major interest under the condition that the added
mass coefficient is equal to the lift force coefficient, as assumed by some authors in the
literature. Our results show that the radial-to-azimuthal velocity ratio of bubbles is linearly
proportional to the Stokes number of bubbles and can be controlled by the angular velocity
of the rotating cylinder(s) and the bubble radius so that the assumption of ignorable radial
bubble migration can be reasonably justified within a limited period of time (for example,
in the first few tens of revolutions of the rotating cylinder(s)).

Keywords: bubbly flow; Taylor–Couette flow; gas bubble; buoyancy; radial velocity

1. Introduction
Recently, bubbly Taylor–Couette (TC) flow of a gas–liquid two-phase suspension

between two coaxial rotating cylinders has been an active research topic [1–11], and specific
research interest has largely focused on the bubble-induced friction reduction on the
rotating cylinder(s). To mention a few studies, for example, Murai et al. [2] studied
the radial bubble distribution in a vertical bubbly TC flow where uniformly distributed
bubbles were observed at low rotational speed, Climent et al. [3] studied the preferential
accumulation of bubbles in bubbly TC flow between a rotating inner cylinder and a fixed
outer cylinder, Murai et al. [4] studied frictional drag reduction in bubbly TC flow, van
Gils et al. [5] studied the importance of bubble deformability for strong drag reduction
in turbulent bubbly Taylor–Couette flow, Gao et al. [6] conducted a CFD investigation of
bubble effects on TC flow patterns, Raeiszadeh et al. [7,8] studied the effect of pipe rotation
on downward co-current air–water flow in a vertical cylinder, and Du et al. [11] performed
a visualization investigation on spiral rising bubbles in turbulent bubbly TC flow.

The analysis and simulation of bubbly flow fields commonly require extensive numer-
ical computations of turbulent bubbly flow based on the theories of gas–liquid two-phase
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flow [12–18], and explicit expressions for the velocity fields of bubbly TC flow are rarely
reported in the literature. On the other hand, explicit expressions for the bubble velocity
fields of TC flow are of interest or even highly desirable, particularly when they are helpful
for the study of bubbly TC flow-related subjects such as flow stability. To the best of our
knowledge, the velocity fields of bubbly TC flow are usually given as numerical solutions,
while explicit expressions for bubbly flow fields seem rarely available in the literature.

The present paper aims to derive explicit expressions for the laminar velocity fields of
bubbly TC flow with specific interest in the radial velocity field of gas bubbles. For this
purpose, we shall confine ourselves to the case when the radial bubble migration is slow
enough that the volume fraction of bubbles can be treated as being constant within a limited
period of time (for example, during the first few tens of revolutions of the rotating cylinders).
The equations of the present model are formulated in Section 2, and their specific forms
for bubbly TC flow are given in Section 3. The model is applied to study laminar bubbly
TC flow in Section 4. In Section 5, the explicit solutions obtained in Section 4 are applied
to study the radial velocity field of bubbles in bubbly TC flow. The main conclusions are
summarized in Section 6.

2. Equations for Two-Phase Bubbly Flow
For low-velocity laminar TC flow of a gas bubble–liquid two-phase flow (such as

micro-/nanobubble–liquid suspensions [19–21]), the Stokes number of bubbles is usually a
few orders of magnitude smaller than unity, and, therefore, the radial bubble migration of a
bubble–liquid suspension of uniformly distributed bubbles can be ignored and the bubbly
volume fraction can be assumed to be constant in a limited period of time. The present
work is based on this assumption and limitation.

With the present two-fluid model detailed in Appendix A, for small spherical gas
bubbles (of mass density ρS and radius rS) in a viscous liquid (of mass density ρf), because(

ρ f /ρS

)
∝ 103, it follows from Equation (A3) that the hydrodynamics of an incompressible

gas–liquid suspension with uniformly distributed small spherical bubbles are governed by
the modified form of the Navier–Stokes equations:

ρ
dvm

dt
= ρ

[
∂vm

∂t
+ (vm·∇)vm

]
= −∇p +∇·

(
µ
[
∇v + (∇v)T

])
+ ρ f (1 − δ)g (1)

divv = 0, (2)

where x and t are the spatial coordinates and time; p(x, t) is the pressure field of the
suspension; v(x, t) is the velocity field of the suspension (defined by (A2) as the velocity field
of the geometrical center of the representative unit cell of suspension); vm(x, t) is the velocity
field of the mass center of the representative unit cell defined by (A4) in Appendix A; the
effective density ρ (per unit volume) of the suspension is given by ρ = ρSδ + ρ f (1 − δ); δ is
the volume fraction of the particles; µ is the effective viscosity of the suspension, which
can be estimated by the formula µ = µ f (1 + αδ) with constant α and the viscosity µf of the
fluid; ∇ and ∇2 are the gradient and Laplacian operators; and g is the gravity force per
unit mass.

