i fractal and fractional

[

Article

A Novel Implementation of Dhage’s Fixed Point Theorem to
Nonlinear Sequential Hybrid Fractional Differential Equation

Muath Awadalla *©, Mohamed Hannabou ?*, Kinda Abuasbeh 1(© and Khalid Hilal 2

check for
updates

Citation: Awadalla, M.; Hannabou,
M.; Abuasbeh, K.; Hilal, K. A Novel
Implementation of Dhage’s Fixed
Point Theorem to Nonlinear
Sequential Hybrid Fractional
Differential Equation. Fractal Fract.
2023, 7, 144. https://doi.org/
10.3390/ fractalfract7020144

Academic Editors: Eva Kaslik and

Oana Brandibur

Received: 31 December 2022
Revised: 27 January 2023
Accepted: 30 January 2023
Published: 2 February 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics and Statistics, College of Science, King Faisal University, Hafuf 31982,

Al Ahsa, Saudi Arabia

Departement of Mathematics, Faculty of Science and Technics, Sultan Moulay Slimane University, BP 523,
Beni Mellal 23000, Morocco

*  Correspondence: mawadalla@kfu.edu.sa (M.A.); hnnabou@gmail.com (M.H.)
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1. Introduction

The theory of fractional calculus is an interesting field to explore in recent years. Addi-
tionally, this theory has many applications to describe many events in the real world and
deal with a group of phenomena in several fields such as blood flow phenomena, mechan-
ics, biophysics, automatic, aerodynamics, some branches of medicine, and electronics. For
instance, the authors of [1] discussed the applicability of fractional differential equations in
electric circuits, and in 2019, Saqib, M. et al. applied the fractional differential equation to
heat transfer in a hybrid nanofluid, see [2]. For more details, one can refer to [3-16].

In addition to the great importance of studying the existence of solutions to fractional
differential equations using the many theories of the fixed point, several studies have been
conducted over the years to investigate how stability concepts such as the Mittag—Leffler
function, exponential, and Lyapunov stability apply to various types of dynamic systems.
Ulam and Hyers, on the other hand, identified previously unknown types of stability
known as Ulam-stability [17]. This example is not exclusive, as many similar works can be
found in [18-27].

To name a few studies on hybrid fractional equations, recently, the authors in [28]
verified the existence and uniqueness of a solution for the following IVP:

aDﬁ"\"z’(\Im) = @(x1,u(x1)),x1 € J:=[a,b],

1-7,0,0 u(x1) —
al (wxl,x(xl))) AER,
X1=a

where 0 < 7 < 1,0 € (0,1],, D" is the proportional fractional derivative of order ¢, with
respect to a certain continuously differentiable and increasing function v with v/ (6) > 0 for
all x1 € J,o I'~707 is the proportional fractional integral of order of (1 — ?) with respect
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to a continuously differentiable and increasing function v,¥ : | x R — R\ {0} and
® : ] x R — R\ are continuous functions.

In [29], the stability, existence, and uniqueness were found for the following hybrid
FDE:

u(x1) e B
CHDP (Zl(Xlru(Xll),U(Xl))> = Tl(Xl/ M(Xl)/v(?(l)),)ﬁ c ] = [1/6}/P c (1’2}
u(x1) e
CH g (Zz(?ﬁ,u(?{ll),v(xl))) = Yolx1,u(x1),v(x1))q € (1,2]

Subject to the following boundary conditions:

U(Xl) = 0
Z1(x1,u(x1),0(x1)) =l I
c u(x) _ g v(a)
D<Z1(Xlru<Xl)rU(X1>)>X1_e = © D<Z1(Xl,M(Xl)/?)(?ﬂ)))m_gl,

v(x1) - 0
Zy(xa,u(x1),v(x1)) =1 ,

CH v(x1) . CH v(x1)
D(zZ(xl,uml),v(xl)))m_e - o D(zm,u(xl),vm)))Xl_ﬁz’

where D7,y € {p,q} is the Caputo-Hadamard fractional derivative of order 1 < 7 <
2,01,0, € [O, 1), and h,%h € (1, e).

