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Abstract: In order to maximize benefits, oligopolistic competition often occurs in contemporary soci-
ety. Establishing the mathematical models to reveal the law of market competition has become a vital
topic. In the current study, on the basis of the earlier publications, we propose a new fractional-order
Bertrand duopoly game model incorporating both nonidentical time delays. The dynamics involv-
ing existence and uniqueness, non-negativeness, and boundedness of solution to the considered
fractional-order Bertrand duopoly game model are systematacially analyzed via the Banach fixed
point theorem, mathematical analysis technique, and construction of an appropriate function. Making
use of different delays as bifurcation parameters, several sets of new stability and bifurcation condi-
tions ensuring the stability and the creation of Hopf bifurcation of the established fractional-order
Bertrand duopoly game model are acquired. By virtue of a proper definite function, we set up a new
sufficient condition that ensures globally asymptotically stability of the considered fractional-order
Bertrand duopoly game model. The work reveals the impact of different types of delays on the
stability and Hopf bifurcation of the proposed fractional-order Bertrand duopoly game model. The
study shows that we can adjust the delay to achieve price balance of different products. To confirm
the validity of the derived criteria, we put computer simulation into effect. The derived conclusions
in this article are wholly new and have great theoretical value in administering companies.

Keywords: fractional-order Bertrand duopoly game model; Hopf bifurcation; existence and uniqueness;
non-negativeness; boundedness; stability; numerical simulation

MSC: 34C23; 34K18; 37GK15; 39A11; 92B20

1. Introduction

In the market, when homogeneous goods are produced by several different companies,
oligopolistic competition will easily take place. In order to pursue the maximization of
various benefits, the companies take the best measures and perform everything possible
to achieve the established goal. Thus, the duopoly game has become normal. Revealing
the duopoly game law of different companies is an extremely significative topic. Mathe-
matically speaking, a suitable research topic is to build mathematical models to probe into
the relationship among variables. During the past decades, there have been a great deal of
meaningful and interesting publications that are concerned with various duopoly game
models. For instance, Zhang et al. [1] dealt with the stability behavior and Hopf bifurca-
tion of a Bertrand model involving bounded rationality. Yu and Yu [2] explored the local
stability and the global stability of a Bertrand duopoly model involving comprehensive
preference. They established the sufficient conditions to ensure the local stability and global
stability of a Bertrand duopoly model. Cao et al. [3] investigated the local stability of the
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equilibria, global bifurcation, and synchronization of a duopoly game model concerning
bounded rationality and consumer surplus. Baiardi and Naimzada [4] studied the local
stability and Neimark-Sacker bifurcations of an oligopoly model. Zhu et al. [5] carried
out a theoretical analysis on stability, coexistence of attractors, and contact bifurcation
for a Cournot-Bertrand duopoly game model involving heterogeneous players. Askar
and Al-khedhairi [6] implemented concrete discussion on local and global stability of the
equilibrium points for a duopoly game concerning price competition. For more detailed
works on this aspect, one can see the literature [7-15].

The price of products is one of the important factors that affects the competition among
different companies. The price has a vital influence on the distribution of products and
the demand from people [16]. Adjusting the price of products effectively has become a
central issue for companies. To this day, a lot of valuable scientific achievements about
this topic have been available. For instance, Wang and Hou [17] investigated a duopoly
game model with heterogeneous green supply chains in optimal price and market stability
with consumer green preference. They revealed the effect of consumer green preference
on members’ optimal decisions and the speed of the adjustment of the optimal price
strategies for heterogeneous green supply chains. Safarzadeh et al. [18] explored the
duopoly pricing of energy-efficient appliances regarding innovation protection and social
welfare via a game theoretic approach. Huang et al. [19] discussed the equilibrium issue of
pricing competition and cooperation in supply chain involving one common manufacturer
and duopoly retailers. Mukhopadhyay et al. [20] analyzed a Stackelberg price model of
complementary goods under information asymmetry. In 2016, Ma and Si [21] set up the
following Bertrand duopoly game model incorporating both nonidentical time delays:

{ q1(t) = g1 (t) w1 — 2B1091(t — p1) — 2B1(1 — @)q1(t — p2) + 0192() + B171), 1)
G2(t) = paqa(t)laz — 2B2q2(t) + 2@q1(t — p1) + 62(1 — @)q1 (t — p2) + B272],

where g1 (t) represents the price of the company I, g5 (t) represents the price of the company
II, p11 denotes the speed of price adjustment of the company I, y» denotes the speed of
price adjustment of the company I, 1 and a; denote the basic demand for the market, 1
and 3, represent the elastic demand for its itself, and 7y; and 7, represent the marginal
costs of company I, company II, respectively. @ € [0,1] is the weight of price at time
t —p1, 1 — @ is the weight of price at time t — p, pj represents a time delay, and all the
coefficients y;, a;, Bi, vi, 01, pi(i = 1,2), @ are positive constants. For more details, we refer
to the readers to [21]. By selecting the time delay as bifurcation parameter, Ma and Si [21]
obtained the bifurcation value of model (1). By virtue of the power spectrum, attractor,
bifurcation diagram, the largest Lyapunov exponent, 3D surface chart, 4D Cubic Chart, 2D
parameter bifurcation diagram, and 3D parameter bifurcation diagram [21], the dynamical
behaviors of the model (1) are displayed.

Here, we must mention that all the above works on duopoly game models (see [1-21])
merely focus on the integer-order differential models. A number of studies have shown
that fractional-order differential systems own more degrees of freedom and longer-range
interactivity in time and space [22-24]. The majority of biological, neural network, eco-
nomic, physical, chemical, and engineering systems own long-range temporal memory
or/and long-range space interplay [25]. Thus, describing these biological, economic, physi-
cal, chemical and engineering systems and neural networks by virtue of fractional-order
differential equations owns more advantages than traditional integer-order ones since the
influence of time memory and long-range space interplay can be revealed [25]. Nowadays,
fractional-order differential systems have displayed potential applications in many fields
such as neural networks, biological technique, control science, physics, chemistry, capacitor
principle, electrical engineering, economics, etc. [26-31]. To this day, many scholars have
concentrated on fractional-order dynamical systems and achieved very gratifying results.
For example, Huang et al. [31] probed into Hopf bifurcation of fractional-order BAM neural
networks with multiple time delays. Alidousti [32] analyzed the stability behavior and
Hopf bifurcation of a fractional-order predator—prey scavenger system. Zhang et al. [33]
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dealt with the dynamical bifurcation of large scale delayed fractional-order neural networks
involving hub structure and multiple rings. Eshaghi et al. [29] discussed the bifurcation,
synchronization, and chaos control of a fractional-order chaotic system. For more details,
one can see [29,34-42].

Stimulated by the idea above and on the basis of model (1), in this present research,
we are to build the following fractional-order Bertrand duopoly game model:

{ DOq1(t) = paqr(t)[ar — 281091 (t — p1) — 2B1(1 — @)q1(t — p2) + 6192(¢) + B171), o)
DOga(t) = paga(t)[az — 2B2q2(t) + 6201 (t — p1) + 62(1 — @)q1(t — p2) + B22),

where ¢ € (0,1]. All other coefficients and variables have the same implication as those
in Bertrand duopoly game model (1). The model (2) has more advantages than model (1)
since it can better describe the memory trait and hereditary nature of the prices of two
companies. By considering the different delay cases, we can reveal the effect of different
delays on the change of the prices of two companies, which can help us to manage and
operate enterprises with a flexible and efficient way. For example, we can control the values
of the two delays p1, p» to realize the stability of the prices of two companies or balance
of the prices of two companies. In addition, for different delay cases, we can choose a
suitable fractional order parameter to seek the critical value of delay which ensures the
periodic motion of the prices of two companies. Based on this exploration, we think that
the investigation on the dynamics of model (2) owns very important practical significance
in corporate governance.
In this current research, we predominantly explore the following three aspects:

(1) Explore the existence and uniqueness, non-negativeness, and boundedness of the
solution to the fractional-order Bertrand duopoly game model (2).

(2) Seek a series of delay-independent sufficient criteria that ensures the stability and the
creation of Hopf bifurcation of the fractional-order Bertrand duopoly game model (2).

(3) Build the sufficient condition that guarantees the globally asymptotically stability of
the fractional-order Bertrand duopoly game model (2).

The key highlights of this research are expounded as follows:

*  Based on the studies of predecessors, a new fractional-order Bertrand duopoly game
model is established.

* A series of delay-independent sufficient criteria that ensures the stability and the
creation of Hopf bifurcation of the fractional-order Bertrand duopoly game model (2)
with different types of delay is derived.

e  The sufficient criterion that ensures the globally asymptotically stability of the fractional-
order Bertrand duopoly game model (2) is derived by virtue of construction of a
suitable positive definite function skillfully.

¢ The impact of delay on the stability and the occurrence of Hopf bifurcation of the
fractional-order Bertrand duopoly game model (2) is elaborated.

¢  The study ideas can provide reference for us to probe into the bifurcation problem of
plentiful fractional dynamical systems in many fields.

This article is planned as follows. In Section 2, we give requisite theory on the
fractional-order dynamical system. In Section 3, the proofs of the existence and uniqueness,
boundedness, non-negativeness, and boundedness of the solution to the fractional-order
Bertrand duopoly game model (2) are presented. In Section 4, a series of delay-independent
sufficient criteria ensuring the stability and the onset of Hopf bifurcation of the fractional-
order Bertrand duopoly game model (2) with different types of delay are built. In Section 5,
the globally asymptotically stability of the fractional-order Bertrand duopoly game model
(2) is explored. In Section 6, numerical simulations are implemented to sustain the derived
primary results. In Section 7, we give a conclusion to end this work.
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Remark 1. Inmodel (2), we define the order o € (0, 1] which stands for the first order fractional operator.

2. Preliminaries

In this segment, some essential basic theories about fractional-order differential equa-
tions are presented.