As explained in Appendix A, Newton’s second and third laws imply that the resultant
external force acting on the representative unit cell, given by the terms on right-hand side
of (1), equates to the mass of the unit cell multiplied by the acceleration dvm/dt of its
mass center (rather than the acceleration field dv/dt of its geometrical center), which leads
to the above modified form of Navier–Stokes Equation (1). Clearly, for a homogenous
clear fluid (δ = 0), vm(x, t) = v(x, t) and Equation (1) reduces to the classical form of the
Navier–Stokes equations.
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For a gas–liquid two-phase suspension with
(

ρ f /ρS

)
∝ 103, we have vm(x, t) ̸= v(x,

t). It is readily seen that relation (A9) reduces to (3):

vm + a
dvm

dt
+ CL

2ρr2
S

9µ
[vm × (∇× v)] = v + b

dv
dt

+ CL
2ρr2

S
9µ

[v × (∇× v)] +
2δρ f r2

S
9µ

g, (3)

Here, for bubbles in a liquid with
(

ρ f /ρS

)
∝ 103, it follows from (A10) that

a = Ca
2ρr2

S
9µ

, b = a
(

1 − δ

Ca(1 − δ)

)
. (4)

Here, Ca and CL are the added mass coefficient and the lift force coefficient, respec-
tively; d/dt denotes the material derivative of the associated velocity field along its own
streamlines; and coefficients a and b are derived by considering the Stokes drag, the forces
due to added mass and flow acceleration, the lift force and the buoyancy, as summarized in
several review articles (see, e.g., Equation (11) in Magnaudet & Eames [13] or Equations
(92)–(95) in Legendre & Zenit [17], which do not include the wall lubrication force). In
particular, unlike for heavy particles (such as in dusty gases with ρS/ρf ≈ 103) for which
the Stokes drag dominates over the lift force, it is noted from (3) and (4) that the lift force
term can be of the same order of the coefficient a-related term and could play an equally
relevant role in the bubbly TC flow.

3. Equations for Steady Bubbly Taylor–Couette Flow
As stated by Murai et al. [2], uniformly distributed bubbles can be observed in TC

flow at low rotational speed. Let us consider axisymmetric TC flow of an incompressible
viscous fluid with uniformly dispersed spherical bubbles of radius rS, between two coaxial
rotating cylinders, as shown in Figure 1.

Figure 1. Steady bubbly Taylor–Couette flow between two long coaxial rotating cylinders of radii r1

and r2 and angular velocities Ω1 and Ω2, respectively, with downward gravity.

Here, under the assumption that the radial bubble migration of uniformly distributed
bubbles is slow enough, the time rate of change of bubbly flow fields can be ignored so that
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the bubbly flow fields can be treated as being approximately steady within a limited period
of time.

With cylindrical coordinates (r, θ, z), the bubble–liquid suspension occupies the space
(r1 ≤ r ≤ r2, −∞ ≤ z ≤ +∞); the inner and outer cylinders, of radii r1 and r2, rotate at two
counter-clockwise angular velocities Ω1 and Ω2, respectively, with a buoyancy effect on the
gas bubbles, as shown in Figure 1. Assuming that the walls of the cylinders are impermeable,
the steady axisymmetric z-independent velocity fields v = (0, v, w) and vm = (um, vm, wm)
in the cylindrical coordinates (r, θ, z) shown in Figure 1 give

v =

 0
v(r)
w(r)

, vm =

um(r)
vm(r)
wm(r)

, p(z, r) =
(

p0 − ρ f gz
)
+ p(r), (5)

where p0 is the reference pressure at z = 0. Note that

∇·
([

∇v + (∇v)T
])

=

 0(
v,rr +

v,r
r − v

r2

)
1
r

d
dr (rw,r)

, (6)

where subscript “,” denotes the partial derivative with respect to r or z. In addition, we have

(∇× v) =

 0
−w,r

1
r

d
dr (rv)

