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Abstract: Quantization for a probability distribution refers to the idea of estimating a given probability
by a discrete probability supported by a finite set. In this article, we consider a probability distribution
generated by an infinite system of affine transformations {S;;} on R? with associated probabilities
{pij} such that p;; > Oforalli,j € Nand ij‘:l pij = 1. For such a probability measure P, the optimal
sets of n-means and the nth quantization error are calculated for every natural number #. It is shown
that the distribution of such a probability measure is the same as that of the direct product of the
Cantor distribution. In addition, it is proved that the quantization dimension D(P) exists and is finite;
whereas, the D(P)-dimensional quantization coefficient does not exist, and the D(P)-dimensional

lower and the upper quantization coefficients lie in the closed interval [ﬁ, %}
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1. Introduction

The quantization problem for probability measures is concerned with approximating a
given measure by discrete measures of finite support in L,-metrics. This problem has roots
in information theory and engineering technology, in particular in signal processing and
pattern recognition [1,2]. For a Borel probability measure P on R¢, a quantizer is a function
q mapping d-dimensional vectors in the domain Q) C R into a finite set of vectors & C R
In this case, the error [ minse, ||x — a||?dP(x), where || - || is the Euclidean norm RY, is
often referred to as the variance, cost, or distortion error for a« with respect to the measure P,
and is denoted by V(&) := V(P;a). The value inf{V(P;«) : « C R?, card(a) < n} is called
the nth quantization error for the P, and is denoted by V,, := V;,(P). A set « on which this
infimum is attained and contains no more than 7 points is called an optimal set of 7-means.
The elements of an optimal set are called optimal quantizers. It is known that for a Borel
probability measure P if its support contains infinitely many elements and [ ||x||*dP(x) is

finite, then an optimal set of n-means always has exactly n-elements [3—6]. The number
2logn
—log Vu(P)

denoted by D(P); likewise, for any s € (0, +00), the number nlgn nt Vi (P), if it exists, is

limy o , if exists, is called the quantization dimension of the measure P, and is

called the s-dimensional quantization coefficient for P.

For a finite set « C R¥, the Voronoi region generated by a € a, denoted by M(ala),
is the set of all points in R? which are closer to @ € « than to all other elements in .
For a probability distribution P on R? the centroids of the regions M(a|a) are given by
a* = m f M(ala) xdP. A Voronoi tessellation is called a centroidal Voronoi tessellation
(CVT) if a* = a, i.e., if the generators are also the centroids of their own Voronoi regions.
For a Borel probability measure P on R? an optimal set of n-means forms a CVT; however,

the converse is not true in general [7,8]. The following fact is known [6,9]:
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Proposition 1. Let a be an optimal set of n-means and a € «. Then,

(i)  P(M(ala)) > 0and P(0M(a|a)) =0,

(i) a=E(X:X € M(a|a)), where X is a random variable with distribution P,
(iii) P-almost surely the set {M(ala) : a € a'} forms a Voronoi partition of R%.

Let X = R and consider the probability distribution P, := %PC oU; 1y %PC olU, b
where Uj (x) = $xand Up(x) = 1x + %, for all x € R. Because its support is the standard
Cantor set generated by U; and Uy, P, is called the Cantor distribution. S. Graf and H.
Luschgy determined the optimal sets of n-means and the nth quantization errors for the
Cantor distribution, for all n > 1, completing its quantization program [10]. This result has
been extended to the setting of a nonuniform Cantor distribution by L. Roychowdhury [11].
Analogously, the Cantor dust is generated by the contractive mappings {S;}# ; on R?,
where Sy (x1,x2) = 3(x1,%2), Sa(x1,%2) = 3(x1,%2) + (3,0), Sa(x1, %2) = 3 (%1, %2) + (0, 3),
and Sy(x1,%2) = %(x1,%2) + (3, 3) If P is a Borel probability measure on R? such that
P=1po 51_1 + %P oS+ 411P 0S5 1y 4P o 54 , then P has support the Cantor dust. For
this measure, D. Comez and M.K. Roychowdhury determined the optimal sets of n-means
and the nth quantization errors [12]. Let P be a probability measure on R generated by
an infinite collection of similitudes {5;}%;, where S;(x) = lx +1- L forall x € R

and Pis givenby P =} 5; ipo 5 L. For this measure, M.K. Roychowdhury determined
the optimal sets of n-means and the nth quantization errors [13], which is an infinite
extension of the result of S. Graf and H. Luschgy in [10]. The quantization dimension for
probability distributions generated by an infinite collection of similitudes was determined
by E. Mihailescu and M.K. Roychowdhury in [14], which is an infinite extension of the
result of S. Graf and H. Luschgy in [15]. In this article, we study extension of the result of
D. Comez and M.K. Roychowdhury in [12] to the setting of countably infinite affine maps
on R?, which will also complete the program initiated in [14].
Let {S(;j : 1,j € N} be a collection of countably infinite affine transformations on
R?, where S(ijy(x1,x2) = (r'x1 +1—r"Yrix, + 1—7/71), where 0 < r < 3. Clearly, these
affine transformations are all contractive but are not similarity mappings Associate the
mappmgs S(ij) with the probabilities p(; ;) such that p; = 5 ﬂ for all i,j € N, where
:={1,2,3,- - }. Then, there exists a unique Borel probability measure P on R? ([16-18],
etc.) such that

P= Z p,]POS(J
ij=1

The support of such a probability measure lies in the unit square [0,1]?. We call such a
measure an affine measure on R?, or more specifically, an infinitely generated affine measure
on R2. This article deals with the quantization of this measure P. The arrangement of the
paper is as follows: in Section 2, we discuss the basic definitions and lemmas about the
optimal sets of n-means and the nth quantization errors. The arguments in this section
point out that determining optimal sets of n-means and the nth quantization errors for all
n > 3 and for arbitrary r € (0, 3) require very intricate and complicated analy51s, hence,
for clarity purposes, in the remaining sections the focus will be on the case r = 3. Section 3
is devoted to determining the optimal sets of n-means for n = 2 and n = 3. In Section 4, we
first define a mapping F which enables us to convert the infinitely generated affine measure
P to a finitely generated product measure P, x P, each P is the Cantor distribution. Having
this connection between P and P; together with the optimal sets of n-means forn = 1,2, 3,
in Section 5 we will utilize the dynamics of the affine maps to obtain the main results of the
paper: closed formulas to determine the optimal sets of n-means and the corresponding
quantization errors for all n > 4. For clarity of the exposition, we also provide some
examples and figures to illustrate the constructions. Lastly, having closed form for the
quantization errors for each 1, we prove the existence of the quantization dimension D(P)
and show that the D(P)-dimensional quantization coefficient for P does not exist (but are
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finite) and the D(P)-dimensional lower and the upper quantization coefficients lie in the
closed interval [11—2, %}

The results and the arguments in this article are not straightforward generalizations
of those in [13]; in particular, this is the case for optimal sets. By the nature of the affine
transformations considered in this paper, the optimal sets of order n = k2, k > 1, are the
same as the cross product of optimal sets of order k obtained in [13]; however, the same
cannot be said for other n > 3. Clearly, for n a prime number, optimal sets of n-means
cannot be obtained this way. Furthermore, as will be seen from the main theorem, even
for n = kI, optimal sets of n-means are not the same as the cross product of optimal sets
of k- and [-means in [13] For example, optimal sets of 2- and 3-means in [13] are {6, 2
and {é, %g, %g (or { 57 18, 6} , respectively; hence, the cross product of these sets produce
some of the optimal sets of 6-means. On the other hand, one of the optimal sets of 6-
means is {(#, 1), (2,2), (3, 1), (%, 2),(£,2),(2,2)}, which cannot be obtained as the
cross product of optimal sets of 2- and 3-means in [13].

2. Preliminaries
Let P be the affine measure on R? generated by the affine maps {S Gj) P L] € N}

defined above. Consider the alphabet Z = N?> = {(i,j) : i,j € N}. By a "string" or a "word"
w over Z, it is meant a finite sequence w := wyw;y - - - wy of symbols from the alphabet,
k > 1, where k is called the length of the word w. A word of length zero is called the
"empty word", and is denoted by @. By Z* we denote the set of all words over the alphabet
Z of some finite length k, including the empty word @. By |w|, we denote the length
of a word w € Z*. For any two words w := wiwy - -wy and 7 := 74T - - - Ty in Z%, by
WT = w1 -+ wWiT - - - Ty we mean the word obtained from the concatenation of w and t.
Forn > 1land w = wiwy - - wy € IT* we define w™ := wywsy - - w,_1. Note that w™ is
the empty word if the length of w is one. Analogously, by N* we denote the set of all
words over the alphabet N, and for any 7 € N*, |7|, 77, etc. are defined similarly. Let
w € IK, k > 1, be such that w = (i1, j1)(iz, j2) - - - (ix, jx ), then w® and w® will denote
the “coordinate words”; i.e., w1 := ijip - - - iy and w® := jijp - - - jy.. Thus, w‘((a = ix and
(2)

w
||

= jx. These lead us to define the following notations: For w € Z*, by w(®, ) it is
O ,@
jwl “le]

the word (w‘(jj)‘,wfi)l +j)forjeN,ie,

meant the set of all words w™ (w + j) obtained by concatenating the word w™~ with

