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Abstract: The synchronization of fractional-order chaotic systems is investigated using command-
filtered adaptive fuzzy control with a disturbance observer, where an event-triggered mechanism
and backstepping control technique are employed. In order to relieve the pressure of the continuous
update of the controller and improve the resource utilization, an event-triggered control strategy
is constructed to reduce the amount of communication for the actuator. Under the framework of
adaptive fuzzy backstepping recursive design, fuzzy logical systems and disturbance observers are
proposed to estimate the unknown parametric uncertainties and external disturbances, respectively.
Moreover, a tracking differentiator is introduced to eliminate the drawback of the explosion of
complexity in traditional backstepping. By applying the fractional-order stability theory, all closed-
loop signals are bounded and chaos synchronization is achieved. Finally, a simulation example is
provided to confirm the effectiveness of the designed method.

Keywords: fractional-order chaotic system synchronization; command filter; event-triggered mecha-
nism; adaptive fuzzy control

1. Introduction

Fractional calculus, one of the fields of mathematics, was first discussed in a letter
in 1965 between the mathematicians Leibniz and L'Hospital [1]. However, it was initially
confined to pure mathematical problems due to the lack of approaches for solving fractional
differential equations, resulting in it not being applied to practical engineering. Due to
advancements in computing technology, the memory and genetic properties of the essence
of fractional calculus have been discovered, which in turn provide a forceful mathematical
model for modeling actual systems [2-5]. Compared with traditional integer-order models,
fractional-order (FO) differential equations can more accurately and effectively explain
the dynamic behaviors of numerous physical phenomena such as electrical engineering,
biological systems, and signal processing [6—8]. Consequently, in recent years, a growing
number of researchers have studied their performance through stability analysis and control
design, and many interesting results that integrate some classic control approaches and FO
operators have been successively presented for FO systems in the fields of nonlinear and
linear dynamics [9-11]. Correspondingly, a number of FO-based dynamic chaotic behaviors
have been discovered to explain natural phenomena or model physical systems including
the diffusion of liquid, FO Duffing’s oscillator, Rossler system, Chua’s circuit, and Chen
system [4,9,12].

Chaos is an interesting phenomenon that displays a complicated, unpredictable, and
sensitive dependence on the initial conditions; thus, the synchronization of chaotic systems
has gained widespread attention and become a promising research topic. The primary
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intention of synchronization is to construct some control signals to make the synchroniza-
tion errors between the drive and the response chaotic systems converge to zero. Over
the past few decades, some effective control strategies have been reported to synchronize
and control FO chaotic systems such as adaptive fuzzy control, sliding mode control, and
backstepping control [13-16]. For two FO chaotic systems with unknown functions and
external disturbances, an adaptive fuzzy synchronization control method with a fractional
integral sliding mode surface was constructed so that the synchronization errors could
rapidly converge to the origin [15]. The chaotic projective synchronization of incommen-
surate FO nonlinear systems was investigated via an adaptive fuzzy controller, where
a generalized T-S fuzzy system that can approximate the arbitrary continuous function
was studied in [16]. However, it is difficult to ensure that the system dimension matches
the number of controllers due to the limitations of the actuator installation environment,
information exchange, sensitivity identification, and other factors. Unlike [15,16], the syn-
chronization of FO chaotic systems was studied with the help of the backstepping technique
and Mittag-Leffler stability theory in [14]. An adaptive fuzzy synchronization controller
using the backstepping approach was designed in [17] for FO chaotic systems with input
constraints and time-varying external disturbances, where fuzzy logical systems (FLSs)
were utilized to approximate system uncertainties and the FO derivative of the virtual
control functions. It should be pointed out that under the backstepping control framework
in [14], the repeated differentiation of virtual control signals resulted in the explosion of the
complexity problem, which increased the computational burden and may have reduced
control performance. Although a feasible method was mentioned in [17] to deal with
unknown nonlinear functions and the derivative of virtual controllers by FLSs, the effect of
fuzzy approximation was not satisfactory due to too many unknown items in the case of
insufficient fuzzy rules (the number of rules is proportional to the amount of computation),
which further reduced control performance or caused an exceedingly large control input.
A composite learning adaptive dynamic surface control scheme was developed in [18] by
utilizing the fractional dynamic surface, which not only avoided computing the fractional
derivative of the virtual controller but also reduced the excessive computation burden.
Based on dynamic surface control, some command-filtered control algorithms were de-
veloped to eliminate known filtering errors by constructing error compensation signals
in [19-21]. Even though the burdensome calculation in the backstepping control algorithm
has been relaxed, external disturbances have often been left out in practical chaotic systems.
Disturbances, including noise, fiction, unmodeled dynamic, and parameter disturbances,
generally exist in actual systems, which will bring about an undesirable effect. In [14,16,17],
the maximum bound of disturbance compensated for the external disturbance. Although
the external disturbance was copeddealt with, it also caused an unnecessary consump-
tion of energy. To tackle external disturbances and improve control performance, the
disturbance observer provides a reasonable anti-disturbance control strategy. In [22,23],
disturbance observers were constructed to tackle external disturbances and controllers
were designed based on the output of the observers. However, disturbance observers based
on an adaptive command-filtered fuzzy synchronization control scheme for FO chaotic
systems in the presence of disturbances and function uncertainties have rarely been studied,
which motivated this work.

