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Abstract: In this paper, we look at the two-point boundary value problem for a finite nabla fractional
difference equation with dual non-local boundary conditions. First, we derive the associated Green’s
function and some of its properties. Using the Guo—Krasnoselkii fixed point theorem on a suitable
cone and under appropriate conditions on the non-linear part of the difference equation, we establish
sufficient requirements for at least one and at least two positive solutions of the boundary value
problem. Next, we discuss the existence and uniqueness of solutions to the considered problem. For
this purpose, we use Brouwer and Banach fixed point theorem, respectively. Finally, we provide a
few examples to illustrate the applicability of established results.
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1. Introduction

Over the last few decades, the theory of fractional calculus has been extensively devel-
oped due to its properties, generalizing most results of differential calculus and its non-local
nature of fractional derivatives. The contributions of several mathematicians over the span
of three centuries have resulted in a robust theory of fractional differential equations for
real functions. Its roots can be traced back to the Leibniz letter dated “30 September 1695”.
Today fractional calculus has been successfully used for mathematical modelling in the
fields of medical sciences, computational biology, economics, physics and several areas
of engineering in the past three decades. For further applications and historical litera-
ture, we refer here to a few classical texts on fractional calculus by Miller and Ross [1],
Samko et al. [2], Podlubny [3] and Kilbas et al. [4].

On the other side of the coin, nabla fractional calculus is a branch of mathematics,
which deals with arbitrary order differences and sums in the backward sense. The theory
of nabla fractional calculus is relatively young, with the most prominent works done
in the past decade. The notion of nabla fractional difference and sum can be traced
back to the work of Gray and Zhang [5], and Miller and Ross [6]. In this line, Atici and
Eloe [7] developed nabla fractional Riemann-Liouville difference operator, initiated the
study of nabla fractional initial value problem and established exponential law, product
rule, and nabla Laplace transform. Following their works, the contributions of several
mathematicians have made the theory of discrete fractional calculus a fruitful field of
research in science and engineering, we refer here a few applications of discrete fractional
equations [8-10]. We also refer here to a recent monograph by Goodrich and Peterson [11]
and the references therein, which is an excellent source for all those who wish to work in
this field.

The study of boundary value problems (BVPs) has a long past and can be followed
back to the work of Euler and Taylor on vibrating strings. On the discrete fractional side,
there is a sudden growth in interest for the development of nabla fractional BVPs. Many
authors have studied nabla fractional BVPs recently. To name a few, Ahrendt [12], Goar [13],
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and Ikram [14] worked with self-adjoint Caputo nabla BVPs. Brackins [15] studied a
particular class of self-adjoint Riemann-Liouville nabla BVPs and derived the Green’s
function associated with it along with a few of its properties. Gholami et al. [16] obtained
the Green’s function for a non-homogeneous Riemann-Liouville nabla BVP with Dirichlet
boundary conditions. Jonnalagadda [17-22] analyzed some qualitative properties of two-
point non-linear Riemann-Liouville nabla BVPs associated with a variety of boundary
conditions. Goodrich [23,24] analyzed discrete fractional BVP’s with non-local conditions
in the delta case. To the best of our knowledge, there are no results for the solutions of
nabla fractional BVP’s with non-local conditions.
We consider the following boundary value problem with dual non-local conditions

{_(Vg(o)v)(z) =q(z,v(z)), z¢€ N§+2' "
o(

0) =g1(v), o(p)=g(v),

whereo,p € Rwithp—-0 € N3, 1 < ¢ < 2,9: N§+2 x R — R and the functionals
81,82 : R — R. The present paper is organized as follows: Section 2 contains a few
preliminaries on discrete fractional calculus. In Section 3, we construct the Green'’s function
corresponding to (1) and state a few of its properties. In Section 4, we study the existence of
at least one and at least two positive solutions using Guo-Kranoselskii fixed point theorem
on cones. In Section 5, we obtain sufficient conditions on the existence and uniqueness of
solutions for the proposed class of boundary value problems using Brouwer and contraction
mapping theorems, respectively. Finally, we conclude this article with a few examples.