w( = {w (@], w2 +j) 1j €N},

Similarly, w(oo, @) and w(oco, 00) represent the sets

w(00,?) :={w (w ()—l—lw()) i € N} and w(oo,00) := {wf(wm—l—i,w()—i—]) i,j € N},

Yol |l || |l

respectively. Analogously, for any T € N*, by (7, 00) it is meant the set (7,00) := {T+i:i € N},
and (7, @) represents the set (7,D) := {7}. Thus, if w = (i1, j1)(i2,j2) - - - (ig, jx) (00, D), then

we write w1 := (igip - - i, 00) and w? = 1o - - jig if w = (i, j1) (12, j2) - - - (ik, i) (D, 00),
then we write w1 := iyip - - - i and w® := (fjijo - - - i, 00); and if w = (i1, j1) (i, j2) - - - (ixs i)
(00, 00), then we write w1 := (iyiy - - - i, 00) and W@ := (jijp - - - jx, ). For w = wiwy - - -

wy € K, k > 1, let us write
Sw:i=Sw, 0084, Pw = Pw,Pw, - Pu and Jo == S, ([0,1] x [0,1]).
In particular, S = I, the identity mapping on R?, and ] := Jp = Sp([0,1] x [0,1]). Then,

the probability measure P supports the closure of the limit set S, where S = My U, werk Jow-
The limit set S is called the affine set or infinitely generated affine set. For w € Z* and
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i,j € N, the rectangles J,,(; ;y, into which J,, is split up at the (k + 1)th level are called the
children or the basic rectangles of ], (see Figure 1). For w € Z*, we write

[e9) [o9) [e9)
Jo@eo) = Y (@ Wl + o) = 9 T (@) 4i, @) Jwleom) = Z,JLil Iw,(wwﬁi w4y

j=179 W) el o] e

and

e
Me

Il
—_

Peo(@00) = Pw(@,00)) = Pw,(wu w4 Peo(oo,2) = P (c02))

ko Wt w )’

i=1

)

Pw(co,00) *= P(]w(oo,oo)) =

—_

— w*(wmﬂ,w‘ﬁ)‘ +j)

<

Notice that for any w € 7%, pi(@,c0) = P Z] 17 1 -
2%l ™ \ I

= Par Pae Lot 57 = Par Py,

= pu;, and Simﬂarly, pw(oo,@) = pw(oo’oo) — pw

O —lel

 S— —
1,2)(1,1) 1 [
1,2) 22 (32
1) 21 31)
 — — =
(L1)(1,2)
(1,1)(2,9I H 0

an H .. W H

Figure 1. Basic rectangles of the infinite affine transformations.

Because P = Z P P o S( Py , then, by induction, P = )}, po,Po S;l forany k € N.
i,j=1 weTk
Hence, we have the following statement:

Lemma 1. Let f : R2 — R be Borel measurable and k € N. Then,

/fdP_ y pw/foSde

weTk

Let SV and S(.z).) be the horizontal and vertical components of the transformations

(i,j) (i

S(ij)- Then, for all (x1,x2) € R?, we have SE.l).)(xl) = rix;+1—7r"1and SEI;)(xz) =

rixy +1—171; hence, s and SE )) are similarity mappings on R with similarity ratios

(i)
Eli) .= rl and SEZ;) = 1J, respectively. Similarly, for w = (i1, j1)(i2, j2) - - - (ix, jx) € I8, k > 1,

let S((A,1 ) and S‘(U) represent the horizontal and vertical components of the transformation S,

on R2. Then, SC(U) and S( ) are similarity mappings on R with similarity ratios SS ) and s(z)
respectively, such that S((Ul) Sgl)h) e Sél)] ) and 5(2) Sgi)h) ) Séik)]'k)’ Thus, it
follows that
M) _ O @) ) it
S0’ = S S = and
2) _ 2 2 2 it
= ) k) i =
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Moreover, we have P(]w) = Pw = Plij)Ploj) " Pligje) = 2i1+i2+---+ik£jl+j2+---+jk' Let
X := (X1, X») be a bivariate random variable with distribution P. Let P;, P, be the marginal
distributions of P, ie., Pi(A) = P(AxR) = Porn; (A) forall A € B, and P,(B) =
P(R x B) = Por, !(B) forall B € B, where 71, 71 are projections given by 711 (x1, X2) = x1
and 715 (x1,x2) = x for all (x1,x2) € R2. Here B is the Borel o-algebra on R. Then, X;
has distribution P; and X; has distribution P,. Let S (ZS) and S(Z%) denote respectively the
inverse images of the horizontal and vertical components of the transformations S; ;) for
all i, j € N. Then, the following lemma is known [16-18]:

Lemma 2. Let Py and P, be the marginal distributions of the probability measure P. Then,
(1) 52
Z PloS(IJ) and Py = Z PyoS; .

Remark 1. Since Sg 3) and Sé )) are similarity mappings, from Lemma 2, one can see that both the

marginal distributions Py and Py are self-similar measures on R generated by an infinite collection
of similarities associated with the probability vector (3, 212 S )

Lemma 3. Let E(X) and V(X)) denote the expectation and the variance of the random variable X.
Then,

1l 1

L) and v = v(x) = E||X — (33 =13

E(X) = (E(X1), E(X2)) = (3, 5)

1
Proof. By Lemma 2, Py = P, = u, where y is a unique Borel probability measure on R such

that

vy Lias oyl o0
H= X ek oSy = bgeh o Sk
=1 k=1
Hence, X; = X,, and by ([11], Lemma 2.2), E(X;) = E(X;) = J,and V(X;) = V(X %,

(X1) = 2) =
which implies that E|| X — (2,2)||2 E(X; %)2+E(X2—%) V(X1)+V(X2):% O

Remark 2. By using the standard rule of probability, for any (a,b) € R?, we have E||X —
(a,0)||> =V + |(a,b) — (3, 3)||% which yields that the optimal set of one-mean consists of the
expected value and the correspondmg quantization error is the variance V of the random variable X.

Lemmad4. Let w € T*. Then,
(1) E(X|X € ]a;(oo,oo)) = Sw (w (1)

(i) E(X|X € Ju(@) =S, ) ., H)(%, D+ 0,553 1)), and

(”1) E(X‘X € ]w(oo,@)) =

E(X'X c ]w(oo,oo ) = E(X|X S l].Li ] - w‘ ‘-‘rl',w‘(z)“"‘]'))
1 0 11 o 1 11
= =7 S / S ' .
o) i’]; pw*(w‘(jj)ﬁi wuﬂ) w*(w‘(j))‘Jrl M >(2 2) UZ 2i+j Zw- (w\(iv)wz,w\(i)\ﬂ)(z 2)
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Notice that

S (w O+i,w?) ﬁ-])(%'%) Sw*(wmﬂ w“‘-i—l)(%’%)
- ( Sz<w‘<;>‘+i,w;5>‘+j>(%)' S il % )= (50 i w‘wﬁl)(%)'sgwfy‘ﬂ w@‘m(%))
- ( SE(“’\(J)\*’VW@H)(%) _SS)( G w‘wﬁrl)(%) 5(2)( 0+, w‘wﬁ])(%) _Sf)( 041, w‘wﬁl)(%))
Because
L rinn® L i@ = Gttt @ S i)

1) (wlyi 1 wVtic1 wW41,1 wl41-1 /1 i r
= Je] Y| Y| o] = b _r
s 2 (r (2) 7 —r (2)+r ) S <2r 7 2+1)

and similarly

(2) 1 ) 1 (2) r i—1
5) — 5) = 1-(1-7 .
Sw*(w‘(gﬁri,w‘(j})‘ +j) (2) Sw* (wfi)ﬁrl,w‘(j})ﬁl) (2) Se ( 2 )( d )
Hence, we have that
S 11y _g 11
w(w ‘(>‘+1 w‘()ﬁ])( 2) w™ (w >‘+l w|<)‘+1)(2 2

<
“
(1—r"Yyand v = (%42)(1 — /~1). Therefore,

_ 1 1 @)
E(X|X € ]w(oo,oo)) - Sw (‘*’|w\+1 w‘(w‘+l) 2/ 2 +l]21 21+] u /sw (0))

1—7r 1—7r

11 (1) )
)+ (s ()8 ()

w(()+1w )<22

“lol

Proofs of (ii) and (iii) are similar. [
Note 1. For words B,7y,--- ,6 in Z*, by a(B, 7y, - - - ,06) we denote the conditional expectation of
the random variable X given Jg U J, U --- U Js, i.e.,

a(B,y, - ,8) = E(X|X € JgUJyU---UJs) = M /]ﬁu__%(xl,xz)dp. 1)

Then, for w € %,

a(w) = Sw(E(X)) = Sw(3,3)s
a(w(@,00)) = E(X|X € Jy(@,00)) @
a(w(oo,?)) = E(X|X € Jeo(eo,2)), And
a(w(eo,00)) = E(X|X € J(oo,e))-
Thus, by Lemma 4, if o = (1,1), then a((1,1)) = (5,%), a((1, )(oo D)) = (1-4,5),
a((1,1)(?,0)) = (4,1 = %), and a((1,1)(c0,00)) = (1 — 5,1 — %). In addition,
a((1,1), (1,1)(e0,@)) = (3, 5),
a((1,1)(@,9), (1,1)(09,00)) = (3,1~ §), -
a((1,1),(1,1)(@,00)) = (5, 3),
a((1,1)(e0,@), (1,1)(00,00)) = (1= 3, 3)
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Moreover, for w € Tk k> 1, it is easy to see that
J Ix = @bIPdP = po [ (a2 = (@ b)dPos! @
11
= po (50 2V (X0) + 552V (X2) + IS0 (5, 3) = @ B)[1?),

where s((f 2= (sEj‘ ))2 for k =1,2. The expressions (2) and (4) are useful to obtain the optimal sets

and the corresponding quantization errors with respect to the probability distribution P.