Definition 1 ([43]). Define the fractional integral of order ¢ of the function h(r) as follows:

Toh(r) = F(lg) /r:(r 7)o p(1)dr,

wherer > rp,0 > 0, (1) = f0°° sTYe=5ds, which represents the Gamma function.

Definition 2 ([44]). The Caputo fractional-order derivative of order ¢ of the function h(r) €

([ro, ), R) is given by
1 r h(s)
Doh(r) = / ds,
(1’) 1"(1 _ Q) o (1, _ S)Q*l“rl S
where € > €y and | stands for a positive integer (1 — 1 < o < I). In particular, when ¢ € (0,1),

then one has Dh(r) = ﬁ fr:, %ds.

Lemma 1 ([45]). For the following fractional system: D°x = Hx, x(0) = xo where ¢ € (0,1),
x € R",Q € R"™™", denote x;(I = 1,2,---,n) the root of the characteristic equation of
Dex = Hx. Then, system D°x = Hx is locally asymptotically stable < |arg(x;)| > %
(I = 1,2,---,n). The system is stable < |arg(x;)| > % (I = 1,2,--- ,n) and all critical

eigenvalues, which satisfy larg(x;)| = % (1 =1,2,- - ,n), have geometric multiplicity one.

Lemma 2 ([46]). Let ¢ € (0,1],h(t) € Clc1,cz] and D°h(t) € Clay,az]. Suppose that
DCh(t) > 0,t € (c1,c2). Then, h(t) is a non-decreasing function for t € [c1,cp]. Suppose
that DCh(t) < 0,t € (c1,c2). Then, h(t) is a non-increasing function for t € [cy, c2].

Lemma 3 ([45]). Assume that @(t) € Clto, o0) and satisfies

{ D%w(t) < —®1@(t) + 0,
C’O(to) = @4,

where ¢ € (0,1),01,% € R, 81 #0,t9p > 0. Then,

olt) < (w(m) - Zj)EQ[—m(t ~ o))+ 2

3. Dynamics Exploration of the Solution

In this part, we will probe into the existence and uniqueness, non-negativeness, and
boundedness of the solution to system (2) via the Banach fixed point theorem and Lemma 2.

Theorem 1. Denote Y = {q1,92) € R? : max{|q1],|q2|} < Q}, where Q > 0 represents a
constant. For each (q19,q20) € Y, system (2) with the initial condition (q19,q20) owns a unique
solution Q = (q1,92) € Y.

Proof. Define a mapping as follows:

8(Q) = (81(Q),82(Q)), ®)
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where

{ $1(Q) = mq1(t)[a1 — 2B1@q1 (t — p1) — 2B1(1 — @)q1(t — p2) + 6192(¢) + P11, @)
$2(Q) = paqa(t)[a2 — 2B292(t) + 620q1(t — p1) + 62(1 — @)q1(t — p2) + Bay2]-

VY Q,Q €Y, one has

18(Q) — g(Q)I|
= [mq1(H)[e1 — 2B10q1 (f — p1) — 2B1(1 — @)q1(t — p2) + d192(t) + B171]
— {mq ()1 —2B10q1 (t — p1) —2B1(1 — @)1 (t — p2) + 6172(F) + P11}
+ |p2g2() [0 — 2B2q2(t) + G201 (t — p1) + 02(1 — @) g1 (t — p2) + B272]

— {m2d2(t) [ — 222 (t) + 620041 (t — p1) + 62(1 — @)1 (t — p2) + B272]}|

< mag|qi(t) — (D] + 41 p10Qlg1(t) — q1(t) | + 411 (1 — @)[g1(t) — 1 (¢)]
+ 161 Qg1 (¢ )— 71 (1) + 161 Qlga(t) — ’12(t)| +mBimlar(t) — g1 (t)]

+ a2 |q2(t) — G2(t)| + 4p2Po@Q|q2(t) — Q2 ()| + p2d20 Qg1 (1) — 41(2)|
+ 12620 Qg (¢ )— 2(H)[ + p262(1 — @) Qg1 (t) — 71 (1)]
+ 1202(1 — @) Qlg2(t) — q2(t)| + p2B2ar2lg2(t) — 32(t)]

= [mar +4p1p10Q + 41 p1(1 — @) + p101Q + paPry1 + 1262 Ql |1 (£) — 1 (1)
+ [1161Q + poas +4pafr@Q + 1202 Q + p2P212]|q2(t) — G2(t)|

= Qg1 (t) — ()] + Q2lq2(t) — 72(1)]

< 9llQ-qll, ()
where
{ Q1 = g + 41 p10Q + 411 f1(1 — @) + 1161 Q + 1171 + 42029, ©)
Qo = n161Q + poan + 4pzfr@Q + 262 Q + p2f2v2,
and
Q = max{Qy, Qo }. ()
O

Then, g(Q) satisfies the Lipschitz condition with respect to Q (see [45]). Making use
of the Banach fixed point theorem [47], we can obtain that Theorem 1 holds true.

Theorem 2. (1) Each solution of model (2) beginning with R% is non-negative; (2) If
min{2181@,2p2B2} > 31161 + 31202(1 — @), then each solution of model (2) beginning
with R?. is uniformly bounded.

Proof. Denote Q(ty) = (q1(to),g2(to)) the initial condition of model (2). Suppose that 3 a
constant t,, which satisfies t € (¢, t, ), such that

q1(t) > 0,t € (to, ts),
{‘h( «) =0, 8)
Q1( )<0

In view of model (2), one has
Dq1(t)|gy(t)=0 = 0 )

According to Lemma 2, we obtain g1 (t;7) = 0. In view of (8), it is a contradiction. So,
q1(f) >0, ¥V t > ty. In a similar way, we can also prove that g»(t) > 0,V t > to. The proof
of (1) finishes. Next, we are to prove uniformly boundedness of model (2). Let

E(t) = q1(t) +q2(t). (10)
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Then

'DQE(t) + kE(t) = ngl(f) + 'ngz(t) + kg1 (t) + qu(t)
= mq1(t)[er —2B1091(t — p1) — 2B1(1 — @)q1 (t — p2) + 6192(¢) + B171]
+12q2(t) [2 — 2B2g2(t) + 62041 (t — p1) + 62(1 — @)q1(t — p2) + B272)]
+xyq () + xy2(t)

< (per + paPim +k)qa(t) — 2uaPrgi(t) + prdigr (t)ga(t)
+(uaaa + p2Pomr + k) g2 (t) — 2u2Pogs (t) + 262 (1 — @) g1 (£)g2(t)
1 1
< (ma+mpim + () —2mprogi(t) + 5udgi(t) + Smdgs(h)
1
+(pom2 + poPoy1 + k)2 (t) — 2pu2Boga () + 5#252(1 — @)qi(t)
1
+§#252(1 — @)q5(t)
= (a1 +p1fryr +h)qi(t) — {2}11[51@ - *V151 M25z(1 - @)} i (t)
+(paop + paPoy1 +k)qa(t) — [2l42ﬁ2 - 5#151 - §ﬂ252(1 - a))] 17%(t)
< A, (11)

where k¥ > 0 is a constant and

2 L — Yins(1—)] 2B — Linds — Linsa(1— )]
e H1p1@ — 54161 — 3H202(1 — @) . HaP2 — 5H101 — 5H202(1 — @) )
B 4(par + p1pry1 +k) 4(ppa + p2Pom1 + k) '

Then

DPE(t) < —kE(t) + A. (13)
According to Lemma 3, we obtain
A
k

2() < (20~ ) Eelk(t — 1))+ %, (14)

then

—,ast — oo, (15)

E(f) — p

which ends the proof of Theorem 2. [

4. Bifurcation Discussion on Model (2)

We can easily obtain the following equilibria of system (2):

a2 + a2 a1+ f1m
Q1 (0,0), Q> <0, 2,82> ,Q3 (Zﬁll 0) ’ Q4(41*r 42*),

where
201B7 +2B1Poy1 + w201 + 527251
1x — ‘B ﬁZ iy 52
2091 +2B1Pov2 + 04152 + /317152
2 = 4612 — 0102

(16)
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Assume that

(N1) 6162 < 4B1B2,

is satisfied. Then, the equilibrium point Q4(g1., g2« ) is a positive equilibrium point. Notic-
ing the real implication of Bertrand duopoly game model, we merely analyze the positive
equilibrium point Q4(q1, g2+) of system (2). The linear system of system (2) at Q4 (14, §2x)
takes the following form:

Deq(t) = C1q(t) + Coq(t — p1) + Caq(t — p2), (17)
where ¢ € (0,1] and
w=[nJa=[% ble=[itle=[n o) o

where

by = par + p1B1711 — 21 B10G1« + H161924,

by = p161914,

by = paan + paPoy2 — ApaPagos + 4202914,

by = —2u1 1091, (19)
bs = 2urBo@q2y,

be = —2p181(1 — @)q1,,

b7 = ‘1/1252(1 — (O)qz*.

The characteristic equation of system (17) is given by

s¢ — by — bye %P1 — hge 52 —by

det| L o _pes se_py | =0 (20)
It follows from (20) that
§20 4 d15% 4 dp + (d3s® + dg)e 1 + (d5s + dg)e P2 = 0, (21)
where
di = — (b1 + b3),
dy = bibs,
dz = —by,
ds = babs — babs, @)
d5 == _b6,
de¢ = b3bg — byby.
In the sequel, we are to explore six cases:
Case one. If py = 0,pp = 0, then, Equation (21) is
A4 (dy +ds+ds)A+dy +dy +dg =0, (23)

where A = s¢. If
(Nz) dy+ds+ds >0,dy +ds+dg >0,

holds, then both roots A1, A, of Equation (23) satisfy |arg(A1)| > &, [arg(A2)| > 4. By
Lemma 1, one can know that the positive equilibrium point Q4 (g1, 72« ) of system (2) with
p1 = 0, p2 = 01is locally asymptotically stable.