Recently [30], existence results were obtained via the well-known fixed point theories
for the following system:

DYo(x1) -, IPik(x1,x
CDW( T m”) = 100, x(0), I"x(x1)) e xi€J=101],

¥ _ym _1Bip.
e <D X(M)fzz()lq}vl(xlfsgm,v(xn)> = &2(x1,x(x1), I"x(x1)) ae. x1€]=1[01],

“D¥0(0) = 0 = D¥x(0),7/(0) = 0 = x'(x1),v(1) = p1(x(9)), x(1) = p2(v(8)).

and the parameters satisfy the condition 0 < w <,1 < ¥ <2,0<9<1,for ji=12, f] :
JxR — R\ {0},g;: ] x RxR — Rand fori = 1,,;m the function #; : ] x R — R
fulfill the Caratheodory property, the special boundary function p; : R — R my the
nonlinear, and the notation v’ is used for the first order ordinary derivative of v and °D
stands for fractional derivative in the sense of Caputo. In the literature, there are other
definitions of fractional derivatives. The present paper is a continuation of the work [9],
in order to study the existence of a solution for a nonlinear sequential hybrid fractional
differential equation:

“DE(D +9) 75k ) = ¥, 0(0)) ae. te]=[01]

fxa2(a
0(0 0(1 Yo (50 2
Fostoy + O rtoty = T Jo #1(5,0())d, M

“D'( sty + CDi(ﬂf,gg)l))))
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where0 < i< 1, 1<¢<2 0717 R fori =123 withd # —1. ¢pS, cD! are
the Caputo’s fractional derivatives, and f : [0;1] x R — R\{0}, ¥ € £([0,1] x R,R) and
Y1, %2, %3:[0,1] x R — R are the given continuous functions.

By a solution of the problem (1), we mean a function ? € C(J,R) such that

(i) the function xq — m is continuous for each 7 € R, and
(ii) x satisfies the equations in (1).

Despite popular belief, researchers have paid less attention to studies of hybrid frac-
tional differential equations associated with hybrid boundary conditions. According to
the authors” observations, there is no analytical literature on the existence of mixed hybrid
fractional differential equations of a sequential type involving hybrid BCs. Adding to
this, Dhage’s fixed point theorem is employed in investigating the existence results for the
proposed BVP, which gives this work novelty and originality.

The rest of the article is as follows: Section 2 presents the basic definitions, lemmas,
and theorems that underpin our main conclusions. In Section 3, we find solutions to the
given fractional differential Equation (1) using Dahg’s fixed point theorem. Section 4 looks
at the Ulam-Hyers stability of the provided fractional differential Equation (1). In Section
5, an example is provided to further clarify the study’s findings. In Section 6, a conclusion
and a future work are introduced.

2. Preliminaries

Let us introduce some preliminary results that will be useful for proving our results in
the subsequent sections.
Let the Banach space denoted by X = £(], R) with the norm

[0]] = sup{|[?(x1)[, £ € J}-
Definition 1 ([31]). The R-L fractional integral of 6 with order 1 is given by
i =T
L R
Definition 2 ([31]). The Caputo fractional integral of order 1 for a function 0 is given by

2 )nftfl
g\ (5)ds¢

el _ 1 Xl(?(_
(D)) = 1= L 1

where n = [i] + 1 and [1] denotes the integer part of i.

Next, we state Dhage’s fixed point theorem followed by our main auxiliary lemma.

Theorem 1 ([32]). For any S nonempty, a closed convex and bounded subset of a Banach algebra
X and for any operators P,E : X — X and F : S — X such that:

(i) P and & are Lipschitzian with Lipschitz constants U and p, respectively,
(ii)  F is compact and continuous,

(iii) V=PoFp+E0=1V€Sforallpe,S

(iv) W +p <1, where W = ||F(S)]|.

Then, the equation U = DV Fp + £V has a solution.
Lemma 1 ([31]). Let n € Nand n —1 < I < n. If f is a continuous function, then we have

I' “Dif(x1) = f(x1) + wo + wit + wat? + ... + w,_1t" L.
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For the proof of our auxiliary Lemma, we state the following hypothesis:
(Hp) The function x — f(x ) is increasing in R almost everywhere for t € J.