For the rest of the article r = % is assumed, which is the most important case due to its
intimate connection with the standard Cantor system.

3. Optimal Sets of n-Means forn =2, 3

In the this section, we determine the optimal sets of two- and three-means, and their
quantization errors.

Lemma 5. Let P be the affine measure on R? and let w € T*. Then,
[ = alw(eo,00))PdP = / I — a(w (@, 00)) PP
] (D,00)

w(00,00)
=l alw(eo,@) PP = [ - a() PP = pu(sS? + 557
(0,@) 8

Proof. Let us first prove f] ( )foa(w( )P = pe(se (V2 4 ;22 )3 By Lemma 4,

we have
[ a0 Pap = Y / Ix — a(ew(eo,00))PdP (&)
]w(oooo 1] 1 ‘ ‘Jrl w‘(z)‘+j)
11
- pw1] 1214—]/” ‘w‘-&-z w‘w‘—i-)( 1’x2) _Sw (w M-&-l “’\w)|+1)(2,§)
_ l (2) de
sty S ol o2
_ (o @)
Note that S, o1 oy (152 = (S o 002 o e (2)) and
11 1) 1y ¢(2) 1 M
S 5/5) = ) . 7
oty (3 = (S0 01,12 o w1 o)y (2)) - Moreover
we have
1 ) 1 1) 2
(B triaon™ Sl nan@ 0 wihnatin)
_ 2 0] L. 2
= Sw <S( 0+ wp) +])(x1) S( O+ w‘(j)‘Jrl)(Z) *w O+ w‘(f,)“**l))
_ 2 (o) _ oM 1 (1) 1, 1
= S <(S( O+ 0 +])(x1) S( )+ wf w‘w‘+])(2)) + (S( 0+, w‘w‘—O—])(Z) S( G+, wfw)‘+1)(2)

B SEU( Di1,00 )+1))>2’

| ||
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Now break the above expression by using the square formula and note the fact that

s _ g 1\ ap, — 412 _ w2 11

/ ( (w‘(l)ﬂ w;: +])( *) S(w‘w‘ﬂ w >‘+])(2)> b = ( ‘(w)‘ﬂ w(z)‘ﬂ)v(xl) o S(w‘w‘ )9’ 8’ and
1) 10 1 - T

/ <S(w‘(j,)‘+z @) ( 2) S( o 02 ) (2 ))dP1 = 0, and after some simplification we have

(1 1 1 2 e 1. 5,
(S( <)+1 w‘w‘+])(2) S( M+1 wH 1)(2) S(w(i,)‘+1,w‘<i)‘+1)> _S(w(l) w(2>)4(1 3i) ’

Y| | Jeo]” ™ el

Thus, it follows that

s e LN ) 2
S g™~ L gonefion D~ fon o) 4
11 1 5 o
= Sc(ul) (ag + 1(1 — g)z), and similarly

(2) _ 5@ @ z
/(Sw (wP+i, w‘(w)‘ﬂ)(xZ) Sw (w41, w‘w‘ )(2) Sw—(w(l)ﬂ w(2)+1)> dP

|l || ] =7 ]

_ge211 1, 55
= Sw (9]‘8+4(1 3]'))‘

Therefore, (5) implies that

x—awoooo2
/] Ix — a(cw(co, 00)) 24P

w(c0,00)

_ - 1 (a2l 1 ERY) @211 1. 55\\_ w2, @21
7%1';2::12’*]'(5 (55 + 30— 30°) +s (G5 + 30— 3°)) =pole” +55.

Other equalities of the statement are proved similarly. [

Lemma 6. Let P be the affine measure on R?, and let {(a, p), (b, p)} be a set of two points lying
on the line x, = p for which the distortion error is smallest. Then, a = 6' b= 6/ p = § and the
distortion error is 356

Proof. Let B = {(a,p), (b, p) }. Because the points for which the distortion error is smallest
are the centroids of their own Voronoi regions, by the properties of centroids, we have

(a, p)P(M((a,p) ) + (b, p)P(M((b, )IB)) = (3, 5).

which implies pP(M((a, p)|B)) + pP( ((b,p)|B)) = %,1e, p = }. Thus, the boundary of
the Voronoi regions is the line x; = 2. Now, using the definition of conditional expectation,

f (33)

1 ! 0
(a,5) = E(X: X e M((a,5)|p) = E(X: X € U Ju,) = TP 1P1]

which implies (4, 3) = (%, 3) yielding a = ¢. Similarly, b = %. Then, the distortion error is

5 5 5
. 12 _ e YV 777 2 -~ -~ -~
[minlx—clPap = [ Ix— (g, 3PP+ o SIPap =2 2= 2

) i:g: )

This completes the proof the lemma. [

The following lemma provides us information on where to look for points of an
optimal set of two-means.
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Lemma 7. Let P be the affine measure on R%. The points in an optimal set of two-means can not lie
on an oblique line of the affine set.

Proof. In the affine set, among all the oblique lines that pass through the point (2, 2) the
line xp = xq has the maximum symmetry, i.e., with respect to the line x, = x; the affine
set is geometrically symmetrical. Also, observe that, if two basic rectangles of similar
geometrical shape lie in the opposite sides of the line x, = x1, and are equidistant from the
line x, = x1, then they have the same probability (see Figure 1); hence, they are symmetrical
with respect to the probability distribution P. Due to this, among all the pairs of two points
which have the boundaries of the Voronoi regions oblique lines passing through the point
(%, %), the two points which have the boundary of the Voronoi regions the line x, = x1 will
give the smallest distortion error. Again, we know the two points which give the smallest
distortion error are the centroids of their own Voronoi regions. Let (a1,b;) and (az, by)
be the centroids of the left half and the right half of the affine set with respect to the line
Xy = x1 respectively. Then, from the definition of conditional expectation, we have

ad 1 ad 1 11
(a1,b1) =2{ilzl+ 21+]S(1])(2/ +k21 Z 22k +it] Sk i) (57 5)
== 1 j= /+]
1 11

+ 2 Z Z 22k1+2k2+1+]S(k1 k1)(kzk2)(l])(2 2)

k1 lk2 1i=1

] i+
x© X 1 11 3 7

+k21k21k21 2 22k1+2k2+2k3+z+js(k1 k1) (ka,k2) (ks, k3)(11)(2’2)+ } - (E’E)’

1 2 3

and

i—1

(az,bz) _Z(Z;Z;ZJ@S(I] DX + Z Z
=17

ki=1i=1j=1

i—1
11
22k1+z+] Stk (57 3)

i—1
1 S 11
L T k) (k) ) (5:3)

[eS) =) co oo i—1 1 11 7 3
+ Z Z Z Z ; 22k1 +2ky +-2k3 +-i+j S(k1,k1)(kz,kz)(ka,ks)(irf)(E’ §> +- ) = (Er E)

Let B = {(55. 10) (10 %)} Then, due to symmetry,

3 7
mme—cszP—Z/ I — (=, 2)|12dP.
/ (3,18 10'10

Write

4 6 5 8
A= (].L:J Ja,0)1,0) 1) 1)(1,) Y (.9 Jaanan ) Y (,9 Jianananen) Y Y Janaya,))

2 j=2
8 6 10
(U Jayane)) Yananee Y (]g Jaya) Y (U Jaye)) Y (].54](1,1)(3,/)) U (jnga,j))

7
U (jgsf(z,j)) U (].L=J4](3,j )) U ( U ) YUY Jis,)-
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Because A is a proper subset of M((1}, 7;)|B), we have [ minceg [|x — c[|?dP > 2 [ ||x —
A

(3, %) ||2dP. Now using (4), and then upon simplification, it follows that

2 24p _
/m1n||x | dP>2/||x 10 10)|| dP = 0.13899,

which is larger than the distortion error 35—6 obtained in Lemma 6. Hence, the points in an
optimal set of two-means can not lie on a oblique line of the affine set. Thus, the assertion
of the lemma follows. [

Proposition 2. Let P be the affine measure on R?. Then, the sets { (%, 3) (% DYyand{(3,3),(3,2)}
form two different optimal sets of two-means with quantization error 36'

Proof. By Lemma 7, it is known that the points in an optimal set of two-means cannot lie
on an oblique line of the affine set. Thus, by Lemma 6, we see that {(%, 1), (2,3)} forms
an optimal set of two-means with quantization error 356' Due to symmetry, {(%, é), (3, 2)}
forms another optimal set of two-means (see Figure 2); thus, the assertion follows. [

== O1 == ' O
I I N T
=i H EE’.H
S0l h 0l Y

Figure 2. Optimal sets of two-means.