2. Preliminaries

The set of all real numbers and positive integers are denoted by R and Z™, respec-
tively. We use the following notations, definitions, and known results of nabla fractional
calculus [11]. We assume empty sums and products are 0 and 1, respectively.

Definition 1. For o € R, the sets N, and N}, where p — o € 7%, are defined by
N, ={o,0+1,0+2,..}, Ny ={o,0+1,0+2,..,p}
Definition 2. We define the backward jump operator, p : Noy1 — Ny, by
p(z)=z—1, z€Nyyq.

Letv : N, = Rand M € Nj. The first order backward (nabla) difference of v is defined
by (Vv)(z) = v(z) —v(z — 1), for z € N, 41, and the Mth-order nabla difference of v is

defined recursively by (VMv)(z) = (V(VM_lv)) (z), for z € Nyy -

Definition 3 (See [11]). Let z € R\ {...,—2,—1,0} and r € R such that (z+7r) € R\
{...,—2,—1,0}, the generalized rising function is defined by

F_T(z+71)
LTI

Here I'(-) denotes the Euler gamma function. Also, ifz € {...,—2,—1,0} and r € R such that
(z+7r) € R\ {...,—2,—1,0}, then we use the convention that z" = 0.

Definition 4 (See [11]). Letz,0 € Rand § € R\ {..., =2, —1}. The {th-order nabla fractional
Taylor monomial is given by

Hg(z,0) = o4~

given that the right-hand side exists.
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We observe the following properties of the nabla fractional Taylor monomials.

Lemma 1 (See [14,18]). Let ¢ > —1and t € N,. Then the following hold:

i. Ifz € Ny, then Hg (z,p(t)) > 0and if z € Ny, then He(z,0(t)) > 0.

ii. Ifz e Nt and —1 < ¢ < 0, then Hg(z, p(t )) is an increasing function of .
iii. Ifz € Nyyyand —1 < & < 0, then Hg(z, p(t)) is a decreasing function of z.
i. Ifz € Ny and & > 0, then Hg (z, p(t)) is a decreasing function of t.

0. Ifz € N t) and ¢ > 0, then Hg(z,0(t)) is a non-decreasing function of z.
vi. Ifz € Nt and ¢ > 0, then Hg(z,0(t)) is an increasing function of z.

vii. If0 < v < ¢, then Hy(z,0) < Hg(z,0), for each fixed z € N,.

._.

Lemma 2. Let o, p be two real numbers such that 0 < o < pand1 < ¢ < 2. Then EP ?)27

is a decreasing function of t for t € Nj~ L

Proof. It is enough to show that V < (Ot)l> < 0.

Consider

Since p > o, it follows from Lemma 1 that V(E 21;_1) < 0. The proof is com-

plete. O

Definition 5 (See [11]). Let v : Ny11 — Rand v > 0. The vth-order nabla sum of v is given by

(V') () = X Hya(zp(0)o(t), 2 € Noor,
t=0+1

Definition 6 (See [11]). Letv : Nyy1 — R, v > 0and choose A € Ny suchthat A—1<v < A.
The vth-order Riemann—Liouville nabla difference of v is given by

(Vo) (z) = (VA(V (A=v)y, ))(z), zEN, 4.

Theorem 1 (See [11]). Assume y > O and A—1 < u < A. Then a general solution of
Vho(z) = 0 s given by

0(z) = c1H,1(z,0) + c2Hy2(2,0) + - +caH,_a(z,0), for z€N,.
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3. Green’s Function

In this section, we will build the Green'’s function formula for our boundary value
problem (1) and derive a few properties from it that will be used throughout the rest of
the paper.

