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Abstract: This manuscript contains several new notions including intuitionistic fuzzy N, metric
space, intuitionistic fuzzy quasi-S,-metric space, intuitionistic fuzzy pseudo-S,-metric space, intui-
tionistic fuzzy quasi-N-metric space and intuitionistic fuzzy pseudo N, fuzzy metric space. We
prove decomposition theorem and fixed-point results in the setting of intuitionistic fuzzy pseudo
N, fuzzy metric space. Further, we provide several non-trivial examples to show the validity of
introduced notions and results. At the end, we solve an integral equation, system of linear equations
and nonlinear fractional differential equations as applications.

Keywords: intuitionistic fuzzy metric space; fixed point; integral equations; system of linear
equations; decomposition theorem

1. Introduction

There are numerous generalizations pertaining to metric space (MS) found in the lit-
erature of mathematical analysis. Gahlar [1] introduced the famous notion called 2-MS
but while it is not continuous, MS is. Subsequently, Dhage [2] provided the concept of D-
MS but Mustafa and Sims [3] proved that several topological properties were not true of
D-MS and introduced the notion of G-MS. The majority of the fixed-point results in the
setting of G-MS can be quickly determined by employing MS and quasi-MS, according to
Jleli and Samet [4]. In 2012, Sedghi et al. [5] introduced the concept of S-MS and proved
several fixed-point results in the framework of complete S-MS. In 1989, Bakhtin [6] de-
fined b-MS by multiplying a real number 7 > 1 on the right side of triangle inequality. If
we consider T =1 in b-MS then it becomes MS. After that, Sedghi et al. [7] introduced
the notion of S,-MS by combining the definitions of b-MS and S-MS; however, problem-
atically, S,-MS is not continuous.

The fuzzy logic paradigm was established by Zadeh [8]. Contrary to traditional logic,
some numbers not contained within the set are defined as an element within the interval
[0, 1] according to the parameters of fuzzy logic. Uncertainty, the mandatory factor of real
difficulty, has helped Zadeh learn theories of fuzzy sets (FSs) that bear the difficulty of
indefinity. The theory is seen as a fixed point in the fuzzy metric space (FMS) for various
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processes, one of them utilizing a fuzzy logic. Later on, building upon Zadeh’s outcomes,
Heilpern [9] established the fuzzy mapping notion and a theorem on an FP for fuzzy con-
traction mapping in linear MS, expressing a fuzzy general form of Banach’s contraction
theory. In the definition of FMSs provided by Kaleva and Seikkala [10], the imprecision is
introduced when the distance between the elements is not a precise integer. After that first
work by Kramosil and Michalek [11], and further work by George and Veeramani [12],
the notation of an FMS was introduced. Nadaban [13] defined Fuzzy b-MS and proved
several of its properties. Malviya [14] introduced the concepts of N-FMS, Pseudo N-FMS
and proved several fixed-point results by using contraction mappings. Recently, Fernan-
dez et al. [15] defined the concept of N,-FMS and proved its topological properties with
several fixed-point results for contraction mappings. In 2004, Park [16] introduced intui-
tionistic fuzzy metric spaces (IFMSs) as a generalization of FMSs using the concepts of
intuitionistic FSs, continuous t-norm (CTN) and continuous t-conorm (CTCN). After that,
several authors [17-22] worked on generalization of an IFMS and proved fixed point re-
sults for contraction mappings. Ionescu et al. [23] and Mehmood et al. [24] worked on
intuitionistic fuzzy metric spaces and extended b-metric spaces and proved several fixed-
point results for contraction mappings under several new conditions.

In this paper, we introduce the definitions of intuitionistic fuzzy N, metric space
(IFNBMS), intuitionistic fuzzy quasi-S, -metric space (IFQSbMS), intuitionistic fuzzy
pseudo-S,-metric space (IFPSbMS), intuitionistic fuzzy quasi-N-metric space (IFQNMS)
and intuitionistic fuzzy pseudo N, metric space (IFPNbMS). We prove decomposition
theorem and fixed-point results in new setting. At the end, we provide applications to
integral equation, system of linear equations and nonlinear fractional differential equa-
tions.

2. Preliminaries

In this section, we recall several basic definitions from the existing literature.

Definition 1 [22]. A mapping = I®> -1 (I = [0,1]) is said to be CTN if it verifies the below
axioms:

(i) =*(a,1,1) = a,x (0,0,0) = 0;
(ii) *(a,b,c) == (a,c,b) =* (b, c,a);
(iii) * is continuous;

(iv) * (ay, by, c1) 2 (ay, by, c3) for ay = ay, by = by, cq 2 .

a*b+*c=abc and a*b *c =min{a,b,c} are called product CTN and minimum
CTN respectively.

Definition 2 [22]. A mapping *: 1> > 1 (I =[0,1]) is said to be CTCN if it verifies the below
axioms:

(i) ¢(a,0,0) =a, (0,0,0) =0;

(ii)) o (a,b,c) =0 (a,c,b) =¢(b,c,a);

(iii) o is continuous;

(iv) o (aq, by, c1) =0 (ay by, ;) for a; = az, by = by, cq = cy.
aoboc=max{a,b,c} are called a maximum CTCN.

Definition 3 [14]. Suppose E # @ is an arbitrary set. Then (£,N,*) is an NFMS, if * is a
CTN and N is a FS on E® x (0,+00) verifying the below axioms for all »,w,w,a € E and
K, T,0>0:

(1) N»,o,w,0)+0(no,w0o) <1,
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(b) N(t,w,w,a) >0,
(c) NGtow,woe)=1ifandonlyif u =@ =w,
(d Nx,owkrk+t+0)=N0Oxuak)*N(,oaT)* Nww,a,o),

(e) NQGt,w,w,.): (0,+0) = (0,1] is a continuous function.

Definition 4 [7]. Suppose E # @ is an arbitrary set and p =1 a real number. A function

Sp:E% > [0,400) is called S,-metric if and only if it verifies the below axioms for all »,w,w,a €

t

(51) Sp(t,m,w) =0 ifandonly if x =@ = w,
(S2) Sy, w,w) < u[S, (¢, %,a) + Sy (@, w,a) + S, (w,w,a)].

Then, a pair (£,S,) is known an S,-MS.