Proposition 3. Let P be the affine measure on R2. Then, the set {(%,1),(2,1),(3,2)} forms an
optimal set of three-means with quantization error 5.

Proof. Let us first consider a three-point set B given by g = {(%, &), (%, 5.3, %) }. Then,
by using Lemma 5 and Equation (4), we have

/min||x—a||2dP:/ ||x— 11 \|2dP+/ e
J acp Jan J(1,1)(c0,)

15 1

+/ I - <§,g>||2dp ==

J1,1)(@.00) YT (1,0) (00,00)

Because V3 is the quantization error for an optimal set of three-means, we have 15 > V;.
Let « = {(a;,b;) : 1 < i < 3} be an optimal set of three-means. Because the optimal
points are the centroids of their own Voronoi regions, we have « C [0,1] x [0,1]. Let
Ap=[0,3] % [0,3], A2 = [5,1] x [0, 3], A3 = [0, 3] x [§,1], and A4 = [5,1] x [5,1]. Note
that the centroids of Ay, A;, Az and A4 with respect to the probability distribution P are

respectively (1,1, (2,1), (1,2) and (2, 2). Suppose that « does not contain any point

4
from Ul A;. Then, we can assume that all the points of « are on the line x, = %, ie.,
1=

2 D)IPap

o ={(a;,}):1<i<3}withay <ap <az. Ifa; > 1, quantization error can be strictly
reduced by moving the point (a1, §) to (3 e 1). So, we can assume that a; < 1. Similarly,
we can show that az > 2. Now, if ar, < 3, then A3 U Ay C M((as, 2)|oc). Moreover, for
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any x = (x1,%2) € Ji1,1)(1,1) U J1,3), we have m(x) := minceq [|(x1,%2) — c||? > (%)2 and
so by (4) and Lemma 5, we obtain

/ m(x)?dP = / m(x)?dP + / m(x)?dP

JanyayYlas) J(1,1)(00,2) Y (1,1) (00,00
1 1 1.1 7 1/,1 1.1 7 o 51 .,
> (= + =)= — — )= — — (=, =)||*dP
716((81+81)8+(18)>+16<(9+272)8+(18))+ / I (6'2)H

Ja1)(e02) YT (11)(00,9)
1 1 1.1 7 1 /.1 1.1 7 9 5 1043
~ (G5 @)+ %G+ 75+ () * 75 = Tieea > ¥
which is a contradiction, and so a; > % must be true. If a, > %, similarly we can show that a
contradiction arises. So, % <ay < % Next, suppose that 3 < a, < . Then, we have 3 (a; +

ap) < % which implies a; < %, for otherwise quantization error can be strictly reduced

[e¢]
by moving a; to (%, %), contradicting the fact that « is an optimal set. Then, ‘Ul Jaa, Y

i:ZL_;Zl]( i)(1,f) CM((Q1,2)|0C) and E(X X € U ]11 )(1,)) U U ]11 ):(%,%)SO,

forany (x1,22) € U JanunY, Y ](k,z)(i,j)/ MiNnceq H(xler) —c|? > |I[(x1,x2) —
J k=Li=2,

& 2)I7 1A= U Janay Y P Janap B= 3 Janep Vo, T A" =

1

-
I

[mrar > [l,0) - (55 5)Pap+ / I(e1,32) = (5, 5) PP
A

11 2 2 2
=2 [ |lx= (35, 5)[%P — (2, 7)|%dP P
[lx= G+ [ Jx= ()l +/|| DI
A/ o)
i ]
41 5 551 953
=2 b b = > Vs,

2592 ' 288 ' 14688 11016

which is a contradiction. Similarly, if we assume % <a < %, a contradiction will arise.
Therefore, all the points in « can not lie on the line x, = % Let (a1,b1) and (as, b3) lie on
the line x, = %, and (ap, by) is above or below the horizontal line x, = % If (ap,by) is above
the horizontal line, then the quantization error can be strictly reduced by moving (a1, b;) to
Aq and (a3, b3) to A, contradicting the fact that « is an optimal set. Similarly, if (ay, by) is
below the horizontal line, a contradiction will arise. All these contradictions arise due to

4
our assumption that « does not contain any point from U A;. Hence, a contains at least

one point from U A;. In order to complete the proof of the Proposition, first we will prove
=1
the following claim:

Claim L. card({i:aNA; #D,1<i<4}) =2

For the sake of contradiction, assume that card({i : a N A; # @, 1 < i < 4}) = 1. Then,
without any loss of generality we assume that (a1,b1) € A; and (a;,b;) € Ay U A3 U Ay for
i = 2,3. Due to symmetry of the affine set with respect to the diagonal x, = x1, we can
assume that (a1, b1) € A; lies on the diagonal x, = x3; (a2, by) and (a3, b3) are equidistant
from the diagonal x; = x; and are in opposite sides of the diagonal x, = x1. Now, consider
the following cases:
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Case 1. Assume that both (4, by) and (a3, b3) are below the diagonal x; = 1 — x1, but
not in Ay U Ap U Aj. Let (ap, by) be above the diagonal x, = x; and (a3, b3) be below the
diagonal x; = x;. In that case, the quantization error can be strictly reduced by moving
(ap,by) to Az and (a3, b3) to A which contradicts the optimality of .

Case 2. Assume that both (a,b,) and (a3, bs) are above the diagonal x; = 1 — x.
Let (ap, by) lie above the diagonal x, = x7 and (a3, b3) lie below the diagonal x; = x3.
Then, due to symmetry we can assume that (aq,b1) = (%, ¢) which is the centroid of Aj,
(a2,b2) = (%, 2) which is the midpoint of the line segment joining the centroids of A3 and
Ay, (a3,b3) = (2, ) which is the midpoint of the line segment joining the centroids of A,
and Ay. Then,

/m dez/ %)2dP + / %)%dP + / 2dP+ / x)%dP
1 1

1)( 1)(

> — (= 2y2 — (2P / N
> 144+ / ||x 2)l12ap + / o= )PP+ [ - (3, D) IPap
Ja1)( J1,1)(0,0) ,L:JZ T
j=i+1

L—i-i—i-i—i- 1381 _7043>
144 144 144 166320 83160

which is a contradiction. Thus, card({i : « N A; # @, 1 <i < 4}) =1 cannot hold.

Next, for the sake of contradiction, assume that card({i: a N A; # D, 1 <i < 4})=3.
Then, without any loss of generality we assume that (a1,b1) € As, (a2,b2) € Ay and
(a3, b3) € A4. Let Ajp and Ajp be the regions of A1 which are respectively above and below
the diagonal of A; passing through (0,0). Due to symmetry, we must have Az U A1; C
M((a1,b1)|a) and Ay U A1p C M((az,by)|a). Notice that A3 U A1; € M((a1,bq)|e) implies

Az U l,:L].Lil._,’_l](l,l)(i,j) Uk,=%j=11 Ja) k) j) € M((a1,b1)la),
j=i+

and by using (1), we have

1385 6173

EX:XeAU U JanenY, Y Janwhii = (5538 9138

i=1,j=i+1
j= 1+1

which shows that the point (a1, by) falls below the line x; = %, which is a contradiction,
as we assumed that (a1,b1) € As. This contradiction arises due to our assumption that
card({i: a N A; # @, 1 < i <4}) = 3. Hence, we conclude that card({i: a N A; # D, 1 <
i < 4}) = 2, which proves the claim.

By the claim, we assume that (a1,b1) € Ay and (a3, b3) € A;. Notice that A1, Ap, A3, Ay
are geometrically symmetric as well as their corresponding centroids are symmetrically
distributed over the square [0, 1] x [0,1]. Without any loss of generality, we can assume
that the optimal point (a1, b;) is the centroid of Ay, ie., (a1,b1) = (g, %) Then, due to
symmetry with respect to the line x; = %, it follows that (a3, b3) = centroid of Ay = (%, %),
and (ay, by) lies on x; = 1 but above the line x; = % Now, notice that

55 2
min {Il(f f) (a3, b3) 1P+ 11(Z, 2) = (a3, b3)|*} = =,
(a3,b3)€[},2]x[31] 66 9

which occurs when (a3, bg) = center of [1,3] x [3,1] = (},2). Moreover, the three

points (6' 1), (2, %) and (1 ,2) are the centroids of their own Voronoi regions. Thus,
{(3,1),(2,%),(3,2)} forms an optimal set of three-means with quantization error V3 = {5.
Hence, the proposition follows. [J
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Remark 3. Due to symmetry, in addition to the optimal set given in Proposition 3, there are three
more optimal sets of three-means with quantization error V3 = 11—2 (see Figure 3).

— I:l.D ? I:l.D ? — g
= & (10 =21 0 OO =T (10
@] e o .
= 5 .H = . g H zoa‘ B H
C1L 0 C1L 0 CL O

Figure 3. Optimal sets of three-means.

4. Affine Measures

In this section, we show that the affine measure P under consideration is the direct
product of the Cantor distribution P,.