Theorem 2 (See [15]). The following nabla fractional boundary value problem

—(Vg(o)v) (z) =h(z), zeN,, ()
v(0) = v(p) =0,

whereo,p € Rwithp —0 € N3,1 <9 <2andh: N§+2 — R. Then (2) has the unique solution
p
v(z) = Z G(z,t)h(t), z €N, 3)
t=0+2

where Green’s function G(z,t) is given by

_ Hy_1(z,0) t—
i Gi(zt) = mHﬂ—l(pIP(t»r ze N1 .
z,t) = 4
Galzyt) = 1B (4 0(1)) — Hy 1 (2,0(0), 2 € N,

Hy_1(p,0)

Lemma 3. The equivalent form of the following homogeneous nabla fractional boundary value
problem with non-local conditions

{—(Vg(o)w)(z) =0, for z¢€ N§+2, )
w(o) = g1(w), w(p) = g2(w),
is given by
_ _ 9-2 _ 01
w(z) :81(w)(z_§) (z r((;tll)) + &2(w) ((;Zv—z))ﬂl' ze Nk (6)

Proof. From Theorem 1, the general solution of the equation — (Vg(o)w) (z) =0, is given by

w(z) =c1(z—o+ 1) T+ cy(z—0+1)72, zeNJ, (7)

where c; and c; are arbitrary constants. Using w(0) = ¢1(w) and w(p) = g2(w), respec-
tively in (7), we have

g1(w)
rw-1)

o(w)=c(p—o+ 1)ﬂ+ c(p—o+ 1)ﬁ.

=c1(0—1)+c,

Now, solving the above system of equations for ¢; and c;, we have
__si@(p-o+ )2 gr(w)
@ -1)(p—0)®t (p—0)®!

o= 80 | g@p ot VTR ga(w)

r(®-1) r(@-1)(p—0)®1 (p—0)? 1|

+
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Substituting ¢; and c; in (7), we have
_ | e a@e-orn™2 |, o1
wz) = [(p —o) 1 Te-)(po) (z—0+1)
a@ g1y |_s@e=or)™?  g2(w) _ 72
| to-n (¢ 1)[ (8- 1)(p—0)7T + (= o)p T (z—o+1)
_ a@)(p=o+ )2 g e 2, -1
= A [0 - Do+ )" 2~ (z —0+ 1)
82(w) N T (9 1) (s 2] &w) =2
+(p_0)ﬂ[(z 0+1) (0—1)(z—0+1) }+r(l9_1)(z 0+1)
_ 8@ [y e B0
r@-1) (p—0)?-T o)1
~ ) (35) Sty pa0) =0
81 p—o r(o-1) 82 (p _ O)j
The proof is complete. [
Lemma 4. w satisfies the following property:
maxw(z) < g1(w) + g2 (w), 8)
zeNl
where w is given by (7).
Proof. Consider
[Pz (z—o0+1)"2 (z—0)*1
w@) =(0 =) o n @+ (= s®)
Clearly, function (%) is decreasing with respect to z for z € NJ. It follows from
Lemma 1 that function (o))" is decreasing with respect to z and (z=0)" is an increas-
T(0—1) & P (p—0)? 1

ing function of z for z € Ng . Thus, we have

oy (255)

(z—o4+1)%2 (0—0+1)"2

p— pr— 1

e T(@—1) T —1) ’
T
zeNp (p — 0)1971

implying that
w(z) < g1(w) + g2(w), forz e Nb.

The proof is complete. [
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Theorem 3 (See [17]). Let 1 < ¢ < 2and q : N} x R — R. The equivalent form of (1) is
given by

p
v(z) = A(2)81(0) + B(2)82(0) + ) Glzt)q(t,o(t), z €N,

t=0+2
where A(z) = (E) (o)™ B(z) = (2_70)0? and Green'’s function G(z,t) is given b
p—o) T(8-1) ~ (p—o0)0-1 ! 8 Y

(4), respectively.

Theorem 4 (See [15,17]). The Green’s function G(z,t) defined in (4) satisfies the following properties:
i G(o,t) = G(p,t) =0, forall s € N

ii. G(z,0+1) =0, forall z € N},

ii.  G(z,t) >0, forall (z,t) € N/ | x N’

0+1 0+2
iv. max G(z,t) = G(t—1,t) forall t € N _,.
zeNf,:l
0. Zt —op1G(z,t) <A forall (z,t) € NP x N0+1, where
_(P—o=1\/(@-1)(p—o0)+1\oT
n (19r(19+1))( 0 ) : 9)

4. Existence of Positive Solution

In this section, we show the existence of at least one positive solution for the boundary
value problem (1), using Guo-Krasnoselskii fixed point theorem on a suitable cone.