Definition 5 [16]. A six tuple (£,N,0,%,0) is an IFMS if E #+ @ arbitrary set, * isa CIN, o
isa CTCN, N and @ are FSs on E? x (0, +o0) verifying the below axioms for all »,@,w € £
and t,0 > 0:

(i) N#,w,o)+0(wo)<l1,

(ii) N, w,0) >0,

(iii) N(t,w,0) =1 ifandonly if »x = w,

(iv) Nov,w,t+0) = NG, w, 1) * N(w,w, 1),

(v) NQt,,.):(0,400) = (0,1] is a continuous function,
(vi) @0, @, 0) >0,

(vii) O(t,@w,0) = 0 ifand only if x = w,

(viil) OO, @, T+ 6) < 00, w,T) 0 O(W, @, T),

(ix) O(x,@,.): (0,+00) - (0,1] is a continuous function.

3. Intuitionistic Fuzzy N, Metric Space

In this section, we introduce the notion of IFNbMS and provide several examples.

Definition 6. A six tuple (E,N,0,,0,u) is an IFNDMS if E #+ @ is an arbitrary set, * is a
CTN, ¢ isa CTCN, p =1 isareal number, N and @ areFSson E* X (0,+o) verifying the
below axioms for all »,w,w,a € £ and k,t,0 > 0.

(x) Nxt,ow,w,o)+ 00w w0o) <1,

(xi) N(¢, @, w,0) >0,

(xii) Not,w,w,0) =1 ifand only if x = w = w,

(xiii) N(}t, w,w,ulk + 1+ a)) > N(x,#,a,k) * N(w,w,a,t) * N(w,w, a, g),
(xiv) N(t,@,w,.).(0,4+00) = (0,1] is a continuous function,

(xv) O(x,w,w,a) >0,

(xvi) O0t, @, w,0) =0 ifand only if ¥ =@ = w,

(xviz')@(;f, w,w,ulk+ 1+ a)) <00(,n,a,k)0(w,w,at)0(ww,a, o),

(xviii) 00, w,w,.).(0,4+0) - (0,1] is a continuous function.

Here, N(,w,w,0) and 0(x, @, w, o) are membership and non-membership func-
tions of »,@ and w with respect to o.

Remark 1. If we consider p = 1 in the above definition, then we get the definition of IFNMS.
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Example 1. Let £ =R be the set of real numbers. Let N and O are the functions on
E3 % (0,+) defined by

()

N, o,w,0) =
( ) o+ ullx—w|+ x4+ w—2w]|]?

and

ullx —w| + % +w—2w|]?
o+ pullx—wl+|x+w-2wl|]?

O, w,w,0) =

forall x,w,w€E and > 0. Then (&E,N,0,*.0,pu) isan IFNbMS with CTN a * b * ¢ = abc,
CTCN a o boc=max{a,b,c} and constant p > 1. The graphical behavior of N and O are

shown in Figures 1 and 2 respectively.

Proof. Here, we prove only (iv) and (viii), others are obvious. Firstly, we investigate (iv),

N(@¢,%,a,k) * N(w,w,a,t) * N(w,w, a, o)
B K T o
T k+pllx—al+x+a-2x? t+ullo—al+lo+a-2|]2 o+ pullw—al+|w+a—2w|]?

1 1 1
= _ _ z° _ _ z' _ _ P
1+u[|x al + x4+ a—2x|] 1+u[|w al+|o+a—2wl] 1_|_[,¢[|w al +|w+a—2wl]
K T o
< 1 1 1
_1_I_u[|x—a|+|}f+a—2J{|]2 1_|_,u[|w—a|+|w+a—2w|]2 1_I_[,l[lu)—al+|Uu+a—2w|]2
(k+t+0) (k+71+0) (k+t+0)
< 1
_1 ullx—al+x+a—-2x?+ullo—al+|o+a—2w|]?+ ullw—al +|w+a—2w|]?
+
(k+Tt+0)
1
<
1_|_[|}zf—w|+|}f+w—2w|]2
ulk+1t+o0)
uk+t+ o)

<
Tuk+Tt+o)+ [|x—wl+ [x+w-—2w|]?

= N(e, @, w,ulx + 7+ 0)).
Now, let
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wllxe —wl + [+ w=2w|)% = uflx — w| + [ + w — 2w|]?

ullx—al+|x+a—2x? pllo—al + |o +a—2w|]?> ullw—al+|w+a—2wl|]?
X wllx—al+lx+a—2x?"ullw—al + o+ a—2w|]? uf|lw—al + |w+ a— 2w|]?

<[(k+Tt+0)+ullx—wl +|x+w-2w|]?

wllx —al + |+ a— 2x|]? ullw —al + |o + a — 2w|]? ullw—al+|w+a—2wl|]?
X ) ] )
k+pullx—al+|x+a—-2x]?2"t+ullo—al+|o+a—-2w|]? g+ u[lw—al+|w+a—2w|]?

wllx — wl + [+ w— 2w|]?
(k+T+0)+ ullx—wl+ |2+ w-—2wl]?

wllsx—al + |+ a— 2x|]? ullo —al + |o + a — 2w|]? ullw—al+|w+a—2wl|]?
S max ) )
k+ullx—al+|x+a—-2x12"t+pullo—al+|o+a-2w|]2 ¢+ pu[lw—al + |w+a—2w|]?

@(x, o,w,u(k+ 1+ 0)) <O0(,na,k)0(w,w,a,1)0(ww,a,o).

Hence (iv) and (viii) are satisfied. O

25

Figure 1. Depicts the behavior of N for £ =[0,1],0 = 1and p = 4.
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Figure 2. Depicts the behavior of @ for £ =[0,1],6 = 1and u = 4.

Example 2. Suppose £ =R is a set of real numbers. Let N and O are the functions on
Z3 % (0,+00) defined by

ullr—w|+|x+w—2w|]?
N(Qt,w,w,0) =e 5

and

ullx—w|+x+w—2w]]?
On,w,w,0)=1—¢ I ,

forall »,w,w €E and o> 0. Then (&,N,0,*,0,u) isan [FNbMS with CTN a * b * ¢ = abc,

CTCN aoboc=max{a,b,c} and constant p > 1. The graphical behavior of N and © are

shown in Figures 3 and 4 respectively.