For the rest of the article, by a word ¢ of length k over the alphabet {1,2}, it is meant
0= 01050 € {1,2}%, k > 1. By a word of length zero it is meant the empty word
@. {1,2}* represents the set of all words over the alphabet {1,2} including the empty
word @. Length of a word ¢ € {1,2}* is denoted by |o|. If ¢ = 0707 - - - 0}, we write
Uy := Uy, o Uy, 0 - - - 0 Uy, . Ug represents the identity mapping on R. By u, we represent
the similarity ratio of U, If X, is the random variable with distribution P, then E(X.) = %
and V(X.) = L [10]. For ¢ € {1,2}*, write A(0) := Uy (%). Notice that for ¢ € {1,2}*,
we have 3 (A(c1) + A(02)) = A(0), us = the contractive factor of U, and for the
empty word @, A(@) = 1. For o € {1,2}* define A, := U,[0,1]. For any positive integer
n, by 2*"* it is meant the concatenation of the symbol 2 with itself n-times successively, i.e.,
2% =222 . (n times), with the convention that 2* is the empty word. For any positive
integer k, by {1,2}*¥*2 it is meant the direct product of the set {1,2}* with itself. By {1,2}%*2
it is meant the set {(@,@)}. Also, recall the notations defined in Section 2. Let us now
introduce the map F : N* U {(c,00) : ¢ € N*} — {1,2}* such that

fla)f(o2) - f(0)0))
F(x) = {
@

1
3lof”

ifx=0=00- 0,
ifx = (0’1(72' . '(T‘U.|,OO),
ifx=0,

fla)f(o2) - f(0)), ) (6)

where f: NU {(n,00) : n € N} — {1,2}* \ {@} is such that

2*(1171)1
9*1

Flx) = if x = n forsomen € N,

if x = (n, 00) for some n € N.
The function f is one-to-one and onto, and consequently, F is also one-to-one and onto. For
any o € N*, write AF(0) := A(F(c)) and AF (0, ) := A(F(0,)).

The map F is instrumental in converting the infinitely generated affine measure P
to a finitely generated affine measure P. x P.. Furthermore, to improve the clarity of the
arguments, we will write T; for Séil}), and T; for SE?;), where Tj for all k > 1 form an
infinite collection of similarity mappings on R such that Ty(x) =

x € R. Thus, if w = (i1, j1)(i2, j2) - - - (in, jn), then 58) - T

i
Sg):leo'o-oTjn

:%kx—l—l—sk%l for all
= T} j,-j, foralln > 1. Again, Tg is the identity mapping on R.

o---0T; and

n 1ip+++in

Lemma 8. Let Ty for k > 1 be the infinite collection of similitudes defined above, and Uy and
Uy be the similitudes generating the Cantor set. Then, for any o € N* and x € R, we have

To(x) = Up(e)(x).
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Proof. If ¢ = 1, then Ty (x) = 3x = Uy(x) = Up(1)(x) for any x € R. Assume that the
lemma is true if o = k for some positive integer k, i.e., T(x) = Up()(x). Then,

1 2
Up (k1) (%) = Uputg (%) = Upetetyg (%) = Upeey Un () = Uy (g X + 3)

1
Sx42)+1-—

1
?(3

1 2 1 1
= u2*<k—1>1(3(§x + 5)) = uF(k)(ngrZ) = Tk(gx +2) = 1

1 1
3k+1x+1 3 = Tiey1(x).

Thus, by the Principle of Mathematical Induction, Ty (x) = Up) (x) forall k € N. Again, for
any 7,6 € N*, by (6), it follows that F(cé) = F(0)F(é). Hence, forany ¢ = 0y03 - - - 0 € N*¥,
n > 1, we have

To(x) = Toy 0 Ty 0+ + - 0 T, (x) = Up(gy) © Up(gy) © * + + © Up(g,) (¥) = Up(e) (%),
which completes the proof. [

Lemma 9. Let w € Z*, and F be the function as defined in (6). Then for r = 1,2, we have

Ny = g1 w0 _ g 1 (r)
AF( ) Sw (2),andAF( ) Sw (w fw)‘+1 <)+1)(2)+Sw*(w‘(;)‘+l (>+l)

“lol “lwl

Proof. By Lemma 8, we have

1 - 1
AF(@) = Ug0(3) = Ty (5) = 80’ (3), and similarly AF(w®) = 5(5).

Without any loss of generality, we can assume w = (i1, j1)(i2, j2) - - - (ig, jx) for k > 1. Then,

1 1 1
AF(w, 00) = uF(ilizn-ik,oo)(E) = Ur(iip-iy_,) © UF(i,, oo)(*) = Up(iyiy-iy 1) © Uz*ik(i)
1 3
= uF(iliz---l’k,l) © uz*lkl(u] 1(5)) UF(I]ZZ g 1) o uF 1k+1 ( ) - uF 1112"'ik—1(ik+1))(§)
3 (1) 3
= TiliZ‘“ik—l(ik"‘l)(E) - Sw’(ik+1r]'k+1)(§)'
(1) 3 (1) 1y 1 3 1 11 1 1
Because, S(z 41, ]k+l)(§) - S(ik+l,jk+l>(§) = 312 +1-— 3F A2 T 1+ 3% 3Rkl we
have
1) 3, _ Ly e 3, _ Ly_.m_1
Sw*(ik-i-l jk+1)(§) o Sw*(z‘k—i-l,jk-i-l)(i) - Sw*(s(ik—i-l,jk—i-l)(i) B S(ik+1,jk+1)(§)) = Su- 3ig+1
1) (1) . .
= Su- (i +Lj+1) — Sw (@ ‘( )PLl w‘( )‘ , which yields
1 _ <@ 3y — @) 1 1) o
AF(wM),00) = Sw*(ik+1,jk+1)(§) = Sw,( ‘(1>‘+1,w|(z)‘+1)(§) + Sw*(w‘(l)ﬁl,w‘(z)ﬁl)' Similarly,
( oo) w™ ( fw>‘+1 wMJrl)(z) + Sw*(w‘(i)ﬁrl,wl(i)ﬁl)

Remark 4. By Lemmas 4 and 9, for any w € L*, we have

a(w) = (AF(wM), AF(w®)), a(w(e0,0)) = (AF(wM),00), AF(w?,0)),
a(w(c0,?)) = (AF(wM), 00), AF(w®)), and a(w(®@,0)) = (AF(wM), AF(w?, 0)).

The following example illustrates the outcome of the lemma above.
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Example 1. a((1,1)) = (AF(1), AF(1)) = (A(1), A(1)) = (3, 3),
a((1,1)(c0,@)) = (AF(1,00), AF(1)) = (A(2), A(1)) = (%, ¢).

a((1,1)(@,0)) = (AF(1), AF(1,00)) = (A(1), A(2)) = (¢, 2)

a((1,1)(c0,00)) = (AF(1,00), AF(1,00)) = (A(2),A(2)) = (2,2),
a((1,1)(1,1)) = (AF(11), AF(11)) = (A(11), A(11)) = ({5, 15),
a((1,1)(1,1)(c0,@)) = (AF(11,00), AF(11)) = (A(12), A(11)) = (5, 15),
a((1,1)(1,1)(®,00)) = (AF(11), AF(11,00)) = (A(11), A(12)) = (15, 15), and
a((1,1)(1,1)(c0,00)) = (AF(11,00), AF(11,00)) = (A(12), A(12)) = (55, %), etc.

Lemma 10. Let y =Y ;7 4 zl—ky o Tk_l. Then, for any o € N*, we have p(T¢[0,1]) = Pc(Ap(y)),
where P, := %PC ) U;l + %PC o U;l.

Proof. Without any loss of generality, let o = ijiy - - - i} for any k > 1. See that F(o) =
F(i1)F(ia) - - - F(ix), and thus |F(0)| = [F(i1)[ + [F(i2)| + -~ + [F(ix)| = h + i + - + ik
Consequently,

1 1
mTe[0,1) = Dittipt ik olF(@)] Pe(Ap(o)),

which proves the lemma. [
Proposition 4. Let P be the affine measure. Then, P = P, x P, where P, is the Cantor distribution.

Proof. Borel o-algebra on the affine set is generated by all sets of the form Js ) for (6, 7) €
Z*, where J5 ) = S(5,)([0,1] x [0,1]). Notice that

J5,0) = T5[0,1] x T¢[0,1] = Up(5)[0, 1] x Up(£)[0,1] = Aps) X Ap(q).-

Again, the sets of the form A,, where a € {1,2}*, generate the Borel o-algebra on the Cantor
set C. Thus, we see that the Borel o-algebra of the affine set is the same as the product of
the Borel o-algebras on the Cantor set. Moreover, for any (J,7) € Z*, by Remark 1 and
Lemma 10, we have

P(Js7)) = H(T5[0, 1)) u(T[0,1]) = Pe(Ap(s)) Pe(Ap(z)) = (Pe X Pe)(Ap(s) X Ap(r))-

Hence, the proposition follows. O

Remark 5. By Proposition 4, it follows that the optimal sets of n-means for P are the same as the
optimal sets n-means for the product measure P; X P on the affine set. Moreover, for k > 1 we can
write 1
P=P.xP, = Z *k(PcXPc)O(umuT)_lr
(o,T)e{1,2}k2

where for (x1,x2) € R?, (Uy, Ur) " (x1,x2) = (Uy L (x1), U7 (x2)).