Definition 7. Let B be a Banach space over R. A closed nonempty subset C of B is said to be a
cone provided,

(i)ex+ fye€C, forallx,y € Candalle, f > 0, and

(ii)) x € C and —x € C implies x = 0.

Definition 8. An operator is called completely continuous if it is continuous and maps bounded
sets into pre-compact sets.

Lemma 5 (See [25]). [Guo—Krasnoselskii fixed point theorem] Let B be a Banach space and C C B
be a cone. Assume that () ani )y are open sets contained in B such that 0 € () and (3 C .
Assume further that T : C N (O \ Q1) — C is a completely continuous operator. If either

i ITv|| < ||v|| for v € CN OOy and || To|| > ||v|| for v € C Ny, or
ii. ITv|| > ||v|| for v € CN OOy and || To|| < ||v|| for v € C Ny,

holds, then T has at least one fixed point in C N (Qp \ Q).

We establish the following lemmas, which will be used later in the proof of our
main result.

Lemma 6. There exits a number A € (0,1), such that

min G(z, 1) > AmaxG(z,t) = AG(t — 1,1), (10)
zeN? zeNp
where, cdeNoH, 0+V "“W a”dd_o"'?’v 0+1J

Proof. By using the properties of Green’s function and Taylor monomial from Definition 4,
Lemma 1 and Theorem 4, respectively.
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Consider, for t € N¥

0+2/
(z=0)" 1
e t) B (o 1T fort > z,
CU=LD | o | an) oot
(t—o—1)?-1  (p—t+1)0-1(t—0+1)%-1

Now, for t > z and ¢ < z < d. Function Gy (z, t) is increasing with respect to z. Then,

min Gy (Z, f) =G (C, t)
zeNd

(c—0)*! 51
T T

Forz > tand ¢ < z < d, function Gz(z, t) is decreasing with respect to z. Then,

min G;(z,t) =Gz (d, t),

zeNd
(d—0)° ! T =
= —(p—t+1)" —(d—t+1)"".
(p—o)i-t
Thus,
Gy(d,t), fort € N ,,
min G(z, 1) ={ min(Go(d, 1), Go(c, 1)), fort € NI,
zeNe Gi(c,t), fort € NZ,
) Ga(d,t), forte Ny .o,
B Gi(c,t), forte NI,
where ¢ < r < d. Consider
. (d—0)® 1 (d—t+1)0T(p—0)® 1
min,eng G2 1) ) GormiT ~ oy eyt TOTEE Not2s
G(t—=1,1) (e=0)" 1 fort € N/
(t—o0+1)9-17 r
Thus,
min G(z,t) > A(t) max G(z,t), (11)
zeNd zeNF
where
_)8-1 _ )01 _ 9—1(, _ ,\0-1
A(f) = min (c—o) @d—-0)"  (@d-t+1)" (p—0)"

(t—o4+1)0 1 (t—0+1)%1T (p—t+1)%1(t—0+1)01

Let for t € N?, denote

(c—0)*!
MO = e
> (c— o)f;
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Similarly, for t € N| , ,, we take

1 71 ([d—t+1)" T(p—0)¥!
/\Z(t):—f (d*O)ﬂ 1 ( ) (pf) )
(t—o+1)01 (p—t+1)%-1
By Lemmas 1 and 2, we see that function E‘;_Ziﬂvf is decreasing for t € N ,. Then
_ o 1\0-1(, _ 5\0-1
)Lz(t) Z;— (d _ 0) -1 _ (d 0—1 (Pfo)
(t—o+1) (p—o0—1)%-1
_ g _1\0-1(y _ 5)0-1
> 17 (d—O) 1_(d 0 1) (P 0)
(A=) (p—0— 1)1
Thus,
min G(z,t) > Amax G(z,t), (12)
zeNd zeNp
where - o -
—0)0-1 _5_1)\? _ )01
Amin|(6Z0° 4 _(d=o 1)7(’7 Jia (13)
(p—o+ D1 (pmo— 1) T(d—0)7]