, v × (∇× v) =

 v
r

d
dr (rv) + ww,r

0
0

, vm × (∇× v) =


vm
r

d
dr (rv) + wmw,r
−um

r
d
dr (rv)

−umw,r

. (7)

Equation (1) for the steady axisymmetric velocity fields shown by (5) gives the follow-
ing nonlinear equations for (um, v, vm, w, wm, p):

ρ

(
um

∂um

∂r
− v2

m
r

)
= −∂p

∂r
, (8a)

um

(
∂vm

∂r
+

vm

r

)
=

µ

ρ

(
v,rr +

v,r

r
− v

r2

)
, (8b)

ρum
∂wm

∂r
= −∂p

∂z
+ µ

(
1
r

∂

∂r
(rw,r)

)
− ρg. (8c)

Equation (2) is met automatically by the velocity fields (5), and the vm-v rela-
tions (3) give

um + a
(

um
∂um
∂r − v2

m
r

)
+ CL

2ρr2
S

9µ

[
vm
r

d
dr (rv) + wmw,r

]
= b

(
− v2

r

)
+ CL

2ρr2
S

9µ

[
v
r

d
dr (rv) + ww,r

]
, (9a)

vm + aum

(
∂vm

∂r
+

vm

r

)
− CL

2ρr2
S

9µ

um

r
d
dr

(rv) = v, (9b)

wm + aum
∂wm

∂r
− CL

2ρr2
S

9µ
umw,r = w −

2δρ f r2
S

9µ
g. (9c)

It can be verified from the lift force expression in (A7) that the radial lift force in
particulate circular Poiseuille pipe flow pushes the suspended particles that move axially
slower (or faster) than the carrier fluid toward the centerline (or the wall) of the pipe. For
particulate TC flow, however, it is seen from Equation (7) that the sign of radial lift force
acting on the buoyant bubbles has a nonlinear dependence on the axial velocities of the
bubbles and the carrier fluid and is rather dominated by their azimuthal velocities in the
present linearized analysis in the dilute limit.
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4. Leading-Order Bubble Velocity Fields in the Dilute Limit
For the present steady problem within bounded space (r1 ≤ r ≤ r2), a physically

reasonable small parameter for dilute bubbly fluids is the volume fraction of particles
(δ << 1). Therefore, let us consider the solutions expanded as the power series of the
dimensionless small parameter δ. Clearly, the zeroth-order solutions for a clear fluid (δ = 0)
without dispersed bubbles are given by

δ = 0 : um = 0, vm(r) = v(r) = v0(r) = Ar + B
r , w = wm = 0, p(z, r) =

(
p0 − ρ f gz

)
+ p0(r), (10)

where p0(r) is determined by (8a) with um = 0 and vm = v0(r), and

A =
r2

1Ω1 − r2
2Ω2

r2
1 − r2

2
, B =

r2
1r2

2(Ω2 − Ω1)

r2
1 − r2

2
. (11)

It is well-known that the TC velocity field v0(r), depending on different combinations
of (r1, r2) and (Ω1, Ω2), exhibits rich and complicated physical phenomena. In what follows,
to demonstrate the effects of dispersed bubbles on the TC velocity field, the derived general
formulas will be discussed in detail for specific cases of major interest.

The present paper focuses on the initial TC flow with uniformly distributed bubbles
(δ = constant). Let us now consider the power series expansions

um(r) = 0 + δu1m(r) + . . .

v(r) = v0(r) + δv1(r) + . . . , vm(r) = v0(r) + δv1m(r) + . . .

w(r) = 0 + δw1(r) + . . . , wm(r) = 0 + δw1m(r) + . . .

p(r, z) =
(

p0 − ρ f gz
)
+ p0(r) + δp1(r). (12)

With the Einstein formula µ = µ f (1 + αδ), up to the first power of the small parameter
δ, it is verified from (4) that

ρ = ρ f [1 − δ],
µ

µ f
= 1 + αδ,

a = a0 + O(δ), a − b = a0
δ

Ca
+ O

(
δ2
)

, a0 = Ca
2ρ f r2

S
9µ f

. (13)

Since the present work focuses on the lowest-order analysis of the bubbly flow field,
the expansion coefficients that are not involved in the present lowest-order analysis are not

listed in (13). Here a0 = Ca
2ρ f r2

S
9µ f

is the dimensional modified relaxation time of gas bubbles

due to the added mass [17], and the Stokes number of the bubbles can be defined by (a0Ω)

with the angular velocity Ω of the inner and/or outer cylinder.
Our goal here is to derive the lowest first-order bubble-modified velocity fields (u1m,

v1, v1m, w1, w1m) of particulate flow due to dispersed bubbles. Once u1m and v1m are
known, the bubble-induced additional pressure field p1(r) can be determined by (8a).

