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Abstract: In order to maximize benefits, oligopolistic competition often occurs in contemporary soci-
ety. Establishing the mathematical models to reveal the law of market competition has become a vital
topic. In the current study, on the basis of the earlier publications, we propose a new fractional-order
Bertrand duopoly game model incorporating both nonidentical time delays. The dynamics involv-
ing existence and uniqueness, non-negativeness, and boundedness of solution to the considered
fractional-order Bertrand duopoly game model are systematacially analyzed via the Banach fixed
point theorem, mathematical analysis technique, and construction of an appropriate function. Making
use of different delays as bifurcation parameters, several sets of new stability and bifurcation condi-
tions ensuring the stability and the creation of Hopf bifurcation of the established fractional-order
Bertrand duopoly game model are acquired. By virtue of a proper definite function, we set up a new
sufficient condition that ensures globally asymptotically stability of the considered fractional-order
Bertrand duopoly game model. The work reveals the impact of different types of delays on the
stability and Hopf bifurcation of the proposed fractional-order Bertrand duopoly game model. The
study shows that we can adjust the delay to achieve price balance of different products. To confirm
the validity of the derived criteria, we put computer simulation into effect. The derived conclusions
in this article are wholly new and have great theoretical value in administering companies.

Keywords: fractional-order Bertrand duopoly game model; Hopf bifurcation; existence and uniqueness;
non-negativeness; boundedness; stability; numerical simulation

MSC: 34C23; 34K18; 37GK15; 39A11; 92B20

1. Introduction

In the market, when homogeneous goods are produced by several different companies,
oligopolistic competition will easily take place. In order to pursue the maximization of
various benefits, the companies take the best measures and perform everything possible
to achieve the established goal. Thus, the duopoly game has become normal. Revealing
the duopoly game law of different companies is an extremely significative topic. Mathe-
matically speaking, a suitable research topic is to build mathematical models to probe into
the relationship among variables. During the past decades, there have been a great deal of
meaningful and interesting publications that are concerned with various duopoly game
models. For instance, Zhang et al. [1] dealt with the stability behavior and Hopf bifurca-
tion of a Bertrand model involving bounded rationality. Yu and Yu [2] explored the local
stability and the global stability of a Bertrand duopoly model involving comprehensive
preference. They established the sufficient conditions to ensure the local stability and global
stability of a Bertrand duopoly model. Cao et al. [3] investigated the local stability of the
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equilibria, global bifurcation, and synchronization of a duopoly game model concerning
bounded rationality and consumer surplus. Baiardi and Naimzada [4] studied the local
stability and Neimark–Sacker bifurcations of an oligopoly model. Zhu et al. [5] carried
out a theoretical analysis on stability, coexistence of attractors, and contact bifurcation
for a Cournot–Bertrand duopoly game model involving heterogeneous players. Askar
and Al-khedhairi [6] implemented concrete discussion on local and global stability of the
equilibrium points for a duopoly game concerning price competition. For more detailed
works on this aspect, one can see the literature [7–15].

The price of products is one of the important factors that affects the competition among
different companies. The price has a vital influence on the distribution of products and
the demand from people [16]. Adjusting the price of products effectively has become a
central issue for companies. To this day, a lot of valuable scientific achievements about
this topic have been available. For instance, Wang and Hou [17] investigated a duopoly
game model with heterogeneous green supply chains in optimal price and market stability
with consumer green preference. They revealed the effect of consumer green preference
on members’ optimal decisions and the speed of the adjustment of the optimal price
strategies for heterogeneous green supply chains. Safarzadeh et al. [18] explored the
duopoly pricing of energy-efficient appliances regarding innovation protection and social
welfare via a game theoretic approach. Huang et al. [19] discussed the equilibrium issue of
pricing competition and cooperation in supply chain involving one common manufacturer
and duopoly retailers. Mukhopadhyay et al. [20] analyzed a Stackelberg price model of
complementary goods under information asymmetry. In 2016, Ma and Si [21] set up the
following Bertrand duopoly game model incorporating both nonidentical time delays:{

q̇1(t) = µ1q1(t)[α1 − 2β1vq1(t− ρ1)− 2β1(1−v)q1(t− ρ2) + δ1q2(t) + β1γ1],
q̇2(t) = µ2q2(t)[α2 − 2β2q2(t) + δ2vq1(t− ρ1) + δ2(1−v)q1(t− ρ2) + β2γ2],

(1)

where q1(t) represents the price of the company I, q2(t) represents the price of the company
II, µ1 denotes the speed of price adjustment of the company I, µ2 denotes the speed of
price adjustment of the company II, α1 and α2 denote the basic demand for the market, β1
and β2 represent the elastic demand for its itself, and γ1 and γ2 represent the marginal
costs of company I, company II, respectively. v ∈ [0, 1] is the weight of price at time
t− ρ1, 1− v is the weight of price at time t− ρ2, ρ1 represents a time delay, and all the
coefficients µi, αi, βi, γi, δ1, ρi(i = 1, 2), v are positive constants. For more details, we refer
to the readers to [21]. By selecting the time delay as bifurcation parameter, Ma and Si [21]
obtained the bifurcation value of model (1). By virtue of the power spectrum, attractor,
bifurcation diagram, the largest Lyapunov exponent, 3D surface chart, 4D Cubic Chart, 2D
parameter bifurcation diagram, and 3D parameter bifurcation diagram [21], the dynamical
behaviors of the model (1) are displayed.

Here, we must mention that all the above works on duopoly game models (see [1–21])
merely focus on the integer-order differential models. A number of studies have shown
that fractional-order differential systems own more degrees of freedom and longer-range
interactivity in time and space [22–24]. The majority of biological, neural network, eco-
nomic, physical, chemical, and engineering systems own long-range temporal memory
or/and long-range space interplay [25]. Thus, describing these biological, economic, physi-
cal, chemical and engineering systems and neural networks by virtue of fractional-order
differential equations owns more advantages than traditional integer-order ones since the
influence of time memory and long-range space interplay can be revealed [25]. Nowadays,
fractional-order differential systems have displayed potential applications in many fields
such as neural networks, biological technique, control science, physics, chemistry, capacitor
principle, electrical engineering, economics, etc. [26–31]. To this day, many scholars have
concentrated on fractional-order dynamical systems and achieved very gratifying results.
For example, Huang et al. [31] probed into Hopf bifurcation of fractional-order BAM neural
networks with multiple time delays. Alidousti [32] analyzed the stability behavior and
Hopf bifurcation of a fractional-order predator–prey scavenger system. Zhang et al. [33]
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dealt with the dynamical bifurcation of large scale delayed fractional-order neural networks
involving hub structure and multiple rings. Eshaghi et al. [29] discussed the bifurcation,
synchronization, and chaos control of a fractional-order chaotic system. For more details,
one can see [29,34–42].

Stimulated by the idea above and on the basis of model (1), in this present research,
we are to build the following fractional-order Bertrand duopoly game model:

{
D$q1(t) = µ1q1(t)[α1 − 2β1vq1(t− ρ1)− 2β1(1−v)q1(t− ρ2) + δ1q2(t) + β1γ1],
D$q2(t) = µ2q2(t)[α2 − 2β2q2(t) + δ2vq1(t− ρ1) + δ2(1−v)q1(t− ρ2) + β2γ2],

(2)

where $ ∈ (0, 1]. All other coefficients and variables have the same implication as those
in Bertrand duopoly game model (1). The model (2) has more advantages than model (1)
since it can better describe the memory trait and hereditary nature of the prices of two
companies. By considering the different delay cases, we can reveal the effect of different
delays on the change of the prices of two companies, which can help us to manage and
operate enterprises with a flexible and efficient way. For example, we can control the values
of the two delays ρ1, ρ2 to realize the stability of the prices of two companies or balance
of the prices of two companies. In addition, for different delay cases, we can choose a
suitable fractional order parameter to seek the critical value of delay which ensures the
periodic motion of the prices of two companies. Based on this exploration, we think that
the investigation on the dynamics of model (2) owns very important practical significance
in corporate governance.

In this current research, we predominantly explore the following three aspects:

(1) Explore the existence and uniqueness, non-negativeness, and boundedness of the
solution to the fractional-order Bertrand duopoly game model (2).

(2) Seek a series of delay-independent sufficient criteria that ensures the stability and the
creation of Hopf bifurcation of the fractional-order Bertrand duopoly game model (2).

(3) Build the sufficient condition that guarantees the globally asymptotically stability of
the fractional-order Bertrand duopoly game model (2).

The key highlights of this research are expounded as follows:

• Based on the studies of predecessors, a new fractional-order Bertrand duopoly game
model is established.

• A series of delay-independent sufficient criteria that ensures the stability and the
creation of Hopf bifurcation of the fractional-order Bertrand duopoly game model (2)
with different types of delay is derived.

• The sufficient criterion that ensures the globally asymptotically stability of the fractional-
order Bertrand duopoly game model (2) is derived by virtue of construction of a
suitable positive definite function skillfully.

• The impact of delay on the stability and the occurrence of Hopf bifurcation of the
fractional-order Bertrand duopoly game model (2) is elaborated.

• The study ideas can provide reference for us to probe into the bifurcation problem of
plentiful fractional dynamical systems in many fields.