Since Gy (¢, t) > 0and G(d, t) > 0, we have A(t) > Oforall t € No+2/ implying A > 0.
It would be sulffice to prove that one of the terms

(=0T | d—o-1)"T(p-0)"T

(p—o+ 171 (p—o— 1T 1(d—0)"

[y

—_

It follows from Lemma 1 that

(c— 0)‘9_1
(p—o+1)%-1
Therefore, we conclude that A € (0,1). The proof is complete. []

Lemma 7. There exists a number Ay € (0,1) such that

minw(z) > Ag(max A(z)g1(w) + max B(z)g2(w)). (14)
zeNd zeN? zeN)
where w is given by (6).
Proof. Clearly, function (5 O) is decreasing with respect to z for z € N} It follows from
Lemma 1 that % is a decreasing function of z and function EP ‘30711 is an increasing

with respect to z for z € NP Then, there exists My, M, > 0 such that

min
zeNd

(Zii) : ;(?; 11) =M,

min 0"
zeNd ( )

‘ %‘\./

=M, <1.

|
,_;
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Take Ag = min(Mj, My). Clearly Ag € (0,1). Thus, for all z € N, we have

. —z (;2—0—0—1)ﬁ . (z—o)ﬂ
w(z)Zirelg;[(Zo) T —1) ]gl(w)—l—mml(p)ﬂ_l]gz(w)

zeNd

=M g1(w) + Maga(w)

>Aog1(w) + Apg2(w)

=Ag [max (Z : j) (z F((Z‘}tll)) _2] 1(w) + Ag

zeN¥

—_

max i —
zeN} (p - 0)1971

]gz(uJ)

zeNF zeN,

= (max A(z)g1(w) + max B(z)gz(w)> :
The proof is complete. [

Lemma 8. If g1, ¢» are non-negative, then there exists a constant A € (0,1), such that

P

min ) G(zt)4(z,0(t)) + min(A(z)g1(v) + B(2)82(v)) (15)
z€NE =12 zeNg

r
> Amax ( Y. Gz t)g(z,0(t)) + A(z)g1(v) + B(z)gz(v)). (16)

zeN) N5 512

Proof. It follows from Lemmas 6 and 7 have

p
min Y. Gz t)f(t,0(t)) + min(A(z)g1(v) + B(2)82(v))
zeNE =012 zeNE
p
> t:;;;gé G(z, t)q(t,o(t)) + AO(Q%?A(Z)gl(U) + 2§?B(2)gz(v))
p

>A ) maxG(z,H)q(t,o(t)) + Ao max (A(z)g1(v) + B(2)82(v))
t=0+2 z€Np z€Np

zeN) 1S540

p
z)t(max Z G(z,t)f(t,v(t))+A(z)g1(v)+B(z)g2(U)>.

where A = min(A, Ag) € (0,1). The proof is complete. [

We observe by Theorem 3 that the equivalent form of (1) is given by

v(z) = A(z)¢1(v) + B(z)g2(v) + i G(z,t)q(t,v(t)), z €N, (17)
t=0+2

] )81
where A(z) = (5—:2) %, B(z) = (2701971 and Green's function G(z, t) is given

(p—0)*=
by (4), respectively.
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Note that any solution v : N — R of (1) can be viewed as a real (p — o + 1)-tuple
vector. Consequently, v € RP~*1. Define the operator T : RP—0F1 — RP—0+1 by

P
(T0)(2) = AE)1(0) + Bl@)ga(e) + 1 G bqltom), zeN. (9
t=o0+

Clearly, v is a fixed point of T if and only if v is a solution of (1). We use the fact that
B = RP~°*1 is a Banach space equipped with the maximum norm

Joll = max Jo(z)],
zeN,;

[

for any v € B. We define the cone C by

C= {v € B: v(z) > 0and mino(z) > /\HZJ(Z)H} (19)

zeNd

Note that summation operator T is defined on a discrete finite set. Hence, operator T
is trivially completely continuous.