25
20

Figure 3. Depicts the behavior of N for £ =[0,1],0 = 10 and u = 4.
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Figure 4. Depicts the behavior of @ for £ =[0,1],6 = 10and u = 4.
Definition 7. Suppose (£,N, 0,x,0,u) is an IFNbMS. Then (E,N, 0,%,0, ) is called symmetric
if

N(x,n,w,0) = N(w, @, #,0) 1)
and

00, n,w,0) =0 (w,w,xn0), (2)
forall v, € E and o > 0.
Example 3. Let £ =R be the set of real numbers. Let N and O are the functions on
E3 % (0,+) defined by

o
o+ [|x—w|l+|o—wl +|w—x|]P

N(t,w,w,0) =

and

(1% — | + |@ — w|+ |w—x[]?
o+ [|lx—w|+|o—wl+ |w—12x|]"

O(xn,w,w,0) =

for all n,w,w€E and o> 0. Then (E,N,0,,,u) is a symmetric IEINDMS with CTN a *
b *c =abc, CICN a b oc =max{a,b,c} and constant p = 22@=1D,

4. Generalized Definitions

In this section, we provide several generalized definitions and examples.

Definition 8. A six tuple (&, Ny, Op,,0, 1) is an IFQSbMS iff E # @ arbitrary set, * isa CTN,
o isa CTCN, p =1 isareal number, N, and O, areFSson E3 x [0,+00) verifying the below
axioms for all »,w,w,a € E and k,t,0 > 0.

(a) N,Gt,@,w,0)+ 0,0, @, w,0) <1,

(b) N,(x,@,w,0) =0,

(c) N;(t,m,w,0) =N, (P{»,w,w,0}) =1 if and only if x =@ = w, where P is permuta-
tion,
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d) N, w,pulk +7+0)) = NG, %,a,1) * No(w,@,a,T) * Ny (w,w, a,0),
(e) N.(t,@,w,.).(0,+) = (0,1] is a continuous function,
f) 60.0t,@m,w,0) =0,

() 6,0t,w,w,0)=0.(P»,o,wa}) =0 if and only if ¥ =w = w, where P is permuta-
tion,

(h) 9,(}(, w,w,u(k + 1+ a)) <0.(,1,a,k) ¢ O, (w,@,a,1)° 0 (ww,a,ad),

(i) 6,(¢,@w,.).(0,4) = (0,1] is a continuous function.

Here, N;(3t,w,w,0) and 0,(x, @, w, o) are membership and non-membership func-
tions of »#, @ and w with respect to .

Remark 2. If we consider p =1 in the above definition, then we get the definition of IFQSbMS.

Example 4. Suppose & = R* U {0}. Define N, and 6, by

1, ifx=w=w,
o

N, (x,m,w,0) = otherwise,

ot =g+ o3l
and

0, ifx=w=w,
2
[« =]+ |= =]

o=+ w3l

0‘[(}{) w; wr 0-) =

otherwise.

Then (&, N, @,,%,9, ) is said to be an IFQSbMS with u = 2.

Remark 3. If » # w # w then by definition of N, and 0, in Example 4

N, (x, w,w,0) # N.(P{x,w,w,06}) and 0,(x,w,w,a) # O,(P{x, w,w,c}).

Furthermore, N,(x,,@,0) # N.(w, @, w,d). Hence, IFQSbMS is not symmetric in
general.

Definition 9. A six tuple (£, Nyp, Orp,*,0, ) is an IFPSbMS if E # @ is an arbitrary set, * is
a CTN, ¢ isa CTCN, p =1 is areal number, Ny, and O, are FSson E3 X [0,+00) verify-
ing the below axioms for all »,@w,w,a € E and k,t,0 > 0.

() Nyp(Gt,w,w,0)+0,,0t,@,w0) <1,

(II) Ng(,@,w,0) =0,

() Npp(r,m,w,0) =1 if x=w =w,

(IV) Ny (x, w,w, u(k + 7+ a)) > N;, (3,1, a, k) * Ny (@, @, a, T) * Ny (W, w, a, 0),

(V) Ngp(t,@,w,.).(0,+0) - (0,1] is a continuous function,

(VD) 0y (x, @, w,0) =0,

(VI) O, (s, w,w,0) =0 if x=w = w,

(VIII) O (J{, o,w,u(k + T+ a)) < 0O,,0tn,a,K) 0 0 (w,@,a,T) 0w w,a, o),

(IX) 0,0t @,w,.).(0,400) = (0,1] is a continuous function.



Fractal Fract. 2023, 7, 529 9 of 24

Remark 4. If we consider p =1 in the above definition, then we get the definition of IFPSbMS.

Example 5. Suppose £ = R*. Define N, and O, by

1, ifx=w=w,
N, (o, w,w,0) = 4
o+ [[%2 — w?| + |@? — w?|]?’

otherwise,

and

Ol if}f =w=\Ww,
O, @, w,0) =1 [[? —w?| + |@? — w?|[]?

otherwise.
0+ [|22 — w?| + |22 — w?|]?’

Then (&, Nyp, Oqp,%,0, 1) is said to be an IFPSbMS.

Definition 10. A six tuple (&, Ny, Op,*,0) is an IFQNMS if E # @ arbitrary set, * isa CTN,
o is a CTCN, Ny and Oy are FSs on E® x (0,+o0) verifying the below axioms for all
®,w,W,a €& and k,T,0 > 0.

(a) Ny(Gt,@,w,0)+ 050, @,w,0) <1,

(b) Ny(Gt,@,w,0) >0,

(c) Ny(t,w,w,0) = Ny(P{»,m,w,0}) =1 if and only if x =@ = w, where P is permuta-
tion,

(d) NyGt,@,w,k+T+0)=Ny(t, % a,k) * Ny(w, @, a,T) * Ny(w,w,a,a),
(e) Ny(t,@,w,.).(0,+) — (0,1] is a continuous function,
(f) QN(”’ m—; wl 0') > 0’

(g) On(t, @ w,0)=0yP{n,@w w0}) =0 if and only if x =@ = w, where P is permuta-
tion,

(h) Oy(t,m,w,k+T+0)<Oy(t,xak) 0 Oy(w, @, aT)oOy(ww,a, o),

(i) Oy(Gt, @, w,.).(0,+0) = (0,1] is a continuous function.

Remark 5. An IFNMS is symmetric, but IFQNMS is not symmetric i.e., Ny(x, %, @, 0) #

Ny (@, @, xn,0) and Oy(x,x,w,0) + Oy(w,w,x, 7).

Definition 11. A six tuple (E, Nq,@q,*,O,u) is an IFPNbOMS if £ # @ arbitrary set, * is a
CTN, ¢ isa CTCN, p =1 is a real number, N, and 0, are FSs on Z3 % (0,+00) verifying
the below axioms for all »,@w,w,a € E and k,t,0 > 0.