It needs to be pointed out that some controllers are continuously updated based
on time in the aforementioned control scheme, which deviates from reality. In order to
solve the problem of actuator limitations and resource limitations in practice, some sample
date control strategies have been developed, where controllers are updated at periodical
sampling instants. In [24,25], in view of the hereditary and memory properties of fractional
calculus, FO multi-agent systems were studied using sampled date control approaches.
Even though the desired control effect could be guaranteed by the sample date controllers,
a small sampling period was often required, which resulted in unnecessary consumption.
Hence, it is necessary to reduce similar or even identical data packages that are transmitted
repeatedly in terms of saving energy. To obtain a sufficiently appropriate communication
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rate and ensure control performance, continuous control signals were quantized before
being transmitted to the controlled system in [26]. In addition, the event-triggered strategy
also provided an effective strategy for saving energy since the controller was updated only
when the error-triggered mechanism was satisfied in [27-29]. In [27], an event-triggered
control scheme with impulsive control technology was proposed to synchronize different
FO chaotic systems, where the event-triggered condition depended on the state of the
master and slave systems. In addition, if the difference between the states of the master
and slave systems was very small, the controller output was unchanged. To obtain a
sufficient networked synchronization condition for FO chaotic systems in the presence of
function uncertainties and external disturbances, a novel event-triggered mechanism was
designed in [28], which reduced the network transmission frequency of sampling data and
ensured that the state information was transmitted in time. To synchronize FO-coupled
neural networks, in [29], an event-triggered mechanism and an impulsive control algorithm
were combined to control target systems, where a neural controller was activated only
when certain predefined conditions were satisfied. According to the above-mentioned
literature, the event-triggered control strategy has been demonstrated to be superior in
reducing the usage of communication resources and decreasing network load. It should be
mentioned that in the aforementioned results, the threshold parameters as the dynamic
parameters are often selected as fixed constants, whereas in engineering applications, this
may be unrealistic. Therefore, for FO chaotic system synchronization, it is a meaningful
but challenging task to design disturbance-observer-based adaptive command-filtered
synchronization control using the dynamic event-triggered mechanism, which is another
motivation for this work.

Inspired by the above analysis, the synchronization of FO chaotic systems with func-
tion uncertainties and time-varying external disturbances is investigated on the basis of an
adaptive command-filtered event-triggered control strategy. By constructing a disturbance
observer and adopting an event-triggered algorithm, computing resources are utilized
reasonably, the triggered time of the controller is decreased, and system robustness is im-
proved. The main contributions are summarized as follows: (1) Unlike [14-17,30], the FLSs
and the FO disturbance observer are employed to effectively deal with model uncertainty
and external disturbances in every design step of the controller; (2) With the help of the
FO differentiator, the tedious analytic computation is removed and error compensating
signals are constructed to deal with known filtering errors, which is beneficial for obtaining
a better tracking effect; and (3) A dynamic event-triggered mechanism is proposed for
controlled systems. Compared with the traditional event-triggered method, a dynamic
event-triggered controller not only balances control performance and control energy but
also relieves the pressure of the continuous updating of the controller.

The rest of this paper is organized as follows. Section 2 presents some knowledge about
fractional calculus and the problem statement. The disturbance-observer-based adaptive
command-filtered synchronization control scheme with tan event-triggered mechanism and
simulation example are given in Section 3 and Section 4, respectively. Section 5 summarizes
the paper.

2. Preliminaries and Problem Formulation

Some useful definitions and lemmas for the fractional calculus and the FLSs, which
will be used later, are provided below.

2.1. Knowledge of Fractional Calculus

The most commonly used definitions in fractional calculus are those of Riemann-—
Liouville, Griinwald-Letnikov, and Caputo. Compared with the other mentioned operators,
the Caputo fractional operator is widely used in the field of engineering because the
initial conditions for FO systems with Caputo derivatives have well-understood physical
meanings and interpretations. Therefore, the Caputo FO operator is utilized throughout
this research work.
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Definition 1 ([31]). The 9-th fractional integral of a smooth function f(t) is defined as

IPF(t) = r(lﬂ) /Ot (tf(f)l_ﬂdr,ﬁ >0, 1)

where T'(¥) = 0+°° t¥=1e~tdt is the Euler Gamma function.

Definition 2 ([31]). The Caputo fractional derivative with ¥ is given as

1 t (m)
DY) = iy . ™ @

wherem —1 < & < m, m € Z*. For convenience, only the case where 0 < ¢ < 1 is considered in
the rest of this paper. Moreover, one has I?[D? f(t)] = f(t) — £(0).

Definition 3 ([31]). The Mittag—Leffler function is given as

+o0 k

V4
sz,ﬂ(z) = k;) W,a,ﬁ >0, 3)

where z is a complex number. For B =1, one has E 1(z) = Ex(z) and E, 1(z) = €. Usually, the
Mittag—Leffler function E, 1 (—At") appears in the stability analysis of FO systems; thus, some
properties of this function are given as 0 < Eyq(—At*) < 1 and lim;_eo Eq1(—AtY) — 0 for
t>0with A > 0.

Lemma 1 ([18]). For « € (0,2) and B € R, there exists a real number v such that
v e (&, min{m, wa}). Then, one has

ag

Eqp(z) < 5 L 4)
where |z| > 0, v < |arg(z)| < 7, and o is a positive constant.
Lemma 2 ([32]). Let the 8-order derivative of a smooth function V (t) : RT — R satisfy
DYV (t) < —cV(t) +7, (5)
where ¢ and r are positive constants. Then, one has
V() < V(0)Egq(—ct?) + %,t >0, ©)

where x > 1.