This article is planned as follows. In Section 2, we give requisite theory on the
fractional-order dynamical system. In Section 3, the proofs of the existence and uniqueness,
boundedness, non-negativeness, and boundedness of the solution to the fractional-order
Bertrand duopoly game model (2) are presented. In Section 4, a series of delay-independent
sufficient criteria ensuring the stability and the onset of Hopf bifurcation of the fractional-
order Bertrand duopoly game model (2) with different types of delay are built. In Section 5,
the globally asymptotically stability of the fractional-order Bertrand duopoly game model
(2) is explored. In Section 6, numerical simulations are implemented to sustain the derived
primary results. In Section 7, we give a conclusion to end this work.
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Remark 1. In model (2), we define the order $ ∈ (0, 1] which stands for the first order fractional operator.

2. Preliminaries

In this segment, some essential basic theories about fractional-order differential equa-
tions are presented.

Definition 1 ([43]). Define the fractional integral of order $ of the function h(r) as follows:

I$h(r) =
1

Γ($)

∫ r

r0

(r− τ)$−1h(τ)dτ,

where r > r0, $ > 0, Γ(τ) =
∫ ∞

0 sτ−1e−sds, which represents the Gamma function.

Definition 2 ([44]). The Caputo fractional-order derivative of order $ of the function h(r) ∈
([r0, ∞), R) is given by

D$h(r) =
1

Γ(ι− $)

∫ r

r0

h(l)(s)
(r− s)$−l+1 ds,

where ε ≥ ε0 and l stands for a positive integer (l − 1 ≤ $ < l). In particular, when $ ∈ (0, 1),

then one has D$h(r) = 1
Γ(1−$)

∫ r
r0

h
′
(s)

(r−s)$ ds.

Lemma 1 ([45]). For the following fractional system: D$x = Hx, x(0) = x0 where $ ∈ (0, 1),
x ∈ Rn,Q ∈ Rn×n, denote χl(l = 1, 2, · · · , n) the root of the characteristic equation of
D$x = Hx. Then, system D$x = Hx is locally asymptotically stable ⇔ |arg(χl)| >

$π
2

(l = 1, 2, · · · , n). The system is stable ⇔ |arg(χl)| >
$π
2 (l = 1, 2, · · · , n) and all critical

eigenvalues, which satisfy |arg(χl)| =
$π
2 (l = 1, 2, · · · , n), have geometric multiplicity one.

Lemma 2 ([46]). Let $ ∈ (0, 1], h(t) ∈ C[c1, c2] and D$h(t) ∈ C[a1, a2]. Suppose that
D$h(t) ≥ 0, t ∈ (c1, c2). Then, h(t) is a non-decreasing function for t ∈ [c1, c2]. Suppose
that D$h(t) ≤ 0, t ∈ (c1, c2). Then, h(t) is a non-increasing function for t ∈ [c1, c2].

Lemma 3 ([45]). Assume that v(t) ∈ C[t0, ∞) and satisfies{
D$v(t) ≤ −ϑ1v(t) + ϑ2,
v(t0) = vt0 ,

where $ ∈ (0, 1), ϑ1, ϑ2 ∈ R, ϑ1 6= 0, t0 ≥ 0. Then,

v(t) ≤
(

v(t0)−
ϑ2

ϑ1

)
E$[−ϑ1(t− t0)

$] +
ϑ2

ϑ1
.

3. Dynamics Exploration of the Solution

In this part, we will probe into the existence and uniqueness, non-negativeness, and
boundedness of the solution to system (2) via the Banach fixed point theorem and Lemma 2.

Theorem 1. Denote Υ = {q1, q2) ∈ R2 : max{|q1|, |q2|} ≤ Q}, where Q > 0 represents a
constant. For each (q10, q20) ∈ Υ, system (2) with the initial condition (q10, q20) owns a unique
solution Q = (q1, q2) ∈ Υ.

Proof. Define a mapping as follows:

g(Q) = (g1(Q), g2(Q)), (3)
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where{
g1(Q) = µ1q1(t)[α1 − 2β1vq1(t− ρ1)− 2β1(1−v)q1(t− ρ2) + δ1q2(t) + β1γ1],
g2(Q) = µ2q2(t)[α2 − 2β2q2(t) + δ2vq1(t− ρ1) + δ2(1−v)q1(t− ρ2) + β2γ2].

(4)

∀ Q, Q̄ ∈ Υ, one has

||g(Q)− g(Q̄)||
= |µ1q1(t)[α1 − 2β1vq1(t− ρ1)− 2β1(1−v)q1(t− ρ2) + δ1q2(t) + β1γ1]

− {µ1q̄1(t)[α1 − 2β1vq̄1(t− ρ1)− 2β1(1−v)q̄1(t− ρ2) + δ1q̄2(t) + β1γ1]}|
+ |µ2q2(t)[α2 − 2β2q2(t) + δ2vq1(t− ρ1) + δ2(1−v)q1(t− ρ2) + β2γ2]

− {µ2q̄2(t)[α2 − 2β2q̄2(t) + δ2vq̄1(t− ρ1) + δ2(1−v)q̄1(t− ρ2) + β2γ2]}|
≤ µ1α1|q1(t)− q̄1(t)|+ 4µ1β1vQ|q1(t)− q̄1(t)|+ 4µ1β1(1−v)|q1(t)− q̄1(t)|
+ µ1δ1Q|q1(t)− q̄1(t)|+ µ1δ1Q|q2(t)− q̄2(t)|+ µ1β1γ1|q1(t)− q̄1(t)|
+ µ2α2|q2(t)− q̄2(t)|+ 4µ2β2vQ|q2(t)− q̄2(t)|+ µ2δ2vQ|q1(t)− q̄1(t)|
+ µ2δ2vQ|q2(t)− q̄2(t)|+ µ2δ2(1−v)Q|q1(t)− q̄1(t)|
+ µ2δ2(1−v)Q|q2(t)− q̄2(t)|+ µ2β2γ2|q2(t)− q̄2(t)|

= [µ1α1 + 4µ1β1vQ+ 4µ1β1(1−v) + µ1δ1Q+ µ1β1γ1 + µ2δ2Q]|q1(t)− q̄1(t)|
+ [µ1δ1Q+ µ2α2 + 4µ2β2vQ+ µ2δ2Q+ µ2β2γ2]|q2(t)− q̄2(t)|

= Q1|q1(t)− q̄1(t)|+Q2|q2(t)− q̄2(t)|
≤ Q||Q− Q̄||, (5)

where {
Q1 = µ1α1 + 4µ1β1vQ+ 4µ1β1(1−v) + µ1δ1Q+ µ1β1γ1 + µ2δ2Q,
Q2 = µ1δ1Q+ µ2α2 + 4µ2β2vQ+ µ2δ2Q+ µ2β2γ2,

(6)

and
Q = max{Q1,Q2}. (7)

Then, g(Q) satisfies the Lipschitz condition with respect to Q (see [45]). Making use
of the Banach fixed point theorem [47], we can obtain that Theorem 1 holds true.

Theorem 2. (1) Each solution of model (2) beginning with R2
+ is non-negative; (2) If

min{2µ1β1v, 2µ2β2} > 1
2 µ1δ1 +

1
2 µ2δ2(1 − v), then each solution of model (2) beginning

with R2
+ is uniformly bounded.

Proof. Denote Q(t0) = (q1(t0), q2(t0)) the initial condition of model (2). Suppose that ∃ a
constant t?, which satisfies t ∈ (t0, t?), such that

q1(t) > 0, t ∈ (t0, t?),
q1(t?) = 0,
q1(t+? ) < 0.

(8)

In view of model (2), one has

D$q1(t)|q1(t?)=0 = 0. (9)

According to Lemma 2, we obtain q1(t+? ) = 0. In view of (8), it is a contradiction. So,
q1(t) ≥ 0, ∀ t ≥ t0. In a similar way, we can also prove that q2(t) ≥ 0, ∀ t ≥ t0. The proof
of (1) finishes. Next, we are to prove uniformly boundedness of model (2). Let

Ξ(t) = q1(t) + q2(t). (10)
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Then

D$Ξ(t) + kΞ(t) = D$q1(t) +D$q2(t) + kq1(t) + kq2(t)

= µ1q1(t)[α1 − 2β1vq1(t− ρ1)− 2β1(1−v)q1(t− ρ2) + δ1q2(t) + β1γ1]

+µ2q2(t)[α2 − 2β2q2(t) + δ2vq1(t− ρ1) + δ2(1−v)q1(t− ρ2) + β2γ2]

+κy1(t) + κy2(t)

≤ (µ1α1 + µ1β1γ1 + k)q1(t)− 2µ1β1vq2
1(t) + µ1δ1q1(t)q2(t)

+(µ2α2 + µ2β2γ1 + k)q2(t)− 2µ2β2q2
2(t) + µ2δ2(1−v)q1(t)q2(t)

≤ (µ1α1 + µ1β1γ1 + k)q1(t)− 2µ1β1vq2
1(t) +

1
2

µ1δ1q2
1(t) +

1
2

µ1δ1q2
2(t)

+(µ2α2 + µ2β2γ1 + k)q2(t)− 2µ2β2q2
2(t) +

1
2

µ2δ2(1−v)q2
1(t)

+
1
2

µ2δ2(1−v)q2
2(t)

= (µ1α1 + µ1β1γ1 + k)q1(t)−
[

2µ1β1v− 1
2

µ1δ1 −
1
2

µ2δ2(1−v)

]
q2

1(t)

+(µ2α2 + µ2β2γ1 + k)q2(t)−
[

2µ2β2 −
1
2

µ1δ1 −
1
2

µ2δ2(1−v)

]
q2

2(t)

≤ A, (11)

where κ > 0 is a constant and

A =

[
2µ1β1v− 1

2 µ1δ1 − 1
2 µ2δ2(1−v)

]2

4(µ1α1 + µ1β1γ1 + k)
+

[
2µ2β2 − 1

2 µ1δ1 − 1
2 µ2δ2(1−v)

]2

4(µ2α + µ2β2γ1 + k)
. (12)

Then
D$Ξ(t) ≤ −kΞ(t) +A. (13)

According to Lemma 3, we obtain

Ξ(t) ≤
(

Ξ(t0)−
A
k

)
E$[−k(t− t0)

$] +
A
k

, (14)

then
Ξ(t)→ A

k
, as t→ ∞, (15)

which ends the proof of Theorem 2.