(i) NqGt, @, w,0) +6,(,@w,w,0) <1,

(i) Nq(t, @, w,0) >0,

(iii) NyOt,m,w,0) =1 if x =@ = w,

(iv) Nq(u, o,w,u(k + T+ 0)) = N,(t,%,a,k) * Ng(w, @, a, T) * Ny (w,w, a, 0),

(v) Ny(t,@,w,.).(0,+0) - (0,1] is a continuous function,

(vi) O4(n, @, w,0) >0,

(vii) O(n, @, w,0) =0 if = = w,

(viii) B (%, o,w,u(k + T+ a)) < 0,06,1,a,k) 0 Oy(w,w,a,T) © (W, w,a,0),

(ix) 04(n,@,w,.).(0,+00) — (0,1] is a continuous function.
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Example 6. Let R equipped with a usual metric and & = {{,,}. {3t,, is convergent in R}}. De-
fine CIN by a*b *c = abc and CTCNby a ¢ b oc =max{a,b,c} forall a,b,c €[0,1] and

-1
(Istn—wn|+|@n—wn|)?
Nq(}‘fn' Wy, Wy, 0) = |e o

and

-1
(|”n‘wn|+|wn_wn|)2
04 Oty @y, Wy, 0) =1~ |e o

Observe that (E.', Ng, 04,0, u) is an IFPNbMS, but it is not an IFNbMS. For this, take
Ot} =2, {@,} =2 and {wy} = 2. Then, {#,} # {@,} # {Wa} for o} {@a} and {wy,} in
E but Ny(tp, @y, Wy, 0) =1 and 0, (¢, @y, Wy, 0) = 0.

Remark 6. Every IFNbMS is an IFPNbMS, but converse does not hold.

Definition 12. Suppose (&,N,0,x0,u) be a symmetric IFNDMS. A sequence {x,} in
(E,N,0,x,0,u) is called convergent, if NQtp,uy,x,0)—>1 and OQu,, 1y, x,06) >0 or
NQt,#,y,0) > 1 and 0, 3,3,,0) >0 as n— +oo for every o > 0. That is, for k>0
and o >0 there exists ny € N such that for all n=ng, NGy, np,x,0)>1—x and

OOty 1ty nt,0) <k or NOt,,,,0) >1—k and O(x,x,x,,0) < k.

Lemma 1. Suppose (£,N, 0,0, 1) is a symmetric IFNDMS with CTN a*b x ¢ = abc and

[d

CTCN aoboc=max{a,b,c}. Suppose {x,} be a sequence in E. If {s,} converges to x

and {n,} convergesto w then » = w. That is, the limit of {x,} is unique if it exists.

Proof. Suppose {x,} converges to x and . Then NQ¢x,x,7)—>1 and
00, 1,1, T) >0 as n->+oo for every T>0 and N(w, @, x,0-2t)—>1 and
O(w,w, 1,6 —21) > 0 as n - +oo forevery o — 27 > 0.

o
N(x,2,@,0) = N(Ot, %, %, T) * N(t, %, %, T) *N(w,w,zn,ﬁ— 21’) >1*x1*x1=1

and

o
OO0, n,@,0) < O(,3,1,,T) 0O, 2,1,,T) 00O <w,w,%n,;— 21') -00000=0,

as n— +4oo, O

Definition 13. Let (&, N, 0,%,0,u) be a symmetric IFNDMS. A sequence {3,} be a sequence in
E is termed a Cauchy, if for all k¥ > 0 and o > 0, there exists ny € N such that

NGt #py Mo, ) > 1 — k and O (s, 1y, Hoy, 0) < K,
or
N (o Hogy o, ) > 1 — & and O (s, Hym, Hy, 0) < K,

for each n,m = n,.
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Definition 14. Let (&, N, 0,%,0,u) be a symmetric IFNbMS. If every Cauchy in E is convergent

[ed

in E, then E is said to be a complete symmetric IFNbMS.

Definition 15. Let (&, N, 0,%,0, 1) be a symmetric IENDMS. A subset A of E is called F-
bounded if 6 >0 and 0 <k <1 such that

NQGun,@,0) >1—k and O, n,@,0) <k, foreach n,@ € A.

Definition 16. Let (E,N, 0,%,0,u) be an IFNDMS. A mapping f.E — E is called an intuition-

istic fuzzy b-contraction if, for each »,@,w € £ and for some q € (0,1), we have

N(f GO, £ (o), f(@),q0) = N, 1, @,0) and O(f (), f (), f (@), qo) < 6 (x, %, @, 0).

Lemma 2. Let (&,N,0,%,0,u) be an IFNbMS with CTN a b * ¢ = abc and CTCN aob o

—

¢ =max{a,b,c}. Let {x,} is a sequence in E and converges to »u, then {s,} is a Cauchy se-
quence.
Proof. Thereis p € N for every 7,0 > 0, such that

NGty 1, %,T) > 1 and O (¢, #,,%,T) > 0 as n > 4o,

and

[ g a
N (%n+p,xn+p.}f,; - 21’) -1 and 6 (%n+p,xn+p,%,; - 21') - 0 as n - +oo, forall a 2t > 0.

o
N(Hn'%"'%nw' a) = NGt 10, %,T) * N(oty, 20, %,T) x N (%n+p:%n+p,%,l—l - 21’)

- 1x1x1=1 as n—- +oo,

and
o
Q(Mn'}{n’}fn*'p' 0') < 00y, 1y, 2,T) 0 O(ty, 2, #,T) 0 O <%n+p:}fn+p' %’I_l - 2‘[)
—>00000=0 as n - +oo.

Hence, {x,} is a Cauchy sequence. O

Definition 17. Let (&, N, 0,%,0,u) and (E',N',0'%',o',u") are symmetric IFNDMSs. Then a

[-U

function f.E — E' is said to be continuous at a point » € E if and only if it is sequentially con-

tinuous at », that is whenever {x,} is convergent to » we have {fu,} convergeto f(s).

Proposition 1. Let (Z,N, 0,%,0,u) be symmetric IENbMSs and f be a fuzzy g-contraction. If
any fixed point » of f satisfies

N(Qt, %,,0) > 0,

OO0, n,n,0) <1,



Fractal Fract. 2023, 7, 529

12 of 24

then
NGt n,n,0) =1,

O(u, 1, n,0) = 0.