Take
1

Y LGt —1,1)

We state here the following hypothesis which will be used later
(H1) g(z,0) >0, (z,0) € N x [0,00) and g1(v), 2(v) >0, Vv € C[NSJr2 — R],
(H2) There exists a number r > 0 such that g(z,v) < %, whenever 0 < v <,

(H3) There exists a number r > 0 such that q(z,v) > %, whenever Ar < v < r,

Ui

(H4)  Assume that lim,,_,o+ min, N Q(‘Z’”) =co, limy ;0o min, N ‘4(‘2’”) = o0,
; : q(zv) _ : ; q(zv) _
(H5) Assume that lim,_,o+ min,yp =5= =0, limy 00 min, _p “5— = 0,

(G1) The functionals g1 (v) and g(v) are linear. In particular, we assume that
p . p .
g1(v) =) mv(i) and g (v) = ) njo(i),
i=0

i=0

where m;, n; € R,
(G2) AssumeY! m;+Y! n; <1

Lemma 9. Assume (H1) holds. Then, T : C — C.

Proof. Let operator T be as defined in (18), then by using Lemma 8, we have

minzeNg(TU) (z) > minzeNg t_éz G(z, t)gq(t,o(t)) + minZGNg(A(z)gl(v) + B(z)g2(v))

> Amax, g (£ G0z 0(0) + A2)gi(0) + B(z)ga(0) ).

t=0+2

It is obvious that (Tv)(z) > 0, wheneverv € Cthus T:C — C. O

Theorem 5. Assume q(z,v) satisfy conditions {(H1), (H2), (H3)}. Also, g1(v), g2(v) satisfy
conditions { (H1), (G1), (G2) }. Then, the boundary value problem (1) has at least one positive solution.
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Proof. We know that, T : C — C is completely continuous. For 0 < r; < ry, define the set
Oy ={veC:|v|| <r}. Clearly, () C Bisan open set with 0 € Q). Since ||v|| = r; for
v € 00y, (H2),(G1), (G2) holds for all v € 9Q);. Then we have for v € C N9y , by using
Lemma 4.

| Tv]] < max Z G(z,t)q(t,v(t)) —|—ma>§A(z)g1(v) —l—ma)rgB(z)gg(U)

zeNp ;5 0+2 zeN) zeN;
4
< ), max[G(z,h)]q(t,o(t) + g1 (v) + g2(v)
t=o+22€Np

p

S% Z (t—=1,t) +g1(v) + g2(v)
t=

1 4 4
S <2+§mi+gni>r1 S r1.

Therefore ||Tv|| < ||v|, for v € C N Q. Similarly, set Q = {v € C : ||v|| < r2}.
Clearly, ), € B is an open set and Q)1 C (). Since ||v|| = r, forv € 9(),, (H3), (G1), (G2)
holds. We have

| To|l > min |To(z)|
zeNd

c

> min Z G(z,t)q(t,0(t)) + min A(z)g1(v) + min B(z)g2(v)
zeNd 4 500 zeNd zeNd

P
> A Z X [G(z,t)]q(t, v(t))
> 7 f G(t—1,0q(t,o(1))
> 7;7 i t—lt —1’2.

Thus, we have || Tv|| > ||v]|, for v € 00 N C. By part (i) of Theorem 5, we conclude
that operator T has a fixed point vy in C N (Qy \ ), satisfying r1 < ||vg|| < r2. The proof
is complete. O

Theorem 6. Assume q(z,v) satisfy conditions {(H1), (H2), (H4)}. Also, g1(v), §2(v) satisfy
conditions {(H1), (G1), (G2)}. Then, the boundary value problem (1) has at least two positive
solutions vy and vy with 0 < ||v1] < 72 < ||v2|.