Lemma 2. Assume that hypothesis (Hy) holds. Then, for any p € L'(J;R). The function
7 € C(J,R) is a solution of the problem

“DEED +9) (7pabtly; ) = p(a) ae. te]=[01]

1 [ n (A n
f(O(V()O)) j_)ﬁf(lsx()l) =7 {0(1‘)“(% 0)(3)dz, o)
V 3 2~ A ~ A
CDL(f(O v(O))) + CD[(f(n( ))) =1 [y Ya(2,0(5))dz,
“D¥ (75t ) + ¢ D (7ot ) = Jo Ha(30(50))dz,

f(0,0(0)) f(1,(1))
is given by
1 X1 Al A
() = £ 260 [y ) O =27 Yo
1/\
+01(1) [ ¥als 0(3)ax
1
+02001) | ¥1(5,0(3)d7
Yo in oranvan . @ilxa) [ Emi1, (2
+@(;3<(xl>) [ %(mv(z»dwr@_i)ﬂ/o (1= 2 Tp()dz
5(X1) (1 ANE—1 (AN s Y Ty aniclp
+ 0] 19fO (1—2%) p(%)d%+(1+l9)l"(i) Jo (1= 2)" Yo(s)ds
1 s NHE—1 (2N A 5 X — )1p( 3
Ao bR e =y Oa - 2o (dz
where
n'n (1 —T(2— f)) i ynr(2— 1)
©1(x1) T(i+1)(1+0) : F(2ii)19
+ o - ! r@-ym— o
1+02T(i+1) (1+0I(i+2) TR Aot
xiivm T 9T
©:200) = 1"(2+A11)(11+19) - 1+11§' + (1+19)2r1(z+ 1)’
o ( ) _ X]’F(Z—f)’lg )(1[“1"(2—i)r3 191"(2—?)73 B F(Z—f)’r3
W) = F(jJ(rl)(l)Jro) A“F((i-s-z))ﬁ (1+9)2r(1+1) (1+L9)r(2+22)’
oaT@EDe  xtire—i ) 9
©100) = r(21+1)(1+19)_ 11"(i+2) +r(2_‘)((1+0)r(f+2)_(1+19)2r(f+1))’
xi'0 8
Os(x1) =

TTE+1)(1+9) (Q+0)2X(G+1)

Proof. By Lemma 1, we obtain

(D +7) (7t ) = Fplr) +wo + wit,

i) ) _ ¢ _ (x1)
D (bt ) = Feta) +wo+wrt = ().
it = 17000) + Tt + Fent = I (i ) +
where wg, wy,w; € R. By using to the condition CD22<f(gS/() ))) + 9 CZﬂ‘(%) =
T fol W3 (5, 0(5))d s, we find that:

w1:I’(2—Z)<%/01‘?3( d%-‘rﬂ/ ﬁ/ (1= 32)Np(3)d )

Using the CD‘<f((() ) (

(f(g(v()o))) +l9 V(11 —Tl/ Y1 (5, 0(5))d s, we have

) - rz/‘lfzfuwf 5 and
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_ Te-0m g . o, (A=2T2-D)n [ty . .
wy = 71 J}f 3'/0 Y5 (5, 0(5))dse + 1o 2 /0 Yo (5, 0(5))ds
+ X [ (5, 0(5))d 5
M-, / 1( (s o [0 g5
(13-19)1"(5—10 0 (1+19)1:9(§) ’
i Tha
w2 = (1+19)1"(f)./o (- 1 <1+19 rl+1(21+19 /‘Y”’V
9 N )
m/o (=20 ()5 + A+ 02O (+1) / (1= 2) " p(22)dse
r(2-1) ¥ 2 .
YD) ((1+0)r(z+2) T A+ o)wi+1) / (1= 2 p(3)d5
2 ® T2—-0)yn vy
+[<(1+19)2r(l+1) FEE 2)> . (1+z9)21“(i+1)]

x /0 Wy (5, 0(50))d5.
Substituting the value of wy, w1, and w,, we obtain

000 = Fon 00 [ [0 =2 e+ o) [ (0
+®zu1>Al?uﬂxmﬂ»dzw-®xxlyélwx%»4%»d%+-§%§¥%3A<1 2T p()d5e
O5(x1) ! ANE— AN A Oy 1 ANF—1 AL AN g A
+ 5@;&4(1—%f m@ad%+(1+ﬁﬁwy4(1;%>lwzmz
' A NHHE— S S v A — S
7W/0(1*%) élp(%)d%}fm/o (x1 — 2 o(x)dse.