5. Optimal Sets of n-Means for all n > 4

In this section, we will derive closed formulas to determine the optimal sets of n-means
and the nth quantization error for all n > 4. For (o, ) € {1,2}*2, write Agr) = Ar X Ar
and U((T,T) = (Ug, LIT)

Lemma 11. Let « be an optimal set of n-means with n > 4. Then, a N A(;;y # © for all
1<i,j<2

Proof. Let « be an optimal set of n-means for n > 4. As the optimal points are the centroids
of their own Voronoi regions we have « C Ap x Ag := [0,1] x [0,1].
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Consider the four-point set g given by g = {(A(i), A(j)) : 1 <1i,j < 2}. Then,

1,1 1.1 1

_ 24P — _ 2 _ R

 min | —c|Pap = 2/‘nx (IPAPex P = Y 1(5+5)5 = 3

ij=1 i,j=1
Because V is the quantization error of four-means, we have c > Va=Vy
Assume that & does not contain any point from U ) A(i,j)- We know that
i,j=
11
Y (ab)P(M(a b)) = (5,5)- )

(a,b)ea

If all the points of « are below the line x, = %, ie,if b < % then by (7), we see that
3 = Y(ap)ea bPP(M(a,b)|0)) < Y(gp)ea 3P(M(a,b)|a)) = 3, which is a contradiction.
Similarly, it follows that if all the points of a are above the line x, = 1, or left of the line
x| = %, or right of the line x; = %, a contradiction will arise.

Next, suppose that all the points of « are on the line x; = 2 We will consider two
cases: n =4and n > 4. Whenn =4, leta = {(a;,3) : 1 <i < 4} witha; < a; fori < j.
Due to symmetry, we can assume that the boundary of the Voronoi regions of the points
(a1, %), (a, %), (a3, %), and (ay, %) are respectively x; = %, X1 = %, and x; = % yielding
« = {(13,3), (13,3), (13, 3), (1§, 3)}, and then writing B := Ay317) U A(11,12) U A11,21) U
A(11,22), by symmetry we have

/m1n||x—c|\2dP 4/||x— = E )I2d(Pe x P.)
2 11 2
—8(/|M——f>HﬂHxEH% [ lx= (55 )PP x P)
A An12)
65 17 41
= 85754 * 5188) T 301~ W

2
which is a contradiction. We consider the case n > 4. Because for any (x1,x;) € U ) Ajj,
1

7,

minceq || (x1,%2) — ¢||? > &, we have

1
/mln |x — ¢|?dP = Z / mln |x —c||?d(P. x P.) Z / d(P, x P,) = %

ij=1 ij=1

which 1mp11es > V4 > V4, a contradiction. Thus, we see that all the points of « can not
lie on xp = 2. Slmﬂarly, all the points of « can not lie on x1 = %

Notice that the lines x; = 1 and x, = 1 partition the square [0,1] x [0,1] into four
quadrants with center (1, ). If n = 4k for some positive integer k, due to symmetry, we can
assume that each quadrant contains k-points from the set «. But then, any of the k points
in the quadrant containing a basic rectangle A(; ;) can be moved to A(; ;) which strictly
reduce the quantization error, and it gives a contradiction as we assumed that the set « is
an optimal set of n-means and « does not contain any point from A; ) for1 <i,j < 2.

If n = 4k + 1,4k 4 2, or n = 4k + 3, then, again due to symmetry, each quadrant gets at
least k points. Then, as in the case n = 4k, here also, one can strictly reduce the quantization
error by moving a point in the quadrant containing a basic rectangle A(; ;) to A; ;) for
1 <i,j <2, which is a contradiction.

Thus, we have proved that & N A(z‘,j) #Qforalll <i,j<2. O
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Lemma 12. Let a be an optimal set of n-means with n > 4. Then, o C U A( i)
i ]_

Proof. By Lemma 11, we know thata N A(; ;y # @ forall 1 < i,j < 2. Now, we will prove
the statement by considering four distinct cases:

Case 1: n = 4k for some integer k > 1.

In this case, due to symmetry, we can assume that « contains k points from each of
Ay j), otherwise, quantization error can be reduced by redistributing the points of « equally

among A(; ;) for1 <i,j <2,andsoa C U A(z])
l]_
Case 2: n = 4k + 1 for some integer k > 1.
In this case, again due to symmetry, we can assume that & contains k points from each

2
of A(; ), and if possible, one point, say (a,b), from A \ . Ul A(;j)- By symmetry, one
ij=

can assume that (4, b) is the midpoint of the line segment joining any two centroids of the
basic rectangles A(; j for 1 <i,j < 2. Let us first take (a,b) = (1,1) which is the center
of the affine set. For simplicity, we first assume k = 1, i.e.,, n = 5. Then, a contains only
one point from each of A; ;). Let (a1, b1) be the point that « takes from A 1). As 4 hH
lies on the diagonal x; = x1, due to symmetry we can also assume that (a1, b;) lies on
the diagonal x, = x;. By Proposition 1, we have P(M((3, 2)|¢x)) > 0. This yields that
3((a1,b1) + (3, 3)) < (3, %) which implies a; < { and by < &. Then, we see that

1 2
f—V4~V5—4/ min x—czdP>/min x—c|?dP = = > Vs,
36 P [l —cf min |l = cf 8

where B = {(&, &), (& %), (3, 1), (%, 2), (3, 2)}, which is a contradiction. Similarly, if
we take (a,b) as the midpoint of a line segments joining the centroids of any two adjacent
basic rectangles A(; ;) for 1 < i,j < 2, contradiction arises. Proceeding in the similar way,
by taking k=2,3,---, we see that contradiction arises at each value k takes. Therefore,
a C U A( i)

ij=1

Case 3: n = 4k + 2 for some integer k > 1.

In this case, due to symmetry, we can assume that « contains k points from each of

2
A(; ), and if possible, two points, say (a1, b1) and (a2, b2), from A(g g \ z‘,jLil A )- Then, by

symmetry, we can assume that (a1, by) lies on the midpoint of the line segment joining the
centroids of A(j 1), A(y,1); and (a2, b2) lies on the midpoint of the line segment joining the
centroids of A(j 5) and A, ). Asin Case 2, this leads to a contradiction. Thus, & C U ) Ay
ij=

Case 4: n = 4k + 3 for some integer k > 1. Due to symmetry, in this case, we can assume
that each of A(; 1) and Ay 1) gets k + 1 points; each of A(; 5) and A, ) gets k points. The
remaining one point lies on the midpoint of the line segment joining the centroids of A 5
and A(;y). But, in that case, proceeding as in Case 2, we can show that a contradiction

arises. Thus, « C U A( i)
1]7

We have shown that in all possible cases & C U A( j); hence, the lemma follows. [
ij=1

Corollary 1. Theset {(%,1),(2,1),(%,2),(2,2)} is a unique optimal set of four-means of the
affine measure P with quantization error Vg = 3% (see Figure 4).
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Figure 4. Optimal sets of n-means for 4 < n < 7. Optimal set of 4-means is unique; on the other
hand, optimal sets of n-means for n = 5, 6,7 are not unique.

Remark 6. Let a be an optimal set of n-means, and n;; = card(p;j) where Bij = a N A j) for
1<4,j <2 Then, 0 < |njj —np| <1for1 <ijpq<2

Lemma 13. Let n > 4 and « be an optimal set of n-means for the product measure P, x P,. For
1 <1i,j <2 set Bjj == aNAgj, and let n; = card(B;;). Then, U (ﬁ,]) is an optimal set of
n;j-means, and V, = Z % anj

1]_

Proof. For n > 4, by Lemma 11, we have a = U ﬁ,], n= E n;j, and so
ij=1 ij=1

2 / min [ - a|2d(Pe x P.).

[} 1
I= A

If U(_lll) (B11) is not an optimal set of 7111-means for P, x P, then there exists a set y1; C R?

with card(y11) = n11 such that [ minse,,, [|x —al/?d(P. x P.) < fmmaeu L) |x —

a||>d(P. x P.). But then, § := U,y (711) U B12 U Ba1 U B2 s a set of Cardmahty n and it
satisfies [ min,es ||x — al|?d(Pe x P.) < [ mingeq ||x — a||?d(P. x P;), contradicting the fact
that « is an optimal set of n-means for P. x P.. Similarly, it can be proved that U(_llz) (B12),

2 1 (B21), and U ( B22) are optimal sets of 11-, 1121-, and ny-means respectively. Thus,

2 2
1 . 1

V, = /mme—aH d((P; xPc)oU( )) Z % min Hx—gHZdP: Z 36Vn’/'

ij= 1 j=

aEU(’i;) (Bij) ij=1

which gives the lemma. O

Proposition 5. Let n € N be such that n = 4°"") for some positive integer £(n). Then, the set

() 1= U A(o), A
= U AAE)AR)

forms a unique optimal set of n-means for the affine measure P with quantization error
_ 11
V4€(n) ~ 49lm-

Proof. We will prove the statement by induction. By Corollary 1, it is true if ¢(n) = 1.
Let us assume that it is true for n = 4 for some positive integer k. We now show that
it is also true if n = 4*1. Let B be an optimal set of 4" 1-means. Set B;; := BN A(; ;) for

1 <i,j < 2. Then, by Lemmas 11 and 13, U (,Bl]) is an optimal set of 4k—means and
so Ui (By) = {(Al0), A(x)) : (0,7) € (1,2}92} wahich implies B, ~ {(A(i), () :
(,7) € {1,2}2}. Thus, p = U718 = {(A(0),A(7)) : (0,7) € {1,2}+1)2} js
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an optimal set of 4“*1-means. Because (A(c), A(T)) is the centroid of A(y,r) for each
(0,7) € TF1, the set B is unique. Now, by Lemma 13, we have the quantization error as

2
1 111 11
V= b3 =50 g g
Thus, by induction, the proof of the proposition is complete. [

Definition 1. For n € N with n > 4 let {(n) be the unique natural number with ) <y <
24100 For T < {1,2}/*2 with card(I) = n — 4/") let a,,(I) be the set defined as follows:

wn(l) = U {(A(0), A(D)}U( U {(A(01), A(T)), (A(02), A(T))}).