From substitution of (12) and (13) into (8b), (9a) and (9b), we have three coupled
linearized equations for (u1m, v1, v1m) as follows:

u1m

(
∂v0

∂r
+

v0

r

)
=

µ f

ρ f

(
−v1

r2 +
1
r

∂

∂r

(
r

∂v1

∂r

))
, (14a)

u1m + CL
2ρ f r2

S
9µ f

[
(v1m − v1)

r
d
dr

(rv0)

]
=

a0

Ca

v2
0

r
+ 2a0

v0

r
(v1m − v1), (14b)
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v1m +

(
a0 − CL

2ρ f r2
S

9µ f

)
u1m

(
∂v0

∂r
+

v0

r

)
= v1. (14c)

With the no-slip boundary conditions w1|r=r1, r2
= 0 and (A5) and (12), up to the

leading order, the decoupled linearized equations of (8c) and (9c) for w1(r) and w1m(r) give

w1 = 0, (15)

w1m = −
2ρ f r2

S
9µ f

g, wS = −w1m = v∞, v∞ ≡
2ρ f r2

S
9µ f

g. (16)

Thus, the volume-averaged axial velocity of the gas–liquid suspension in the z-
direction is zero, while the massless bubbles move upward with terminal velocity v∞

determined by the balance between the buoyancy and the Stokes drag, as expected.
Now, by using (14b) and (14c) to eliminate (v1m-v1), we have the decoupled first-order

equation for u1m(r) as follows:1 + 4A

(
2ρ f r2

S
9µ f

)2

(Ca − CL)
(

Ca
v0

r
− ACL

)u1m =
a0

Ca

v2
0

r
. (17)

Once u1m is known from (17), v1(r) can be determined from (14a) with the no-slip
boundary conditions v1|r=r1, r2

= 0, and then v1m(r) can be determined by (14c). In general,
v1m(r) and v1(r) are not equal. However, it is seen from (14c) that v1m(r) = v1(r) when
Ca = CL, which implies that the gas bubbles and the liquid have the same leading-order
azimuthal velocity field when Ca = CL.

In particular, if Ca = CL = 0.5 as apparently assumed by some authors in the recent
bubbly flow literature [12–14], the second term inside the brackets on the left-hand side of
(17) vanishes, and up to the leading-order terms, it follows from (A5) that

u1m(r) = 2a0
v2

0(r)
r

≥ 0, uS(r) =
ρu1m(r)
−ρ f

≈ −u1m(r) ≤ 0. (18)

Here it is stated that the second term inside the brackets on the left-hand side of (17)
vanishing when Ca = CL is an exceptional case which happens only for massless gas bubbles
(for which the coefficient a defined by (A10) reduces to a given by (13)). For instance, for

heavy particles in a dusty gas ((ρS/ρf) ≈ 103), the coefficient a ≈ 2ρSr2
S

9µ is about three orders

of magnitude larger than the lift force coefficient CL
2ρr2

S
9µ in the relation (3), which explains

why the lift force is ignorable for heavy particles in a dusty gas.
Thus, with Ca = CL = 0.5 [12–18], it is seen from (12), (16), (18) and v1m(r) = v1(r) that the

leading-order steady velocity field of bubbles in cylindrical coordinates (r, θ, z) is given by

vS(r) =

uS(r)
vS(r)
wS(r)

 =


−2a0

v2
0(r)
r

v0(r) + δv1(r)

v∞ =
2ρ f r2

S
9µ f

g

 (19)

Therefore, up to the leading order in the dilute limit, bubbles move with the gas–liquid
suspension at the same azimuthal velocity and rise up at the terminal velocity given in (16)
due to buoyancy. The predicted spiral rising of bubbles based on the laminar TC flow is
qualitatively similar to some known results for turbulent bubbly TC flow; for example, see
the visualization investigation by Du et al. [11] on turbulent bubbly TC flow driven by a
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rotating inner cylinder with a fixed outer cylinder, where the spiral rising bubbles were
observed experimentally and simulated numerically.