3. Existence Result

Based on Dhage’s fixed point theorem, we will present in this section the verification
of the existence of a solution to Equation (1).
To simplify the calculations, we set ©; = m?x | |9;(x1)| fori=1,2,...,5.
X1€ 0,1

The following assumptions are the necessary conditions to derive our main results:
(Hy)- £.]0,1] x R — R\ {0} and ¥y, %5, ¥3,: [0,1] x R — R are continuous functions.
(Hy)- There exists a constant g, q; such that

[f(xa,91) = f(x1,02)| < qoltn — 2],

|w()(1,171) — w()ﬁ,ﬁz)| < !J1|171 — 172|, for all X1 € Jand 77,7, € R.

(H3)- There exist positive constants 45, 43, 44, such that:

|‘?1(X1/171) F1(x1,02)| < qa|01 — D2,

|‘f2()€1,171) Tz(X1,V2)| < g3lty — 1,

%3001, 01) — ¥3(x1, 02)| < qalor — 2.

(Ha)-[f(x1,0)| < ¢(x1), [w(xr, 0)] < m(xa), [¥2(x1,0)] < p(x1), [¥3(x1,0)| < ¢(xa),
(%1001, 9)] < ¢(x1), ¥(x1,0) € [0,1] x R withm, ¢, p,¢, ¢ € E([0,1;RY).
Theorem 2. Assume that hypothesis (Hy) — (Hy) holds. Further, if
1 Q4 Os5
5’0({”’1(r(z+§+1) Te—ir) Tt
+| o |) + |19—7| + 0193+ 0
A+ OT(+e+1) (L T+ 1) 193 T 212
S) 0 S ©1Ya + AyY
+ 3‘74} +F(Z—§§+1) +I’(§5§+1) +0O1Y2 + AxYq
@3Y 520 0 T <1
+OsYs & S e e )t T

then the problem (1) has a solution defined on [0, 1].
Proof. Let the subset S of X be defined as

S={vex/|o<r

with
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m Oy||lm Os||m 9||m
Il | ool + ool + @5l + QA sl oy

ol (g 15 WY =D ! g (TE AT
2 ez Y
1= <(|1+19|)r(z+ D 1))

o) = 100,060 [y ) G = 7 (o)
+01(0) [ ¥ 0(2))
402001 [ 91025+ O3() [ ¥l 0(3) )

L ©a(n1) /01(1 — )8 (5, 0(5))d

v S

L(¢—1)
Os5(x1) (1 A NE A AN A By 1 N A A
) o (1= 2 NG 00 e fo (L= 2 0 (e

T ) Jo— ﬁr)erC*lw(ﬁr,ﬁ(;%))dﬁr] — iy Jo" O — 2T Mo () d

Define three operators P : X — X, F:§ — X and £ : § — X by:

Po(x1) = f(x1,7(x1)), x1€] (©)
Fota) =g [ -2 a0 s M 0o - 2 oz
+01(x1) [ Ya(3,0(3))ds

®4(X1) ANC—[— A Al A N
+g(§(—§)/o )¢ (32, 0(30) ) d e ;

5(X1) (1 ANE— N A Y 1 ANP—1Af A
MY Jo (1 =2)* 1w(%/V(%))d”+(1+19)r(i) o (1—2)"to(s)ds

and

Accordingly, Equation (3) can be transformed into the following operator equation:
0(x1) = Po(x1) Fo(x1) +&€0(xa) , x1€[01]. (4)

To achieve all the conditions of Theorem 1, we split our proof into four claims as follows.
Claim 1. Let 7, p € X then by hypothesis (H;),

[Po(x1) — Pp(x1)| = 1f(x1,7(x1)) — fF(x1,p(x1))| < q0l9(x1) — p(xa)| < qol[? — p||
forall x1 € | . Then,
|P0—Ppll <qoll0—p| forall v,pe X.