Case two. If p; = 0,02 > 0, Equation (21) is

s2€ 4 (d1+d3)s® +dy + dy + (dss® + dg)e ™2 = (, (24)
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Lets = i0 = G(COS 7 +isin g) be the root of Equation (24). Then, Equation (24)

becomes
0%¢(cos o7t + isin 7r) + (dq + d3)6° (cos % +isin %) +dy +dy
+ {d569 (cos 8T L isin g) + d6i| (cosBpy —isinfpy) = 0. (25)
2 2
Then
A1 cosBpy + Ay sinfpp = As, 26)
Ay cosbpy — Ajsinfpy = Ay,
where -
A1 = ds56° cos L +de,
Ay = d50° sin Q—,
5 2 o7t (27)
Az = —0°€ cos ot — (dy + d3)60° cos 5 = (dr +dy),
Ay = —6%sin o7t — (d; + d3)09 sin %
By (26), we have
AR+ A3 = A3+ A, (28)
which leads to
0% 1 010%¢ + 2207 4 0309 + ¢4 = 0, (29)
where - -
e =2(dy +ds) (cos 17T cos ;77 + sinyrrsin 177),
ey = 2(dy + dy) cosym 4 (dy + d3)? — d2, (30)
e3 = 2[(d1 + d3)(d7_ + d4) — d5d6] cos %,
ey = (dz + d4)2 — d%.
Let
I11(0) = 6% + £10%¢ + £26%¢ + €309 + e4. (31)

Assume that
(N3) |dp +dy| < |dsl,

is fulfilled, since drfilg(e) > 0,V 0 > 0. Then, we can easily conclude that Equation (29) owns

at least one positive real root. Thus, Equation (24) has at least one pair of purely roots. By
virtue of Sun et al. [48], we can obtain the following assertion.

Lemma 4. (i) Suppose that e; > 0(1 = 1,2,3,4) is satisfied, then Equation (24) has no root
with zero real parts if pp > 0. (ii) Suppose that (N3) is satisfied and e; > 0(] = 1,2,3), then
Equation (24) owns a pair of purely imaginary roots +i6y when py = pyx(k = 1,2, - ,) where

9= oA 4) e,

, 32
PR 32

wherek =0,1,2,- -+, and 6y > 0 stands for the unique zero of the function I (6).

For the proof of Lemma 4, we refer the readers to [48]. Set py9 = pgg).

Next, the following hypothesis is given:

(Na) E1rER + E11&21 > 0,
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where

E1r = 2065 ' cos @ +o(dy +d3)68 " cos w
w cos tppzo + sin w sin 6pp20 |,
€11 = 2065 " sin (2e-Lm +o(dy +d3)65 " sin (Q—%)”

- Qd59871 {COS w sin 6pp20 — sin w cos Qopzo} ,
&R = <d598 cos % + d6) 6o sin 6pp20 + <d598 cos %) 6o cos Bpp20,

s . s
& = (d598 cos % + d(,) 6o sin 6ppo0 — <d598 cos %) 6o cos Hpp20-

+ Qd598_1 |:COS

(33)

Lemma 5. Suppose that s(p2) = 01(p2) + i02(p2) is the root of Equation (24) at py = pag such

that 01(p20) = 0,02(p20) = 60o. Then, Re(ﬂ%) ’p - > 0.
2=020,Y=Y0

Proof. By Equation (24), we derive

ds ds
20-1 o—11 %2 0—1,—s0p *2
{2@5 +0(d1 +d3)s } a0 + 0dss° e a0
p— (dd:zpz + S) (dss" +dg) = 0, (34)
which implies
ds \ ! _&i(s) 2
<dpz) IO (39)
where
E1(s) = 20827 + o(dy +d3)s0 1 + odss?le 72, 36)
Er(s) = se™°P2[ds5s + dg).
Then,
Re (d” ~ e[ 209] TR TR
de P2=p20,9=0) 52 (S) PZZPZO/QZGO 822R + 5221

According to (NVy), one gets

-1
Re l <;S> ] >0, (38)
P2 p2=p20,8=0p

which ends the proof. O

Taking advantage of exploration above, the following conclusion can be easily derived.

Theorem 3. Suppose that (N7)—(Ny) is fulfilled. Then, Q4(q1+, G2« ) of model (2) with p1 = 0 is
locally asymptotically stable when py € [0, pao) and model (2) generates Hopf bifurcation around
Qu(q14, G2x) when py = p2o.

Case three. If pp = 0,p; > 0, Equation (21) is

§2 4 (dy 4+ d5)s® + dy + dg + (d3s® +dy)e 1 =0, (39)
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Let s = i = 1(cos § +isin ) be the root of Equation (39). Then, Equation (39) be-

comes
1722 (cos ot 4 isin o) + (dy + ds)n° (cos QZ +isin Q2 )
[d3779 (cos % +isin %) + d4} (cosyp —isinnypy) =
Then
Bi cosnpy + By sinnp; = Bs,
By cosnp1 — By sinypy = By,
where -
B1 = d3n° cos L + dy,
Bz = d317€ sin %,
Bs = —5?@ cos o1t — (d1 + d5)1° cos % — (dy +ds),
By = —n*?sin ort — (dy + ds)n9 sin %
By (41), we have
B? 4+ B2 = B2+ 12,
which leads to
1+ fire + o + fan + fu =0,
where - -
fi= 2(d1+d5)(cos17ncos%+sin177tsin%),
fo = 2(dy + dg) cosym + (dy +ds)* — d3,
f3 = 2[(dy +ds) (da + dg) — dada] cos %
fa = (dy +de)* — dj.
Let

I (n) = n*+ i + L™ + fsn° + fa

Assume that
(Ns) [da +de| < |dg,

d()
iy

is fulfilled, since

+dyr +dg

(40)

(41)

(42)

(43)

(44)

(45)

(46)

> 0,V 1 > 0. Then, we can easily conclude that Equation (44) owns

at least one positive real root. Thus, Equation (39) has at least one pair of purely roots. By

virtue of Sun et al. [48], we can obtain the following assertion.

Lemma 6. (i) Suppose that f; > 0(] = 1,2,3,4) is satisfied, Equation (39) has no root with zero
real parts if p1 > 0. (ii) Suppose that (N5) is satisfied and f; > 0(1 = 1,2,3). Then, Equation (39)

owns a pair of purely imaginary roots +ing when p1 = py(k =1,2,-- - ,) where

(k) o 1 8183 + 8284
== —_ 2kt |,
P10 o [arccos( B% n B% + 2k7T

wherek =0,1,2,- -+, and ng > 0 stands for the unique zero of the function Il ().

For the proof of Lemma 6, we refer the readers to [48]. Set p1g = pgg .

Next, the following hypothesis is given:

(Ne) FirFar + Fi1F2r > 0,

(47)
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where
_ 20—1 _ -1
Fir = ZQUSQ ! cos M +o(dy + d5)178 cos (Q#)n
_ -1 -1
+ Qd3178 ! [cos w €os P10 + Sin w sin 7701010} ,
1. 20—1)m -1 . — 1)
01 (e—1)m _(e—1)m
— Qd3170 COos # SN HpP10 — SN T COS 11010 | »
T . T
For = (dg;yg cos Q? + d4) o sin#pp10 + (dgng cos %) 70 COS HoP10,
T . T
For = <d377§ cos % + d4> 1o sintjop10 — (dsﬂg cos %) 110 €OS 1oP10-

Lemma 7. Suppose that s(p1) = &1(p1) + iC2(p1) is the root of Equation (39) at p1 = p1o such

that ¢1(p10) = 0,62(p10) = 10- Then, Re(dd?sl) ’m:plo M 0.

Proof. By Equation (39), we derive

ds ds
20-1 o—11 %2 0—1,—s01 *2
{2@5 +0(d1 +ds)s } an + 0d3s® e i
—e (;pslpl + S) (d3s" +dy) =0, (49)
which implies
ds\7'_F(k) m
(@) 7% &
where
Fi(s) = 205° ! + o(dy +ds)s " + odas® e, (51)
Fa(s) = se *P1[d3s® + dy).
Then,
Re (ds> 1] — Re {]—'1(5)} _ FirFor + FirFar (52)
o - 2 2 :
dpl 01=pL10.1=M0 ]:2 (S) P1=pP10.7=10 sz + le
According to (N ), one gets
-1
Re (;S) 1 >0, (53)
P1 P1=p10.7="0

which ends the proof. O

Taking advantage of exploration above, the following conclusion can be easily derived.

Theorem 4. Suppose that (N7), (N2), (Ns), (Ne) are fulfilled. Then, Q4 (q14, G2« ) of model (2)
with py = 0 is locally asymptotically stable when p1 € [0, p19) and model (2) generates Hopf
bifurcation around Q4 (g1, g2« ) when p1 = p1p.
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Case four. If p, > 0,01 > 0 and p, € [0,p20) is a constant and p; is a parameter. Let
s =i{ = {(cos 5 +isin §) be the root of Equation (21). Then, Equation (21) becomes

qr

ézg(cosgn—i-zsmgn)+d1§<’(cos > +isin &t )—i—dz

2
[dg,g‘? (cos Q2 +isin %) + d4} (cospy —isinlpy)

[dg,g@ (cos e +isin Q—) + dé] (cosCpy —isinlpy) = 0. (54)
2 2
Then,

Cycosfp1 + CasinCpy = C3, (55)
Crcosfp1 — Cysinfpy = Cy,

where -

C1 = d3C%cos % + dy,

Cz = d3CQ sin @,

T o7t .07
C3 = — {dl cos o + ds5 cos > cos {py — ds sin e sin @pz} 2° (56)

— %2 cos 011 — dg cos {3,
Cy=— [dl sin % — ds cos % sin {p, + ds sin % cos §p2} 2°
— {*sin o7t + dg sin g .