Proof. Let us choose a number N > 0 such that

Z\LA >1, (20)

by condition (H4) there exists a number r* > 0 such that r* < r; < rp and g(z,v) > Nov for
v € [0,7*] and z € N}. Define the set QO+ = {v € C : ||v|| < r*}. Then we have
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|To]| > min |To(z)|
zeNd

> min Z G(z,t)q(t,v(t)) + min A(z)g1 (v )+m1n B(z)g2(v)
zeNd ;= 042 zeNd zeNd

4
> Y. min[G(z1)]q(t, (1))
t=0+22€NG

A f max[G(z, H)]q(t, v(t))
t=0+2%€0p

B p
v Z G(t—1,t) >7r"

t=0+2

Y

Vv

Thus, we have ||Tv|| > ||v|, for v € 00+ NC. Next for the same N, we can find
a number R; > 0 such that (z,v) > Nv for v > Ry and z € NJ. Choose R so that

R = max{rz, 3 } Define the set Qg = {v € C : ||v|| < R}. We can show that ||To|| > ||v||,

forv € dQg NC.
Finally define the set
M ={vel:|v| <rn} (21)

Since ||v|| = r; condition (H2) holds for all v € d(),. Then, we have

p
ITol <max ) G(zt)q(t 0(t)) + max A(z)g1(v) + max B(z)g2(v)

2€0p =042 zeNp zeN!
p
< ), max[G(z,h)]q(t,o(t) + g1 (v) + g2(v)
t—o+22€N
r
<2l Y Glt— 1,0 +51(0) + $2(0)
t= 0+2
g( —|—Zml+2 >r2<r2

Implying || Tv|| > ||v||, for v € 00}, N C. Hence, we conclude that T has at least
two fixed points say v; € Qg\Qr* and v, € QR\QZ, where Q) denoted the interior of
the set (). In particular (1) has at least two positive solutions, say v; and v; satisfying
0 < [|v1]] < r2 < ||v2||. The proof is complete. []

Theorem 7. Assume q(z,v) satisfy conditions {(H1), (H2), (H4)}. Also, g1(v), §2(v) satisfy
conditions {(H1),(G1), (G2)}. Then, the boundary value problem (1) has at least two positive
solutions v1 and vy with 0 < ||v1]] < r2 < [|v2]|.

5. Existence of Solutions

In this section, we present the existence and uniqueness results of the boundary
value problem (1) using Brouwer fixed point theorem and contraction mapping theorem,
respectively and also, we construct an example to illustrate the same results.

Theorem 8 (See [25]). [Brouwer fixed point theorem]. Let Cy be a nonempty compact convex
subset of R" and T be a continuous mapping of Cy into itself. Then, T has a fixed point in Cy.

Theorem 9. Assume q(z,v), g1(v) and g»(v) is continuous with respect to'v', for each z € NJ.
Assume there exist a positive constant L, such that

max_ (81(2),8200)} < 375 @)

—L<]ol|<L
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and

L
z,0)} < ——, 23
(Zlv)erﬁ%axﬁim{q( =% 1 (23)

where A is given by (9). Then, the boundary value problem (1) has a solution.
Proof. Consider
Co={veN) =R,|v| <L}

Clearly, C; is a non-empty compact convex subset of RP~°*1. Let T be a operator as
defined in (18). It is clear that T is a continuous operator. Therefore the main objective is to
show that T : C; — Cj, then Theorem 8 can be invoked.

Let

By using (22), (23) and Lemma 4

p
IToll < max|A(z)g1(0) + B(z)g2 ()] + max Y. Gz t)q(to(t))

zeN} t=0+2
L 14
<g1 (U) +82(U) + (m) 2 n;;);[G(z, t)]
t=0+22€Ny

L L L
= (M) + (2(A+1)) + (A+1)A
=0y(1+A) =L

Thus, ||Tv|| < Land T : C; — Cp. It follows at once by Brouwer fixed point theo-
rem, that there exist a fixed point of T, say vy € C, such that |vy(z)| < L. The proof is
complete. O

Theorem 10 (See [25]). [Contraction Mapping Theorem]. Let S be a closed subset of R". Assume
T : S — S is a contraction mapping, i.e., there exists a number '¢’, 0 < & < 1, such that

ITo —Tu|| < &llo—ul,
forallv,u € S. Then, T has a unique fixed point vy € S.