4. Bifurcation Discussion on Model (2)

We can easily obtain the following equilibria of system (2):

Q1(0, 0), Q2

(
0,

α2 + β2γ2

2β2

)
, Q3

(
α1 + β1γ1

2β1
, 0
)

, Q4(q1?, q2?),

where 
q1? =

2α1β2 + 2β1β2γ1 + α2δ1 + β2γ2δ1

4β1β2 − δ1δ2
,

q2? =
2α2β1 + 2β1β2γ2 + α1δ2 + β1γ1δ2

4β1β2 − δ1δ2
.

(16)
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Assume that
(N1) δ1δ2 < 4β1β2,

is satisfied. Then, the equilibrium point Q4(q1?, q2?) is a positive equilibrium point. Notic-
ing the real implication of Bertrand duopoly game model, we merely analyze the positive
equilibrium point Q4(q1?, q2?) of system (2). The linear system of system (2) at Q4(q1?, q2?)
takes the following form:

D$q(t) = C1q(t) + C2q(t− ρ1) + C3q(t− ρ2), (17)

where $ ∈ (0, 1] and

q(t) =
[

q1(t)
q2(t)

]
, C1 =

[
b1 b2
0 b3

]
, C2 =

[
b4 0
b5 0

]
, C3 =

[
b6 0
b7 0

]
, (18)

where 

b1 = µ1α1 + µ1β1γ1 − 2µ1β1vq1? + µ1δ1q2?,
b2 = µ1δ1q1?,
b3 = µ2α2 + µ2β2γ2 − 4µ4β4q2? + µ2δ2q1?,
b4 = −2µ1β1vq1?,
b5 = 2µ2β2vq2?,
b6 = −2µ1β1(1−v)q1?,
b7 = µ2δ2(1−v)q2?.

(19)

The characteristic equation of system (17) is given by

det
[

s$ − b1 − b4e−sρ1 − b6e−sρ2 −b2
−b5e−sρ1 − b7e−sρ2 s$ − b3

]
= 0. (20)

It follows from (20) that

s2$ + d1s$ + d2 + (d3s$ + d4)e−sρ1 + (d5s$ + d6)e−sρ2 = 0, (21)

where 

d1 = −(b1 + b3),
d2 = b1b3,
d3 = −b4,
d4 = b3b4 − b2b5,
d5 = −b6,
d6 = b3b6 − b2b7.

(22)

In the sequel, we are to explore six cases:
Case one. If ρ1 = 0, ρ2 = 0, then, Equation (21) is

λ2 + (d1 + d3 + d5)λ + d2 + d4 + d6 = 0, (23)

where λ = s$. If
(N2) d1 + d3 + d5 > 0, d2 + d4 + d6 > 0,

holds, then both roots λ1, λ2 of Equation (23) satisfy |arg(λ1)| > $π
2 , |arg(λ2)| > $π

2 . By
Lemma 1, one can know that the positive equilibrium point Q4(q1?, q2?) of system (2) with
ρ1 = 0, ρ2 = 0 is locally asymptotically stable.

Case two. If ρ1 = 0, ρ2 > 0, Equation (21) is

s2$ + (d1 + d3)s$ + d2 + d4 + (d5s$ + d6)e−sρ2 = 0, (24)
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Let s = iθ = θ
(
cos π

2 + i sin π
2
)

be the root of Equation (24). Then, Equation (24)
becomes

θ2$(cos $π + i sin $π) + (d1 + d3)θ
$
(

cos
$π

2
+ i sin

$π

2

)
+ d2 + d4

+
[
d5θ$

(
cos

$π

2
+ i sin

$π

2

)
+ d6

]
(cos θρ2 − i sin θρ2) = 0. (25)

Then {
A1 cos θρ2 +A2 sin θρ2 = A3,
A2 cos θρ2 −A1 sin θρ2 = A4,

(26)

where 

A1 = d5θ$ cos
$π

2
+ d6,

A2 = d5θ$ sin
$π

2
,

A3 = −θ2$ cos $π − (d1 + d3)θ
$ cos

$π

2
− (d2 + d4),

A4 = −θ2$ sin $π − (d1 + d3)θ
$ sin

$π

2
.

(27)

By (26), we have
A2

1 +A2
2 = A2

3 +A2
4, (28)

which leads to
θ4$ + e1θ3$ + e2θ2$ + e3θ$ + e4 = 0, (29)

where 
e1 = 2(d1 + d3)

(
cos ηπ cos

ηπ

2
+ sin ηπ sin

ηπ

2

)
,

e2 = 2(d2 + d4) cos ηπ + (d1 + d3)
2 − d2

5,

e3 = 2[(d1 + d3)(d2 + d4)− d5d6] cos
ηπ

2
,

e4 = (d2 + d4)
2 − d2

6.

(30)

Let
Π1(θ) = θ4$ + e1θ3$ + e2θ2$ + e3θ$ + e4. (31)

Assume that
(N3) |d2 + d4| < |d6|,

is fulfilled, since dΠ1(θ)
dθ > 0,∀ θ > 0. Then, we can easily conclude that Equation (29) owns

at least one positive real root. Thus, Equation (24) has at least one pair of purely roots. By
virtue of Sun et al. [48], we can obtain the following assertion.

Lemma 4. (i) Suppose that el > 0(l = 1, 2, 3, 4) is satisfied, then Equation (24) has no root
with zero real parts if ρ2 ≥ 0. (ii) Suppose that (N3) is satisfied and el > 0(l = 1, 2, 3), then
Equation (24) owns a pair of purely imaginary roots ±iθ0 when ρ2 = ρ2k(k = 1, 2, · · · , ) where

ρ
(k)
20 =

1
θ0

[
arccos

(
A1A3 +A2A4

A2
1 +A2

2

)
+ 2kπ

]
, (32)

where k = 0, 1, 2, · · · , and θ0 > 0 stands for the unique zero of the function Π1(θ).

For the proof of Lemma 4, we refer the readers to [48]. Set ρ20 = ρ
(0)
20 .

Next, the following hypothesis is given:

(N4) E1RE2R + E1IE2I > 0,
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where 

E1R = 2$θ
2$−1
0 cos

(2$− 1)π
2

+ $(d1 + d3)θ
$−1
0 cos

($− 1)π
2

+ $d5θ
$−1
0

[
cos

($− 1)π
2

cos θ0ρ20 + sin
($− 1)π

2
sin θ0ρ20

]
,

E1I = 2$θ
2$−1
0 sin

(2$− 1)π
2

+ $(d1 + d3)θ
$−1
0 sin

($− 1)π
2

− $d5θ
$−1
0

[
cos

($− 1)π
2

sin θ0ρ20 − sin
($− 1)π

2
cos θ0ρ20

]
,

E2R =
(

d5θ
$
0 cos

$π

2
+ d6

)
θ0 sin θ0ρ20 +

(
d5θ

$
0 cos

$π

2

)
θ0 cos θ0ρ20,

E2I =
(

d5θ
$
0 cos

$π

2
+ d6

)
θ0 sin θ0ρ20 −

(
d5θ

$
0 cos

$π

2

)
θ0 cos θ0ρ20.

(33)

Lemma 5. Suppose that s(ρ2) = σ1(ρ2) + iσ2(ρ2) is the root of Equation (24) at ρ2 = ρ20 such

that σ1(ρ20) = 0, σ2(ρ20) = θ0. Then, Re
(

ds
dρ2

)∣∣∣
ρ2=ρ20,θ=θ0

> 0.

Proof. By Equation (24), we derive[
2$s2$−1 + $(d1 + d3)s$−1

] ds
dρ2

+ $d5s$−1e−sρ2
ds

dρ2

−e−sρ2

(
ds

dρ2
ρ2 + s

)
(d5sη + d6) = 0, (34)

which implies (
ds

dρ2

)−1
=
E1(s)
E2(s)

− ρ2

s
, (35)

where {
E1(s) = 2$s2$−1 + $(d1 + d3)s$−1 + $d5s$−1e−sρ2 ,
E2(s) = se−sρ2 [d5s$ + d6].

(36)

Then,

Re

[(
ds

dρ2

)−1
]

ρ2=ρ20,θ=θ0

= Re
[
E1(s)
E2(s)

]
ρ2=ρ20,θ=θ0

=
E1RE2R + E1IE2I

E2
2R + E2

2I
. (37)

According to (N4), one gets

Re

[(
ds

dρ2

)−1
]

ρ2=ρ20,θ=θ0

> 0, (38)

which ends the proof.

Taking advantage of exploration above, the following conclusion can be easily derived.

Theorem 3. Suppose that (N1)–(N4) is fulfilled. Then, Q4(q1?, q2?) of model (2) with ρ1 = 0 is
locally asymptotically stable when ρ2 ∈ [0, ρ20) and model (2) generates Hopf bifurcation around
Q4(q1?, q2?) when ρ2 = ρ20.