By (55), we have

C}+C3=C3+0C3, (57)
which leads to
7'+ 9127 + 920% + 830% + 84 = O, (58)
where
QT Q7

g1 =2 [d1 €os =~ + ds cos 5 Cos {p2 — dssin % sin gpz} cos 07T

+ [dl sin % — ds cos % sin {py + ds sin % cos §p2} sin 071,

2
D= [dl cos % + ds cos % cos {py — ds sin % sin gpz}

2
+ [dl sin % — ds cos % sin {py + ds sin % cos sz}

59
— 2dg(cos o7t cos {p; — sin g7t sin {pa) — d3, 9
g3 =2 [dl cos % + ds cos % cos {py — ds sin % sin ng} dg cos {2

2
+2 [dl sin % — ds cos % sin {pp + ds sin % cos gpz} de sin {2

— 2d3dy cos %,
g4 = dg — di.

Let
I15(7) = * + §10°° + 20%° + §30° + 4. (60)

Assume that
(N7) |ds| < |d4l,

is fulfilled, since dn3€(§) > 0,V ¢ > 0. Then, we can easily conclude that Equation (58) owns

at least one positive real root. Thus, Equation (21) has at least one pair of purely roots. By
virtue of Sun et al. [48], we can obtain the following assertion.

Lemma 8. (i) Suppose that gy > 0(l = 1,2,3,4) is satisfied. Then, Equation (21) with p, €
[0, p20) has no root with zero real parts if py > 0. (ii) Suppose that (Ny) is satisfied and g; >
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0 (I =1,2,3). Then, Equation (21) with py € [0, p2o) owns a pair of purely imaginary roots i
when p1 = pq;(i =1,2,- -+, ) where

plo = ;0 larccos (Clg§ I %04) +2ir|, (61)
wherei =0,1,2,--- ,and {y > 0 stands for the unique zero of the function I15({).
For the proof of Lemma 8, we refer the readers to [48]. Set p1, = pgg).
Next, the following hypothesis is given:
(N8) GirGor + G11921 > 0,
where
Gir = 2Q§2Q ! (ZQ_%)” + leggfl cos w
+ nggg_ cos WTlh cos (pP1« + Qd3§8_1 sin @ sin {pp1x
+ Qd5€871 cos w cos (pp2 + Qd5§871 sin w sin {pp2
+ 02 <d5€8 cos % + d6) cos {op2 + p2d5{] sin % sin {pp2,
G = Zngg 'si @ + Qd1C8_1 sin w 62)
- Qd3§87 cos w sin {op1x + Qd3€871 sin @ cos {oP1x
-0 <d5§8 cos % + d6) sin (P2 + p2d5§8 sin % cos (P2,
Gor = (dsCS cos % + d4) CosinCop1x + (%CS cos %) C0€oS CoP14/
Gor = (588 cos & + 4 ) Gosin Gopr — (58§ cos ) 2o cos opra

Lemma 9. Suppose that s(p1) = v1(p1) + iva(p1) is the root of Equation (21) with py € [0, p20)

at p1 = p1x such that vy (p14) = 0, v2(p1x) = Qo, then Re(dpl) R > 0.
Proof. By Equation (21), we derive
ds ds
20—1 0—1 0—1,—s0¢
[ZQS + odis } i +od3s e an
ds ds
—e < + s) d3s® +dy) + odss® e 52—
! (ds 4) + 0ds an
—e P20, (d5s° + d6)i7s1 =0, (63)

which implies

ds ! _Gis) pm
(dm> AR ()
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where
Gi(s) = 205271 4 0d15°7 ! + od3s? e
+ 0ds5s?Le ™2 — e 7020, (d5s% + dpg), (65)
Go(s) = se %1[d3s® + dy].
Then
-1
Re[( L > ] _ Re{gms)} _ GO+ OuGu g
1 p1=p1.,0=C0 G2(5) ] p1=pr.i=t0 Gar + 93y

According to (M), one obtains

-1
(ﬁ)] >0, (67)

P1=P1x,5=Co

which ends the proof. O

Taking advantage of exploration above, the following conclusion can be easily derived.

Theorem 5. Suppose that (N7), (N2), (N7), (Ng) are fulfilled. Then, Q4(q1+, g2« ) of model (2)
with py € [0, p20) is locally asymptotically stable when p1 € [0, p1,) and model (2) generates Hopf
bifurcation around Q4(q1«, g2+) When p1 = P14

Case five. If pp > 0,01 > 0, p1 € [0,p10), is a constant and p; is a parameter, let
s =i = ¢p(cos § +isin §) be the root of Equation (21). Then, Equation (21) becomes

7% (cos o7 + i sin o7r) + d1 ¢ (cos % +isin %) +dy
0 O iin 9% s
+ {dgé (cos > +isin 5 ) + d4} (cosCp1 —isinlpy)
+ {d5§9 (cos Ll +isin Q) + d6] (cosCpy —isinlpy) = 0. (68)
2 2
Then,
D1 cos ppy + Dy singppy = D3, (69)
Dy cospp1 — Dy singpy = Dy,
where -
D1 = ds¢* cos % +de,
Dz = dS(PQ Sil’l g,
_ o o — dasin O i 0
D3 = {dl cos > + d3 cos > cos pp1 — ds sin > sin qbpl} ¢ (70)
— $*® cos 07T — dy cos Py,
Dy =— [dl sin % —d3cos % sin o1 + ds sin % cos épl} ¢°
— ¢*?sin 77 + dy sin ;.
By (69), we have
D? + D3 = D + D3, (71)
which leads to

™+ g+ ha¢™ + I3p? + hy =0, 72)
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where

hy =2 [dl cos % + d3 cos % cos {p1 — dz sin % sin @pl} cos o7t
+ [dl sin % —ds cos % sin{pj + ds sin % cos @pl} sin g7,
2

hy = [dl cos % + d3 cos % cos {p1 — dzsin % sin gpd

2
+ [dl sin % — ds cos % sin{pj + ds sin % cos @pl}

— 2d4(cos o7 cos {p1 — sin g7t sin {py) — d,
hy =2 [dl cos % + ds cos % cos (p1 — dz sin % sin @pl} d4q cos {py

2
+2 {dl sin ot _ ds cos % sin {p1 + ds sin % cos Qpl} dyqsin(pp

(73)

— 2dsdg cos X
hy = d3 — d2.

Let
I14(§) = ¢*¢ + 119 + o™ + ha¢p® + hy. (74)

Assume that
(No) |ds| < |ds|

is fulfilled, since dn%(é@ > 0,V ¢ > 0. Then, we can easily conclude that Equation (72) owns

at least one positive real root. Thus, Equation (21) has at least one pair of purely roots. By
virtue of Sun et al. [48], we can obtain the following assertion.

Lemma 10. (i) Suppose that gy > 0(I = 1,2,3,4) is satisfied. Then, Equation (21) with p €
[0, p10) has no root with zero real parts if py > 0. (ii) Suppose that (Ny) is satisfied and g; > 0(1 =
1,2,3). Then, Equation (21) with py € [0, p19) owns a pair of purely imaginary roots tigy when
2 =p2(i=1,2,---,) where

‘ 1 D1D3 + DD
Pgo) = % [arccos <M> +2im

, 75
0 D%+D§ 5

wherei =0,1,2,---,and ¢y > 0 stands for the unique zero of the function I14(¢).

For the proof of Lemma 10, we refer the readers to [48]. Set p2. = pgg).

Next, the following hypothesis is given:

(N1o) HirHor + HiHar >0,
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where

Hig = 2@4)5971 cos Zo-1)m ; DL + Qd1¢871 cos

(e—-Dm
2

(-7
o

2
Hir = 2Q<p§g_l sin QQ—%)T[ + Qd1¢8_1 sin

(e—-Dm

(e—Dm

2
1. -1
COS o2+ + Qd5¢g ! sin %

_ -1
cos dop1 + odsgg Usin w
Q7T

+ d4) cos ¢op1 + p1d3¢8 sin 5
(e-Dm
2 (76)

. -1 . —1)
> sin ¢pp2« + Qd54>g Lsin % COS PoP1x

-1 . -1 . -1
% sin oo + dsg ' sin % €08 fop
_ dad® (443 d ; d=dC si QT
01| d3¢p; cos > +dy | singopy + p1d3¢; sin > €os Ppp1,
ort

. T
Hor = (d5<pg cos o3 + d6> ¢o sin Ppp2. + (d5<p§ cos %) 0 COS P02,

T . T
Hor = (d5¢g Cos % + d6) ¢o sin Popa. — (d5cpg cos %) 0 COS P P2

+ Qd5gb871 cos sin o024
+ Qd3¢g_1 cos

+ 01 (dggbg cos

sin (Popl

sin ¢pp1,

- Qd5cpff1 cos

- Qd3(])g_1 cos

Lemma 11. Suppose that s(py) = 71 (p2) + iTa(p2) is the root of Equation (21) with p1 € [0, p10)

= — — ds
at py = P2y such that Ty (p2+) = 0, T2(p2+) = ¢po. Then, Re(uh02 a0 > 0.
Proof. By Equation (21), we derive
ds ds
20-1 o-1] 45 0—1,—sp2 45
[ZQS + odys }dpz +odss° e i
ds ds
—e P2 — +s> 55 4 dg) + od3s®te 51—
(dpzpz (ds 6) + 0ds dp>
e~ P1py (das? +d4>j:2 o, 77)
which implies
ds \ 7' Hils) 02
()~ % 7
where
Hi(s) = 205201 + 0d1s°7 1 4 od5s? e 5F2
+ 0d3s9 te ™1 — e 710y (d3s® + dy), (79)
Ho(s) = se™*P2[d5s® + dg).
Then,
Re (ds) 1] _ Re |:’H1(5):| _ HirHor +HarHor (80)
dpy 02=02:,0=00 Ha(s) P2=P2, =0 H%R + H%I