Theorem 11. Assume that q(z,v), g1(v) and g»(v) are Lipschitz with respect to ‘v’, i.e., there ex-
istsa’,b',c' > 0, such that |q(z,v1) — q(z,v2)| < d'||v1 — 02|, |g1(v1) — g1(v2)| < V|1 — 03]
and |g2(v1) — g2(v2)| < ¢ ||vy — va||, whenever vi, v, € C[N) — R]. Then the boundary value
problem (1) has a unique solution provided

AN+ + <1, (24)

holds.
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Proof. Consider

|Tvr — Toy| = max |Tvy — Toy|
N

zelN,
P p
<max Y G(zt)q(t,v1) —max Y G(z,t)f(tv2)
zeNj t=0+2 zeN) t=0+2

+max(p:z)Hg,z(z,p(o))gl(m)—maX(p )Hﬁ 2(z,p(0))g1(02)

zeNh \P zeNb \p =0
(z—o)ﬂ (z—o)ﬁ

+ max ———==¢5(v1) — max ————=—=¢>(v
zeNp (P—0)§_1g2< l) zeNp (77—0)19 182( 2>
P

< Y max(G(z Hlla(tor) — q(t,0)
t:o—i—ZZENS
-z

+max| (222) Hy e, p(0))lsa(o1) ~ 1 02)

zelNo

(z— 0)ﬁ
+ iré%% [(p—o)l?l] 182(v1) — g2(2)|

< Ad'ljoy — 02| + V' ||oy — v2]| +¢[[or — 2|
< (Ad' + V' +)||vy — 2|

Thus, using (24) T is a contraction on RP -0+l Hence, by Theorem 10, the result
follows. The proof is complete. []

Example 1. Suppose, 8 = 1.1and o = 0, p = 10, q(z,v) = 1‘5+Z, <1
(v) = Lizpelt) £5 o) Then, (1) becomes

— (Vi 0)(z) = sin(v) ¢ N%O,

0
p(0) 25)

Z)(O) _ Zf:ﬁjov(t)/ (10) Zt Ov(t)

Clearly, q9(z,v), g1(v) and g (v) are szschztz with respect to v with Lipschitz constant a’, b/’
and ¢', respectively. Here a’ = % v = 20 and ¢’ = 110 Then

— — 01 —0—
A= () (e ) =800

and
(@A+b + ') =0.6866 < 1.

Thus, by Theorem 11 the boundary value problem (25) has a unique solution.

Example 2. Suppose, 8 =1.5ando =0, p =6, q(z,v) = zo(f—i—v ) 1(v) = Fo(1) —
~0(4) and g (v) = $v(5) — £50(2). Then, (1) becomes

{ (V:)(SO v)(z) = (f+v ) z €N, 26)

o(0) = Eol1) — ho(d),  o(6) = bo(5) ol
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Here for a given values of o, p we get A = 0.1191 and 7 = 0.77. We see that q(z,v) satisfies
condition (H1) and (H4), also by taking ro = 2 we have that

1 2 1 2 nra
R < —
q(z,v) 20 (\fv + v ) 20 (, /1y + rz) =0.270 < 5 =0.77,

and g1, g2 satisfy conditions (G1) and (G2). Thus, all conditions of Theorem 6 are satisfied, hence
(26) has at least two positive solutions vy and v, such that 0 < |jv1|| < 2 < |Jva]|.

6. Conclusions

In this paper, we constructed the Green'’s function corresponding to the boundary
value problem (1), and stated a few of its properties. We studied the existence of at
least one and at least two positive solutions for the boundary value problem (1) using
Guo-Kranoselskii fixed point theorem on cones, and obtained sufficient conditions on the
existence and uniqueness of solutions for the proposed class of boundary value problems
using Brouwer and contraction mapping theorems, respectively. Finally, we demonstrated
the applicability of established results with a few examples. To the best of our knowledge,
there is no prior progress made with non-local conditions in the nabla case.
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