In what follows, let us focus on the steady radial velocity field uS(r) of bubbles. It is
seen from (19) that the steady bubble radial velocity uS(r) depends on the two radii (r1. r2)
and angular velocities (Ω1, Ω2) through the azimuthal velocity v0(r).

5. Discussion with Comparison to Known Data
Let us focus on the implications of the explicit radial velocity field of bubbles given by

(19) for several cases of TC flow of major interest. Here, we shall assume that Ca = CL = 0.5,
as specifically assumed by some authors in the recent bubbly flow literature [12–14].

Case 1. If the two coaxial cylinders are co-rotating (Ω1 = Ω2) or the inner cylinder is
absent (r1 = 0), we have B = 0 and A = Ω2. It follows from (A5) and (18) that, up to the
leading order, we have

v0(r) = Ω2r, uS(r) = −2a0Ω2
2r. (20)

The radial velocity of buoyant bubbles is negative toward the inner cylinder or the
central axis, which is consistent with some known results available in the literature. For in-
stance, in the downward air–water two-phase flow in a vertical pipe studied by Raeiszadeh
et al. [7,8], as mentioned previously, the lift force acting on the buoyant bubbles that move
upward with respect to the water phase pushes the bubbles toward the central axis of the
pipe. As shown in [7,8] and also predicted by the above Formula (20), additional rotation
of the pipe (as a special TC flow with r1 = 0) further enhances the bubble motion toward
the central axis and leads to even stronger bubble accumulation around the central axis of
the rotating pipe.

It is seen from (20) that the bubble radial velocity is proportional to the radial co-
ordinate r, and the radial-to-azimuthal velocity ratio (uS/v0) of the bubbles is linearly
proportional to the Stokes number (a0Ω2) of the bubbles. Since the coefficient a0 given
in (13) is proportional to the square of the bubble radius, the Stokes number of the bub-
bles is largely controlled by the bubble radius and the angular velocity Ω2; therefore, the
radial-to-azimuthal velocity ratio (uS/v0) of the bubbles can be a few orders of magnitude
smaller than unity when the bubble radius is sufficiently small with moderately low angular
velocity Ω2.

Case 2. Similarly, if the bubbly TC flow is driven by a rotating inner cylinder while
the outer cylinder is fixed (Ω2 = 0)—an important case addressed by numerous previous
studies (see, e.g., [1–6])—we have

A =
r2

1(
r2

1 − r2
2
)Ω1, B = −Ar2

2,v0(r) = −rA

[(
r2

2
r2

)
− 1

]
, (21)

uS(r) = 2a0 A

[(
r2

2
r2

)
− 1

]
v0(r) = −2a0 A2r

[(
r2

2
r2

)
− 1

]2

. (22)

As shown in (19), up to the leading order, the azimuthal velocity of bubbles predicted
by the present model is equal to the volume-averaged azimuthal velocity of the suspension,
and the axial velocity of the bubbles is the terminal rising velocity while the volume-
averaged axial velocity of the suspension given by (15) is zero. On the other hand, the
radial velocity of bubbles is always negative toward the inner cylinder and proportional
to the square of the angular speed of the inner cylinder. For example, the magnitude of
the bubble radial velocity (−uS) normalized by the azimuthal speed (Ω1r2) of the rotating
inner cylinder is shown in Figure 2 for several values of the bubble Stokes number (a0Ω1)
in the case r1 = 0.5r2. It is seen from Figure 2 that the bubble radial velocity is a few
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orders of magnitude lower than the azimuthal velocity of the bubbles and the suspension;
it decreases monotonically with increasing radial coordinate and vanishes on the fixed
outer cylinder.

 

Figure 2. The bubble radial velocity (−uS) normalized by the azimuthal speed (Ω1r1) of the rotating
inner cylinder for Case 2 of a fixed outer cylinder (Ω2 = 0) with r1 = 0.5r2 for three values of the
bubble Stokes number (a0Ω1): 0.001 (dashed blue), 0.0005 (dotted orange), and 0.0001 (solid red).

All of these predictions are qualitatively consistent with some known results. For
example, see Figure 12a of Gao et al. [6] on weakly turbulent bubbly TC flow driven by a
rotating inner cylinder with a fixed outer cylinder, where it is shown that the azimuthal
velocity components of the bubbles (of mean radius 0.3 mm) and the liquid are nearly
equal, the radial velocities of the bubbles and the liquid are vanishingly small, and the axial
velocity of buoyant bubbles is clearly greater than the vanishingly small axial velocity of
the liquid phase.