According to (Nyp), one obtains

-1
el (1) -0 o
P2 P2=P2:,9=¢0

which ends the proof. O

Taking advantage of exploration above, the following conclusion can be easily derived.
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Theorem 6. Suppose that (N7), (N2), (N9), (N1o) are fulfilled. Then, Q4(q1+, 92«) of model (2)
with p1 € [0, p19) is locally asymptotically stable when py € [0, p2, ) and model (2) generates Hopf
bifurcation around Q4 (q1«, G2x) when pa = Py

Case six. If p1 = pp = p, Equation (21) is
% 4 dys® + dy + [(d3 + d5)s® + (dg + dg)]e =0, (82)

Lets = itp = 1p(cos § + isin ) be the root of Equation (82). Then, Equation (82) be-
comes
22 (cos o7 4 isin o7r) + dq §° (cos % +isin %) +ds
+ {(dg +ds)y° (cos % +isin %) + (dg + dé)i| (cosypp —isinypp) =0. (83)

Then
Ky cos pp + Ky sinpp = K, (84)
Ky cospp — Ky sinpp = Ky,
where T
K1 = (d3 +ds)¢° cos % +dy + dg,
Kz = (ds + ds )y sin 2,
2 o (85)
K3 = —* cos orr — d1p° cos 5~ da,
Ky = 71’[]20 sin o7 — dllpg sin %
By (84), we have
K24+ k2 = K2+ K2, (86)
which leads to
Py oy 4 ksy? ks =0, ®7)
where
ki =2d; (COS Y7 cos % + sin {7 sin lp;) ,
ky = 2dy cos Y7t + d? — (d3 + ds)?, (88)
k3 = Z[dldz — (d3 + d5>(d4 + dé)] cos ?’
ky = d3 — (dy+de)2.
Let
s5(9) = 9* + k13 + kyp®@ + k3 + ky. (89)

Assume that
(N11) |da| < |dy+dsl,

is fulfilled, since dnjillgw) > 0,V ¢ > 0. Then, we can easily conclude that Equation (87) owns

at least one positive real root. Thus, Equation (82) has at least one pair of purely roots. By
virtue of Sun et al. [48], we can obtain the following assertion.

Lemma 12. (i) Suppose that k; > 0(1 = 1,2,3,4) is satisfied. Then, Equation (82) has no root
with zero real parts if p > 0. (ii) Suppose that (N11) is satisfied and k; > 0(] = 1,2,3). Then,
Equation (82) owns a pair of purely imaginary roots +ipy when p = pp(k = 1,2, -+ ,) where

P(()k) = 1; larccos <M> + 2kt

, 90
" K21 K2 ®0)

wherek =0,1,2,- -+, and g > 0 stands for the unique zero of the function Is(1p).
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For the proof of Lemma 12, we refer the readers to [48]. Set py = p(()o).
Next, the following hypothesis is given:
(M2) VirVar +Vi1Var > 0,
where
- - - -1
ViR = 2Q1pgq ! cos (Ze-Un 5 DL + od1 ] ' cos le-m 7 L
T - -1 T
+ o(d3 + ds) g ! cos (Q%)n cos Popo + sin w sin opo |,
- - - ~1 '
Vi = 2Q¢§Q !sin (2o-1)m 5 DL + lelpg ! sin o7 5 L 1)
T — -1 T
~ o+ d5)g5 " cos (LD sin g — sin LT cos g,
Vag = [ ds + ds) 0 cos ~ 4100 cos
hr = |(d3 4 ds) i cos 5 +da+ds|osingopo + (d3 +ds)¢; cos 5 | o cos fopo,
T , T
Vo = {(dg, + d5)1/}8 cos % +dy+ d6:| Po sin Popo — {(d?, + d5)98 cos %} o oS Pppo.

Lemma 13. Suppose that s(p) = €1(p) + ie2(p) is the root of Equation (82) at p = pg such that

51(P0) — 0/ SZ(PO) = 1/)0, then Re(g%) ’p:p0,¢:¢0 > 0.

Proof. By Equation (82), we derive

ds ds
20—1 0-1 0—1,=sp 2
[2@5 + odys }—dp +o(ds +ds)s* e o
d
—e (d;P + S) [(ds5 +d5)s" +dy +de] =0, (92)

which implies

ds\ ! _Vis) e
<dp) Wl s ®3)
where

Vi(s) = 2052071 + ody + 5271 + o(d3 + ds)s? e P, 04)

Va(s) = se”*F[(d3 4 d5)s® + dy + de].

Then,
Re (ds) l] — Re {Vl (S)} _ VirVar +ViVar 95)
a p=po, b=t V2(8) J p=pp =30 Vi + V3

According to (N73), one obtains

(g;) _1] >0, (96)

p=po,P=1o

Re

which ends the proof. O

Taking advantage of exploration above, the following conclusion can be easily derived.

Theorem 7. Suppose that (N7), (N2), (N11), (N1z) are fulfilled. Then, Qa(q14, g2 ) of model (2)
with p1 = pp = p is locally asymptotically stable when p € [0, pg) and model (2) generates Hopf
bifurcation around Q4 (g1, G2x) when p = po.
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DOW(1)

IN

Remark 2. In 2016, Ma and Si [21] probed into the stability of the equilibrium point, the onset
of Hopf bifurcation, and chaos control of the continuous Bertrand duopolu game model (1). In
this article, we principally probe into the dynamical behavior (e.g., existence and uniqueness,
non-negativeness, boundedness of the solution, local stability, creation of Hopf bifurcation, global
asymptotically stability) of the fractional-order Bertrand duopoly game model (2). All the study
methods are absolutely different from those in Ma and Si [21]. The study idea of Ma and Si [21] can
not be utilized to explore the dynamics of the fractional-order Bertrand duopoly game model (2) in
this article. Based on this view, we think that our studies are an important supplement to the previous
research results of Ma and Si [21]. In addition, the research idea provides an important reference for
later research on bifurcation issue of fractional-order dynamical models with multiple delays.

Remark 3. In view of Lemma 1, we understand how to determine asymptotic stability of fractional-
order delayed systems. Although we can not solve all the roots of the characteristic equation of model
(2), we can seek the critical value of delay that ensures all roots of the characteristic equation of
model (2)’s own negative real part.

5. Global Stability Study of Model (2)

In this section, we are to build a sufficient condition that guarantees the global stability
of the equilibrium point Q4(g14, g2+ ) of system (2). Now, the following hypothesis is needed:

(N13) 41 paB1Ba < (u161 + H262)>.

Theorem 8. Assume that (Ny3) holds. Then, the equilibrium point Q4(q1x, Go«) of system (2) is
globally asymptotically stable.

Proof. Define a positive definite function as follows:

J*

2 X
UCEDY (q,(t) g —gln ‘7;“)) ©7)
L

Then

1O~ g, (1) 4 20 2t pog, 1

71 (t q2(t)

(71(t) — qr){m a1 — 2B1@q1(t — p1) — 2B1(1 — @)q1(t — p2) + 0192(¢) + B171]}
+(q2(t) — q2:) {p2laz — 2B292(t) + 620q:1 (t — p1) + 62(1 — @)g1(t — p2) + 272}
((q1(t) = q1.0) [ 21 B1@g1 (t — p1) + 2p1 B1@0q14 — 2p1B1(1 — @)q1(t — p2)
+2p1B1(1 — @)q14 + p16192(F) — P10124]

+(92() — q24) [=212B292(t) + 212 B2q2x + 202041 (t — p1) — H2020q1

+1202(1 = @)q1 (t — p2) — p2d2(1 — @) 1]

—H1B1(q1(t) = q1)* + 101 (g1 (1) — 1) (q2(F) — g25)

—H2B2(q2(t) — G2)% + 1202(q1 (£) — q1.) (q2(1) — q24)

—p1B191(t) — q1.)° — H2Ba(g2(t) — q2.)°

+ (1101 + 1202) (91 (1) — q14) (72(F) — G2x)- (98)

According to (N13), one knows that D°W(t) < 0. Thus, Theorem 8 is true. [J

d *
Remark 4. If g1(t) = 1., 8(q1) = 91 — qux — queIn 2t = Oand B = 1 L= > 0 for
q1 > q1«. Then, g(q1) is a increasing function and g(q1) > 0. In the same way, g(q2)
g2 — G2« — g2 In ;72* > 0. Thus, W(t) is a positive definite function. In addition, classic Lyapunov

methods are still valid for the fractional-order case.
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6. Simulation Results

We give the following fractional-order Bertrand duopoly game model:

{ DOq1(t) = pqr(t)[ar — 281091 (t — p1) — 2B1(1 — @)q1(t — p2) + 6192(¢) + B171), (99)
DOga(t) = paqa(t)[az2 — 2B2q2(t) + 620q1(t — p1) + 62(1 — @)q1(t — p2) + B272),

where 1 = 0.5, Uy = 0.5, N = 6, Ny = 5, ;Bl = 1.5, ,82 = 1.8,(D = 0.2, 51 = 0.3, 52 = 0.4,
71 = 05,79, = 0.3,ando = 0.91. Clearly, 516, = 0.3 x 0.4 = 0.12 and 4818, = 4 x 1.5 x
1.8 = 10.8. Then, 616, < 4B1B2. So (N7) holds. Thus, system (99) has a unique unique
positive equilibrium point Q4(2.4309,1.8090). Next, we will check the assumptions of
Theorems 3-7. By virtue of computer software, we can verify that all the assumptions
(N2)—(N73) are fulfilled. Thus, the conclusions of Theorems 3-7 hold true. In order to
display the simulation results in Theorems 3-7, we are to select different delay values.