Additionally,

£00) = o)l = s [ 0 = 2711003~ p(lds < M 1ol

Claim 2. We show the continuity of the operator 7 in S.
Let (7,), be a sequence in S converging to a point 7 € S. Then, by Lebesgue dominated
convergence theorem,
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X A X .
i, ﬁ /O - 2 (3, 0 () = % /0 rn = 20 lim (2, 0 (52

Then,

limn—mo .7'-1771 ()(1)

i+¢)

n—oo

+03(x1 fg Wo (32,0 (32) )d e

ﬁ‘é(f% [ a2t (0,

+®1§((§)1) 0 (1= 52)8 Yo (3,0 (50))
Oy ! =1y (5

T o Jy ) e

—W foi(l
_F(f)l/o (X;_ 21, (5)d 2,

:m/o (x1 = 276 Tim w(3, 0,(20))d5
+®1(X1)/01 lim ¥y (57,0, (%)) d 22

o) [ im i)

+®3(X1)/01 fon, ¥l 0u(3))d5

L Os(n) /1(1 — 5)F TN Tim w(5, 0 (3))d5

r N oo
®(5§(X1 S) y

+

fO 1 _%5 111mnﬁoo w(%,Vn( ))df{

19’)/ 1 ANE—T1 1: A (AN TA
+m/ (1-2) 1,}5{}01/”(%)'1%

T orE 1= 2 i (2,8, ()

fo X1 — )L 1hmn—>ooVn( )dﬁf/

:ﬁ ¥ G = 27 Yl 02
40100 i 25,025+ Oa() [ 850,055

1
+0s(11) (3 00
O4(x1)
IL¢—1Jo
+ FSEQ:)/O (1= )8 w(z, 0(5))ds
T )il (s)dx

_|_

(1+l9)£( w) D
_W/ (1 — 2) 6 Yap(52,0(32) )d 3¢
—%f)fol x1— ) o(%)d,
= Fo(x1)

for all x; € [0,1]. This shows the continuity of F in S.
Claim 3. We show the compactness of F on S. Let ¥ € S, for all x; € ] define
sup |ZU(X1,0)| = YO/ sup ‘g(XLO)' = Yl/ sup |h(X1/O)‘ = YZ/ sup ‘k(XLO)' = Y3-

0<x1<1
with

0<t<1 0<t<1 0<t<1

))dsx
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Yo Y0®4 ®5Y0
= + - 1+ 0,Yy +OyY; +O3Y3 +
TE+&+1)  TE—i+1) 1202 T T r(Es)
0
(1+z9)r(i+§+1)|'

First, we show that F(S) is a uniformly bounded setin S. For 7 € S, x1 € [0,1], we have:

+|

FoGa)l < g ) Ga - bw(m) ~w(3,0)| + |w<ff,o>|] dﬁ
o100 fo [¥a(50(2) ~Fa(350)| + 120
HO60)| [ MH1(5:9(5)) — 1 (350)] + g (3, 0)] e

o) — e (01 [ 501 s . |©300)
e300 [ |‘f3<s,v<x>>—‘P3<%,0>|+\‘fs<%,0>|ds+ﬁ

x /01(1 _ gyeiet lmw,o) —w(%,0)| + [w(%, o)|] ds

+M /1(1 — 2)e1 [|f(£{,17(f4)) — f(30)|+ |f(5fr0)|]d%

A

x /01<1 - w*@—l [|w<fm>> — w(2,0)| + lw(3,0)|

Consequently,

1
o A : i :
170l < 1 g (mlloll +Yo) +@1g;3uvu +Ya] + @2 a2 7] + Y1) + @s[gal?] + Y]
4 ~ 5 ~
i @+ Yo) + raay (qlnvnwo)ﬂi(lw) Tl
+ ’ [CALIERD)
I+ +2+1)
S S o )
( [E-1+1) T(E4+1) "A+NTE+E+1)
v .
Haroress Gy | +Y®gi3 + @242 + O3 19
0 04
A1Yy +0OY
TTarery TrE e T2t o0