In particular, the predicted negative radial velocity (22) of bubbles toward the inner
rotating cylinder is in qualitative agreement with known results reported in the literature
for laminar and turbulent bubbly TC flow driven by a rotating inner cylinder; for example,
see Figure 9 of [2] (with bubble mean radius 0.25–0.3 mm), Figure 12 of [4] (with bubble
mean radius 0.25–0.3 mm), and Figure 4 of [6] (with bubble mean radius 0.3 mm), where
the bubble volume fraction is vanishingly small between the two cylinders except for in the
narrow region near the rotating inner cylinder where a high peak in the bubble volume
fraction appears as a result of the slow but long-term radial bubble migration toward the
inner cylinder. Murai et al. [2] explained bubble accumulation at the rotating inner cylinder
in terms of the centripetal force acting on the bubbles. Consistently with this explanation, it
is seen from Figure 2 that the bubble radial velocity given by (22) attains its maximum at
the rotating inner cylinder (r = r1) and vanishes at the fixed outer cylinder (r = r2).

To the best of our knowledge, the velocity fields of bubbly TC flow studied in the
existing literature are usually given by numerical solutions; the explicit expression (22)
derived here for the bubble radial velocity in laminar TC flow does not have similar
counterparts in the existing literature and may provide useful results about the bubble
velocity fields of bubbly TC flow.
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Case 3. If the outer cylinder rotates (Ω2 > 0) while the inner cylinder is fixed (Ω1 = 0),
a case rarely studied in the literature, we have

A =
−r2

2Ω2

r2
1 − r2

2
, B = −Ar2

1, (23)

uS(r) = −2a0 A

[
1 −

(
r2

1
r2

)]
v0(r)= −2a0 A2r

[
1 −

(
r2

1
r2

)]2

. (24)

It is seen from (24) that the magnitude of the bubble radial velocity in Case 3 increases
monotonically with the radial coordinate and vanishes on the fixed inner cylinder.

Case 4. If the two cylinders are counter-rotating (Ω1 = −Ω2 > 0), we have

A =

(
r2

1+r2
2

r2
1−r2

2

)
Ω1, B = −2

(
r2

1r2
2

r2
1+r2

2

)
A, v0(r) = rA

[
1 − 2 r2

1
r2

12

]
, r12 ≡ r

√(
r2

1+r2
2

r2
2

)
> r1, (25)

uS(r) = −2a0 A

[
1 − 2

r2
1

r2
12

]
v0(r) = −2a0 A2r

[
1 − 2

r2
1

r2
12

]2

. (26)

For example, the magnitude of the bubble radial velocity (−uS) normalized by the
azimuthal speed (Ω1r2) of the outer cylinder is shown in Figure 3 for several values of
the bubble Stokes number (a0Ω1) in the case r1 = 0.5r2. It is noted that the radial velocity
uS(r) of bubbles given by (26) vanishes at the location between the two cylinders (which is
r/r2 =

√
0.4 when r1 = 0.5r2 as shown in Figure 3) determined by

uS = 0 at r =

√
2r2

1r2
2

r2
1 + r2

2
. (27)

 

Figure 3. The bubble radial velocity (−uS) normalized by the azimuthal speed (Ω1r2) of the outer
cylinder for Case 4 of counter-rotating cylinders (Ω1 = −Ω2 > 0) with r1 = 0.5r2 for three values of the
bubble Stokes number (a0Ω1): 0.001 (dashed blue), 0.0005 (dotted orange), and 0.0001 (solid red).
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Thus, as a result of the zero radial velocity of bubbles at the location given by (27),
it is expected that a local maximum of the bubble volume fraction could develop at this
location in the early stage of bubbly TC flow with uniformly distributed bubbles. Although
it is known that counter-rotating TC flow exhibits some complex and unique flow phe-
nomena [9], to the best of our current knowledge, few data are available in the existing
literature on the bubble radial distribution in counter-rotating bubbly TC flow; therefore,
this theoretical prediction cannot be verified here due to the lack of available known data.