(o,T)e{1,2} =2\ 1 (o,7)el

Remark 7. In Definition 1, instead of choosing the set {(A(c1), A(T)), (A(02), A(T))}, one can
choose {(A(c), A(T1)), (A(0), A(T2))}, i.e., the set associated with each (o, T) € I can be chosen

in two different ways. Moreover, the subset I can be chosen from {1,2}/(")*2 in e 1 al(n) WAYS.
Hence, the number of the sets a, (I) is 26741 . 4 C,_4ttn)-

The following example illustrates Definition 1.

Example 2. Let n = 5. Then, £(n) = 1,1 C {1,2}*? with card(I) = 1, and so

as({(1,1)}) = {(A(1), A(2)), (A(2), A(1)), (A(2), A(2)) } U{(A(11), A(1)), (A(12), A(1)) }
15 51 55 11 51
:{(6’5)’(6’8)’(8’6)}U{(ﬁ’a’(ﬁfg)}'
as({(1,1)}) = {(A(1),A(2)), (A(2), A(1)), (A(2), A(2))} U{(A(1), A(11)), (A(1), A(12)) }
15 51,55 11 1 5
—EDEHE G a0 G2y,

Similarly, one can get six more sets by taking I = {(1,2)}, {(2,1)}, or {(2,2)}, i.e., the number
of the sets a, (I) in this case is 2¢74(D) . 4t )Cn—4f<") =8.

Proposition 6. Let n > 4 and w, (1) be the set as defined in Definition 1. Then, a,(I) forms an
optimal set of n-means with quantization error

I S W PO ()
Vn_436€(n)(24 net o (n—4 )).

Proof. We have n = 4/(") 4 kwhere 1 < k < 4/(")_ Set Bij = a N Aj; with n;; = card(B;;) for
1 <14,j <2. Letus prove it by induction. We first assume k = 1. By Lemmas 11 and 13, we

can assume that each of U (ﬁl]) fori =2and j = 1,2, are optimal sets of 4/(")~1-means
and U, i 1)(,811) is an optlmal set of (4/(")~1 4 1)-means. Thus, fori = 2 and j = 1,2, we
can wrlte

Uy (Bij) = {(A(0), A7) = (,7) € {1,2}"0) "D}, and
Uy (Bn) = {(A(0), A1) = (0,7) € {1,2}07D20\ {21} U U (a2),

for some T € {1, 2}“(”)_1)*2, where «; is an optimal set of two-means. Thus,

an({(1,1)7}) = i,]‘él Bij = {(A(0), A(1)) : (0,7) € {1,212\ {(1,1)T}} U U 1y (a2),
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for some T € {1,2} (=12 where a; is an optimal set of two-means. Notice that instead
of choosing U(_lll ) (B11) as an optimal set of (4/()~1 4 1)-means, one can choose any one

from U(_l.}) (Bij) fori = 2,j = 1,2, as an optimal set of (4/0)=1 4 1)-means. Hence, for

n = 4" 4+ 1, one can write

2
wn(l) = U, Bij = {(Al0), A7) : (07) € {1,202\ {7}} Ul (2),
where I = {1} for some T € {1,2}/(")*2 as an optimal set of n-means. Thus, we see that

the proposition is true if n = 4/(*) k. Similarly, one can prove that the proposition is true
forany1 <k < 4%(") Then, the quantization error is

Vo= min ||x— (ﬂ,b)szP = Z / [|x — (A(U'),A(T))sz(Pc x P,)
(a,h)GD(n(I) (0, 7)6{1,2}‘('0*2\1 Agx Az
_ H /A Zd PC pc
pr Ellzl/AmxAT I = (A(o), A(x))Pa(P: x Po)
1 1 2 1 1 1
= D (+ut)g+ Yo Y oy e +ut)g
(o,1)e{1,2}1m=2\ 4¢(n) 8 (oDerig 4ln) 2\ )
= 1 2 2,1 1 15 2,1
_ )3 F BTt L (Gut g

(o,T)e{1,2}Hm=2\1 (o,7)el

Because card ({1,2}/(0*2\ [) = 2.4 _y, card(I) = n — 4'", uy = uy = , upon

31

simplification, we have V,, = (2 41—+ 3(n—4° (”))) Thus, the proof of the

4 36£
proposition is complete. [J

Definition 2. For n € N with n > 4 let £(n) be the unique natural number with 2 - 4/ < n <
44+ For I < {1,202 with card(I) = n — 2 - 4/ let w,,(I) be the set defined as follows:
wn(I) = U (A(e1), A(1)), (A(02), A(T))}
(o,T)e{1,2} 2\
U( U {(A(e1), A(t1)), (A(e1), A(72)), (A(02), A(T))})-

(o,r)el

Remark 8. In Definition 2, instead of choosing the set {(A(c1), A(7)), (A(c2), A(T))}, one can
choose {(A(0), A(t1)), (A(0), A(12))}. Instead of choosing the set

{(A(c1), A(71)), (A(c1), A(72)), (A(02), A(T))}, one can choose either the set

{(A(e1), A(7)), (A(02), A(T1)), (A(e ) ( 2))}, or

{(A(e1), A(71)), (A(02), A(11)), (A(0), A(72))}, o
{(A(U),A(Tl)),(A(Ul),A(TZ)),(A(UZ) A(TZ))} i.e., the set corresponding to each (o, T) €

{1,2}10)*2\ [ can be chosen in two different ways, and the set corresponding to each (o, 7) € I
can be chosen in four different ways. Because card({1,2}{00*2\ T) = 441 — (5 — 2. 4t(")) =
34" — y and the subset I can be chosen from {1,2}/(")*2 in 4l
the sets a () is 234" =1 . geard(1) 4 ¢

K C,,_p.4t(n) ways, the number of
n—2-4tm)-

We now give an example illustrating Definition 2.
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Example 3. Let n = 9. Then, {(n) = 1, I C {1,2}*? with card(I) = 1. Tuke I = {(1,1)}.
Then,

a({(1L,1)}) = {(A(11), A(2)), (A(12), A(2)), (A(21), A(2)), (A(22), A(2)), (A(21), A(1)),
(A(22), A(1))} U {(A(11), A(1)), (A(12), A(11)), (A(12), A(12)) }
15 ,55 ,135 ,175 ,13 1, ,17 1
186" 1876 186" 1876 (1876 (1876
11,5 1 5 5
Erﬁ)z(ﬁrﬁ)f
Note that each of ag({(1,1)}), a9({(1,2)}), a9({(2,1)}), @9 ({(2,2)}) can be chosen in 32 ways,

i.e., the numbers of the sets ag(I) in this case is 4 - 32 = 128. Moreover, by using the formula in

Remark 8, we have

234 —n gcard(I) .4[(")(:” 2.4t = 128.

Proposition 7. Let n > 4 and w,,(I) be the set as defined in Definition 2. Then, a,(I) forms an
optimal set of n-means with quantization error

1
360 (n)+1

V, = (945 —2p).

Proof. We have n = 2-4/(") 4 k where 1 < k < 2 -4/ Set Bij = a N Aj; with nj; =
card(B;;) for 1 < i,j < 2. Let us prove it by induction We first assume k = 1. By
Lemmas 11 and 13, we can assume that each of ug, (ﬁlj) fori =2andj = 1,2, are optimal

sets of 2 - 4/(")~1_means and l,l(1 1) (B11) is an opt1ma1 set of (2-4/W~1 4 1)-means. Thus,
fori =2and j = 1,2, we can write

U (Bip) = {U(g)(02) < (0,7) € {1,230 1>*2} and
ua}l)(ﬁll) = {U(O’,T) (D‘ ) . ( ) € {1 2} )=1)x2 \ {T}} U UT(D(3)

for some T € {1, 2}“(”)’1)*2, where «3 is an optimal set of three-means. Thus
2
an({(1,1)7}) = ijLi1 Bij = {U)(a2) = (0,7) € {1,212\ {(1,1)7}} U Uy 1) (a3),

for some T € {1 2}(m=1)%2 \where a3 is an optimal set of three-means. Notice that instead
of choosmg U( (B11) as an optimal set of (2 - 4/")~1 4-1)-means, one can choose any one

from U ([3,]) forz =2,j=1,2, as an optimal set of (2 - 4/()=1 4 1)-means. Hence, for

n=2- 46( ) 4 1, one can write

w(1) =0 By = (U (a2)  (0,7) € (1,2} {7}} U L),

where I = {1} for some T € {1,2}/(")*2 as an optimal set of n-means. Thus, we see that
the proposition is true if n = 2 - 4/(Y) 4 1. Similarly, one can prove that the proposition
is true for any 1 < k < 24/, Thus, writing &y = {(A(1), A(D)), (A(2), A(®))}, and
a3 = {(A(1),A(1)),(A(1),A(2)),(A(2), A(D))}, we have, in general,

wn(l) = U sz AL, A(T), (A(02), A7) }
(o,T)e{1,2} 2\

( U_{(A(01), A(71)), (A(01), A(72)), (A(02), A(T))}),

(o,7)el
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where I C {1,2}5(”)*2 with card(I) = k forsome 1 < k < 2- 4%(") | Then, we obtain the
quantization error as