Lemma 3 ([33]). For a variable € € R and x > 0, the hyperbolic tangent function tanh(-) holds
the following inequality
0<le|l— etanh% < ox, (7)

where o =~ 0.2785 is the root of equation g = e~(+1),

Lemma 4 ([34]). Assume that x(t) € R" is a vector of differentiable function. Then, the relation-
ship 1D? (xT (t)x(t)) < xT(t)DPx(t)holds for any time instant t > t,.
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Lemma 5 ([19]). The FO-tracking differentiator (command filter) is utilized to circumvent the
repeated differentiation of virtual controllers. Two variables ¢1(t) and ¢, (t) are designed, and the
input of the command filter w(t) satisfies

{Dt%gl(f) = wea(t),
Dp ca(t) = —2wPca(t) — w(g1(t) — a(t)),

where w, P are the positive accelerating factors of the differentiator, ¢1(0) = w(0), and ¢»(0) = 0.
If the input signal w(t) satisfies |Dg)vc(t)| < wj and \fouc(tﬂ < wj, where wi and wj are
positive constants, then, for a positive constant 11, there exist w > 0and 0 < B < 1 such that
l61(8) —a(B)] < u.

2.2. FLSs

As we know, the inherent uncertainties of FO systems can be tackled using FLSs, which
indicate a valid method for further stability analysis. Therefore, knowledge-system-based
FLSs with a collection of if-then rules are expressed as

Rule ¢: TF x1(t) is F{ and x,(t) is F§ and ... and x,(t) is F{, then y(t) is G/, ¢ =
1,2,...,m,wherex(t) = [x1(t), x2(t),...,xn(t)]T denotes the FLS’s input, y(t) is the output
in the FLS, Ff (i=1,2,...,n)and G' are fuzzy sets, together with the fuzzy membership
function VE! (xi(t)) and v (y(t)), and m is the number of fuzzy rules.

®)

In light of the singleton function, product inference, and center average defuzzification,
the output y(t) of the FLS is expressed as

o) = W (H;?:lvpiz (xi(t)))
Yim1 (H?:lvl:f(xi(t»)

, )

where 7 = maxycg v (y(t)). Selecting the fuzzy basis function as
H?:lvpié’ (xi(t))
L (I v (1))

Se(x(t)) , (10)

in which S(x(t)) = [S1(x(t)), S2(x(t)), - -+, Sm(x(t))]", and the wight parameter vector is
written as WT = [y‘l, y‘z, .-+, "], then (9) can be further represented as

y(x(1)) = WTS(x(t)). (11)

It is worth emphasizing that based on the definition of fuzzy basis function Sy(x(t)) in (10),
one has 0 < Sy(x(t)) < 1and 0 < ST(x(#))S(x(t)) < 1.

Lemma 6. According to [17], if enough fuzzy rules are provided, the FLSs in (11) can approximate
any continuous function f(x(t)) on a compact set Q) with a desired precision. For Ve > 0, there
exists an FLS such that

sup |f(x(t)) — WTS(x(t))‘ <eg, (12)

xeQ)

where € is the fuzzy approximation error.

2.3. System Model

In a synchronization task, two different FO chaotic systems are regarded as the drive
system and response system. From a synchronous tracking perspective, the errand is to
develop an efficient adaptive fuzzy control scheme that takes state signals from the drive
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system to regulate the behavior of the response system. The master chaotic system is

written as
{ngi = Giv1 + fi(6), 13)
Digw=ful§)i=1,2,,n—1,
and the slave chaotic system is considered as
{Dfﬂi = flis1 £ 8i(M) + Agi(n) +di(t), (14)
Din = gn(n) + Agu(n) +du(t) +u(t),

where& = [&1,&,...,&n)" € R? represents the state of the master system, 7 = [11, 72, . . ., x| T
€ R" indicates the state vector of the slave system, f;(¢) € R and g;(17) € R indicate speci-
fied nonlinear functions that are known, u(t) demonstrates the input signal, and Ag; () € R
and d;(t) € R indicate unknown function and external disturbance, respectively.

The control objective is to develop an adaptive event-triggered fuzzy control scheme
for (17) so that the synchronization error z; converges as much as possible to a small area of
origin and all signals in the closed-system are bounded under the proposed controller.

Assumption 1. The compound disturbance term 6; = d;(t) + €;(y) is an unknown bounded func-
tion, and the fractional derivative of 5; is bounded so that | DY5;| < &;, where &; is a positive constant.

Remark 1. In practical applications, the external disturbance d;(t) is unavoidable and is generally
difficult to measure directly using physical sensors. There are different types of disturbances
including the harmonic disturbance, the constant value disturbance, and the constant value steady-
state disturbance. It should be noted that external disturbances are bounded due to the fact that
the energy of the external environment is finite and external disturbances have unknown bounded
changing rates. Howeuver, it is not rigorous to assume that €;(n) and its derivative are bounded; thus,
one assumes that the compound disturbance 6; and Df 6; are bounded. In addition, Assumption 1 is
a common condition, which has been widely used in some literature, for instance, in [35].