Yo 8,
OsY 5 ,
OYs+ r oy laTerate e

= [ql(r(z+r§+1)

thus,
(N n 05 + 9 |)
r(E—i+1) T(E+1) (1+HT(E+E+1)
+|(1+l9l)91;y(i+1)| +®1Q3+®242+@3Q4}V
Yo Y,0,
(A+§+1) r(g—1+1) ;
|

TO3Ys + (§+1) Harorerer 1

for all ¥ € S. This shows that J is uniformly bounded on §. Next, we show the equiconti-
nuity of F(S) on X. Let x11,x12 € J, thenforany v € S

|72l +

= [‘71<r(z+1§+1)

+

+01Y +0OrY;
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o) = Fotnl < |grg ([ Goa =9 Tl o)
= [ G = 5 (s 050) )
HO(12) ~ @1(ay) [ Fa(5,0(50)5
HO012) ~ @20010) [ 1(5,9(50)

HOs012) ~ Osx1n)) [ ¥ 0(2)5

+(®4(X12)7®4(X11))"/(;1(1 A)éiiilw(ﬁ,ﬁ(ﬁ))dﬁ!

r¢—-1

Jr(@5()(12) O5(x11)) fo Yaw(3,0(5))d |,

1 r((:?()lz
< m/}(11 \w(%,v(;f)?\ds
+(©1(112) = 1 0111)) || ¥l 02z
sl
+(©@:(112) ~ ©20111)) || ¥1(30(3)ax

1
+(As(12) = As( )) / a5, 0(5) )z

+(®4(X12)_®4 /(1— ) w (3, 0(5))d 3
+(®5(X12) (‘595 X11) Jo (1= 20)8 w (3, 0(52))d
Hence,
Ve>0, F9>0 : |x11—xwl <= |F0(x11) —Fo(x1n)| <e¢

for all x11,x1» € Jand forall ¥ € X.
Therefore, the operator F(S) is equicontinuously set in X'.

By applying the Arzeld—Ascoli theorem, we deduce that the operator F is compact and

continuous.
Claim 4. We show Hypothesis 3 of Theorem 1 .

Let ¥ € X and p € S be arbitrary such that ¥ = P0Fp 4 £7. Then,

[0(x1)l = 1Po(x) | Felx)l +1€0(x1)l

< U 00 [y [ O =207 o p(30)ds + 104 )

x [ atsin())las
1
102 |/ [%1(530(5) a5

HOs(u)| [ (¥t s + DAL [0 508 (3, (30

ey )
5(X1
2L 1 2 (s p(2) s

g [ A= s, P

9|
|14 0|1 (7 0
7]

Oy AP N
+|m|fol(1*%) 1|P(%)\d5} +m (Xl

< loln)l [y [ 0 =20 Iz

+0, /Alp(A)df{Jr@z /147(;2)df4+®3 /147(}2)[15{

+

+&/(1— 2 U (5)dse 4 2 /(1— 55 U m(50)d

e b T@
e Jy 0
i =2l + [ = ol
< 1loll (gl +Oullol + @21l + Oyl + ot
L Oslml el L
TE+1) " (T+0DTG+e+1)  (+opri+1n'F

s
L

— 20 (%) |d 2

O|m||
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Further, we obtain

€l <7

Then, 7 € S and, hence, the 3 in Theorem 1 is verified.
Lastly, we obtain

M= [|F(S)
=sup{\|]-'17||1:17 €S} o o
< 4 5
= [ql(r(i+§+1) ety T+
+| |>+\ﬁ—7|+@1¢73+®2ﬂl2
(1+8)r(+ éy+ 1) (1;rg)T(’r+1)
0 004
+®3q4}7+r(2+§+1) r(g_i_'_l)—F@le—l-@zYl
5Y0

_1_‘ .uYO
E+1) '14+9)rE+e+1)

05Y
+03 3+F

and so,

A 1 (N Os
WMt ey S qo({ql(r(i+§+ D Te—i+1) TE+1)

+ @1!13 + @qu

(e vEemyl) Rl

Yo YOy
— + — +01Y, +OY
TE+g+1) T@E—i+1) 27020

9Y, N
(B+1) +|(1+ﬂ)r(2+g+1))+r([+l) <1

Hence, the operator PUF? + £0 = ¥ has at least one solution in S. So, a solution can be
defined for the problem (1) on J, and this finalizes the proof. O