2
Vo= min ||x— (a,b)|2dP = Yooy / Ix — (A(ei), A(T))|[2d(P. x P)
(e0) bl (00) (L2} WAL=y S g,
2 o
+ L (X [ == (Al A) PP x B)

=
(o,T)el A01><AT]'

+ [ v (A@2), A)IRAP. x P
Aga X Ar

2 1 1 1 /&1 1 1 1
- )3 )3 Fud)gt ) Yo (g +udy) g+ o (U +ud) g
(0,0)e{1,2) 0092\ [i=1 4€ 2! i e 8 (a,r)el 45(")(]‘14 cUi 2 8)

1 .1 1

= Z (,MZ + Z 2)7.

((r,’r)e{l,z}‘(")*z\lzl fm 9 (IS é 72

Because card ({1,2}/(0*2\ [) =34/ —y, card(I) = n —2 -4/, uy = u, = 3[1

simplification, we have V,, = W (9 -4'(") —21). Thus, the proof of the proposition is
complete. [

, upon

6. Quantization Dimension and Quantization Coefficient for P

The techniques employed in the previous sections also provide closed formulas for
the quantization errors involved at each step. Such closed formulas are amenable for
direct calculation of the quantization dimension and the quantization coefficient for the
probability distribution involved. Hence, in this section we will calculate the quantization
dimension D(P) of the probability distribution P, and the accumulation points for the
D(P)-dimensional quantization coefficients. By Propositions 5-7, the nth quantization
error Vj, is given by

1 (n) _ 5y — 4tn) if 4(0) <y < 2. 4tM)
Vi = 436 ((n) sl )) 1 o) - /(n)i&-l ®)
365( ( ) if 24" <n < 4° .
Proposition 8. The quantization dimension D(P) of the probability distribution P exists and
equals igg;

Proof. By (8), for 4'n) < <. 4“”) it follows that V.

2.4¢(n) < Vn S V4£(n)ri*e-/
5 g-t(n) Lo—t(n)
el < < =
369 <V, < 49 ,
and so
2((n)log4 < 2logn 2log2 +2¢(n)log4
—log 5 +¢(n)log9 ~ —logVy = —logl+¢(n)log9’
Thus, we deduce that

lim 2logn log4.
n—eo —logV, log3

Similarly, for 2 - 4t(n) < 3 < 44M+1 e also obtain the same limit. Hence,

_ 2logn log4
DP) = I eV ~ Tog3'

Thus, the proof of the proposition is complete. [
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Proposition 9. Let  := D(P) be the quantization dimension of P. Then, the B-dimensional

2
quantization coefficient forP does not exist, and the accumulation points of {nf Vy,},cn lie in the
closed interval [{5, 3].

Proof. Recall the sequence of quantization errors {V;,}3°_, given by (8). Again, notice that
1 2
4F = 3. Along the sequence {4/}, .y, we have limnﬁoo(élé(”))ﬁvﬂ(”) = 1. Similarly,
2
along the sequence {2 -4/}, .y, we have lim, (2 - 4“™) BV, ) = 3. Consequently,
2

li_r>n nfV, does not exist. Now, we calculate the range for the accumulation points of
n—oo

2
{n#V,},en. The following two cases can arise:
Case 1. 4/(1) < < 2.4t
2 2
In tb;is case, we have V, iy < Vi < V), implying (4€(”>)EV2,44W < nbV, <
(2445 V() - Because

5 2 3
4l = 77, and lim (2-4€(”))ﬂV4é(n> =

im (40N 7
lim (4"V")EV, % lim

n—o0 2

o~

2 2
it follows that along such subsequences, we have liminf, nfV,, = % < % = limsup, n?V,.
Case 2. 2 - 440) < 7 < 4t(m)+1,
In this case, we have Vi1 < Vi, <V, 4u(n), implying

2 2 2
(24 NE V0 < nBV, < (4G Y,

2.46(n) -
Because
lim (2 - 4¢(n) %V _ 1 d lim (4/(+1 %V _2
nl—I)Iolo( . ) 4/(;1)+1 — ﬁ/ an ngl;lo( ) 2.4Z(”) - Z’

2 2
it follows that lim inf,, n# V,, = % < % = limsup, n?V,.
By Case 1 and Case 2, for n € N, we see that

1 . 2
o = limsupnbfV,,

n

<

=1 Q1

2
liminfnfV, =
n

2
which yields the fact that the accumulation points of {n# V, }, <y lie in the closed interval

(15, 3. Thus, the proof of the proposition is complete. [

7. Discussion and Concluding Remarks

Motivation. As it has been mentioned in Introduction, the main motivation for this
article is completion of the programme initiated in [14]. In the meantime, we extend the
results in [12] to the setting of infinite affine transformations. Analogously to [10], this
completes the programme of providing complete quantization for affine measures on R

Observations and Remarks. Quantization of continuous random signals (or random
variables and processes) is an important part of digital representation of analog signals for
various coding techniques (e.g., source coding, data compression, archiving, restoration).
The oldest example of quantization in statistics is rounding off. Sheppard (see [19]) was the
first who analyzed rounding off for estimating densities by histograms. Any real number x
can be rounded off (or quantized) to the nearest integer, say g(x) = [x], with a resulting
quantization error e(x) = x — q(x). Hence, the restored signal may differ from the original
one and some information can be lost. Thus, in quantization of a continuous set of values
there is always a distortion (also known as noise or error) between the original set of
values and the quantized set of values. The main goal in quantization theory is finding
a set of quantizers with minimum distortion, which has been extensively investigated
by numerous authors [2,20-24]. A different approach for uniform scalar quantization is
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developed in [25], where the correlation properties of a Gaussian process are exploited to
evaluate the asymptotic behavior of the random quantization rate for uniform quantizers.
General quantization problems for Gaussian processes in infinite-dimensional functional
spaces are considered in [26]. In estimating weighted integrals of time series with no
quadratic mean derivatives, by means of samples at discrete times, it is known that the
rate of convergence of mean-square error is reduced from n =2 to n~1'> when the samples
are quantized (see [27]). For smoother time series, with k = 1,2,--- quadratic mean
derivatives, the rate of convergence is reduced from n%¥=2 to n~2 when the samples are
quantized, which is a very significant reduction (see [28]). The interplay between sampling
and quantization is also studied in [28], which asymptotically leads to optimal allocation
between the number of samples and the number of levels of quantization. Quantization
also seems to be a promising tool in recent development in numerical probability (see,
e.g., [29]).

By Proposition 1 the points in an optimal set are the centroids of their own Voronoi
regions. Consequently, the points in an optimal set are an evenly spaced distribution of sites
in the domain with minimum distortion error with respect to a given probability measure
and is therefore very useful in many fields, such as clustering, data compression, optimal
mesh generation, cellular biology, optimal quadrature, coverage control and geographical
optimization; for more details one can see [7,30]. In addition, it has applications in energy-
efficient distribution of base stations in a cellular network [31-33]. In both geographical
and cellular applications the distribution of users is highly complex and often modeled by
a fractal [34,35].

Future Directions. k-means clustering is a method of vector quantization, origi-
nally from signal processing, that aims to partition n observations, or the underlying
data set into k clusters in which each observation belongs to the cluster with the near-
est mean, also known as cluster center or cluster centroid. For a given k and a given
probability distribution in a dataset there can be two or more different sets of k-means
clusters: for example, with respect to a uniform distribution the unit square {(x1,x2) :
|x1] < 1,|x2] < 1} has four different sets of two-means clusters with cluster centers
(D), CL-Dh =51, -1}, {(=3,0), (4,0}, and {(0,1), (0,—1)}. Among
these only {(—3,0), (3,0)},and {(0, 1), (0, —})} form two different optimal sets of two-
means. In other words, we can say that for a given k, among the multiple sets of k-means
clusters, the centers of a set with the smallest distortion error form an optimal set of k-means.
Thus, it is much more difficult to calculate an optimal set of k-means than to calculate a set
of k-means clusters. There are several work done in the direction of k-means clustering. On
the other hand, there is not much work in the direction of finding optimal sets of k-means
clusters, and the work in this paper is an addition in this direction.

The probability measure P considered in this study has identical marginal distributions,
which is instrumental in determining optimal sets of 2-, 3-, and 4-means accurately. Besides,
it enables us to bridge infinitely generated affine measures with finitely generated ones, and
consequently, connect optimal sets of n-means for P and Pc x Pc. It would be interesting
to investigate if similar results can be achieved when P is induced by different infinite
probability vectors {p;;} than considered in this article.
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