Considering the slave system (14) and master system (13), the synchronization error
system is defined as

{D?Zi =ziy1+8i(n) — fi(8) + Agi(m) +d;(t), (15)

D?Zn =gn() — fu(§) + Bgn(m) +dn(t) +u(t),

where z; = 17; — ;. In view of (12), the unknown function Ag;(#) can be approximated by

Agi(n) = WiTSi(n) +ei(n), (16)

where ¢;(#) is the ideal approximation error, which satisfies |¢;(57)| < &;, and &; is an
unknown positive constant. The optimal parameter W} € R™ is expressed as

. . () _WTG.
Wi = arg iy | sup Ii(r) — WIS,

where ®4; and &,; are the compact sets for W; and #. Therefore, the synchronization error
system (15) can be rewritten as

{D?Zi =zip1 +8i(n) — i) + WiTSi(n) + 6,

17)
D?Zn =gn(n) — fu(g) —|—W;TS,1(11) + 0n +u(t),

where §; = d;(t) + €;(n7). According to the definitions of d;(t) and ¢;(57) above, the time-
varying unknown disturbance d;(t) and the ideal estimation error ¢;(11) are both bounded.
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In light of the state information and fuzzy output of (15), the disturbance observer is
introduced as
0i = @i+ lizj, (18)

where /; is a positive constant to be devised and §; is the estimated value of ¢; that is
defined as ¢; = J; — I;z;. Combined with the feedback control structure and the disturbance
observer, an adaptive feedback control algorithm is constructed to regulate the closed-loop
system and improve the anti-disturbance ability of the system. The intermedial variable ¢;
is given by

{Dt(/’t_ (Zl+1+g1( )_fi C)+W?Sl(77)‘:$) (19)

(
t(/’n:*ln(”()+8n(’7)*fn(§)+w;zs( +0n),

in which W; is the estimation of W7.

Remark 2. For the error system in (15), the time-varying external disturbance is d;(t), whereas
the estimation is 6;. In [17], a fractional adaptive update law was constructed to deal with external
disturbances but the effect was not satisfactory. In this paper, based on the available information
of system states, the control input, and the output of FLSs, a compensator that combines an
approximation error and a time-varying disturbance is proposed to improve the robustness of the
system in (15).

3. Event-Triggered Control Design

The aim of this section is to construct an adaptive event-triggered fuzzy control
scheme in the framework of the backstepping dynamic surface control technique so that
chaos synchronization between the drive system and response system will be come true.
By introducing an event-triggered mechanism, the update frequency of the controller
is reduced.

3.1. Event-Triggered Fuzzy Controller Design

Step 1: Define the first error surface as s; = z1, whose Caputo fractional derivative
can be given by

Dfs; = sy +25 —a; +ay +g1(1) — f1(€)

. (20)
+W{S1(n) + WiSi(n) + 61,
where s, = z, — z5, a1 and z5 are given later and W, = Wi —Wi.
The time derivative of the nonlinear disturbance observer 51 is
Dfé; = DY ¢1 + 1,Dfz,
= —lL(z2+81(n) — 1(E) + W{S1(n) + 1) 1)
+h(z2+ 1) — A1(E) +WiTS1(n) +61)
= LW{Si(y) + hé,
where &; = §; — 8;. Choose the first virtual controller as
ay = —c1s1 — g1(0) + f1(§) —WiSi(n) — b, (22)

where c; is a positive designed parameter. The adaptive updated law of DYW; is given as
D{W1 = y110181(n) — ;1 Wh, (23)
where 711 and p; are positive designed constants. Substituting (22) into (20) generates

D?Sl = —C181 +S2 + (ZE — 0(1) + W{S] (1]) + 51. (24)
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To solve the explosion of the complexity problem resulting from the repeated differentiation
of a1, a new variable z§ is introduced. Let a1 adopt from a command filter with accelerating
elements wq and p to obtain z§ as

{D?Qn(f) = wig12(t), (25)
Dlcia(t) = —2w1B1g12(t) — wr (g () — 1),

where z§ = ¢11(t), 611(0) = @1(0), and 1(0) = 0. The error compensation functions
v] =51 — @1 and vy = sp — @, are developed to remove filter errors, where @; and @, are
middle variables to be designed. The error compensation signal ; can be constructed as

Di@; = —c1@1 + @5 + (25 — ay). (26)
Considering (24) and (26), one has
DYv; = —cio1 4+ vo + WIS (5) + 4. (27)
Consider the following Lyapunov function as

1
V1 = *U%

5 wTw1 + —52, (28)

2711 27 12

where 71, is a positive parameter. Invoking (21), (23), and (27), (28) can be computed as
1 - 1 - g«
D{Vy < v DYv; — —WTD{W, + —5,DP5;
11 Y12

- ~ 1 -
= —c10% + 010y + 01W1T51(11) + 0161 — EWlTD?W

1 . - .
+—8(Dfo1 — LWTS1(n) — hd) (29)
Y12
= —Clv%+0102+0151+p71W1TW1 — ll 52
T11 12

1 - L
+ —§,D%; — L5 WIS (n).
Sy 1PEo = o 181(n)

Utilizing Young’s inequality, one has

« 1
0151 < %U% + ?52

- 1 a
5DYs < ﬂa% ;152

(30)
- 1.7 1
Wiw, < —Ew{w1 + Ew;fTw*,
I 1 T a
—EWIS1(n) < 5—II1S1 () [PWIW, + 2287,
2012 2
where 411 and a1 are positive constants.
By substituting (30) into (29), one can obtain
DV, < c—iv—l-vv— P1 Sq HWIwW
Vi< (- Bk + oo - (L s ) DWW, o

l 1 I
_ (71 L 1012)(52 ﬂn(sz P1 W}‘TW’{.
T2 411 2712 2711
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Stepi(i=2,3,---,n—1): Lets; = z; — z{ be the dynamic surface error, one has

Dfs; = sip1 + (25,4 — a;) +a; + gi(n) — fi(€)