Case three. If ρ2 = 0, ρ1 > 0, Equation (21) is

s2$ + (d1 + d5)s$ + d2 + d6 + (d3s$ + d4)e−sρ1 = 0, (39)
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Let s = iη = η
(
cos π

2 + i sin π
2
)

be the root of Equation (39). Then, Equation (39) be-
comes

η2$(cos $π + i sin $π) + (d1 + d5)η
$
(

cos
$π

2
+ i sin

$π

2

)
+ d2 + d6

+
[
d3η$

(
cos

$π

2
+ i sin

$π

2

)
+ d4

]
(cos ηρ1 − i sin ηρ1) = 0. (40)

Then {
B1 cos ηρ1 + B2 sin ηρ1 = B3,
B2 cos ηρ1 −B1 sin ηρ1 = B4,

(41)

where 

B1 = d3η$ cos
$π

2
+ d4,

B2 = d3η$ sin
$π

2
,

B3 = −η2$ cos $π − (d1 + d5)η
$ cos

$π

2
− (d2 + d6),

B4 = −η2$ sin $π − (d1 + d5)η
$ sin

$π

2
.

(42)

By (41), we have
B2

1 + B2
2 = B2

3 + B2
4 , (43)

which leads to
η4$ + f1η3$ + f2η2$ + f3η$ + f4 = 0, (44)

where 
f1 = 2(d1 + d5)

(
cos ηπ cos

ηπ

2
+ sin ηπ sin

ηπ

2

)
,

f2 = 2(d2 + d6) cos ηπ + (d1 + d5)
2 − d2

3,

f3 = 2[(d1 + d5)(d2 + d6)− d3d4] cos
ηπ

2
,

f4 = (d2 + d6)
2 − d2

4.

(45)

Let
Π2(η) = η4$ + f1η3$ + f2η2$ + f3η$ + f4. (46)

Assume that
(N5) |d2 + d6| < |d4|,

is fulfilled, since dΠ2(η)
dη > 0,∀ η > 0. Then, we can easily conclude that Equation (44) owns

at least one positive real root. Thus, Equation (39) has at least one pair of purely roots. By
virtue of Sun et al. [48], we can obtain the following assertion.

Lemma 6. (i) Suppose that fl > 0(l = 1, 2, 3, 4) is satisfied, Equation (39) has no root with zero
real parts if ρ1 ≥ 0. (ii) Suppose that (N5) is satisfied and fl > 0(l = 1, 2, 3). Then, Equation (39)
owns a pair of purely imaginary roots ±iη0 when ρ1 = ρ1k(k = 1, 2, · · · , ) where

ρ
(k)
10 =

1
η0

[
arccos

(
B1B3 + B2B4

B2
1 + B2

2

)
+ 2kπ

]
, (47)

where k = 0, 1, 2, · · · , and η0 > 0 stands for the unique zero of the function Π2(η).

For the proof of Lemma 6, we refer the readers to [48]. Set ρ10 = ρ
(0)
10 .

Next, the following hypothesis is given:

(N6) F1RF2R +F1IF2I > 0,
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where 

F1R = 2$η
2$−1
0 cos

(2$− 1)π
2

+ $(d1 + d5)η
$−1
0 cos

($− 1)π
2

+ $d3η
$−1
0

[
cos

($− 1)π
2

cos η0ρ10 + sin
($− 1)π

2
sin η0ρ10

]
,

F1I = 2$η
2$−1
0 sin

(2$− 1)π
2

+ $(d1 + d5)η
$−1
0 sin

($− 1)π
2

− $d3η
$−1
0

[
cos

($− 1)π
2

sin η0ρ10 − sin
($− 1)π

2
cos η0ρ10

]
,

F2R =
(

d3η
$
0 cos

$π

2
+ d4

)
η0 sin η0ρ10 +

(
d3η

$
0 cos

$π

2

)
η0 cos η0ρ10,

F2I =
(

d3η
$
0 cos

$π

2
+ d4

)
η0 sin η0ρ10 −

(
d3η

$
0 cos

$π

2

)
η0 cos η0ρ10.

(48)

Lemma 7. Suppose that s(ρ1) = ξ1(ρ1) + iξ2(ρ1) is the root of Equation (39) at ρ1 = ρ10 such

that ξ1(ρ10) = 0, ξ2(ρ10) = η0. Then, Re
(

ds
dρ1

)∣∣∣
ρ1=ρ10,η=η0

> 0.

Proof. By Equation (39), we derive[
2$s2$−1 + $(d1 + d5)s$−1

] ds
dρ1

+ $d3s$−1e−sρ1
ds

dρ1

−e−sρ1

(
ds

dρ1
ρ1 + s

)
(d3sη + d4) = 0, (49)

which implies (
ds

dρ1

)−1
=
F1(s)
F2(s)

− ρ1

s
, (50)

where {
F1(s) = 2$s2$−1 + $(d1 + d5)s$−1 + $d3s$−1e−sρ1 ,
F2(s) = se−sρ1 [d3s$ + d4].

(51)

Then,

Re

[(
ds

dρ1

)−1
]

ρ1=ρ10,η=η0

= Re
[
F1(s)
F2(s)

]
ρ1=ρ10,η=η0

=
F1RF2R +F1IF2I

F 2
2R +F 2

2I
. (52)

According to (N6), one gets

Re

[(
ds

dρ1

)−1
]

ρ1=ρ10,η=η0

> 0, (53)

which ends the proof.

Taking advantage of exploration above, the following conclusion can be easily derived.

Theorem 4. Suppose that (N1), (N2), (N5), (N6) are fulfilled. Then, Q4(q1?, q2?) of model (2)
with ρ2 = 0 is locally asymptotically stable when ρ1 ∈ [0, ρ10) and model (2) generates Hopf
bifurcation around Q4(q1?, q2?) when ρ1 = ρ10.
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Case four. If ρ2 > 0, ρ1 > 0 and ρ2 ∈ [0, ρ20) is a constant and ρ1 is a parameter. Let
s = iζ = ζ

(
cos π

2 + i sin π
2
)

be the root of Equation (21). Then, Equation (21) becomes

ζ2$(cos $π + i sin $π) + d1ζ$
(

cos
$π

2
+ i sin

$π

2

)
+ d2

+
[
d3ζ$

(
cos

$π

2
+ i sin

$π

2

)
+ d4

]
(cos ζρ1 − i sin ζρ1)

+
[
d5ζ$

(
cos

$π

2
+ i sin

$π

2

)
+ d6

]
(cos ζρ2 − i sin ζρ2) = 0. (54)

Then, {
C1 cos ζρ1 + C2 sin ζρ1 = C3,
C2 cos ζρ1 − C1 sin ζρ1 = C4,

(55)

where 

C1 = d3ζ$ cos
$π

2
+ d4,

C2 = d3ζ$ sin
$π

2
,

C3 = −
[
d1 cos

$π

2
+ d5 cos

$π

2
cos ζρ2 − d5 sin

$π

2
sin ζρ2

]
ζ$

− ζ2$ cos $π − d6 cos ζρ2,

C4 = −
[
d1 sin

$π

2
− d5 cos

$π

2
sin ζρ2 + d5 sin

$π

2
cos ζρ2

]
ζ$

− ζ2$ sin $π + d6 sin ζρ2.

(56)

By (55), we have
C2

1 + C2
2 = C2

3 + C2
4 , (57)

which leads to
ζ4$ + g1ζ3$ + g2ζ2$ + g3ζ$ + g4 = 0, (58)

where 

g1 = 2
[
d1 cos

$π

2
+ d5 cos

$π

2
cos ζρ2 − d5 sin

$π

2
sin ζρ2

]
cos $π

+
[
d1 sin

$π

2
− d5 cos

$π

2
sin ζρ2 + d5 sin

$π

2
cos ζρ2

]
sin $π,

g2 =
[
d1 cos

$π

2
+ d5 cos

$π

2
cos ζρ2 − d5 sin

$π

2
sin ζρ2

]2

+
[
d1 sin

$π

2
− d5 cos

$π

2
sin ζρ2 + d5 sin

$π

2
cos ζρ2

]2

− 2d6(cos $π cos ζρ2 − sin $π sin ζρ2)− d2
3,

g3 = 2
[
d1 cos

$π

2
+ d5 cos

$π

2
cos ζρ2 − d5 sin

$π

2
sin ζρ2

]
d6 cos ζρ2

+ 2
[
d1 sin

$π

2
− d5 cos

$π

2
sin ζρ2 + d5 sin

$π

2
cos ζρ2

]2
d6 sin ζρ2

− 2d3d4 cos
$π

2
,

g4 = d2
6 − d2

4.

(59)

Let
Π3(ζ) = ζ4$ + g1ζ3$ + g2ζ2$ + g3ζ$ + g4. (60)

Assume that
(N7) |d6| < |d4|,

is fulfilled, since dΠ3(ζ)
dζ > 0,∀ ζ > 0. Then, we can easily conclude that Equation (58) owns

at least one positive real root. Thus, Equation (21) has at least one pair of purely roots. By
virtue of Sun et al. [48], we can obtain the following assertion.

Lemma 8. (i) Suppose that gl > 0(l = 1, 2, 3, 4) is satisfied. Then, Equation (21) with ρ2 ∈
[0, ρ20) has no root with zero real parts if ρ1 ≥ 0. (ii) Suppose that (N9) is satisfied and gl >
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0 (l = 1, 2, 3). Then, Equation (21) with ρ2 ∈ [0, ρ20) owns a pair of purely imaginary roots ±iζ0
when ρ1 = ρ1i(i = 1, 2, · · · , ) where

ρ
(i)
10 =

1
ζ0

[
arccos

(
C1C3 + C2C4

C2
1 + C2

2

)
+ 2iπ

]
, (61)

where i = 0, 1, 2, · · · , and ζ0 > 0 stands for the unique zero of the function Π3(ζ).