Proof. Let » € £ be a fixed point of f, as f is a fuzzy g-contraction, so

NG, 3,0) = N(f (), f (), f (), 0)

o o
= N(}{,J{,J{,—) = N(%,H,J{,—Z)
q q

o
=22 N(%,%,x,—) -1
q’ﬂ

as n — +o and so
N(Qe,n,n,0) = 1.
Similarly,
001, 1,1,0) = 0(f (), f (), f (), 0)

o o
< @(H,H,J{,—) < @(K,J{,H,—z)
q q

o
<. <Z 0(%,%,}{,—) -0
qu

as n — +oo and so

00, n,n,0) = 0.

Lemma 3. Let (&, N, 0,%,0,u) be symmetric IFNDMSs. Let {3,} and {w,} be two sequences in
= and suppose Hy > H, T, > ©, as n — +oo , N(Qt, n, @, 0,) >
N(Qt,n,w,0) and O(x, #,@,0,) = OO, x,@,6) as n— +w. Then N(Ot,, #,, @, 0,) =
N(Qt, i, t,0) and O (s, 1y, @y, 6,) = O 0, 1,%,6) as n — +oo,

Proof. Since lim x,, lim x, = lim @, =w, lim N(¢,x» @, 0,) = N(x x @, 0) and
n-+o n-+oo n-+oo n-—-+oo

lim @0, %, w,0,) = O, n,w,0) there is ny €N such that |6 —a,| <§ for n=n,

n—-+oo
g . . . . .
and 6 < > We know N(x,,@,0) is non-decreasing and 0 (i, ,w,0) is non-increasing

with respect to g, so we have

N(}{Tl’ Hn: wn' an) 2 N(%n! ”n: wn: g — 6)

2 W g+ N (o)« W (s 30)
i I ) I __
= Hn,%n,}f,3” Hn,}tn,}f,3ﬂ wn,wn,%,” 3

0 0 0
>N (J{n, Hp K, @) * N (J{n, Hp K, @) * N (wn, W, @, 6_[12)

o) o 6
* N (wn, Wy, @, 6_112) * N <w, w, H,E6—uz),
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and
NQGt,n,@w,0 + 26) = N(», #, @, 0, + 25)
2 W () + N () « M (o See )
> oM, Hy,— | * o0, M, — | * W, W, "y, — + —
"3u "'3u "'n o 3u
2 W () N (o) « N (o000 )
— ] * — ] % —_—
> H,H, My, 3 H, M, Hy, 3 W, W, Hy, o2
) o,
* N (w, w, Ty, 6_[12) * N (%n,J{n, wn,P).
Similarly,
Q(Kn’}fn: Wy, an) < Q(Mn:}fn,wnya - 6)
<0 (nungy) e 0 ()« o (mmng—30)
— ¢ — 0 —_——
< J{n,}fn,%,3” J{n,}tn,}f,3ﬂ ZD'n,ZD'n,}f,” 3
S A RC] Coee A R ;
SOy, 1y, —) 0 Hoy M, ,=— ) 0 O | @y, @, @, —
3u 3u 6[12)
0 g 0
o0 (wn, @y, @, 6_[12) 00 (w, w, H'F6_Ilz)'
and

O(,n,w,0 +28) <O, n,w,0, + 26)

<0 (sntngy) 20 () 0 (w3
< MM, Ky, =) © M, Ky, =) © W, W, Hy,— +—
3u 3u u

<0 () 0 (e 5y) 0 (w00 )
< HH, Ky, | 0 HH, Ky, = | 0 W, W, "y, ——
3u 3u u?

1) On
00 (w, w, w"'6—uz> 00 (Hn,?fn, Wn,ﬁ)-

In the view of definition of 12 and combining the arbitrariness of § and the continu-
ity for N(»t,n,@,.) and O(x,»,w,.) with respect to o. For large enough n, we have

N, %, @,0) = N(ty,, #,, @y, 0,,) = N(w, @, x,0)
N(, %, @,0) = N(ty, 2y, Wy, 67),
by Definition 7
> N(x, %, @, 0),
Consequently,

llm N(}{n! an wn: O-n) = N(}f, H: w) a)
n—-+oo

and
OO0, n,w,0) < 00y, 1y, @y, 0,) < O(w,w,xn,0)

OO0, n,@,0) < Oy, 1y, Wy, 0,),
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by Definition 7
<0, xn w,0).

Consequently,

llm @(HTU %nl wnl O-n) = @ (}{I %) wr O')
n—-+oo

]

Lemma 4. Let (£,N,0,%,0,u) be symmetric IENbMSs. If there exists q € (0,1) such that

N(, n, @, o) ZN(H,}{,E',%) and O, n,w,0) < @(}f,x,w,g) forall »,w € £,06 >0 and

lim N(x,w,w,0) =1,
o>+

lim @@, w,w,o) =0.
o+

Then » = w.

Proof. Suppose that there exists g € (0,1) such that N(x,»%,@,0) = N (}t, , @, g) and

00, n,w,0) <6 (}{, ,w, g) forall »,@w € £ and o > 0. Then,

o o
NG, n,w,06) = N (K,h’, w,a) >N (K, x, w,?),

and so
o
NGt n,w,0) = N (%, u, @, —),
qn
For positive integer n. Taking limitas n — 4o, NG, »,@w,0) = 1,
o o
O(t,n,w,0) <0 (J{, x, w,—) < <%, n, @, —2>,
q q
and so
o
O, n,w,0) <06 (J{, i, w,—n),
q

For positive integer n. Taking limitas n — +oo, O(x,,@,0) = 0 and hence » = @.
O

5. Application in Fixed Point Theory

Now, we present a Banach contraction principle as an application via intuitionistic
fuzzy g-contraction in symmetric IFNbMSs.