. 32
+WISi(n) +W/S;(n) +6; — Dz 2

where s; 1 = z; 11 —zj,,, &; and z7 ; will be given later, and W, = W;i_ W,.
The i-th intermediate control function «;, the time derivative of ¢;, and adaptive law

D?!W, are designed as

;= —cis; — i1 — &) + fi(€) —W]Si(y) — & + D=5, (33)
D6; = DY ¢; + ;DY z; = LWTS;(y) + 113, (34)
D{W; = v40:S:(n) — ;W (35)

where c,, 7i1, and p; are positive design parameters. To extirpate the influence of the known
error z§ f11 — @i, a compensatory tracking error function is defined as v; = s; — ®@;, where ®@;
is constructed as
8
Df@; = —cj@; — @;_1 + @1 + (2f,1 — &;). (36)

Construct the Lyapunov function as

1
Vi=Vii+ 2

7
where 7/, is a positive constant.
Using Lemma 2, taking the derivative of V; along with (32)-(36) yields
- 1 -
DYV; < D{V;_q — ¢jv? + vjvi1 — 001 + oW Si(n) — zwiTD?Wi
1
- 1 - ~ ~
+ 06 + —35; (D6 — LW Si(n) — 1i5;)
Yi2 i o (38)
= D{Vi_1 — v} 4 00141 — 001 +0;0i(t) + 711 wiw;
1
l; ~ i 2
152 4 L 5ppsit SWTs,
%2 Yo i) - Yi2 ).
Applying Young's inequality, one obtains
= a1 1
U,(Si < évlz + Eglz,
5005 < 8+ 52,
2611'1 2 (39)
~ 1 m 1
WIw, < —EWITWZ- + Ew;‘TWf,
- . a
—5WSi(n) () |PWIW, + 5267
where a;1 and a;, are positive constants.
In light of (31) and (39), one obtains
; .
DOV < — Y (cp — Ty 1 o0 Pr S HWIW,
< - Ll 5 + o - 2(27“ 35 | PIW]
(40)

I 1 lag Ui 5 Ok 1arsT
o S Y 2+ ) L wiTwr
kzl(’Ykz g1 Z“Ykz k Zl 2 kz 2y KK
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Let a; pass through the FO filter with two constants w; and B; to gain z{_; as

{D?Qil(t) = wigi(t),
Dicin(t) = —2wiBicin(t) — wi(gn(t) — a;),

where z{ | = ¢i1(t), 6i1(0) = #;(0), and ¢2(0) = 0.

Step n: Define the error variable as s, = z;, — zj, and the compensated tracking error
signal as v, = s, — @y; 2§, denotes the filter signal output from the command filter, and the
auxiliary variable @, can be computed as Df @y = —Cp@y — @y_1, Where ¢, is a positive
number to be ascertained. The derivative of v, can be obtained by (17)

(41)

D{vy = gu(n) — ful(&) + WiSu(n) + W3S, (1) + s

(42)
+u(t) — DYz + cn@n + @1,
where W, = W} — W,,. Similar to (21) and (34), one has
Dfé, = 1,WIS,(n) + 1y, (43)

where b, = 6, — 6,. The Lyapunov function is V,, = V,,_4 + —l— 27 WTW + > 2(52
where 7,1 and v, are positive constants. By invoking (42) and (43) the time- fract10nal
derivative of V}, is given by

D Vs < D Vi1 + 0 ((t) + gu(m) — £a(§) + WiSuln) +

— D25 + cpon + @, 1) WT<7 DIW,, —v,S,, (1])) (44)
+ iSnD?(sn 1—52 — —5ansn(q)
Yn2 Yn2 Yn2

The adaptive event-triggering command filter controller ¢(¢) and the adaptive param-
eter D!W,, are designed as

$(t) = =(1+7(0) (an tanh (=22 +gtanh (1)), (45)

D?Wn = Yn1UnSn (7]) - inn/ (46)

where oy, = —cusp —sy—1 — gn() + fu(§) — WZSn(q) — b5, + D;’z%, P is a positive param-
eter to be decided. The event-triggered mechanism is chosen as

u(t) = ¢(t), vt € [t 1), (47)

frer = inf{t € RY[¢(t) —u(t)| = T(6)[u(t)] + 4}, (48)

whereg >0,7> 0,9 > — 5 T(t)

(k € Z*) indicates the update time of the controller. DY (t) is given as DY T(t) = —k7%(t),
where 7(0) € (0,1) and kr > 0 and it can be concluded that () € (0,1).

> 0, and u > 0 are constants to be designed later and ¢

Remark 3. It is worth mentioning that the inequality in (53) holds when the condition q >

m > 0 is satisfied, that is, the design positive function meets T(t) € (0,1). In order to obtain

a function that satisfies the above conditions, the equation DYT(t) = —k.T?(t) is selected. It can
be calculated as T(t) < [T(O)Eﬂ(—krtﬂ)]% by Theorem 5.1 and Example 7.1 in [36]. According

to0 < Eg(—k.t?) < 1in Definition 3 and T(0) € (0,1), it is easy to obtain T(t) € (0,1). If the
event-triggered condition in (48) is always not activated, the time t remains the same. The constant

time ty will be converted to tyq for t € [ty, tyy1) when the condition in (48) is activated so the
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update time ty, of the controller in (47) is a monotonically increasing subsequence, which can be
expressed as tg < t; < --- <ty < ---. The actual controller u(t) can be acquired by (45) during
the time period [ty, ty, 1), that is, the actual control input is a discontinuous signal that is activated
by (48) for the error system in (17).