@

@)

®)

For Theorem 3, fix p; = 0. We obtain pyy ~ 0.59 and 6y = 2.3905. Let p; = 0.55
and p; = 0.7. The numerical simulation plots are presented in Figures 1-6. Figure 1
shows the time history plots of system (99) with p; = 0,02 = 0.55 < ppo ~ 0.59.
Figure 2 shows the phase plot of system (99) with p; = 0,0, = 0.55 < pyo ~ 0.59.
From Figures 1 and 2, we can see the locally asymptotically stable level of the positive
equilibrium point Q4(2.4309, 1.8090) of system (99), which indicates that the price of
the company I will tend to 2.4309 and the price of the company II will tend to 1.8090.
Figure 3 shows the time history plots of system (99) with p; = 0,2 = 0.7 > pyg ~ 0.59.
Figure 4 shows the phase plot of system (99) with p; = 0,02 = 0.7 > p9 =~ 0.59. From
Figures 3 and 4, we can see the onset of Hopf bifurcation near the positive equilibrium
point Q4(2.4309,1.8090) of system (99), which shows that the price of the company I
will keep periodic vibration around 2.4309 and the price of the company II will keep
periodic vibration around 1.8090. Figure 5 shows the bifurcation plot of system (99)
with respect to t and q; under p; = 0. Figure 6 shows the bifurcation plot of system
(99) with respect to t and g, under p; = 0. From Figures 5 and 6, we can see the
bifurcation value pyg ~ 0.59.

For Theorem 4, fix p = 0. We obtain pjg ~ 0.48,19 = 1.8704. Let p; = 0.44 and
p1 = 0.56. The numerical simulation plots are presented in Figures 7-12. Figure
7 shows the time history plots of system (99) with pp = 0,p; = 0.44 < pjp ~ 0.48.
Figure 8 shows the phase plot of system (99) with po = 0,p; = 0.44 < p19 ~ 0.48.
From Figures 7 and 8, we can see the locally asymptotically stable level of the positive
equilibrium point Q4(2.4309, 1.8090) of system (99), which indicates that the price of
the company I will tend to 2.4309 and the price of the company II will tend to 1.8090.
Figure 9 shows the time history plots of system (99) with p; = 0,07 = 0.56 > p1p =
0.48. Figure 10 shows the phase plot of system (99) with pp = 0,1 = 0.56 > p19 ~ 0.48.
From Figures 9 and 10, we can see the onset of Hopf bifurcation near the positive
equilibrium point Q4(2.4309,1.8090) of system (99), which shows that the price of the
company I will keep periodic vibration around 2.4309 and the price of the company
II will keep periodic vibration around 1.8090. Figure 11 shows the bifurcation plot
of system (99) with respect to t and g; under p, = 0. Figure 12 shows the bifurcation
plot of system (99) with respect to t and g, po = 0. From Figures 11 and 12, we can see
the bifurcation value p;g ~ 0.48.

For Theorem 5, fix p» = 0.5. We obtain p1, ~ 0.61,y = 2.0933. Let p; = 0.55 and
p1 = 0.67. The numerical simulation plots are presented in Figures 13-18. Figure 13
shows the time history plots of system (99) with p, = 0.5,p1 = 0.55 < p1, = 0.61.
Figure 14 shows the phase plot of system (99) with po = 0.5,p; = 0.55 < p1, = 0.61.
From Figures 13 and 14, we can see the locally asymptotically stable level of the
positive equilibrium point Q4(2.4309,1.8090) of system (99), which indicates that
the price of the company I will tend to 2.4309 and the price of the company II will
tend to 1.8090. Figure 15 shows the time history plots of system (99) with p, = 0.5,
p1 = 0.67 > p1, =~ 0.61. Figure 16 shows the phase plot of system (99) with p; = 0.5,
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p1 = 0.67 > p1,. =~ 0.61. From Figures 15 and 16, we can see the onset of Hopf
bifurcation near the positive equilibrium point Q4(2.4309,1.8090) of system (99),
which shows that the price of the company I will keep periodic vibration around
2.4309 and the price of the company II will keep periodic vibration around 1.8090.
Figure 17 shows the bifurcation plot of system (99) with respect to t and 4; under
p2 = 0.5. Figure 18 shows the bifurcation plot of system (99) with respect to t and g4,
under p, = 0.5. From Figures 17 and 18, we can see the bifurcation value pq, ~ 0.61.
For Theorem 6, fix p; = 0.4. We obtain pp, ~ 0.50,¢9 = 2.0933. Let p, = 0.45 and
p2 = 0.62. The numerical simulation plots are presented in Figures 19-24. Figure 19
shows the time history plots of system (99) with p; = 0.4, 02, = 0.45 < pp,. =~ 0.50.
Figure 20 shows the phase plot of system (99) with p; = 0.4, 0, = 0.45 < po, =~ 0.50.
From Figures 19 and 20, we can see the locally asymptotically stable level of the
positive equilibrium point Q4(2.4309,1.8090) of system (99), which indicates that
the price of the company I will tend to 2.4309 and the price of the company II will
tend to 1.8090. Figure 21 shows the time history plots of system (99) with p; = 0.4,
p2 = 0.62 > p1, = 0.50. Figure 22 shows the phase plot of system (99) with p; = 0.4,
p2 = 0.62 > p1, = 0.50. From Figures 21 and 22, we can see the onset of Hopf
bifurcation near the positive equilibrium point Q4(2.4309,1.8090) of system (99),
which shows that the price of the company I will keep periodic vibration around
2.4309 and the price of the company II will keep periodic vibration around 1.8090.
Figure 23 shows the bifurcation plot of system (99) with respect to t and q; under
p1 = 0.4. Figure 24 shows the bifurcation plot of system (99) with respect to t and g4,
under p; = 0.4. From Figures 23 and 24, we can see the bifurcation value py, ~ 0.50.
For Theorem 7, let o1 = p» = p. We obtain pg ~ 0.49, 9 = 2.3905. Let p = 0.42 and
p = 0.53. The numerical simulation plots are presented in Figures 25-30. Figure 25
shows the time history plots of system (99) with p = 0.42 < pg ~ 0.49. Figure 26
shows the phase plot of system (99) with p = 0.42 < pg ~ 0.49. From Figures 25
and 26, we can see the locally asymptotically stable level of the positive equilibrium
point Q4(2.4309,1.8090) of system (99), which shows that the price of the company
I will keep periodic vibration around 2.4309 and the price of the company II will
keep periodic vibration around 1.8090. Figure 27 shows the time history plots of
system (99) with p = 0.53 > py ~ 0.49. Figure 28 shows the phase plot of system
(99) with p = 0.53 > py ~ 0.49. From Figures 27 and 28, we can see the onset of
Hopf bifurcation near the positive equilibrium point Q4(2.4309,1.8090) of system
(99), which shows that the price of the company I will keep periodic vibration around
2.4309 and the price of the company II will keep periodic vibration around 1.8090.
Figure 29 shows the bifurcation plot of system (99) with respect to ¢t and g; under
p1 = p2 = p. Figure 30 shows the bifurcation plot of system (99) with respect to ¢
and g, under p; = p2 = p. From Figures 29 and 30, we can see the bifurcation value
po ~ 0.49.
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Figure 1. The time history plots of system (99) with p; = 0,p2 = 0.55 < py9 ~ 0.59. The locally
asymptotically stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99). The
blue line represents g1 (¢) and the red line represents g (t).
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Figure 2. The phase plot of system (99) with p; = 0, 02 = 0.55 < pyg ~ 0.59. The locally asymptoti-
cally stable level of the positive equilibrium point Q4(2.4309,1.8090) of system (99).
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Figure 3. The time history plots of system (99) with p; = 0,02 = 0.7 > py9 ~ 0.59. The Hopf
bifurcation phenomenon near the positive equilibrium point Q4(2.4309,1.8090) of system (99). The
blue line represents g1 (t) and the red line represents g (t).
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Figure 4. The phase plot of system (99) with p; = 0,02 = 0.7 > py =~ 0.59. The Hopf bifurcation
phenomenon near the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 5. Bifurcation plot of system (99) with p; = 0: the relation of t and gq;. The bifurcation value
020 =~ 0.59.
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Figure 6. Bifurcation plot of system (99) with p; = 0: the relation of t and g. The bifurcation value
pzo =~ 0.59.
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Figure 7. The time history plots of system (99) with p; = 0,p; = 0.44 < p19 ~ 0.48. The locally
asymptotically stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99). The
blue line represents g1 (¢) and the red line represents g (t).
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Figure 8. The phase plot of system (99) with p» = 0,07 = 0.44 < p19 ~ 0.48. The locally asymptoti-
cally stable level of the positive equilibrium point Q4(2.4309,1.8090) of system (99).
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Figure 9. The time history plots of system (99) with p, = 0,01 = 0.44 > p;y ~ 0.48. The Hopf
bifurcation phenomenon near the positive equilibrium point Q4(2.4309,1.8090) of system (99). The
blue line represents g1 (#) and the red line represents g5 ().
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Figure 10. The phase plot of system (99) with p, = 0,01 = 0.56 > p19 =~ 0.48. The Hopf bifurcation
phenomenon near the positive equilibrium point Q4(2.4309,1.8090) of system (99).
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Figure 11. Bifurcation plot of system (99) with p, = 0: the relation of t and g;. The bifurcation value
010 ~ 0.48.
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Figure 12. Bifurcation plot of system (99) with p, = 0: the relation of ¢ and g,. The bifurcation value
p10 ~ 0.48.
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Figure 13. The time history plots of system (99) with p; = 0.5,07 = 0.55 < p1, ~ 0.61. The locally
asymptotically stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99). The

blue line represents g1 (¢) and the red line represents g (t).
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Figure 14. The phase plot of system (99) with p, = 0.5,0; = 0.67 < p1, =~ 0.61. The locally
asymptotically stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 15. The time history plots of system (99) with p, = 0.5,07 = 0.67 > p1, =~ 0.61. The Hopf
bifurcation phenomenon near the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 16. The phase plot of system (99) with p, = 0.5, p; = 0.67 > p1, =~ 0.61. The Hopf bifurcation
phenomenon near the positive equilibrium point Q4(2.4309,1.8090) of system (99).
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Figure 17. Bifurcation plot of system (99) with po = 0.5: the relation of t and g;. The bifurcation value

is p1, ~ 0.59.
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Figure 18. Bifurcation plot of system (99) with po = 0.5: the relation of t and g,. The bifurcation value

is p14 =~ 0.59.
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Figure 19. The time history plots of system (99) with p; = 0.4, 02 = 0.45 < pp, ~ 0.50. The locally
asymptotically stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99). The
blue line represents g1 (¢) and the red line represents g5 ().
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Figure 20. The phase plot of system (99) with p; = 0.4,020 = 045 < py, ~ 0.50. The locally
asymptotically stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 21. The time history plots of system (99) with p; = 0.4,02 = 0.62 > p5, ~ 0.50. The Hopf
bifurcation phenomenon near the positive equilibrium point Q4(2.4309, 1.8090) of system (99).