+0O3Y3 + T

4. Stability Results

Consider the nonlinear operator Z; € £([0,1],R) — £([0,1],R), where 7 is define
by (4)

{DEED +7) (75t ) — ¥, 700)) = Z10) (), 21 € (0,1),
for x1 € [0,1]. For some ¢; > 0, the following inequality is valid.
121, ()] < 61, ®)

Definition 3. The problem (1) is Hyers—Ulam stable if M1 > 0 exist with a unique solution
(7) € £([0,1],R) of problem (1) with

17— (D)]] < Mig
for each solution (¥) of the previous inequality in belongs to £([0,1], R).
Theorem 3. Let the assumptions of (Hy) hold. Then, problem (1) is Ulam—Hyers stable.

Proof. Let (7) € £([0,1], R) be the solution of the problem that satisfies (1). Let (£) be any
satisfying solution for (1).

{DEED 4+ 9) (15285 ) = ¥, 200)) + Z1(0) (), 31 € (0,1),



Fractal Fract. 2023, 7, 144 11 of 15

for x1 € [0,1]. Therefore,

<>

Gar) =09 Gan) + £ 20 [y )

+O1(01) [ ol 002

AN

+@2(X1)/01‘i’1( (

\N)

))dsx

+Os(0) [ Os(3,0(5))5

+ 1?(2(?2)) /01(1 — 25 o(5)d3

9y o anw—lpran s
RCEETIE) fy @=2e o

[ 1 et
O b (1 e

X1 N
_ rzi) /O (x1 — ) 0(5)ds,

which implies

9(8)001) = 0e0)| <F 0, 000) [y ) Oa =20 p(

(1+p)I()
9 Ll s
RN /0 (1= 2 p()d]
y o .

[(7) = (0)] < Mg

By this, the previously presented problem (1) is U-H stable. [J
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5. Examples
Example 1. The following equation is of a fractional hybrid type:
D3 3 ﬁ(Xl) = 1 (0 M
b ( D3+ 300)/‘(7(1,?(7(1)) 500 + 12 (Sm(V(Xl)) Ty [9(x1)]
o) o Lot Pl
FO,(0 )) f( 1) 200 o 300 + |V(}At)l ’
o) : o)
D3 (rmatoy) + P (o) = 36y (5 01 o)
D 17(ff)|
D' (rgstoy) + P (st 200/ 0+ 002"
4 1 1 B U
where ¢ = g,l— 5,7— 300,19— 1L, m=T=1= 200,111111
?(x1)]

=
<
+
—
+
<
<

N R 1 .
Y(x1,7) = 500 + 2 (sm(

fxa,0) = B (i) + 1L

100

+0(x1), x €01),

[2(x1)!

. X [0(x1)] g > L y?
Yox1,7) = s 1~ Y1ilxe, 7)) = % ’
2(x1,7) )] 1(x1,?) <X1+2> 30+ [0(x1)]

300 + |7(x1

R 1 \2 |o(x1)l
Y3(x1,7) = p '
3(x1,7) (Xl +4) 30+ |[0(x1)|

Clearl =M =42=43 = L - L
Yoq0 = =492 =43 = 555-94 = 3507
furthermore, we have
Ay Os

1
qo“‘“(r(wgu) Te—ir) TTEry

+|(1+19)r(f+§;{+1)|) +|(1Y+®l9)T(f+1)

0 04

+®3174} + T Z¢(’§+1) rE—-i+1) +OY2+ 6Ny
5Y0 0

O35+ rE Ty ‘<1+ﬂ>r<f+é+1>)+F<f+1>

Hence, the problem 6 has a solution, by Theorem 2.