For the proof of Lemma 8, we refer the readers to [48]. Set ρ1? = ρ
(0)
10 .

Next, the following hypothesis is given:

(N8) G1RG2R + G1IG2I > 0,

where

G1R = 2$ζ
2$−1
0 cos

(2$− 1)π
2

+ $d1ζ
$−1
0 cos

($− 1)π
2

+ $d3ζ
$−1
0 cos

($− 1)π
2

cos ζ0ρ1? + $d3ζ
$−1
0 sin

($− 1)π
2

sin ζ0ρ1?

+ $d5ζ
$−1
0 cos

($− 1)π
2

cos ζ0ρ2 + $d5ζ
$−1
0 sin

($− 1)π
2

sin ζ0ρ2

+ ρ2

(
d5ζ

$
0 cos

$π

2
+ d6

)
cos ζ0ρ2 + ρ2d5ζ

$
0 sin

$π

2
sin ζ0ρ2,

G1I = 2$ζ
2$−1
0 sin

(2$− 1)π
2

+ $d1ζ
$−1
0 sin

($− 1)π
2

− $d3ζ
$−1
0 cos

($− 1)π
2

sin ζ0ρ1? + $d3ζ
$−1
0 sin

($− 1)π
2

cos ζ0ρ1?

− $d5ζ
$−1
0 cos

($− 1)π
2

sin ζ0ρ2 + $d5ζ
$−1
0 sin

($− 1)π
2

cos ζ0ρ2

− ρ2

(
d5ζ

$
0 cos

$π

2
+ d6

)
sin ζ0ρ2 + ρ2d5ζ

$
0 sin

$π

2
cos ζ0ρ2,

G2R =
(

d3ζ
$
0 cos

$π

2
+ d4

)
ζ0 sin ζ0ρ1? +

(
d3ζ

$
0 cos

$π

2

)
ζ0 cos ζ0ρ1?,

G2I =
(

d3ζ
$
0 cos

$π

2
+ d4

)
ζ0 sin ζ0ρ1? −

(
d3ζ

$
0 cos

$π

2

)
ζ0 cos ζ0ρ1?.

(62)

Lemma 9. Suppose that s(ρ1) = υ1(ρ1) + iυ2(ρ1) is the root of Equation (21) with ρ2 ∈ [0, ρ20)

at ρ1 = ρ1? such that υ1(ρ1?) = 0, υ2(ρ1?) = ζ0, then Re
(

ds
dρ1

)∣∣∣
ρ1=ρ1? ,ζ=ζ0

> 0.

Proof. By Equation (21), we derive[
2$s2$−1 + $d1s$−1

] ds
dρ1

+ $d3s$−1e−sρ1
ds

dρ1

−e−sρ1

(
ds

dρ1
ρ1 + s

)
(d3s$ + d4) + $d5s$−1e−sρ2

ds
dρ1

−e−sρ2 ρ2(d5s$ + d6)
ds

dρ1
= 0, (63)

which implies (
ds

dρ1

)−1
=
G1(s)
G2(s)

− ρ1

s
, (64)
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where 
G1(s) = 2$s2$−1 + $d1s$−1 + $d3s$−1e−sρ1

+ $d5s$−1e−sρ2 − e−sρ2 ρ2(d5s$ + d6),
G2(s) = se−sρ1 [d3s$ + d4].

(65)

Then

Re

[(
ds

dρ1

)−1
]

ρ1=ρ1? ,ζ=ζ0

= Re
[
G1(s)
G2(s)

]
ρ1=ρ1? ,ζ=ζ0

=
G1RG2R + G1IG2I

G2
2R + G2

2I
. (66)

According to (N8), one obtains

Re

[(
ds

dρ1

)−1
]

ρ1=ρ1? ,ζ=ζ0

> 0, (67)

which ends the proof.

Taking advantage of exploration above, the following conclusion can be easily derived.

Theorem 5. Suppose that (N1), (N2), (N7), (N8) are fulfilled. Then, Q4(q1?, q2?) of model (2)
with ρ2 ∈ [0, ρ20) is locally asymptotically stable when ρ1 ∈ [0, ρ1?) and model (2) generates Hopf
bifurcation around Q4(q1?, q2?) when ρ1 = ρ1?.

Case five. If ρ2 > 0, ρ1 > 0, ρ1 ∈ [0, ρ10), is a constant and ρ2 is a parameter, let
s = iφ = φ

(
cos π

2 + i sin π
2
)

be the root of Equation (21). Then, Equation (21) becomes

ζ2$(cos $π + i sin $π) + d1ζ$
(

cos
$π

2
+ i sin

$π

2

)
+ d2

+
[
d3ζ$

(
cos

$π

2
+ i sin

$π

2

)
+ d4

]
(cos ζρ1 − i sin ζρ1)

+
[
d5ζ$

(
cos

$π

2
+ i sin

$π

2

)
+ d6

]
(cos ζρ2 − i sin ζρ2) = 0. (68)

Then, {
D1 cos φρ2 +D2 sin φρ2 = D3,
D2 cos φρ1 −D2 sin φρ2 = D4,

(69)

where 

D1 = d5φ$ cos
$π

2
+ d6,

D2 = d5φ$ sin
$π

2
,

D3 = −
[
d1 cos

$π

2
+ d3 cos

$π

2
cos φρ1 − d3 sin

$π

2
sin φρ1

]
φ$

− φ2$ cos $π − d4 cos φρ1,

D4 = −
[
d1 sin

$π

2
− d3 cos

$π

2
sin φρ1 + d3 sin

$π

2
cos ζρ1

]
φ$

− φ2$ sin $π + d4 sin φρ1.

(70)

By (69), we have
D2

1 +D2
2 = D2

3 +D2
4 , (71)

which leads to
φ4$ + h1φ3$ + h2φ2$ + h3φ$ + h4 = 0, (72)
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where 

h1 = 2
[
d1 cos

$π

2
+ d3 cos

$π

2
cos ζρ1 − d3 sin

$π

2
sin ζρ1

]
cos $π

+
[
d1 sin

$π

2
− d3 cos

$π

2
sin ζρ1 + d3 sin

$π

2
cos ζρ1

]
sin $π,

h2 =
[
d1 cos

$π

2
+ d3 cos

$π

2
cos ζρ1 − d3 sin

$π

2
sin ζρ1

]2

+
[
d1 sin

$π

2
− d3 cos

$π

2
sin ζρ1 + d3 sin

$π

2
cos ζρ1

]2

− 2d4(cos $π cos ζρ1 − sin $π sin ζρ1)− d2
5,

h3 = 2
[
d1 cos

$π

2
+ d3 cos

$π

2
cos ζρ1 − d3 sin

$π

2
sin ζρ1

]
d4 cos ζρ1

+ 2
[
d1 sin

$π

2
− d3 cos

$π

2
sin ζρ1 + d3 sin

$π

2
cos ζρ1

]2
d4 sin ζρ1

− 2d5d6 cos
$π

2
,

h4 = d2
4 − d2

6.

(73)

Let
Π4(φ) = φ4$ + h1φ3$ + h2φ2$ + h3φ$ + h4. (74)

Assume that
(N9) |d4| < |d6|

is fulfilled, since dΠ4(φ)
dφ > 0,∀ φ > 0. Then, we can easily conclude that Equation (72) owns

at least one positive real root. Thus, Equation (21) has at least one pair of purely roots. By
virtue of Sun et al. [48], we can obtain the following assertion.

Lemma 10. (i) Suppose that gl > 0(l = 1, 2, 3, 4) is satisfied. Then, Equation (21) with ρ1 ∈
[0, ρ10) has no root with zero real parts if ρ2 ≥ 0. (ii) Suppose that (N9) is satisfied and gl > 0(l =
1, 2, 3). Then, Equation (21) with ρ1 ∈ [0, ρ10) owns a pair of purely imaginary roots ±iφ0 when
ρ2 = ρ2i(i = 1, 2, · · · , ) where

ρ
(i)
20 =

1
φ0

[
arccos

(
D1D3 +D2D4

D2
1 +D2

2

)
+ 2iπ

]
, (75)

where i = 0, 1, 2, · · · , and φ0 > 0 stands for the unique zero of the function Π4(φ).

For the proof of Lemma 10, we refer the readers to [48]. Set ρ2? = ρ
(0)
20 .

Next, the following hypothesis is given:

(N10) H1RH2R +H1IH2I > 0,
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where

H1R = 2$φ
2$−1
0 cos

(2$− 1)π
2

+ $d1φ
$−1
0 cos

($− 1)π
2

+ $d5φ
$−1
0 cos

($− 1)π
2

cos φ0ρ2? + $d5φ
$−1
0 sin

($− 1)π
2

sin φ0ρ2?

+ $d3φ
$−1
0 cos

($− 1)π
2

cos φ0ρ1 + $d3φ
$−1
0 sin

($− 1)π
2

sin φ0ρ1

+ ρ1

(
d3φ

$
0 cos

$π

2
+ d4

)
cos φ0ρ1 + ρ1d3φ

$
0 sin

$π

2
sin φ0ρ1,

H1I = 2$φ
2$−1
0 sin

(2$− 1)π
2

+ $d1φ
$−1
0 sin

($− 1)π
2

− $d5φ
$−1
0 cos

($− 1)π
2

sin φ0ρ2? + $d5φ
$−1
0 sin

($− 1)π
2

cos φ0ρ1?