2.1 T T T T T T

2.05

2_

1.95

1.9F

—

=, 185}
(o3

1.75
1.7¢ |

1.65F \

1.6 Il Il Il Il Il Il
1 1.5 2 2.5 3 3.5 4 4.5

Figure 22. The phase plot of system (99) with p; = 0.4, 0, = 0.62 > p5, ~ 0.50. The Hopf bifurcation
phenomenon near the positive equilibrium point Q4(2.4309,1.8090) of system (99).
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Figure 23. Bifurcation plot of system (99) with p; = 0.4: the relation of t and g;,. The bifurcation value

P2x =~ 0.50.
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Figure 24. Bifurcation plot of system (99) with p; = 0.4: the relation of ¢ and g,. The bifurcation value

02+ ~ 0.50.
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Figure 25. The time history plots of system (99) with p = 0.42 < pg ~ 0.49. The locally asymptotically

stable level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99). The blue line represents
71(t) and the red line represents g, (t).

19 T T T T T T T

1.88

1.86

1.84

1.82

A,

1.8

1.78

1.76

1.74

1 .72 1 1 1 1 1 1 1 1
2.39 24 241 242 243 244 245 246 247 248

a, ()

Figure 26. The phase plot of system (99) with p = 0.42 < pg = 0.49. The locally asymptotically stable
level of the positive equilibrium point Q4(2.4309, 1.8090) of system (99).
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Figure 27. The time history plots of system (99) with p = 0.53 > pg ~ 0.49. The Hopf bifurcation
phenomenon near the positive equilibrium point Q4(2.4309,1.8090) of system (99).
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Figure 28. The phase plot of system (99) with p = 0.53 > pg ~ 0.49. The Hopf bifurcation
phenomenon near the positive equilibrium point Q4(2.4309,1.8090) of system (99).
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Figure 29. Bifurcation plot of system (99) with p; = p: the relation of t and q1. The bifurcation value
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Figure 30. Bifurcation plot of system (99) with p; = p,: the relation of ¢ and g. The bifurcation value
po ~ 0.49.
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7. Conclusions

We all know that the competition among different firms has become fierce in con-
temporary society. In particular, the price of the products of firms is a very vital factor
that affects the market and attracts consumers. Thus, the exploration on the price of the
products of firms has attracted great interest from many scholars. In this article, we set
up a novel fractional-order Bertrand duopoly game model incorporating both noniden-
tical time delays. The rich dynamical behavior including the existence and uniqueness,
non-negativeness, boundedness of solution, local stability, Hopf bifurcation, and globally
asymptotical stability of the established fractional-order Bertrand duopoly game model
incorporating both nonidentical time delays has been sufficiently explored. In particular,
five sufficient conditions to ensure the stability and the onset of Hopf bifurcation of the
fractional-order Bertrand duopoly game model are successfully built. These delay cases
includes the following situations: (1) p; = 0,02 > 0; (2) p2 = 0,01 > 0; (3) p2 > O and
p2 € [0,020),01 > 0; (4) p1 > 0and p; € [0,p10),02 > 0; (5) p1 = p2 = p. The influence
of different types of time delays on the stability and the creation of Hopf bifurcation of
the established fractional-order Bertrand duopoly game model has been fully revealed.
The derived research results have important theoretical guiding significance in managing
and operating firms. Furthermore, the research idea and mathematical analysis skills can
be also utilized to explore bifurcation issue of abundant other multi-delayed fractional
dynamical models existing in numerous disciplines. In the near future, we will deal with
the chaos control issue and the effect of fractional order on chaos for the fractional-order
Bertrand duopoly game model.

Author Contributions: Methodology, Y.L., PL., C.X. and Y.X,; Software, Y.L. and C.X.; Validation,
Y.X.; Formal analysis, Y.L., PL. and C.X,; Investigation, P.L. and Y.X.; Data curation, Y.L.; Writing—
original draft, Y.L, PL. and C.X,; Writing—review & editing, Y.L., PL., C.X. and Y.X. All authors have
read and agreed to the published version of the manuscript.

Funding: This work is supported by National Natural Science Foundation of China (No. 12261015,
No. 62062018), Project of High-level Innovative Talents of Guizhou Province ([2016]5651), Basic
research projects of key scientific research projects in Henan province (No. 20ZX001), Key Science and
Technology Research Project of Henan Province of China (Grant No. 222102210053) Key Scientific
Research Project in Colleges and Universities of Henan Province of China (Grant No. 21A510003),
University Science and Technology Top Talents Project of Guizhou Province (KY[2018]047), Founda-
tion of Science and Technology of Guizhou Province ([2019]1051), Guizhou University of Finance and
Economics (2018XZD01).

Data Availability Statement: No data were used to support this study.

Conflicts of Interest: The authors declare that they have no conflict of interest.

References

1.  Zhang, ].X,; Da, Q.L.; Wang, Y.H. The dynamics of Bertrand model with bounded rationality. Chaos Solitons Fractals 2009, 39,
2048-2055. [CrossRef]

2. Yu,Y; Yu, WS. The stability and duality of dynamic Cournot and Bertrand duopoly model with comprehensive preference. Appl.
Math. Comput. 2021, 395, 125852. [CrossRef]

3. Cao, Y.X,; Zhou, W,; Chu, T.; Chang, Y.X. Global dynamics and syschronization in a duopoly game with bounded rationality and
consumer surplus. Int. J. Bifurc. Chaos 2019, 29, 1930031. [CrossRef]

4. Baiardi, L.C.; Naimzada, A.K. An oligopoly model with best response and limit rules. Appl. Math. Comput. 2018, 336, 193-205.

5. Zhu, Y.L.; Zhou, W.; Chu, T.; Elsadany, A.A. Complex dynamical behavior and numerical simulation of a Cournot-Bertrand
duopoly game with heterogeneous players. Commun. Nonlinear Sci. Numer. Simul. 2021, 101, 105898. [CrossRef]

6.  Askar, S.S.; Al-khedhairi, A. Dynamic investigations in a duopoly game with price competition based on relative profit and profit
maximization. J. Comput. Appl. Math. 2020, 367, 112464. [CrossRef]

7. Buccella, D.; Fanti, L.; Gori, L. To abate, or not to abate? A strategic approach on green production in Cournot and Bertrand
duopolies. Energy Econ. 2021, 96, 105164. [CrossRef]

8.  Tolotti, M.; Yepez, J. Hotelling-Bertrand duopoly competition under firm-specific network effects. J. Econ. Behav. Organ. 2020, 176,

105-128. [CrossRef]


http://doi.org/10.1016/j.chaos.2007.06.056
http://dx.doi.org/10.1016/j.amc.2020.125852
http://dx.doi.org/10.1142/S0218127419300313
http://dx.doi.org/10.1016/j.cnsns.2021.105898
http://dx.doi.org/10.1016/j.cam.2019.112464
http://dx.doi.org/10.1016/j.eneco.2021.105164
http://dx.doi.org/10.1016/j.jebo.2020.05.004

Fractal Fract. 2023, 7, 352 38 of 39

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Askar, S.S. On complex dynamics of Cournot-Bertrand game with asymmetric market information. Appl. Math. Comput. 2021,
393, 125823. [CrossRef]

Ahmed, E.; Elsadany, A.A.; Puu, T. On Bertrand duopoly game with differentiated goods. Appl. Math. Comput. 2015, 251, 169-179.
[CrossRef]

Li, H;; Zhou, W,; Elsadany, A.A.; Chu, T. Stability, multi-stability and instability in Cournot duopoly game with knowledge
spillover effects and relative profit maximization. Chaos Solitons Fractals 2021, 146, 110936. [CrossRef]

Fanti, L.; Gori, L.; Mammana, C.; Michetti, E. The dynamics of a Bertrand duopoly with differentiated products: Synchronization,
intermittency and global dynamics. Chaos Solitons Fractals 2013, 52, 73-86. [CrossRef]

Elabbsy, E.M.; Agiza, H.N.; Elsadany, A.A. Analysis of nonlinear triopoly game with heterogeneous players. Comput. Math. Appl.
2009, 57, 488-499. [CrossRef]

Ma, J.H,; Sun, L.J.; Hou, S.Q.; Zhan, X.L. Complexity study on the Cournot-Bertrand mixed duopoly game model with market
share preference. Chaos 2018, 28, 023101. [CrossRef]

Peng, Y.; Lu, Q. Complex dynamics analysis for a duopoly Stackelberg game model with bounded rationality. Appl. Math. Comput.
2015, 271, 259-268. [CrossRef]

Ma, ].H.; Li, Q.X. The complex dynamic of Bertrand-Stackelberg pricing models in a risk-averse supply chain. Discret. Dyn. Nat.
Soc. 2014 , 2014, 749769. [CrossRef]

Wang, Y.; Hou, G.S. A duopoly game with heterogeneous green supply chains in optimal price and market stability with consumer
green preference. . Clean. Prod. 2020, 255, 120161. [CrossRef]