In light of (48), it can be concluded that [ (t) — u(t)| < T(t)|u(t)| + g for t € [, tgr1).
Therefore, there exist two continuous time-varying functions ¢ (t) and ¢, () such that

p(t) = L+ ()P (1)) u(t) + ¢2(H)7, (49)
where ¢y (t) and ¢, (t) satisfy ¢1(f) € [—1,1] and ¢o(t) € [—1,1], respectively. It is easy
to obtain

Unu(t) Unl/’(t) _ ‘7?’n4’2(t) (50)

IR OO EE OO
According to (45), one has

Unln

ontp(t) = — (1 + T(£))vntty tanh (220) — (1 + 7(t))qoy tanh(qZ" ), (51)

where the relationship between g and 7 is defined above. Based on —e tanh(£) <0, Ve € R
and x > 0, thus, v, (t) < 0. Since |¢1(t)| < 1and |¢p2(t)| < 1, one has

vntp(t) < vntp(t)
1+ t(t)pr(t) — 1+7(t)

_ _ (52)
_ qU”(Pz(t) < | q0n |
T+ (g6 = T-7(0)
Based on Lemma 3, substituting (45) into (52) yields
vqu(t) < | q0n | + [onan| — vnay tanh(vna"(t))
—'1—1(t)
+ 10| — qon tanh(T) — Joa (£)| - |qgou|
iz (53)
<0557 + | —T |~ ouan ()] — |qon]
- 1—1(t)
< 0.557u + vyay,
where |1T;’Ef)| — |gun| < 0and —|v,ay| < vyay.
The utilization of Young’s inequality is given as follows
~ a 1 1 P
Onbp < %vﬁ . 32,
5.DYs, < 524+ 13,
Za,ﬂ 2 (54)

- 1o 1
WiW, < —SWIW, 4+ SWTWS,

o o~ 1 P a
- 5nWZSn(17) < m”sn(’lmzwzwn + %25;%,
n

where 4,1 and a,,, are positive constants.
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Then, (44) can be written as

DIV, < D?Vn_l — 02 — VyOy_1 + Oudy + 0.5571 + f;—”W,{Wn
nl

Iy Iy

—5,DP6, — 152 - L 5,WIs
’Y ;o tOn 2" Y n n(1)
n n
— S;(m) P )WIW,; + 0.557 (55)

2 Z 2,.}/1 2&12’)/2” ( )H ) 1 1 ‘u
U 1 liﬂiz © A1 2 | o Pi T

- o+ L WHW*
Z ’Y ai 2%’2)1 l; 2 ;2%1 Lo

< c‘V +7

where ¢ = min{2c¢; — a;1, p; — ﬂ];“;]z”s( )||2,21,»—m—la,2} and7 =Y | U&7+ Y1 1271

W:TW? 4 0.557y. The design parameter selection rules for the proposed control algorithm
can be given as follows:

Step 1: Draw up the fuzzy rules and the membership functions, then, the FLSs can be
obtained.

Step 2: Choose the approximate parameters c;, i1, Yi2, Pi, i1, 4ip, and [; such that

ci— 4 > 0and g’l 2a ——|1Si(n )||> > 0, and determine the control signals &; using
(22), (33), and (45) together with the adaptation laws W; in (23), (35), and (46). In addition,
the disturbance observer parameters in (20), (40), and (55) should meet the condition
%—%— 712 > 0, where 0 < a;p < 2.

Step 3: Select the suitable parameters satisfying g > 0, § > 0, u > 0, kr > 0, and
0 < 7(#) < 1, and ascertain the adaptive event-triggered controller (47).

Step 4: On the basis of Steps 1-3, by increasing the parameters c;, a;1, a;2, ¥i, p;, and
I; or decreasing a;1, aj, ¥i1, Yi2, and [;, the synchronization tracking performance can be
improved due to the synchronization errors being inversely proportional to the control
resources. Therefore, one has to make a trade-off between the control energy and the
tracking performance by choosing the design parameters appropriately.

3.2. Stability Analysis

In light of the above adaptive fuzzy control design scheme, Theorem 1 is summarized
as follows.

Theorem 1. For the error system in (17) with the dynamic event-triggered adaptive backstepping
control method in (45), (47), and (48), the disturbance observer in (18) and (19), virtual control
signals in (22) and (33), and the actual control signal in (47), together with the FO adaptation laws
in (23), (35), and (46), one can determine that all signals remain bounded. Moreover, the Zeno
phenomenon is avoided.

Proof. First, according to Lemma 2, it can be concluded that
o, TX
Vin(t) < Vu(0)Egq(—ct”) + rE (56)

Based on some properties of the Ey (—ct?) in Definition 3 and Lemma 1, (56) can be
computed as
d X
1+ |ct?]