Theorem 1. Suppose (&,N, 0,%,0,u) is a symmetric complete [FNDMSs with

lim N(x,w,w,0) =1, lim O(x,w,w,0) = 0. (3)
o-+00 g—+

and f be an intuitionistic fuzzy q —contraction. Then f has a unique fixed point.
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Proof. Let x#, €E and generate a sequence {x,} by the iterative process »x, =
f™(30),n € N. Since n,0 > 0. We have

N(”n: Hpy Hny1,q0) = N(frp_1, [ #n_1, f#n, q0)

= N(Kn—l' Hp—1,Hn, 0')

o
>N (%n—Z' Hy_, Hp, 5)

o
> Ny, 29,1, —— ),
q

n-1
and

@(%nt Ho Hnt1s qa) = O0(fnp_1, [Hn_1, f#n, qO)

< o (”n—lt Hp—1,Hn, O')

o
<0 (J{n_z,%n_z,}{n, —)
q

o
<0 (%0, Mo, Hq, _n—l)'
q
Hence,

g
N(Hn:”n: Hnt1s qa-) =2 N (HO’%O’Hl’ qn_l)

o o o
N(x,, my, My, O) = N(% y Mo, K ,—)*N(% y Mo, K ,—)*N(% s My M ,—).
( o ntp ) n o Antl 3” n o Antl 3” n+p tn+pr tn+1 3”

By using Definition 6, we have

g g g
=N (J’fn' My Hpt1s @) * N (J’fn' A Ant1s @) * N (%n+1' Hn+1 Hntp) @)

by symmetric property, we obtain

o g 7
2 N (st 0n115) # N (st 00105 ) # N (s, s )
o g
* N <Hn+1.%n+1'%n+2'(3—ﬂ)z) *N <%”+P'Kn+p'%n+2' (3[1)2)'
o o _7_

o o
« N (Kn+1'”n+1'%n+2’—(3u)2) * N (%n+2; HAn+2) Hntps (3H)2>1

o o o
ZN(J{ , Mo, M ,—)*N(% M ,%,—)*N(% , Mo, M ,—)
TOTY g (3p) IO g (3w 00T gnt1(3p)2
g
* N (HO'KO'KLW)
By Equation (3), intuitionistic fuzzy g-contraction (i.e,, g < 1) and taking n — +oo,
we obtain

lirll NGty #yy Hpp,0) = 1515 o1 =1,
n—+oo

Similarly,
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g
Q(Mn:}fn’ Hn+1s qU) <0 <H0:H0'}f1' F)

o o o
O(My, Ky Hpyyy, O) < 0(1{ S M, M ,—)09(% S Mo, ,—)00<x yMpan, X ,—).
( n o ntp ) n o Intl 3” n tn tnt1 3” n+p’ tn+pr tn+1 3”

By using Definition 6, we get
g g g
=0 (J'fn' My Hpt1) @) 00 <%n: A Hnt1) @) °0 (Kn+1' Hp+ 1 Hntp) @)

by symmetric property, we have

o g 7
<0 (un,xn,%nu,@) °0 (”n’”n'”"“'@) i (”"“’”"“’”"”’ (3u)2)
o o
00 <%n+1v}fn+1ikn+2'w> ° 0 (”nw’}f"w'”n”' (31«1)2)'
o o d
R Tt - R N R e

o o
o0 (%n+1;}fn+1' Hn+2’—(3ﬂ)2> o0 (J‘fn+2' Hn+2) Hntp) (3u)2)

o o o
S@(J{,}{,%,—)°@<}f,%,%,—)09(%,%,%,—)
" TTET) R "TIET) @70 gnt1(3p)?

o
9 ( )] ] ;—)'
° Ho» Ho, g q™+(3p)?

By Equation (3), intuitionistic fuzzy g-contraction (i.e,, g < 1) and taking n — +oo,
we obtain

HT N (3, #py Hpyr,0) =0000 00 =0.
n-+oo

Hence, {x,} is Cauchy sequence. Therefore, (£, N, 0,%,9, i) is a symmetric complete
IFNbMSs, there exist » € E, we have

lim 3, = x.
n-+oo

Now, we will show that » is a fixed point of f.

N(FGO FG0,3,0) 2 N (FGO, FO0, 003 ) * N (£, £GO 0,5 )
* N (%, H,f(%n),%)

> N( g N g N g )
> HoH, My, —— | * HoH, My, —— | * HH, M1, = )
Suq) ( Suq) ( 3u

Since f is intuitionistic fuzzy g-contraction and f(x,) = x#,4; as n = +o
->1x1x1=1.
On the other hand, we have

0/ (0, £60),) < 0 (00, £G0, a5 ) 0 (£ 00, £00, 0,3 )
00 (%, H,f(%n),%)

<0 (rxnggg) 0 () o0 (rnnan )
— H;H’H‘n;_ 4 %’H;Hn;_ o H;M’H‘n+1’_ ’
3uq 3uq 3u

Since f is intuitionistic fuzzy g-contraction and f(x,) = x#,+; as n — +oo
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- 0000¢0=0.

Thatis f(3) = x, hence, » is a fixed point of f. Now, we examine the uniqueness,
suppose f(w) = w for some @ € &, then

N(w,@,%,0) = N(f (@), f(@), f (%), 0)

= N(w,w, %,g),
= N(f(w),f(w),f(%),g) >N (w,w,x,qiz) >

o
> N(w,w,% ) -1,
q
as n — +oo. On the other hand, we have

0(w,w,x,0) = 0(f (@), f (@), f (%), 0)

o
<6 (w, w,H, —),
q

=9(f(w),f(w),f(%),g)S@(w,w,%i>s---S@( d

w,w,%,ﬁ) -0,
as n — +oo, Thatis x =w. O

Example 7. Suppose E

-

=[0,1] and (&, N,0,x0,u) is symmetric complete IFNOMS where
N, O are defined by

_le—w|+|m-wl|]?

NQGt,w,w,0) =e o

)

_e—w|+]|m-w|]?
O(n,w,w,0)=1—¢ o forall x,w,w € £, > 0.