Safarzadeh, S.; Rasti-Barzoki, M.; Hejazi, S.R.; Piran, M.]. A game theoretic approach for the duopoly pricing of energy-efficient
appliances regarding innovation protection and social welfare. Energy 2020, 200, 117517. [CrossRef]

Huang, H.; Ke, H.; Wang, L. Equilibrium analysis of pricing competition and cooperation in supply chain with one common
manufacturer and duopoly retailers. Int. |. Prod. Econ. 2016, 178, 12-21. [CrossRef]

Mukhopadhyay, S.K.; Yue, X.H.; Zhu, X.W. A Stackelberg model of pricing of complementary goods under information asymmetry.
Int. J. Prod. Econ. 2011, 134, 424-433. [CrossRef]

Ma, J.H,; Si, ES. Complex dynamics of a continuous Bertrand duopolu game model with two-stage delay. Entroy 2016, 18, 266.
[CrossRef]

Rihan, F.A.; Rajivganthi, C. Dynamics of fractional-order delay differential model of prey-predator system with Holling-type III
and infection among predators. Chaos Solitons Fractals 2020, 141, 110365. [CrossRef]

Atangana, A.; Shafiq, A. Differential and integral operators with constant fractional order and variable fractional dimension.
Chaos Solitons Fractals 2019, 127, 226-243. [CrossRef]

Rihan, F,; Velmurugan, G. Dynamics of fractional-order delay differential model for tumor-immune. Chaos Solitons Fractals 2020,
132,109592. [CrossRef]

Rihan, F. Numerical modeling of fractional-order biological systems. Abstr. Appl. Anal. 2013, 2013, 816803. [CrossRef]

Xu, CJ,; Liu, Z.X,; Yao, L.Y.; Aouiti, C. Further exploration on bifurcation of fractional-order six-neuron bi-directional associative
memory neural networks with multi-delays. Appl. Math. Comput. 2021, 410, 126458. [CrossRef]

Xu, CJ.; Zhang, W.; Aouiti, C.; Liu, Z.X; Liao, M.X,; Li, PL. Further investigation on bifurcation and their control of fractional-
order BAM neural networks involving four neurons and multiple delays. Math. Methods Appl. Sci. 2023, 46, 3091-3114.
[CrossRef]

Xu, CJ,; Liu, Z.X.; Liao, M.X,; Li, PL.; Xiao, Q.M.; Yuan, S. Fractional-order bidirectional associate memory (BAM) neural
networks with multiple delays: The case of Hopf bifurcation. Math. Comput. Simul. 2021, 182, 471-494. [CrossRef]

Eshaghi, S.; Khoshsiar, R.; Ansari, G.A. Hopf bifurcation, chaos control and synchronization of a chaotic fractional-order system
with chaos entanglement function. Math. Comput. Simul. 2020, 172, 321-340. [CrossRef]

Yuan, J.; Zhao, L.Z.; Huang, C.D.; Xiao, M. A novel hybrid control technique for bifurcation in an exponential RED algorithm. Int.
J. Circuit Theory Appl. 2020, 48, 1476-1492. [CrossRef]

Huang, C.D.; Wang, J.; Chen, X.P; Cao, ].D. Bifurcations in a fractional-order BAM neural network with four different delays.
Neural Netw. 2021, 141, 344-354. [CrossRef]

Alidousti, J. Stability and bifurcation analysis for a fractional prey-predator scavenger model. Appl. Math. Model. 2020, 81, 342-355.
[CrossRef]

Zhang, Y.Z.; Xiao, M.; Cao, ].D.; Zheng, W.X. Dynamical bifurcation of large scale delayed fractional-order neural networks with
hub structure and multiple rings. IEEE Trans. Syst. Man Cybern. Syst. 2022, 52, 1731-1743. [CrossRef]

Maji, C. Impact of fear effect in a fractional-order predator-prey system incorporating constant prey refuge. Nonlinear Dyn. 2022,
107, 1329-1342. [CrossRef]

Chen, J.; Xiao, M.; Wan, Y.H.; Huang, C.D.; Xu, F.Y. Dynamical bifurcation for a class of large-scale fractional delayed neural
networks with complex ring-hub structure and hybrid coupling. IEEE Trans. Neural Netw. Learn. Syst. 2021, 99, 1-11. [CrossRef]
[PubMed]

Dijilali, S.; Ghanbari, B.; Bentout, S.; Mezouaghi, A. Turing-Hopf bifurcation in a diffusive mussel-algae model with time-fractional-
order derivative. Chaos Solitons Fractals 2020, 138, 109954. [CrossRef]

Naik, M.K,; Baishya, C.; Veeresha, P; Baleanu, D. Design of a fractional-order atmospheric model via a class of ACT-like chaotic
system and its sliding mode chaos control. Chaos 2023, 33, 023129. [CrossRef] [PubMed]


http://dx.doi.org/10.1016/j.amc.2020.125823
http://dx.doi.org/10.1016/j.amc.2014.11.051
http://dx.doi.org/10.1016/j.chaos.2021.110936
http://dx.doi.org/10.1016/j.chaos.2013.04.002
http://dx.doi.org/10.1016/j.camwa.2008.09.046
http://dx.doi.org/10.1063/1.5001353
http://dx.doi.org/10.1016/j.amc.2015.08.138
http://dx.doi.org/10.1155/2014/749769
http://dx.doi.org/10.1016/j.jclepro.2020.120161
http://dx.doi.org/10.1016/j.energy.2020.117517
http://dx.doi.org/10.1016/j.ijpe.2016.04.022
http://dx.doi.org/10.1016/j.ijpe.2009.11.015
http://dx.doi.org/10.3390/e18070266
http://dx.doi.org/10.1016/j.chaos.2020.110365
http://dx.doi.org/10.1016/j.chaos.2019.06.014
http://dx.doi.org/10.1016/j.chaos.2019.109592
http://dx.doi.org/10.1155/2013/816803
http://dx.doi.org/10.1016/j.amc.2021.126458
http://dx.doi.org/10.1002/mma.7581
http://dx.doi.org/10.1016/j.matcom.2020.11.023
http://dx.doi.org/10.1016/j.matcom.2019.11.009
http://dx.doi.org/10.1002/cta.2754
http://dx.doi.org/10.1016/j.neunet.2021.04.005
http://dx.doi.org/10.1016/j.apm.2019.11.025
http://dx.doi.org/10.1109/TSMC.2020.3037094
http://dx.doi.org/10.1007/s11071-021-07031-9
http://dx.doi.org/10.1109/TNNLS.2021.3107330
http://www.ncbi.nlm.nih.gov/pubmed/34495847
http://dx.doi.org/10.1016/j.chaos.2020.109954
http://dx.doi.org/10.1063/5.0130403
http://www.ncbi.nlm.nih.gov/pubmed/36859205

Fractal Fract. 2023, 7, 352 39 of 39

38.

39.

40.

41.

42.

43.
44.

45.
46.

47.
48.

Naik, M.K,; Baishya, C.; Veeresha, P. A chaos control strategy for the fractional 3D LotkaCVolterra like attractor. Math. Comput.
Simul. 2023, 211, 1-22. [CrossRef]

Baleanu, D.; Hasanabadi, M.; Vaziri, A.M.; Jajarmi, A. A new intervention strategy for an HIV/AIDS transmission by a general
fractional modeling and an optimal control approach. Chaos Solitons Fractals 2023, 167, 113078. [CrossRef]

Xu, CJ,; Liao, M.X,; Li, PL.; Guo, Y.; Liu, Z.X. Bifurcation properties for fractional order delayed BAM neural networks. Cogn.
Comput. 2021, 13, 322-356. [CrossRef]

Xu, CJ.; Zhang, W.; Aouiti, C.; Liu, Z.X.; Yao, L.Y. Bifurcation insight for a fractional-order stage-structured predator-prey system
incorporating mixed time delays. Math. Methods Appl. Sci. 2023 . [CrossRef]

Xu, CJ.; Mu, D,; Liu, Z.X,; Pang, Y.C.; Liao, M.X.; Aouiti, C. New insight into bifurcation of fractional-order 4D neural networks
incorporating two different time delays. Commun. Nonlinear Sci. Numer. Simul. 2023, 118, 107043. [CrossRef]

Podlubny, 1. Fractional Differential Equations; Academic Press: New York, NY, USA, 1999.

Matignon, D. Stability results for fractional differential equations with applications to control processing. In Proceedings of the
Computational Engineering in Systems and Application Multi-Conference (IMACS), Lille, France, 9-12 July 1996; pp. 963-968.

Li, H.L.; Zhang, L.; Hu, C,; Jiang, Y.L.; Teng, Z.D. Dynamical analysis of a fractional-order predator-prey model incorporating a
prey refuge. J. Appl. Math. Comput. 2017, 54, 435-449. [CrossRef]

Odibat, A.; Shawagfeh, N. Generalized Taylors formula. Appl. Math. Comput. 2007, 186, 286-293.

Kreyszig, E. Introduction Functional Analysis with Applications; University of Windsor: New York, NY, USA, 1989.

Sun, Q.S.; Xiao, M.; Tao, B.B. Local bifurcation analysis of a fractional-order dynamic model of genetic regulatory networks with
delays. Neural Process. Lett. 2018, 47, 1285-1296. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1016/j.matcom.2023.04.001
http://dx.doi.org/10.1016/j.chaos.2022.113078
http://dx.doi.org/10.1007/s12559-020-09782-w
http://dx.doi.org/10.1002/mma.9041
http://dx.doi.org/10.1016/j.cnsns.2022.107043
http://dx.doi.org/10.1007/s12190-016-1017-8
http://dx.doi.org/10.1007/s11063-017-9690-7

	Introduction
	Preliminaries
	Dynamics Exploration of the Solution
	Bifurcation Discussion on Model (2)
	Global Stability Study of Model (2)
	Simulation Results
	Conclusions
	References