It is seen from (19)–(26) that for all four cases, the radial-to-azimuthal velocity ratio
(uS/v0) of the bubbles is linearly proportional to the Stokes number of the bubbles and,
therefore, can be largely controlled by the bubble size and the angular velocity of the
rotating cylinder(s). For example, for gas bubbles in water with bubble diameter 0.1 mm,
we have a0 ≈ 4 × 10−4s [17]. Thus, the Stokes number of the bubbles is of the order 10−3 if
the rotation of the cylinders is slow with angular velocity of the order 2π/s. In such cases,
radial bubble migration can be reasonably ignored in the first few tens of revolutions of
TC flow. In particular, the radial migration of bubbles in bubbly TC flow can be ignored
even for much faster angular rotation of the cylinder(s) when gas bubbles on much smaller
micro-/nano-scales are considered [19–21].

6. Conclusions
Explicit leading-order expressions for the steady bubble velocity fields of bubbly

Taylor–Couette (TC) flow were derived under the condition that the angular velocity of
the rotating cylinder(s) is moderately low and the bubble size is relatively small so that
the Stokes number is small and the radial bubble migration is ignorable within a limited
period of time. The predicted spiral rising velocity field of bubbles under the buoyancy
effect was qualitatively consistent with some known simulations of laminar and turbulent
bubbly TC flow. Since the velocity fields of bubbly TC flow available in the literature are
usually given as numerical solutions, to the best of our current knowledge, the explicit
expression derived here for the radial velocity field of bubbles has no similar counterparts
in the existing literature.

Specifically, our results derived for several cases of major interest showed that the
radial-to-azimuthal velocity ratio of bubbles is linearly proportional to the Stokes number
of bubbles and can be a few orders of magnitude smaller than unity when the angular
velocity of the rotating cylinder(s) is moderately low and the bubble size is relatively small.
Therefore, radial bubble migration can be suppressed by a moderately low angular velocity
of the rotating cylinder(s) and a relatively small bubble radius. These conditions justify the
adopted assumption that the radial bubble migration can be assumed to be slow and the
volume fraction of bubbles can be treated as being constant during a limited period of time
(for example, in the first few tens of revolutions of the rotating cylinder(s)).
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Appendix A. General Equations of the Present Model
The single-phase models [22–24] treat an incompressible Newtonian fluid with uni-

formly suspended spherical particles as a homogeneous incompressible viscous fluid
with constant effective viscosity µ and mass density ρ, governed by the classical Navier–
Stokes equations

ρ
dv
dt

= ρ

[
∂v
∂t

+ (v·∇)v
]
= −∇p + µ∇2v + ρ f g + δ

(
ρS − ρ f

)
g, divv = 0, (A1)

where x and t are the spatial coordinates and time, v(x, t) is the volume-averaged velocity
field of the particle–fluid suspension defined by

v = δvS + v f (1 − δ), (A2)

p(x, t) is the pressure field of the suspension, and ∇ and ∇2 are the gradient and Lapla-
cian operators. The mass density ρ (per unit volume) of the suspension is given by
ρ = ρSδ + ρ f (1 − δ), where ρS and ρf are the mass densities of the particles and the
fluid, respectively; δ is the volume fraction of the particles; µ is the effective viscosity of
the suspension, which can be estimated by the Einstein formula µ = µ f (1 + αδ) with the
coefficient α and the viscosity µf of the fluid; and g is the gravity force per unit mass.
Single-phase models based on the single velocity field v(x, t) enjoy simple mathematical
formulations but cannot explain some multiphase flow phenomena of particle-laden fluids,
such as particle migration.

Unlike the single-phase models, the present model addresses the role of relative shift
between the velocity field vS(x, t) of the dispersed particles and the velocity field vf(x, t)
of the carrier fluid when the particles are not neutrally buoyant (ρS ̸= ρf). It follows from
Newton’s second and third laws that the resultant external force acting on the representative
unit cell, given by the terms on the right-hand side of Equation (A1), equates to the mass
of the unit cell multiplied by the acceleration dvm/dt of its mass center (rather than the
acceleration field dv/dt of its geometrical center); therefore, instead of Equation (A1), dv/dt
on the left-hand side of (A1) should be replaced by dvm/dt, and the suspension is governed
by the modified form of the Navier–Stokes equations:

ρ dvm
dt = ρ

[
∂vm
∂t + (vm·∇)vm

]
= −∇p +∇·

(
µ
[
∇v + (∇v)T

])
+ ρ f g + δ

(
ρS − ρ f

)
g (A3)

where vm(x, t) is the mass-averaged velocity field of the suspension (defined by the
velocity field of the mass center of the representative unit cell defined by the mass-averaged
velocity field)