− $d3φ
$−1
0 cos

($− 1)π
2

sin φ0ρ1 + $d3φ
$−1
0 sin

($− 1)π
2

cos φ0ρ1

− ρ1

(
d3φ

$
0 cos

$π

2
+ d4

)
sin φ0ρ1 + ρ1d3φ

$
0 sin

$π

2
cos φ0ρ1,

H2R =
(

d5φ
$
0 cos

$π

2
+ d6

)
φ0 sin φ0ρ2? +

(
d5φ

$
0 cos

$π

2

)
φ0 cos φ0ρ2?,

H2I =
(

d5φ
$
0 cos

$π

2
+ d6

)
φ0 sin φ0ρ2? −

(
d5φ

$
0 cos

$π

2

)
φ0 cos φ0ρ2?.

(76)

Lemma 11. Suppose that s(ρ2) = τ1(ρ2) + iτ2(ρ2) is the root of Equation (21) with ρ1 ∈ [0, ρ10)

at ρ2 = ρ2? such that τ1(ρ2?) = 0, τ2(ρ2?) = φ0. Then, Re
(

ds
dρ2

)∣∣∣
ρ2=ρ2? ,φ=φ0

> 0.

Proof. By Equation (21), we derive[
2$s2$−1 + $d1s$−1

] ds
dρ2

+ $d5s$−1e−sρ2
ds

dρ2

−e−sρ2

(
ds

dρ2
ρ2 + s

)
(d5s$ + d6) + $d3s$−1e−sρ1

ds
dρ2

−e−sρ1 ρ1(d3s$ + d4)
ds

dρ2
= 0, (77)

which implies (
ds

dρ2

)−1
=
H1(s)
H2(s)

− ρ2

s
, (78)

where 
H1(s) = 2$s2$−1 + $d1s$−1 + $d5s$−1e−sρ2

+ $d3s$−1e−sρ1 − e−sρ1 ρ1(d3s$ + d4),
H2(s) = se−sρ2 [d5s$ + d6].

(79)

Then,

Re

[(
ds

dρ2

)−1
]

ρ2=ρ2? ,φ=φ0

= Re
[
H1(s)
H2(s)

]
ρ2=ρ2? ,φ=φ0

=
H1RH2R +H1IH2I

H2
2R +H2

2I
. (80)

According to (N10), one obtains

Re

[(
ds

dρ2

)−1
]

ρ2=ρ2? ,φ=φ0

> 0, (81)

which ends the proof.

Taking advantage of exploration above, the following conclusion can be easily derived.



Fractal Fract. 2023, 7, 352 17 of 39

Theorem 6. Suppose that (N1), (N2), (N9), (N10) are fulfilled. Then, Q4(q1?, q2?) of model (2)
with ρ1 ∈ [0, ρ10) is locally asymptotically stable when ρ2 ∈ [0, ρ2?) and model (2) generates Hopf
bifurcation around Q4(q1?, q2?) when ρ2 = ρ2?.

Case six. If ρ1 = ρ2 = ρ, Equation (21) is

s2$ + d1s$ + d2 + [(d3 + d5)s$ + (d4 + d6)]e−sρ = 0, (82)

Let s = iψ = ψ
(
cos π

2 + i sin π
2
)

be the root of Equation (82). Then, Equation (82) be-
comes

ψ2$(cos $π + i sin $π) + d1ψ$
(

cos
$π

2
+ i sin

$π

2

)
+ d2

+
[
(d3 + d5)ψ

$
(

cos
$π

2
+ i sin

$π

2

)
+ (d4 + d6)

]
(cos ψρ− i sin ψρ) = 0. (83)

Then {
K1 cos ψρ +K2 sin ψρ = K3,
K2 cos ψρ−K1 sin ψρ = K4,

(84)

where 

K1 = (d3 + d5)ψ
$ cos

$π

2
+ d4 + d6,

K2 = (d3 + d5)ψ
$ sin

$π

2
,

K3 = −ψ2$ cos $π − d1ψ$ cos
$π

2
− d2,

K4 = −ψ2$ sin $π − d1ψ$ sin
$π

2
.

(85)

By (84), we have
K2

1 +K2
2 = K2

3 +K2
4, (86)

which leads to
ψ4$ + k1ψ3$ + k2ψ2$ + k3ψ$ + k4 = 0, (87)

where 
k1 = 2d1

(
cos ψπ cos

ψπ

2
+ sin ψπ sin

ψπ

2

)
,

k2 = 2d2 cos ψπ + d2
1 − (d3 + d5)

2,

k3 = 2[d1d2 − (d3 + d5)(d4 + d6)] cos
ψπ

2
,

k4 = d2
2 − (d4 + d6)

2.

(88)

Let
Π5(ψ) = ψ4$ + k1ψ3$ + k2ψ2$ + k3ψ$ + k4. (89)

Assume that
(N11) |d2| < |d4 + d6|,

is fulfilled, since dΠ5(ψ)
dψ > 0,∀ ψ > 0. Then, we can easily conclude that Equation (87) owns

at least one positive real root. Thus, Equation (82) has at least one pair of purely roots. By
virtue of Sun et al. [48], we can obtain the following assertion.

Lemma 12. (i) Suppose that kl > 0(l = 1, 2, 3, 4) is satisfied. Then, Equation (82) has no root
with zero real parts if ρ ≥ 0. (ii) Suppose that (N11) is satisfied and kl > 0(l = 1, 2, 3). Then,
Equation (82) owns a pair of purely imaginary roots ±iψ0 when ρ = ρk(k = 1, 2, · · · , ) where

ρ
(k)
0 =

1
ψ0

[
arccos

(
K1K3 +K2K4

K2
1 +K2

2

)
+ 2kπ

]
, (90)

where k = 0, 1, 2, · · · , and ψ0 > 0 stands for the unique zero of the function Π5(ψ).
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For the proof of Lemma 12, we refer the readers to [48]. Set ρ0 = ρ
(0)
0 .

Next, the following hypothesis is given:

(N12) V1RV2R + V1IV2I > 0,

where

V1R = 2$ψ
2$−1
0 cos

(2$− 1)π
2

+ $d1ψ
$−1
0 cos

($− 1)π
2

+ $(d3 + d5)ψ
$−1
0

[
cos

($− 1)π
2

cos ψ0ρ0 + sin
($− 1)π

2
sin ψ0ρ0

]
,

V1I = 2$ψ
2$−1
0 sin

(2$− 1)π
2

+ $d1ψ
$−1
0 sin

($− 1)π
2

− $(d3 + d5)ψ
$−1
0

[
cos

($− 1)π
2

sin ψ0ρ0 − sin
($− 1)π

2
cos ψ0ρ0

]
,

V2R =
[
(d3 + d5)ψ

$
0 cos

$π

2
+ d4 + d6

]
ψ0 sin ψ0ρ0 +

[
(d3 + d5)ψ

$
0 cos

$π

2

]
ψ0 cos ψ0ρ0,

V2I =
[
(d3 + d5)ψ

$
0 cos

$π

2
+ d4 + d6

]
ψ0 sin ψ0ρ0 −

[
(d3 + d5)θ

$
0 cos

$π

2

]
ψ0 cos ψ0ρ0.

(91)

Lemma 13. Suppose that s(ρ) = ε1(ρ) + iε2(ρ) is the root of Equation (82) at ρ = ρ0 such that

ε1(ρ0) = 0, ε2(ρ0) = ψ0, then Re
(

ds
dρ

)∣∣∣
ρ=ρ0,ψ=ψ0

> 0.

Proof. By Equation (82), we derive[
2$s2$−1 + $d1s$−1

] ds
dρ

+ $(d3 + d5)s$−1e−sρ ds
dρ

−e−sρ

(
ds
dρ

ρ + s
)
[(d3 + d5)sη + d4 + d6] = 0, (92)

which implies (
ds
dρ

)−1
=
V1(s)
V2(s)

− ρ

s
, (93)

where {
V1(s) = 2$s2$−1 + $d1 + s$−1 + $(d3 + d5)s$−1e−sρ,
V2(s) = se−sρ[(d3 + d5)s$ + d4 + d6].

(94)

Then,

Re

[(
ds
dρ

)−1
]

ρ=ρ0,ψ=ψ0

= Re
[
V1(s)
V2(s)

]
ρ=ρ0,ψ=ψ0

=
V1RV2R + V1IV2I

V2
2R + V2

2I
. (95)

According to (N12), one obtains

Re

[(
ds
dρ

)−1
]

ρ=ρ0,ψ=ψ0

> 0, (96)

which ends the proof.

Taking advantage of exploration above, the following conclusion can be easily derived.

Theorem 7. Suppose that (N1), (N2), (N11), (N12) are fulfilled. Then, Q4(q1?, q2?) of model (2)
with ρ1 = ρ2 = ρ is locally asymptotically stable when ρ ∈ [0, ρ0) and model (2) generates Hopf
bifurcation around Q4(q1?, q2?) when ρ = ρ0.
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Remark 2. In 2016, Ma and Si [21] probed into the stability of the equilibrium point, the onset
of Hopf bifurcation, and chaos control of the continuous Bertrand duopolu game model (1). In
this article, we principally probe into the dynamical behavior (e.g., existence and uniqueness,
non-negativeness, boundedness of the solution, local stability, creation of Hopf bifurcation, global
asymptotically stability) of the fractional-order Bertrand duopoly game model (2). All the study
methods are absolutely different from those in Ma and Si [21]. The study idea of Ma and Si [21] can
not be utilized to explore the dynamics of the fractional-order Bertrand duopoly game model (2) in
this article. Based on this view, we think that our studies are an important supplement to the previous
research results of Ma and Si [21]. In addition, the research idea provides an important reference for
later research on bifurcation issue of fractional-order dynamical models with multiple delays.