Proof. Let f(x) = A, A < g,}{ € E,0 > 0. Then, for % >q

[ GO =f @) + |f G0)—f (@12
N(fGo), f(0), f (@), 0) = e fO)—f (@) af( )—f (@)

)’

422 | x—w|?
=e g

[21f GO -f (@)]]? [2|Ax—Aw]]?
=e a —

= e o

[x—w|+|x-w]]?
[

- |+|x—w]]?
o

KA a o
=e A2 =e a = N (%;H) w)_)l
where, 12 = q. On the other hand

[If GO =f @) + |f Go)—f (@)I]?
O(fG), f(n), f(@),0) =1—e a

_RIFGO-F @2 2w 4o
= —e o = 1 — e l = —e o
[—w|+|2-w[]? _ -]+ |2-w]]?
_l 4 4 .
=1l-e Az =1-e q =0<%,H.ZD',E),

where, 1% = q. That is, Theorem 1 hold and 0 is a unique fixed point of f in &.
Let 6.(0,+) > (0,4+») as

g
6(o) =J. ¢(a)da, foralle >0,
0

be a non-decreasing and continuous function. Furthermore, for every x > 0, ¢(x) > 0.
This implies ¢(0) = 0ifandonlyife=0. O
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Theorem 2. Suppose (£, N, 0,%,0, i) is a complete symmetric IFNOMSs and f.E — E is a map-
ping verifying

N, n,@,0)

¢(o)do = f ¢(o)da,

fN (fGO).f(G0).f (@),q0)
0 0

0(x,n,@,0)

o(f (),f (o). f (w),q0)
f $(0)do < f $(0)do,
0 0

forall v,w € E,¢p €60 and q € (0,1). Then there exists a unique fixed point of f.
Proof. Letting ¢ (1) = 1 and by utilizing Theorem 1, it is immediate. O

6. Application to Integral Equations

The most significant and engaging activities in mathematics are those involving solv-
ing equations of any form. There are numerous methods for dealing with various types of
equations. Seeking solutions to the issue at hand and determining whether they are sin-
gular or multiple. Since fixed-point theory is an iterative process with a wide range of
contexts, it is one of the key techniques that has achieved considerable success in the field
of integral equations.

Fixed-point theory is crucial in the investigation of whether there is a solution to a
differential or integral problem. In this part, we demonstrate how Theorem 1 applies to a
specific nonlinear integral problem. The solution to the question “The solution for a spe-
cific nonlinear integral Equation (6) exists or not?” is provided by the following theorem.

Let £ = C[0,] be the set of real valued continuous functions on a bounded interval
[0,/]. Then (& N,0,x0,u) is complete symmetric IFNbMSs defined by N,0.2% x
(0, +) - [0,1] by

(D) -w@|+l@ (@ +w(@)(]?

elon) 4
T€[o0,]
N, w,w,0) =e G , (4)

sup [|#(0)-w(@)|+|@ () +w()|]?
€[0,I]

O, w,w,0)=1—¢ : o , ©®)
for 6 >0 and for all »,w,w € £ and let
I
%) = 9(@) + [ A0, DH(0,5x(D)dr, (6)
0

where I >0 and g.[0,I] > R and H.[0,1]> X R —» R are continuous functions.

Theorem 3. Suppose (E,N,0,*,0,u) is a symmetric complete IFNbMSs provided in Equations
(4) and (5). Define the integral operator f.Z2 — E by

1
f(x(0)) = g(o) +f A(e,0)H(0,7,#(7))dT, 7)
0

forall x € E and o,7 € [0,1]. Suppose that the following conditions are satisfied.

(a) Forall o,t€[0,I] andun,m € E
|H(a, 7,%(7)) — H(o, T,w(‘r))| < |x(t) — @ (7). (8)

(b) Forall o,T€[0,1],
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fI(A(a,‘t)z)d‘r
0

sup
T€[0,I]

<g<l1L )

Then »* € £ is a unique solution for Equation (6).

Proof. For each »,@w € E, we get

sup, (1)~ (@ @)+ (x() - (@@

N(fGo), f(x), f(w@),qo0) = e a7
2
ZFOpI][2|f(u(o'))—f(w(a))|]2 Ztlopl] 4-|f;(A(a',T)H(o',‘t,H(‘r))—A(U,T)H(o’,‘t,%(l’)))d‘[|
=e ’ qo ' = e ’ qo

’

1 2l 2
Tz}x()},)l]ztlfo(A(t,a)) d‘l’| Jol[H(a,22¢(D))-H(0,7,0(D)]d7| 1q f01|(n(r)—w(‘r))dt|2

=e qo >e qo
sup 4[x(0)-w(1)|? sup [|#(t)—w (@) |+|x(1)-w(1)|]?
z€[o.]] z€[0,1]
=e I3 =e a = N(x, x, @, o).
Similarly,
Z‘[JOP”[|f(”(”))—f(m(¢7))|+|f(H(¢T))—f(zxr(a))|]z
T )
Q(f(%), f(}t)lf(w)l qO') =1-e qo ’
2
ZFOPI][2|f(H(d))—f(w(d))|]2 ZFOPI] 4’|f(f(A(U:T)H(U,T,%(T))—A(U,T)H(o‘,‘t,k(‘t)))d‘tl
=1-e ’ qo '=1-—¢ ’ qo )

1 2yl 2
121[101’)”4“0(14&,0)) d'r|fo|[H(a,r,u(r))—H(a,r,w(r))]dﬂ 4q fé|(u(r)—w(r))dr|z
<l-e a0 <l-e ao

sup_4|x(0)-w(7)|? sup [|#(0)-@(D)|+|x(D)-w(1)|]?
_zefo]] T€[0,1]

<l-e [ =1l-e o =0, 7w, 0).

Since all conditions of Theorem 1 are satisfied. Hence, the integral Equation (6) has a
unique solution. O

7. Application to Linear Equations
Suppose £ = R" and define a complete symmetric IFNbMS on £2 x (0, +) by
o

o+ X8l — @y + X7 @y — wi]]?

N, @,w,0) = (10)

(Xl — @] + X7y @y — w2
o+ Xl — @] + X @ — wyl]?

O(n,m,w,0) = (11)

for all »,w,w € R" and u = 2, if

n 2
[max2|ci}-|l <q<1. (12)
1sjsn 4
i=1
There is only one solution to the set of linear equations below.

Ci1Hq + CiHy + -+ CinHpn = dl'
Cr1Hq + CopHy + -+ ConHpy = dz, (13)

Cni¥y + Cpodty + o+ Cppdty, = djy.

Proof. Let f.E — E be defined by f(s) = cx +d where »,d € R* and
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€11 C12 - Cin
c= lC'Z1 Cpp e cz'n‘.
c;ll Cnz c,'m
For »,m € R", we get
qo

N(f(o), fGo), f (@), q0) =
q + 4[5 |8 ¢y (g — )]

- qo _ qo
qo+ 42, eyl |Gy —m)IIF a0+ [ 2by — @] Ziafey ]2

qo

= 2 '
qo + [max Z?zllcij” [2}1:1 2|}fj - mj”Z

1<jsn

Using the Equation (12), we have
qo o

= n 2 = 2
q0+CI[ j=12|}fj_w}'|] a+[2?:1|%j—wj|+|”j—wj|]

= N(», n,w, 7).

and

AN |2 i (g —wj)”z

qo + 4[X1, [ X7, (g — w;)l]z

O(f (o), f (o), f (@), qo) =

4SE Doy ]Gy = @I __ a2y —w| Tiaey (]2
o+ 4 eyl | g w0+ (2 2y — | Bl ey

2
[ Zdeol] [222bs - )
e

< 2 ’
qo + [max Z?zllcij” [2}1:1 2|}fj - mj”Z

1<jsn

Using the Equation (12)

X 2py —a|]? [Zhaly | + |y - ||’

Tao+alE2b — w2 o+ [T | — @] + | — ]

=00, #, @, 0).