Example 2. Consider a problem of the following form

9
v | + 0193 + Axgo

1 1 Ho(x)| [7(x1)]
c Ly x) X1 [vixa X1
PP 7o) el 1+f4<(4ﬁ(xl)|+1o) T @t re) e o e
o) o 1ot 1 ()]
FO50) T FLAM) T 300 Jo s+ 100 300 + [x(3)]
) oo y_ 1 [0(2)]
D3 (swoon) + P (o) 300/ s+8000)30+ o(2)] ™
200 200 [7(%)|
D3 (maop) + P (rmay) = 300 s+1600)3o+\ (2™
3 1 1 1
wheref ==, ==, 7y=—,0=1,71 =7 =1 = —, and
¢ 5 > 7= 700 1= =T = 35
xa?x00)| (x1)| L )

¥(x1,0) = — o
' x12+4\ Blo(x)| +1)  (6]o(x1)] +10)  1+0%(x1)

1 172()(1)+|17(X1)|>+t§+1

fx0) = 2(35+t)( 1+ 0(x1)]

v ~ 0.026215478961 < 1.

@)
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1 17(x1)]
X1+ 100300 + [0(x1)]"

‘T’z(X1,ﬁ)=(X L ) [70x) ,‘T’a(xl,ﬁ)=( ! ) [7(x1)]

¥, 0) =

1+8000/ 30+ [7(x1)] X1+ 1600/ 30+ [0(x1)|
After calculating, we obtain

qo([‘“(r(zl—;ﬁ D TE j‘?+ D) + r(?j 0

Harorar e )+ a +z9)1?(f+ 7yl €15+ Az

+O30s| + <2+Yé‘3+ 5 gYO?i [+ O 02,

1O + r(§5101) T 0);9(& = 1)) n ml 1y 0145781245789 < 1.

Hence, the problem 8 has a least one solution, by Theorem 2.

Example 3. For this example, we consider the following problem of the form:

c c = (Xl) _ 1 (3|17(X1)| + 1) |9(X1)‘
DD+ ) Fn T wme( Gl T B1R00) + 10

ds,

] +e”>ﬂ>>, x1 €001,

oy LSRN S L€l
Foo0) T FLm) 1000 0 s+20300+

o iz)| - (8)
el 0 . o [D(3
D (fOV )+ D3 1»1 1000/ ( +8000 +|ﬁ)(‘f4)lds'
B (3
D3 (rmaop) + P (revanay 1000/ ( +1600 +17(ff)|ds'
wheregzg,f:%,fy:ﬁ,ﬁzl,’fl:T22T3:101W,{1nd
310(x1)| +1 p )
¥, 9) = 1 ( l'/t()fl)l ) AZ‘V(X1)| 4 e 00n)
vaitel  eo(x)l (8192(x1)| + 10)
. 1 . [0(x1)]
,0) = —(cos? + - +3),
Flaar) = 2 (cos P00 + 5037 +2)
1 7 (x1)|

1(x1,0) = X1+ 20300+ [0(x1)]

Oa00) = (=) gy 9 (L) 1000

X1 48000/ 300 + [0(x1)] X1+ 1600/ 300 + [0(x1)|"
After calculating, we obtain
qo([‘“(r(f;lm D TE fl;+ D] * r(g@)j )
* (1+9T(+&+1) ‘) +| (1+ 19)1?(?—1— 1) [+ O3 + Az02
+©3q1] + r(i+Y§+ 5 F((:Y_Oc;)i 5O + @Yy
+O3Y; + T%IOU s 19)1“(\2—6+ 1)) + F(f1 [~ 02569878945 < 1.

Hence, the problem 8 has a least one solution, by Theorem 2.

6. Conclusions

Most natural phenomena are treated using different types of fractional differential
equations. This diversity in this type of equation helps us to scrutinize the integration of
many phenomena in various fields. This helps us in creating programs that enable us to
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consume rational materials. In this paper, based on the generalization of Dhage’s fixed
point theorem, Banach contraction mapping, and U-H stability, we treated the existence,
uniqueness, and stability of solutions to a sequential fractional (Hybrid) differential equa-
tion with hybrid boundary conditions, respectively. This equation plays an important
role in the field of the control system. For future work, we suggest using other types of
fractional derivative operators such as the generalized Hilfer fractional derivative, and the
one who is interested in the subject can also investigate the existence and uniqueness of the
solutions for the tripled systems via several fixed points theorems such as Leray-Schuader’s
alternative, and Monch'’s fixed point theorem.
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