Remark 3. In view of Lemma 1, we understand how to determine asymptotic stability of fractional-
order delayed systems. Although we can not solve all the roots of the characteristic equation of model
(2), we can seek the critical value of delay that ensures all roots of the characteristic equation of
model (2)’s own negative real part.

5. Global Stability Study of Model (2)

In this section, we are to build a sufficient condition that guarantees the global stability
of the equilibrium point Q4(q1?, q2?) of system (2). Now, the following hypothesis is needed:
(N13) 4µ1µ2β1β2 < (µ1δ1 + µ2δ2)

2.

Theorem 8. Assume that (N13) holds. Then, the equilibrium point Q4(q1?, q2?) of system (2) is
globally asymptotically stable.

Proof. Define a positive definite function as follows:

W(t) =
2

∑
j=1

(
qj(t)− qj? − qj? ln

qj(t)
qj?

)
. (97)

Then

D$W(t) =
q1(t)− q1?

q1(t)
D$q1(t) +

q2(t)− q2?

q2(t)
D$q2(t)

≤ (q1(t)− q1?){µ1[α1 − 2β1vq1(t− ρ1)− 2β1(1−v)q1(t− ρ2) + δ1q2(t) + β1γ1]}
+(q2(t)− q2?){µ2[α2 − 2β2q2(t) + δ2vq1(t− ρ1) + δ2(1−v)q1(t− ρ2) + β2γ2]}

= ((q1(t)− q1?)[−2µ1β1vq1(t− ρ1) + 2µ1β1vq1? − 2µ1β1(1−v)q1(t− ρ2)

+2µ1β1(1−v)q1? + µ1δ1q2(t)− µ1δ1q2?]

+(q2(t)− q2?)[−2µ2β2q2(t) + 2µ2β2q2? + µ2δ2vq1(t− ρ1)− µ2δ2vq1?

+µ2δ2(1−v)q1(t− ρ2)− µ2δ2(1−v)q1?]

≤ −µ1β1(q1(t)− q1?)
2 + µ1δ1(q1(t)− q1?)(q2(t)− q2?)

−µ2β2(q2(t)− q2?)
2 + µ2δ2(q1(t)− q1?)(q2(t)− q2?)

= −µ1β1q1(t)− q1?)
2 − µ2β2(q2(t)− q2?)

2

+(µ1δ1 + µ2δ2)(q1(t)− q1?)(q2(t)− q2?). (98)

According to (N13), one knows that D$W(t) ≤ 0. Thus, Theorem 8 is true.

Remark 4. If q1(t) = q1?, g(q1) = q1 − q1? − q1? ln q1
q1?

= 0 and dg(q1)
dq1

= 1− q1?
q1

> 0 for
q1 > q1?. Then, g(q1) is a increasing function and g(q1) > 0. In the same way, g(q2) =
q2− q2? − q2? ln q2

q2?
> 0. Thus,W(t) is a positive definite function. In addition, classic Lyapunov

methods are still valid for the fractional-order case.
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6. Simulation Results

We give the following fractional-order Bertrand duopoly game model:{
D$q1(t) = µ1q1(t)[α1 − 2β1vq1(t− ρ1)− 2β1(1−v)q1(t− ρ2) + δ1q2(t) + β1γ1],
D$q2(t) = µ2q2(t)[α2 − 2β2q2(t) + δ2vq1(t− ρ1) + δ2(1−v)q1(t− ρ2) + β2γ2],

(99)

where µ1 = 0.5, µ2 = 0.5, α1 = 6, α2 = 5, β1 = 1.5, β2 = 1.8, v = 0.2, δ1 = 0.3, δ2 = 0.4,
γ1 = 0.5, γ2 = 0.3, and$ = 0.91. Clearly, δ1δ2 = 0.3× 0.4 = 0.12 and 4β1β2 = 4× 1.5×
1.8 = 10.8. Then, δ1δ2 < 4β1β2. So (N1) holds. Thus, system (99) has a unique unique
positive equilibrium point Q4(2.4309, 1.8090). Next, we will check the assumptions of
Theorems 3–7. By virtue of computer software, we can verify that all the assumptions
(N2)–(N12) are fulfilled. Thus, the conclusions of Theorems 3–7 hold true. In order to
display the simulation results in Theorems 3–7, we are to select different delay values.

(1) For Theorem 3, fix ρ1 = 0. We obtain ρ20 ≈ 0.59 and θ0 = 2.3905. Let ρ2 = 0.55
and ρ2 = 0.7. The numerical simulation plots are presented in Figures 1–6. Figure 1
shows the time history plots of system (99) with ρ1 = 0, ρ2 = 0.55 < ρ20 ≈ 0.59.
Figure 2 shows the phase plot of system (99) with ρ1 = 0, ρ2 = 0.55 < ρ20 ≈ 0.59.
From Figures 1 and 2, we can see the locally asymptotically stable level of the positive
equilibrium point Q4(2.4309, 1.8090) of system (99), which indicates that the price of
the company I will tend to 2.4309 and the price of the company II will tend to 1.8090.
Figure 3 shows the time history plots of system (99) with ρ1 = 0, ρ2 = 0.7 > ρ20 ≈ 0.59.
Figure 4 shows the phase plot of system (99) with ρ1 = 0, ρ2 = 0.7 > ρ20 ≈ 0.59. From
Figures 3 and 4, we can see the onset of Hopf bifurcation near the positive equilibrium
point Q4(2.4309, 1.8090) of system (99), which shows that the price of the company I
will keep periodic vibration around 2.4309 and the price of the company II will keep
periodic vibration around 1.8090. Figure 5 shows the bifurcation plot of system (99)
with respect to t and q1 under ρ1 = 0. Figure 6 shows the bifurcation plot of system
(99) with respect to t and q2 under ρ1 = 0. From Figures 5 and 6, we can see the
bifurcation value ρ20 ≈ 0.59.

(2) For Theorem 4, fix ρ2 = 0. We obtain ρ10 ≈ 0.48, η0 = 1.8704. Let ρ1 = 0.44 and
ρ1 = 0.56. The numerical simulation plots are presented in Figures 7–12. Figure
7 shows the time history plots of system (99) with ρ2 = 0, ρ1 = 0.44 < ρ10 ≈ 0.48.
Figure 8 shows the phase plot of system (99) with ρ2 = 0, ρ1 = 0.44 < ρ10 ≈ 0.48.
From Figures 7 and 8, we can see the locally asymptotically stable level of the positive
equilibrium point Q4(2.4309, 1.8090) of system (99), which indicates that the price of
the company I will tend to 2.4309 and the price of the company II will tend to 1.8090.
Figure 9 shows the time history plots of system (99) with ρ2 = 0, ρ1 = 0.56 > ρ10 ≈
0.48. Figure 10 shows the phase plot of system (99) with ρ2 = 0, ρ1 = 0.56 > ρ10 ≈ 0.48.
From Figures 9 and 10, we can see the onset of Hopf bifurcation near the positive
equilibrium point Q4(2.4309, 1.8090) of system (99), which shows that the price of the
company I will keep periodic vibration around 2.4309 and the price of the company
II will keep periodic vibration around 1.8090. Figure 11 shows the bifurcation plot
of system (99) with respect to t and q1 under ρ2 = 0. Figure 12 shows the bifurcation
plot of system (99) with respect to t and q2 ρ2 = 0. From Figures 11 and 12, we can see
the bifurcation value ρ10 ≈ 0.48.

(3) For Theorem 5, fix ρ2 = 0.5. We obtain ρ1? ≈ 0.61, ζ0 = 2.0933. Let ρ1 = 0.55 and
ρ1 = 0.67. The numerical simulation plots are presented in Figures 13–18. Figure 13
shows the time history plots of system (99) with ρ2 = 0.5, ρ1 = 0.55 < ρ1? ≈ 0.61.
Figure 14 shows the phase plot of system (99) with ρ2 = 0.5, ρ1 = 0.55 < ρ1? ≈ 0.61.
From Figures 13 and 14, we can see the locally asymptotically stable level of the
positive equilibrium point Q4(2.4309, 1.8090) of system (99), which indicates that
the price of the company I will tend to 2.4309 and the price of the company II will
tend to 1.8090. Figure 15 shows the time history plots of system (99) with ρ2 = 0.5,
ρ1 = 0.67 > ρ1? ≈ 0.61. Figure 16 shows the phase plot of system (99) with ρ2 = 0.5,
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ρ1 = 0.67 > ρ1? ≈ 0.61. From Figures 15 and 16, we can see the onset of Hopf
bifurcation near the positive equilibrium point Q4(2.4309, 1.8090) of system (99),
which shows that the price of the company I will keep periodic vibration around
2.4309 and the price of the company II will keep periodic vibration around 1.8090.
Figure 17 shows the bifurcation plot of system (99) with respect to t and q1 under
ρ2 = 0.5. Figure 18 shows the bifurcation plot of system (99) with respect to t and q2
under ρ2 = 0.5. From Figures 17 and 18, we can see the bifurcation value ρ1? ≈ 0.61.