Hence, f is an intuitionistic fuzzy g-contraction and Theorem 1 hold. That is, the
system of linear Equation (13) has a unique solutionin £. O

8. Application to Nonlinear Fractional Differential Equation

In this section, we apply Theorem 1 is to determine the existence and uniqueness of
a solution to nonlinear fractional differential equation given by

Dén(e) =v(ex(@) (€ (01),ae(12]),
with boundary conditions

#(0) = 0,'(0) = (o) 0 € (0,1),
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where D& means caputo fractional derivative of order a, defined by

e
DEVE) = s f (-0 Yr@dr  (n-1<a<n n=lal+1)

and ¥.[0,1] x R - R* is a continuous function. We suppose that £ = C([0,1], R), from
[0,1] into R with supremum || = Sup [x#(g)|.
0€[0,1]

The Riemann-Liouville fractional integral of order « is given by

e
1
1) = 5 =D @ @>0)
0

Firstly, we provide an acceptable form for a nonlinear fractional differential equation
before investigating the existence of a solution. Now, we suppose the following fractional
differential equation

Din(e) =¥(ex(@) (e (O, ae(12], (14)
with the boundary conditions
#0) =0, X(O)=Ix(@  (e€OD),

where
i .[0,1] X R > R* is a continuous function,
ii  #(p).[0,1] » R is continuous,

and satisfying the following condition

[W(e, ) — (e, @) —lo,w)| < JIL|x — @ — wl,
forall p € [0,1] and L is a constant with LJ < 1, where

1 20 (a)

Tt e=odr@+ D

Then the Equation (14) has a unique solution.

Proof. Suppose that

g

NGt w,w,0) =
G, w,0) o+ lu—w—wP

|# — @ — w|P

O(n,w,w,0) = p,forall%,wEEand0>0,

o+ |x—w—w|

defined by a*b*c=abc,anda¢boc=max{a,b,c}. Let |[x—@—w|= Sup |[x—@ —
w|P, for all »,@w € £. Then (&,N, 0,%,0, ) is a complete IFNbMS. We deﬁriee[oz;ll]mapping
B> F by
0 w /T
fr(o) = ﬁf(g — 1) Y(7,%(x))dT + %.f f(r —m)*p(m, x(m))dm |dz (15)
0 0o \o

for all ¢ € [0,1]. An Equation (14) has a solution » € £ iff #(0) = fx(p) for all o € [0,1].
Now

g
o+ |x(e) —w(e) — w()|”’

N(x(0), @ (o), w(e),0) =
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|%(0) — @ (o) — w(e)I?
o+ |x(e) —w(e) —w()|”

0(¢(0), @w(e), w(o),0) = (16)

If3(0) — fw(e) — fw(o)l

e
1
%Of (e~ D (zx(n)dr

w

2 T
e (f (T_m)a_l’l’(m'”(m))dm)drl
0 0

[
1
mof (e =" (rw(®)dr

w

29 [ a-1
+ mo <Of(r - m)*y(m, w(m))dm> dt

e
1
mof (e~ D P(r.w®)de

w

20 ‘ o
+m0 (E!-(T—m) 1¢(m,w(m))dm>dr|

That is,
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|f»() — fw (o) — fw(o)l

T

o f (0 = " Y #(D)dr + s 2) e Of ( f (r— m)“‘lzl)(m,%(m))dm> dr

0

<f(f - m)“‘llp(m,w(m))dm> dt
0

_ a—1 29 [ [ _ a—1
F(a)f(g ) Y(7,w(z))dT — @ —wz)l"(a)bf <J‘(T m) 1/)(m,u)(m))dm> dr

) f(g - ) WY(r,w(7))dr — Z)I"(a)

O%a

F(a) f(g D) (z, %) — (v, (D) — P(r, w(D))|dr

—(2 ;f)r(a) (f(r— m)*typ(m, x(m)) — p(m,@(m)) — p(m, w(m))|dm> dr

2
m <f(r —m)%” 1|t,b(m }f(m)) l,b(m w(m)) 1p(m w(m))|dm> dt

2L|% — w| il o
@ 0f(!(‘c—m) 1dm>dr

Lix—o—w| 2w0%L|x—w|l'(a)
r'a+1) Q2-w@?)r(a+2)

Ll —o—w|

I'(a)

f(g —1)%dr +
0

1 2%t (a)
Ta+D  C—aDr@+2)

SLI%—w—wI( >=Lﬂ|x—w—w.

Utilizing the fact LJ1 < 1 and Equation (16), we have
no no
1o+ 1f%@) — f@(@) — fw(@P - 10 + LIx(0) — w(e) — w(@)lP

g
ot @ o —wp | @ T@w@.)

_ |fx(e) — fw(e) — fw(o)I? LJ|x(0) — w(0) — w(o)|?

U fo(@ [0 (@) =3 5 @) — Forle) — fu@IF = 7o + L) — (@) — w2
(@) —@(e) —w(o)|?

T o+ |x(e) —@(e) —w()|P

As a result, all conditions of Theorem 1 are satisfied. This shows that f has a unique
solution. O

N(fx(o), fw(e), fw(e),no) =

= 0(x(0), w(0), w(0), o).

9. Conclusions

In this paper, we introduced the notions of IFNbMS, IFQSbMS, IFPSbMS, IFQNMS
and IFPNbMS. We proved decomposition theorem and fixed-point results in the setting
of IFPNbMS. Further, we provided several non-trivial examples to show the validity of
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introduced notions and results. At the end, we solved an integral equation, system of lin-
ear equations and nonlinear fractional differential equations as applications. This work is
extendable by introducing the notions of neutrosophic N, metric spaces, neutrosophic
quasi N, metric spaces and neutrosophic pseudo N, metric spaces.
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