< x(lz’“'(% + g)

where x = max{1,c}. Based on (57), one has lim;_,c V;, () < XT_F Then, it can be seen
that v;, W;, 5;, W;, and §; are semiglobally ultimately bounded from W7 = W, + W, and

Va(t) < Vu(0)
(57)
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8; = 6; + b;. Next, error compensating signals are proved to be bounded. Define the
Lyapunov function as Vo = % Y/, @?. Then,

D!V < @DY@; + - - - + @; D! @; + @, DY 0,
n n—1
= =) @] + ) @i(zf — )
i=1 i=1
n—1 1 1 n—1
< =) (ci— E)w%—cnw%+§ ) i
i=1 i=1

< —coVe + Xo,

(58)

where cp = min{2(¢c; — %), 2c,}and xo = % Z?;ll 112. Similar to (56), one has lim;_,o Vi (£) <
XSTYO' which indicates ®@; is bounded. In view of s; = v; + ®@;, the boundedness of s; can be
obtained. Because a; is a continuous function containing ¢1(17), f1(&), W1, 41, and s, it is
easy to see that a; and z5 are bounded based on Lemma 5. By z, = s, + z5, it can be seen
that z; is bounded. With these results, all signals involved in closed systems are bounded.
In addition, from s; = v; + @;, it can be concluded that s; can converge to the compact set by

selecting the appropriate parameters, and one has |[s;| < \/? + ZXOVO . In summary, the
synchronized behavior of the two chaotic systems can be achieved. Flnally, one can see that
the Zeno behavior does not occur under the proposed control approach. The definition of
the measurement error is A(t) = (t) — u(t), where u(t) = ¢(ty) for V t € [t, txy1), then,
one has DY (A(t)) = DY (y(t) — u(t)) = DY (p(t)). On the basis of Definition 2, one has

t (m)
D?lA(t” = r(ml_ 19) /0 (tfl:g)lt-ﬁ md
_ 1 / sgn(A(T))A(T) (™"
I'(m—9) (t —7)tto=m (59)
_ sgn(A(t)) A(r)™
= T(m 19)/0 (f— 7)i+0- AT

= sgn(A(t))DYA(1),

where V t € [t, ty1) (m = 1 dueto ® € (0,1)). Then, one has D?|A(t)| = sgn(A(t))DYA(t)
< |Dp(t)|. Referring to the definition in (45), it can be concluded that 9(t) is the d-th
differentiable and DYy(t) is a function of the bounded variables v,, a,, and 7(t) in the
closed system. Therefore, it is clear that there exists a constant { > 0 such that [DYy(t)| < ¢
for V' t € [t, tyy1). Furthermore, one has |, I? [, DY A(t)]| = |A(t) — A(ty)| for t € [t tri1)
in Definition 2. Thus, one can obtain

805 = At)] = |y 11 DI AW
1 9-1 1y0
~ 5757 . (=" DA
<Igtgy (= DIy
PRGN
= T@+1)

(60)

According to the event-triggering rule in (48), the value of the controller does not
change before the t; .1 moment, which means A(t;) = 0 and lim; ., A(t) = T(t)|u(t)| +
j = q1. Whent = t;,q, onehas ty,q — t > (%) #. Therefore, one has t;, 1 — t; > 0 for

any t € [ty, tx, 1), that is, the Zeno behavior is excluded. Theorem 1 is completely proved.
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Remark 4. If the master chaotic system with pure feedback form is considered as
{D?Ci = hi(Z), 1)
D? &n = hu(G),
which can be written as s
{Dt gi = Gir1+ fi(@), ©2)
D?‘:” = fn (g)/

where f;(§) = h;i(§) — Civ1 and £ (&) = hn(E). Therefore, the proposed method is also valid for
(61). In addition, the nonlinear functions f;(&) in (13) and g;(n) in (14) are not required to be the
same in this paper. Different types of FO chaotic systems can also be synchronized by utilizing the
proposed control algorithm when the corresponding dimension is the same, such as the FO Chen
system (master system) and the FO Rdssler system (slave system).

Remark 5. In [14-17], the synchronization of FO chaotic systems with external disturbances
was studied using an adaptive tracking controller. However, the maximum boundary values of
disturbances were provided to compensate for external disturbances, which increased the loss of
energy. In [24,25], sampling controllers that were updated at fixed intervals were developed, in
which similar or the same data packages were transmitted repeatedly in the case of insufficient control
resources. Therefore, to save control resources and reduce task executions, some effective event-
triggered strategies were designed in [28,29]. Unlike the above event-triggered control strategies, a
dynamic event-triggered controller based on disturbance observers is constructed in this paper.

Remark 6. It is well known that mechanical equipment can only send out a signal in a limited time
interval [ty, ty 1) due to the fact that the time period of the actuator operation may be influenced by
external conditions such as the working environment, combination of components within the system,
system model parameters, and voltage. If the condition of (48) is triggered, the control input will be
converted to u(t); otherwise, the control signal (ty) remains unchanged. The chief advantage
of the event-triggered strategy is that it can reduce the triggered time of the control signal u(t),
which not only avoids continuous monitoring and testing but is also relatively easy to manipulate.
Unlike the traditional event-triggered strategy, T(t) is an adjustable dynamic variable rather than a
constant, which is convenient for adjusting the time interval length. Because parameter { is fixed
while the system is working, a dynamic parameter T(t) is introduced to prevent the unnecessarily
frequent transitions of the controller and it provides a reasonable strategy for the synchronization of
chaotic systems.

4. Simulation
To verify and demonstrate the effectiveness of the control scheme proposed in the

previous section, an FO chaotic system is given. Taking into account (63) as the master
system, which represents the FO Chua—Hartley system,

D¢ =&+ g((ﬁ -,

DY&y = & + 108, — &, (63)
100

DlEy = ——
t€3 7 52/
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where ¢ = 0.98 and &(0) = [0.8, —2,1]". The slave system with model uncertainties and
disturbances is rewritten as
10
D =12+ = (1 —11) +da () + Agi (1),
D2 = 3+ 101 — 112 + da (1) + Aga (1), (64)
100

D3 = — 12 +da(t) + Ags(y) +u(t),
where Ag¢1(7) =0, d1(t) =0, Aga(n) = 0.5n112 + sin(y3), do(t) = 1 —0.4sint, Agz(n) =
0.8(sin(172 + 773))?, d3(t) = 0.6cost, and the initial condition of (64) is = [0.35, —1,0].