ρvm = δρSvS + ρ f (1 − δ)v f . (A4)

In general, vm(x, t) ̸= v(x, t). To derive a relationship between vm(x, t) and v(x, t), we
note that it follows from (A2) and (A4) that

ρvm = δ
(

ρS − ρ f

)
vS + ρ f v. (A5)

Thus, the mass-averaged acceleration field relation gives

ρ
dvm

dt
=
(

ρS − ρ f

)
δ

dvS
dt

+ ρ f
dv
dt

, (A6)

where d/dt denotes the material derivative of the associated velocity field along its own
streamlines, and vS(x, t) can be given in terms of v(x, t) and vm(x, t) from (A5).
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For a spherical particle (of radius rS) moving at velocity vS(x, t) with respect to a
suspension of effective viscosity µ, effective mass density ρ and velocity field v(x, t),
the forces acting on the particle due to the Stokes drag, acceleration field and added
mass [25,26], buoyancy, and lift force [27–29] are given by

6πrSµ(v − vS) + ρVS
dv
dt + CaρVS

(
dv
dt −

dvS
dt

)
+ VS(ρS − ρ)g + CLρVS(v − vS)× (∇× v), (A7)

where VS =
4πr3

S
3 , and Ca and CL are the added mass coefficient and the lift force

coefficient, respectively. Thus, the dynamics of the spherical particle are governed by

ρSVS
dvS
dt = 6πrSµ(v − vS) + ρVS

dv
dt + CaρVS

(
dv
dt −

dvS
dt

)
+ VS(ρS − ρ)g + CLρVS(v − vS)× (∇× v). (A8)

By dividing both sides of (A8) by 6πrSµ, multiplying both sides of the obtained

equation by (
δ(ρS−ρ f )

ρ ), and using (A5) and (A6) to eliminate the velocity field vS and its
material derivative dvS/dt, we have

vm + a dvm
dt + CL

2ρr2
S

9µ [vm × (∇× v)] = v + b dv
dt +

2δ(ρS−ρ f )(ρS−ρ)r2
S

9ρµ g + CL
2ρr2

S
9µ v × (∇× v), (A9)

with

a =

(
1 + Ca

ρ

ρS

)
2ρSr2

S
9µ

, b = a

ρ f

ρ
+

(1 + Ca)
(

ρS − ρ f

)
δ

(Caρ + ρS)

. (A10)

Finally, the conservation of mass for the carrier fluid and spherical particles gives

∂

∂t
δ(x, t) + div[δ(x, t)vS] = 0, (A11)

∂

∂t
(1 − δ(x, t)) + div

[
(1 − δ(x, t))v f

]
= 0, (A12)

respectively. In view of (A2) and (A4), (A12) and (A13) give Equation (2) and

∂

∂t
ρ + div[ρvm] = 0. (A13)

In summary, we have eight Equations (A3), (2), (A9) and (A13) for δ(x, t), two velocity
fields v(x, t) and vm(x, t), and the pressure field p(x, t), with the coefficients (a, b) given
by (A10).

For gas bubble–liquid two-phase suspensions, the physical concepts and mathematical
equations formulated in the two-fluid model for spherical particles can be largely applied
to fluids with dispersed spherical gas bubbles (for example, compare (A7) with Equation
(11) in Magnaudet & Eames [13] or Equations (92)–(95) in Legendre & Zenit [17]). For gas
bubbles in a liquid, the bubble density ρS is ignored compared to the liquid density ρf.
Thus, when slow radial bubble migration and the associated Equation (A13) are ignored as
assumed in the present work, (A3) for bubbly flow reduces to (1), (A9) reduces to (3), and a
and b given by (A10) reduce to (4).

Here, it should be stated that, for the special case of heavy particles with (ρS/ρf) >> 1

and Stokes drag dominating over other forces, we have a =
2ρSr2

S
9µ , b =

(
ρ f
ρ

)
a. The present

model based on Stokes drag alone has been used to study the linear stability of plane
parallel flow [30] and the Kelvin–Helmholtz instability of fluid interfaces [31], and it has
been shown that the results derived by the present model for heavy particles are identical
to Saffman’s classical results [32] and the results from Michael [33] derived by the classical
Saffman model. This offers supporting evidence for the efficiency and accuracy of the
present model.
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