(4) For Theorem 6, fix ρ1 = 0.4. We obtain ρ2? ≈ 0.50, φ0 = 2.0933. Let ρ2 = 0.45 and
ρ2 = 0.62. The numerical simulation plots are presented in Figures 19–24. Figure 19
shows the time history plots of system (99) with ρ1 = 0.4, ρ2 = 0.45 < ρ2? ≈ 0.50.
Figure 20 shows the phase plot of system (99) with ρ1 = 0.4, ρ2 = 0.45 < ρ2? ≈ 0.50.
From Figures 19 and 20, we can see the locally asymptotically stable level of the
positive equilibrium point Q4(2.4309, 1.8090) of system (99), which indicates that
the price of the company I will tend to 2.4309 and the price of the company II will
tend to 1.8090. Figure 21 shows the time history plots of system (99) with ρ1 = 0.4,
ρ2 = 0.62 > ρ1? ≈ 0.50. Figure 22 shows the phase plot of system (99) with ρ1 = 0.4,
ρ2 = 0.62 > ρ1? ≈ 0.50. From Figures 21 and 22, we can see the onset of Hopf
bifurcation near the positive equilibrium point Q4(2.4309, 1.8090) of system (99),
which shows that the price of the company I will keep periodic vibration around
2.4309 and the price of the company II will keep periodic vibration around 1.8090.
Figure 23 shows the bifurcation plot of system (99) with respect to t and q1 under
ρ1 = 0.4. Figure 24 shows the bifurcation plot of system (99) with respect to t and q2
under ρ1 = 0.4. From Figures 23 and 24, we can see the bifurcation value ρ2? ≈ 0.50.

(5) For Theorem 7, let ρ1 = ρ2 = ρ. We obtain ρ0 ≈ 0.49, ψ0 = 2.3905. Let ρ = 0.42 and
ρ = 0.53. The numerical simulation plots are presented in Figures 25–30. Figure 25
shows the time history plots of system (99) with ρ = 0.42 < ρ0 ≈ 0.49. Figure 26
shows the phase plot of system (99) with ρ = 0.42 < ρ0 ≈ 0.49. From Figures 25
and 26, we can see the locally asymptotically stable level of the positive equilibrium
point Q4(2.4309, 1.8090) of system (99), which shows that the price of the company
I will keep periodic vibration around 2.4309 and the price of the company II will
keep periodic vibration around 1.8090. Figure 27 shows the time history plots of
system (99) with ρ = 0.53 > ρ0 ≈ 0.49. Figure 28 shows the phase plot of system
(99) with ρ = 0.53 > ρ0 ≈ 0.49. From Figures 27 and 28, we can see the onset of
Hopf bifurcation near the positive equilibrium point Q4(2.4309, 1.8090) of system
(99), which shows that the price of the company I will keep periodic vibration around
2.4309 and the price of the company II will keep periodic vibration around 1.8090.
Figure 29 shows the bifurcation plot of system (99) with respect to t and q1 under
ρ1 = ρ2 = ρ. Figure 30 shows the bifurcation plot of system (99) with respect to t
and q2 under ρ1 = ρ2 = ρ. From Figures 29 and 30, we can see the bifurcation value
ρ0 ≈ 0.49.
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Figure 1. The time history plots of system (99) with ρ1 = 0, ρ2 = 0.55 < ρ20 ≈ 0.59. The locally
asymptotically stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99). The
blue line represents q1(t) and the red line represents q2(t).
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Figure 2. The phase plot of system (99) with ρ1 = 0, ρ2 = 0.55 < ρ20 ≈ 0.59. The locally asymptoti-
cally stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 3. The time history plots of system (99) with ρ1 = 0, ρ2 = 0.7 > ρ20 ≈ 0.59. The Hopf
bifurcation phenomenon near the positive equilibrium point Q4(2.4309, 1.8090) of system (99). The
blue line represents q1(t) and the red line represents q2(t).
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Figure 4. The phase plot of system (99) with ρ1 = 0, ρ2 = 0.7 > ρ20 ≈ 0.59. The Hopf bifurcation
phenomenon near the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 5. Bifurcation plot of system (99) with ρ1 = 0: the relation of t and q1. The bifurcation value
ρ20 ≈ 0.59.
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Figure 6. Bifurcation plot of system (99) with ρ1 = 0: the relation of t and q2. The bifurcation value
ρ20 ≈ 0.59.
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Figure 7. The time history plots of system (99) with ρ2 = 0, ρ1 = 0.44 < ρ10 ≈ 0.48. The locally
asymptotically stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99). The
blue line represents q1(t) and the red line represents q2(t).
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Figure 8. The phase plot of system (99) with ρ2 = 0, ρ1 = 0.44 < ρ10 ≈ 0.48. The locally asymptoti-
cally stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 9. The time history plots of system (99) with ρ2 = 0, ρ1 = 0.44 > ρ10 ≈ 0.48. The Hopf
bifurcation phenomenon near the positive equilibrium point Q4(2.4309, 1.8090) of system (99). The
blue line represents q1(t) and the red line represents q2(t).
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Figure 10. The phase plot of system (99) with ρ2 = 0, ρ1 = 0.56 > ρ10 ≈ 0.48. The Hopf bifurcation
phenomenon near the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 11. Bifurcation plot of system (99) with ρ2 = 0: the relation of t and q1. The bifurcation value
ρ10 ≈ 0.48.
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Figure 12. Bifurcation plot of system (99) with ρ2 = 0: the relation of t and q2. The bifurcation value
ρ10 ≈ 0.48.
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Figure 13. The time history plots of system (99) with ρ2 = 0.5, ρ1 = 0.55 < ρ1? ≈ 0.61. The locally
asymptotically stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99). The
blue line represents q1(t) and the red line represents q2(t).
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Figure 14. The phase plot of system (99) with ρ2 = 0.5, ρ1 = 0.67 < ρ1? ≈ 0.61. The locally
asymptotically stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 15. The time history plots of system (99) with ρ2 = 0.5, ρ1 = 0.67 > ρ1? ≈ 0.61. The Hopf
bifurcation phenomenon near the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 16. The phase plot of system (99) with ρ2 = 0.5, ρ1 = 0.67 > ρ1? ≈ 0.61. The Hopf bifurcation
phenomenon near the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 17. Bifurcation plot of system (99) with ρ2 = 0.5: the relation of t and q1. The bifurcation value
is ρ1? ≈ 0.59.
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Figure 18. Bifurcation plot of system (99) with ρ2 = 0.5: the relation of t and q2. The bifurcation value
is ρ1? ≈ 0.59.
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Figure 19. The time history plots of system (99) with ρ1 = 0.4, ρ2 = 0.45 < ρ2? ≈ 0.50. The locally
asymptotically stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99). The
blue line represents q1(t) and the red line represents q2(t).
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Figure 20. The phase plot of system (99) with ρ1 = 0.4, ρ2 = 0.45 < ρ2? ≈ 0.50. The locally
asymptotically stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 21. The time history plots of system (99) with ρ1 = 0.4, ρ2 = 0.62 > ρ2? ≈ 0.50. The Hopf
bifurcation phenomenon near the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 22. The phase plot of system (99) with ρ1 = 0.4, ρ2 = 0.62 > ρ2? ≈ 0.50. The Hopf bifurcation
phenomenon near the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 23. Bifurcation plot of system (99) with ρ1 = 0.4: the relation of t and q2. The bifurcation value
ρ2? ≈ 0.50.
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Figure 24. Bifurcation plot of system (99) with ρ1 = 0.4: the relation of t and q2. The bifurcation value
ρ2? ≈ 0.50.
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Figure 25. The time history plots of system (99) with ρ = 0.42 < ρ0 ≈ 0.49. The locally asymptotically
stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99). The blue line represents
q1(t) and the red line represents q2(t).
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Figure 26. The phase plot of system (99) with ρ = 0.42 < ρ0 ≈ 0.49. The locally asymptotically stable
level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 27. The time history plots of system (99) with ρ = 0.53 > ρ0 ≈ 0.49. The Hopf bifurcation
phenomenon near the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 28. The phase plot of system (99) with ρ = 0.53 > ρ0 ≈ 0.49. The Hopf bifurcation
phenomenon near the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 29. Bifurcation plot of system (99) with ρ1 = ρ2: the relation of t and q1. The bifurcation value
ρ0 ≈ 0.49.
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Figure 30. Bifurcation plot of system (99) with ρ1 = ρ2: the relation of t and q2. The bifurcation value
ρ0 ≈ 0.49.
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7. Conclusions

We all know that the competition among different firms has become fierce in con-
temporary society. In particular, the price of the products of firms is a very vital factor
that affects the market and attracts consumers. Thus, the exploration on the price of the
products of firms has attracted great interest from many scholars. In this article, we set
up a novel fractional-order Bertrand duopoly game model incorporating both noniden-
tical time delays. The rich dynamical behavior including the existence and uniqueness,
non-negativeness, boundedness of solution, local stability, Hopf bifurcation, and globally
asymptotical stability of the established fractional-order Bertrand duopoly game model
incorporating both nonidentical time delays has been sufficiently explored. In particular,
five sufficient conditions to ensure the stability and the onset of Hopf bifurcation of the
fractional-order Bertrand duopoly game model are successfully built. These delay cases
includes the following situations: (1) ρ1 = 0, ρ2 > 0; (2) ρ2 = 0, ρ1 > 0; (3) ρ2 > 0 and
ρ2 ∈ [0, ρ20), ρ1 > 0; (4) ρ1 > 0 and ρ1 ∈ [0, ρ10), ρ2 > 0; (5) ρ1 = ρ2 = ρ. The influence
of different types of time delays on the stability and the creation of Hopf bifurcation of
the established fractional-order Bertrand duopoly game model has been fully revealed.
The derived research results have important theoretical guiding significance in managing
and operating firms. Furthermore, the research idea and mathematical analysis skills can
be also utilized to explore bifurcation issue of abundant other multi-delayed fractional
dynamical models existing in numerous disciplines. In the near future, we will deal with
the chaos control issue and the effect of fractional order on chaos for the fractional-order
Bertrand duopoly game model.
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