When the control input u(t) in (64) is zero, the dynamics of the master system (63) and the
slave system (64) are calculated, as shown in Figure 1.

the master system 3
the slave system —_—
2 m
)
N S 1
g 2
©
@ <
-1
-2
4 - 0 10 20 30
ey 2 % ¥ ’ Ti d
State Y State X ime(second)

—&

2

Amplitude
Amplitude

0 10 20 30 0 10 20 30
Time(second) Time(second)

Figure 1. Master system: & = [0.8, —2,1]T and Slave system: # = [0.35, —1,0]".

The controller parameters are designed as ¢ =8, ¢, =12,¢3 =16, u =2, 7(0) = 04,
q=01,§=0.05k: =03, w; = wp =5, p1 = B2 = 0.5; the adaptive update parameters
are chosen as y21 = Y31 = 1.2, y220 = ¥32 = 2, p2 = p3 = 0.5; the disturbance observer
parameters are selected as I = I3 = 1.1; the tuning parameter is selected as a1 = a3; =5,
ay, = azy = 1.5; and the other initial values are chosen as zero. WzT S2(#) contains 225 fuzzy
rules with centers evenly assigned in [—2,2]5 x [—2,2]5 x [—20,20]9; W1S;(y7) contains
45 fuzzy rules with centers evenly assigned in [—2,2]5 x [—20,20]o.

The simulation results are presented in Figures 2—4. The state trajectories of the master
and uncertain slave chaotic systems are displayed in Figure 2, which demonstrates the
synchronization purpose of the master and slave systems. To make a comparison, the
synchronization trajectories in [17] without the FO disturbance observer are also presented
in Figure 2, where it can be seen that the control performance of the method this paper
is better than that in [17]. Figure 3a—c display the trajectories of the tracking errors, com-
pensated tracking errors, and error compensation signals, and the fuzzy parameters are
shown in Figure 3d. In Figure 4, the trajectories of the virtual control signals a1, ap, the
intermittently updated control input u(t), and the number of triggering events are given
simultaneously. It can be seen that the event-triggered strategy only required 3684 events
to synchronize chaotic systems (sampling time is 0.001s), whereas the number of times
the traditional periodic sampling data controller in [19] executed was 30,000. Based on
the above results, it can be inferred that the proposed event-triggered controller not only
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achieves the goal of synchronizing chaotic systems but also greatly reduces the number of
controller executions and save a large amount of communication resources.

a
4t .
= = =7 in this paper
% m in [17]
2 20
a
€ ‘j‘\i T 7 /N\/\\
< IV \ / \
/1]

Amplitude

o
S

N
o

o

10 20
Time(second)

_V’\/\/
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—_—&

= = =73 in this paper
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7 in [17]
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30
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Time(second)
d

Z) in this paper
29 in this paper
23 in this paper |

10 20
Time(second)

30

Figure 2. Simulation results between the proposed method and the control method in [17]. (a) System
states {1 and ;. (b) System states {» and 7. (c) System states {3 and #3. (d) Synchronization errors
z1, 22, and z3 under the methods used in this paper and in [17].
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Figure 3. Simulation results. (a) Tracking errors. (b) Error compensations of command filter. (c)
Compensation signals. (d) The vector norms ||W;|| (i = 2,3).
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Figure 4. Simulation results. (a) Virtual control #; and command filter output z,.. (b) Virtual control
ay and command filter output z3.. (c) Curves of controller a3 and u(t). (d) The event-triggered

responses of controller u(t).

Remark 7. An FLS is used to approximate any continuous functions on a compact operating space
with a desired precision when enough fuzzy rules are provided. Howeuver, it should be emphasized
that the structure of the FLS needs to be roughly determined in advance by the designer, that is,
the number of membership functions, the membership function parameters, and other relevant
inputs are required to be specified through analysis In this paper, the states of an FO Chua—Hartley
chaotic system are known and measurable, that is, the value range of the system states have been
determined, as seen in Figure 1. Therefore, the definition interval of the membership functions can be
given, which is convenient for selecting the fuzzy approximation interval to improve approximation
accuracy. In addition, increasing the number of fuzzy basis functions (fuzzy rules) can also improve
the accuracy of FLSs but will increase the computational burden. Thus, based on computational
resources, the appropriate number of fuzzy basis functions is chosen to deal with model uncertainties.
In conclusion, since the fuzzy approximation is only ensured within a compact set, the stability
results proposed are semiglobal when the initial values of the system are within the given compact set.

5. Conclusions

This paper investigated the chaos synchronization of FO chaotic systems using an
adaptive fuzzy backstepping control scheme. By designing a dynamic event-triggered
control method, the communication burden of control signals is reduced and the com-
putational burden caused by the repeated differentiation of the virtual control signals is
removed. To solve unknown model uncertainties and external disturbances, FLSs and a
disturbance observer are introduced. It is proven that the mentioned control method is
effective for solving the chaos synchronization problem. Although control performance
is improved using the disturbance observer, it is difficult to obtain accurate estimation
information of the time-varying external disturbance and function uncertainty because the
estimation information between fuzzy systems and the disturbance observer is not shared.
In the future, in order to obtain an accurate estimation, ways of sharing the estimation
information between fuzzy systems and the disturbance observer will be studied.
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